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PREFACE 


This edition, like its predecessors, is written from the viewpoint of the applied mathe- 
matician, whose interest in differential equations may be highly theoretical, intensely 
practical, or somewhere in between. We have sought to combine a sound and accurate 
(but not abstract) exposition of the elementary theory of differential equations with 
considerable material on methods of solution, analysis, and approximation that have 
proved useful in a wide variety of applications. 

The book is written primarily for undergraduate students of mathematics, science, 
or engineering, who typically take a course on differential equations during their first 
or second year of study. The main prerequisite for reading the book is a working 
knowledge of calculus, gained from a normal two- or three-semester course sequence 
or its equivalent. 


A Changing Learning Environment 


The environment in which instructors teach, and students learn, differential equations 
has changed enormously in the past few years and continues to evolve at a rapid pace. 
Computing equipment of some kind, whether a graphing calculator, a notebook com- 
puter, or a desktop workstation is available to most students of differential equations. 
This equipment makes it relatively easy to execute extended numerical calculations, 
to generate graphical displays of a very high quality, and, in many cases, to carry out 
complex symbolic manipulations. A high-speed Internet connection offers an enormous 
range of further possibilities. 

The fact that so many students now have these capabilities enables instructors, if 
they wish, to modify very substantially their presentation of the subject and their 
expectations of student performance. Not surprisingly, instructors have widely varying 
opinions as to how a course on differential equations should be taught under these 
circumstances. Nevertheless, at many colleges and universities courses on differential 
equations are becoming more visual, more quantitative, more project-oriented, and less 
formula-centered than in the past. 
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Mathematical Modeling 


The main reason for solving many differential equations is to try to learn something 
about an underlying physical process that the equation is believed to model. It is basic 
to the importance of differential equations that even the simplest equations correspond 
to useful physical models, such as exponential growth and decay, spring-mass systems, 
or electrical circuits. Gaining an understanding of a complex natural process is usually 
accomplished by combining or building upon simpler and more basic models. Thus 
a thorough knowledge of these models, the equations that describe them, and their 
solutions, is the first and indispensable step toward the solution of more complex and 
realistic problems. 

More difficult problems often require the use of a variety of tools, both analytical and 
numerical. We believe strongly that pencil and paper methods must be combined with 
effective use of a computer. Quantitative results and graphs, often produced by a com- 
puter, serve to illustrate and clarify conclusions that may be obscured by complicated 
analytical expressions. On the other hand, the implementation of an efficient numerical 
procedure typically rests on a good deal of preliminary analysis — to determine the 
qualitative features of the solution as a guide to computation, to investigate limiting or 
special cases, or to discover which ranges of the variables or parameters may require 
or merit special attention. 

Thus, a student should come to realize that investigating a difficult problem may 
well require both analysis and computation; that good judgment may be required to 
determine which tool is best-suited for a particular task; and that results can often be 
presented in a variety of forms. 


A Flexible Approach 


To be widely useful a textbook must be adaptable to a variety of instructional strategies. 
This implies at least two things. First, instructors should have maximum flexibility to 
choose both the particular topics that they wish to cover and also the order in which 
they want to cover them. Second, the book should be useful to students having access 
to a wide range of technological capability. 

With respect to content, we provide this flexibility by making sure that, so far as 
possible, individual chapters are independent of each other. Thus, after the basic parts 
of the first three chapters are completed (roughly Sections 1.1 through 1.3, 2.1 through 
2.5, and 3.1 through 3.6) the selection of additional topics, and the order and depth in 
which they are covered, is at the discretion of the instructor. For example, while there is 
a good deal of material on applications of various kinds, especially in Chapters|2,)3,)9,] 
and|10| most of this material appears in separate sections, so that an instructor can easily 
choose which applications to include and which to omit. Alternatively, an instructor 
who wishes to emphasize a systems approach to differential equations can take up 


Chapter 7| (Linear Systems) and perhaps even |Chapter 9 |(Nonlinear Autonomous 
(Chapter 2 2 


Systems) immediately after Or, while we present the basic theory of linear 
equations first in the context of a single second order equation (Chapter 3), many 


instructors have combined this material with the corresponding treatment of higher 
order equations (Chapter 4) or of linear systems (Chapter 7). Many other choices and 
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combinations are also possible and have been used effectively with earlier editions of 
this book. 

With respect to technology, we note repeatedly in the text that computers are ex- 
tremely useful for investigating differential equations and their solutions, and many 
of the problems are best approached with computational assistance. Nevertheless, the 
book is adaptable to courses having various levels of computer involvement, ranging 
from little or none to intensive. The text is independent of any particular hardware 
platform or software package. More than 450 problems are marked with the symbol > 
to indicate that we consider them to be technologically intensive. These problems may 
call for a plot, or for substantial numerical computation, or for extensive symbolic ma- 
nipulation, or for some combination of these requirements. Naturally, the designation 
of a problem as technologically intensive is a somewhat subjective judgment, and the 
> is intended only as a guide. Many of the marked problems can be solved, at least in 
part, without computational help, and a computer can be used effectively on many of 
the unmarked problems. 

From a student’s point of view, the problems that are assigned as homework and 
that appear on examinations drive the course. We believe that the most outstanding 
feature of this book is the number, and above all the variety and range, of the problems 
that it contains. Many problems are entirely straightforward, but many others are more 
challenging, and some are fairly open-ended, and can serve as the basis for independent 
student projects. There are far more problems than any instructor can use in any given 
course, and this provides instructors with a multitude of possible choices in tailoring 
their course to meet their own goals and the needs of their students. 

One of the choices that an instructor now has to make concerns the role of computing 
in the course. For instance, many more or less routine problems, such as those requesting 
the solution of a first or second order initial value problem, are now easy to solve by 
a computer algebra system. This edition includes quite a few such problems, just as 
its predecessors did. We do not state in these problems how they should be solved, 
because we believe that it is up to each instructor to specify whether their students 
should solve such problems by hand, with computer assistance, or perhaps both ways. 
Also, there are many problems that call for a graph of the solution. Instructors have 
the option of specifying whether they want an accurate computer-generated plot or a 
hand-drawn sketch, or perhaps both. 

There are also a great many problems, as well as some examples in the text, that 
call for conclusions to be drawn about the solution. Sometimes this takes the form of 
asking for the value of the independent variable at which the solution has a certain 
property. Other problems ask for the effect of variations in a parameter, or for the 
determination of a critical value of a parameter at which the solution experiences a 
substantial change. Such problems are typical of those that arise in the applications of 
differential equations, and, depending on the goals of the course, an instructor has the 
option of assigning few or many of these problems. 


Supplementary Materials 


Three software packages that are widely used in differential equations courses are 
Maple, Mathematica, and Matlab. The books Differential Equations with Maple, Dif- 


ferential Equations with Mathematica, and Differential Equations with Matlab by K. R. 
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Coombes, B. R. Hunt, R. L. Lipsman, J. E. Osborn, and G. J. Stuck) all at the University 


of Maryland, provide detailed instructions and examples on the use of these software 
packages for the investigation and analysis of standard topics in the course. 

For the first time, this text is available in an Interactive Edition, featuring an eBook 
version of the text linked to the award-winning ODE Architect. The interactive eBook 
links live elements in each chapter to ODE Architect's powerful, yet easy-to-use, nu- 
merical differential equations solver and multimedia modules. The eBook provides a 
highly interactive environment in which students can construct and explore mathemat- 
ical models using differential equations to investigate both real-world and hypothetical 
situations.[ A companion e-workbook {hat contains additional problems sets, called 
Explorations, provides background and opportunities for students to extend the ideas 
contained in each module. A stand-alone version of ODE Architect is also available. 

There is a/Student Solutions Manual, by Charles W. Haines of Rochester Institute 
of Technology, that contains detailed solutions to many of the problems in the book. A 
complete set of solutions, prepared by Josef Torok of Rochester Institute of Technology, 
is available to instructors via the Wiley website at}www.wiley.com/college/Boyce. | 


Important Changes in the Seventh Edition 


Readers who are familiar with the preceding edition will notice a number of mod- 
ifications, although the general structure remains much the same. The revisions are 
designed to make the book more readable by students and more usable in a modern 
basic course on differential equations. Some changes have to do with content; for 
example, mathematical modeling, the ideas of stability and instability, and numerical 
approximations via Euler’s method appear much earlier now than in previous editions. 
Other modifications are primarily organizational in nature. Most of the changes include 
new examples to illustrate the underlying ideas. 

1. The first two sections offChapter | pre new and include an immediate introduction 
to some problems that lead to differential equations and their solutions. These sections 
also give an early glimpse of mathematical modeling, of direction fields, and of the 
basic ideas of stability and instability. 

2. now includes a new [Section 2.7]on Euler’s method of numerical ap- 
proximation. Another change is that most of the material on applications has been 
consolidated into a single section. Finally, the separate section on first order homoge- 
neous equations has been eliminated and this material has been placed in the problem 
set on separable equations instead. 

3.[Section 4.3}on the method of undetermined coefficients for higher order equations 
has been simplified by using examples rather than giving a general discussion of the 
method. 

4. The discussion of eigenvalues and eigenvectors in Section 7.3]has been shortened 
by removing the material relating to diagonalization of matrices and to the possible 
shortage of eigenvectors when an eigenvalue is repeated. This material now appears 
in later sections of the same chapter where the information is actually used. Sections 
[7.7 and [7.8]have been modified to give somewhat greater emphasis to fundamental 
matrices and somewhat less to problems involving repeated eigenvalues. 
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5. An example illustrating the instabilities that can be encountered when dealing 
with stiff equations has been added to |Section 8.5) 

6. [Section 9.2|has been streamlined by considerably shortening the discussion of au- 
tonomous systems in general and including instead two examples in which trajectories 
can be found by integrating a single first order equation. 

7. There is a new/section 10.1]on two-point boundary value problems for ordinary 
differential equations. This material can then be called on as the method of separation 
of variables is developed for partial differential equations. There are also some new 
three-dimensional plots of solutions of the heat conduction equation and of the wave 
equation. 


As the subject matter of differential equations continues to grow, as new technologies 
become commonplace, as old areas of application are expanded, and as new ones 
appear on the horizon, the content and viewpoint of courses and their textbooks must 
also evolve. This is the spirit we have sought to express in this book. 


William E. Boyce 
Troy, New York 
April, 2000 
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CHAPTER 


1 


Introduction 


In this chapter we try in several different ways to give perspective to your study of 
differential equations. First, we use two problems to illustrate some of the basic ideas 
that we will return to and elaborate upon frequently throughout the remainder of the 
book. Later, we indicate several ways of classifying equations, in order to provide 
organizational structure for the book. Finally, we outline some of the major figures and 
trends in the historical development of the subject. The study of differential equations 
has attracted the attention of many of the world’s greatest mathematicians during the 
past three centuries. Nevertheless, it remains a dynamic field of inquiry today, with 
many interesting open questions. 


1.1 Some Basic Mathematical Models; Direction Fields 


Before embarking on a serious study of differential equations (for example, by reading 
this book or major portions of it) you should have some idea of the possible benefits 
to be gained by doing so. For some students the intrinsic interest of the subject itself is 
enough motivation, but for most it is the likelihood of important applications to other 
fields that makes the undertaking worthwhile. 

Many of the principles, or laws, underlying the behavior of the natural world are 
statements or relations involving rates at which things happen. When expressed in 
mathematical terms the relations are equations and the rates are derivatives. Equations 
containing derivatives are differential equations. Therefore, to understand and to 
investigate problems involving the motion of fluids, the flow of current in electric 
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EXAMPLE 


1 


A Falling 


Object 


circuits, the dissipation of heat in solid objects, the propagation and detection of 
seismic waves, or the increase or decrease of populations, among many others, it is 
necessary to know something about differential equations. 

A differential equation that describes some physical process is often called a{math-] 
[ematical model of the process, and many such models are discussed throughout this 
book. In this section we begin with two models leading to equations that are easy 
to solve. It is noteworthy that even the simplest differential equations provide useful 
models of important physical processes. 


Suppose that an object is falling in the atmosphere near sea level. Formulate a differ- 
ential equation that describes the motion. 

We begin by introducing letters to represent various quantities of possible interest 
in this problem. The motion takes place during a certain time interval, so let us use ¢ 
to denote time. Also, let us use v to represent the velocity of the falling object. The 
velocity will presumably change with time, so we think of v as a function of f; in 
other words, ¢ is the independent variable and v is the dependent variable. The choice 
of units of measurement is somewhat arbitrary, and there is nothing in the statement 
of the problem to suggest appropriate units, so we are free to make any choice that 
seems reasonable. To be specific, let us measure time ¢ in seconds and velocity v in 
meters/second. Further, we will assume that v is positive in the downward direction, 
that is, when the object is falling. 

The physical law that governs the motion of objects is Newton’s second law, which 
states that the mass of the object times its acceleration is equal to the net force on the 
object. In mathematical terms this law is expressed by the equation 


F =ma. (1) 


In this equation m is the mass of the object, a is its acceleration, and F is the net force 
exerted on the object. To keep our units consistent, we will measure m in kilograms, a 
in meters/second’, and F in newtons. Of course, a is related to v by a = dvu/dt, so we 
can rewrite Eq. (1) in the form 


F = m(dv/dt). (2) 


Next, consider the forces that act on the object as it falls. Gravity exerts a force equal to 
the weight of the object, or mg, where g is the acceleration due to gravity. In the units 
we have chosen, g has been determined experimentally to be approximately equal to 
9.8 m/sec” near the earth’s surface. There is also a force due to air resistance, or drag, 
which is more difficult to model. This is not the place for an extended discussion of 
the drag force; suffice it to say that it is often assumed that the drag is proportional 
to the velocity, and we will make that assumption here. Thus the drag force has the 
magnitude yv, where y is a constant called the drag coefficient. 

In writing an expression for the net force F we need to remember that gravity always 
acts in the downward (positive) direction, while drag acts in the upward (negative) 
direction, as shown in Figure 1.1.1. Thus 


F=mg—yv (3) 
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A Falling 
Object 
(continued) 


and|Eq. (2) |then becomes 


dv 

m i mg —yv. (4) 
Equation (4) is a mathematical model of an object falling in the atmosphere near sea 
level. Note that the model contains the three constants m, g, and y. The constants m 
and y depend very much on the particular object that is falling, and usually will be 
different for different objects. It is common to refer to them as parameters, since they 
may take on a range of values during the course of an experiment. On the other hand, 
the value of g is the same for all objects. 


FIGURE 1.1.1 Free-body diagram of the forces on a falling object. 


To solve Eq. (4) we need to find a function v = v(t) that satisfies the equation. It 
is not hard to do this and we will show you how in the next section. For the present, 
however, let us see what we can learn about solutions without actually finding any of 
them. Our task is simplified slightly if we assign numerical values to m and y, but the 
procedure is the same regardless of which values we choose. So, let us suppose that 
m = 10 kg and y = 2 kg/sec. If the units for y seem peculiar, remember that yv must 
have the units of force, namely, kg-m/sec”. Then Eq. (4) can be rewritten as 

dv v 


—=98--. 5 
dt 5 (©) 


Investigate the behavior of solutions of Eq. (5) without actually finding the solutions 
in question. 

We will proceed by looking at Eq. (5) from a geometrical viewpoint. Suppose that 
v has a certain value. Then, by evaluating the right side of Eq. (5), we can find the 
corresponding value of dv/dt. For instance, if v = 40, then dv/dt = 1.8. This means 
that the slope of a solution v = v(t) has the value 1.8 at any point where v = 40. We 
can display this information graphically in the tv-plane by drawing short line segments, 
or arrows, with slope 1.8 at several points on the line v = 40. Similarly, if v = 50, then 
dvu/dt = —0.2, so we draw line segments with slope —0.2 at several points on the line 
v = 50. We obtain Figure 1.1.2 by proceeding in the same way with other values of 
v. Figure 1.1.2 is an example of what is called a (direction field br sometimes a slope 
field. 

The importance of Figure 1.1.2 is that each line segment is a tangent line to the 
graph of a solution of Eq. (5). Thus, even though we have not found any solutions, and 
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FIGURE 1.1.2 A direction field forj Eq. (5). 


no graphs of solutions appear in the figure, we can nonetheless draw some qualitative 
conclusions about the behavior of solutions. For instance, if v is less than a certain 
critical value, then all the line segments have positive slopes, and the speed of the 
falling object increases as it falls. On the other hand, if v is greater than the critical 
value, then the line segments have negative slopes, and the falling object slows down as 
it falls. What is this critical value of v that separates objects whose speed is increasing 
from those whose speed is decreasing? Referring again tolEq. (5)| we ask what value 
of v will cause du/dt to be zero? The answer is v = (5)(9.8) = 49 m/sec. 

In fact, the constant function v(t) = 49 is a solution of To verify this 
statement, substitute v(t) = 49 into Eq. (5) and observe that each side of the equation 
is zero. Because it does not change with time, the solution v(t) = 49 is called an 
It is the solution that corresponds to a balance between gravity 
and drag. In Figure 1.1.3 we show the equilibrium solution v(t) = 49 superimposed 
on the direction field. From this figure we can draw another conclusion, namely, that 
all other solutions seem to be converging to the equilibrium solution as f¢ increases. 
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FIGURE 1.1.3 Direction field and equilibrium solution for| Eq. (5). 
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The approach illustrated in an be applied equally well to the more 
general |Eq. (4), |where the parameters m and y are unspecified positive numbers. The 


results are essentially identical to those of [Example 2. {The equilibrium solution of 
Eq. (4) fs u(t) = mg/y. Solutions below the equilibrium solution increase with time, 
those above it decrease with time, and all other solutions approach the equilibrium 
solution as t becomes large. 


Direction Fields. Direction fields are valuable tools in studying the solutions of 
differential equations of the form 


d 
— = f(t.y), (6) 


where f is a given function of the two variables t and y, sometimes referred to as 
the[rate function. |The equation in [Example 2|is somewhat simpler in that in it f is a 
function of the dependent variable alone and not of the independent variable. A useful 
direction field for equations of the general form (6) can be constructed by evaluating f 
at each point of a rectangular grid consisting of at least a few hundred points. Then, 
at each point of the grid, a short line segment is drawn whose slope is the value of f 
at that point. Thus each line segment is tangent to the graph of the solution passing 
through that point. A direction field drawn on a fairly fine grid gives a good picture 
of the overall behavior of solutions of a differential equation. The construction of a 
direction field is often a useful first step in the investigation of a differential equation. 

Two observations are worth particular mention. First, in constructing a direction 
field, we do not have to solve Eq. (6), but merely evaluate the given function f(t, y) 
many times. Thus direction fields can be readily constructed even for equations that 
may be quite difficult to solve. Second, repeated evaluation of a given function is a 
task for which a computer is well suited and you should usually use a computer to 
draw a direction field. All the direction fields shown in this book, such as the one in 
Figure 1.1.2, were computer-generated. 


Field Mice and Owls. Now let us look at another quite different example. Consider 
a population of field mice who inhabit a certain rural area. In the absence of predators 
we assume that the mouse population increases at a rate proportional to the current 
population. This assumption is not a well-established physicallaw (as Newton’s law of 
motion is in Example 1), but it is a common initial hypothesis ina study of population 
growth. If we denote time by f and the mouse population by p(t), then the assumption 
about population growth can be expressed by the equation 


dp 
= L 
a (7) 


where the proportionality factor r is called the} rate constant] or growth rate. To be 


specific, suppose that time is measured in months and that the rate constant r has the 
value 0.5/month. Then each term in Eq. (7) has the units of mice/month. 

Now let us add to the problem by supposing that several owls live in the same 
neighborhood and that they kill 15 field mice per day. To incorporate this information 


‘« somewhat better model of population growth is discussed later in 
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into the model, we must add another term to the differential |equation (7)J so that it 
becomes 
Le ee (8) 
ac, 


Observe that the predation term is —450 rather than —15 because time is measured in 
months and the monthly predation rate is needed. 


Investigate the solutions of Eq. (8) graphically. 

A direction field for Eq. (8) is shown in Figure 1.1.4. For sufficiently large values 
of p it can be seen from the figure, or directly from Eq. (8) itself, that dp/dt is positive, 
so that solutions increase. On the other hand, for small values of p the opposite is the 
case. Again, the critical value of p that separates solutions that increase from those that 
decrease is the value of p for which dp/dt is zero. By setting dp/dt equal to zero in 
Eq. (8) and then solving for p, we find the equilibrium solution p(t) = 900 for which 
the growth term and the predation term in Eq. (8) are exactly balanced. The equilibrium 
solution is also shown in Figure 1.1.4. 
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FIGURE 1.1.4 A direction field for Eq. (8). 


Comparing this example with[Example 2,] we note that in both cases the equilibrium 
solution separates increasing from decreasing solutions. However, in[Example 2 $ther 
solutions converge to, or are attracted by, the equilibrium solution, while in Example 3 
other solutions diverge from, or are repelled by, the equilibrium solution. In both cases 
the equilibrium solution is very important in understanding how solutions of the given 
differential equation behave. 


A more general version of Eq. (8) is 


dp _ 


—rp—k, 9 
ae (9) 
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where the growth rate r and the predation rate k are unspecified. Solutions of this more 
general equation behave very much like those of Eq. (8), The equilibrium solution of 
[Eg. O)|is p(t) =k/r. Solutions above the equilibrium solution increase, while those 
below it decrease. 

You should keep in mind that both of the models discussed in this section have their 
limitations. The model (5) of the falling object ceases to be valid as soon as the object 
hits the ground, or anything else that stops or slows its fall. The population model 

[(8) ]eventually predicts negative numbers of mice (if p < 900) or enormously large 
numbers (if p > 900). Both these predictions are unrealistic, so this model becomes 
unacceptable after a fairly short time interval. 


Constructing Mathematical Models. In applying differential equations to any of the 
numerous fields in which they are useful, it is necessary first to formulate the appropri- 
ate differential equation that describes, or models, the problem being investigated. In 
this section we have looked at two examples of this modeling process, one drawn from 
physics and the other from ecology. In constructing future mathematical models your- 
self, you should recognize that each problem is different, and that successful modeling 
is not a skill that can be reduced to the observance of a set of prescribed rules. Indeed, 
constructing a satisfactory model is sometimes the most difficult part of the problem. 
Nevertheless, it may be helpful to list some steps that are often part of the process: 


1. Identify the independent and dependent variables and assign letters to represent 
them. The independent variable is often time. 

2. Choose the units of measurement for each variable. In a sense the choice of units 
is arbitrary, but some choices may be much more convenient than others. For 
example, we chose to measure time in seconds in the falling object problem and 
in months in the population problem. 

3. Articulate the basic principle that underlies or governs the problem you are inves- 
tigating. This may be a widely recognized physical law, such as Newton’s law of 
motion, or it may be a more speculative assumption that may be based on your 
own experience or observations. In any case, this step is likely not to be a purely 
mathematical one, but will require you to be familiar with the field in which the 
problem lies. 

4. Express the principle or law in step 3 in terms of the variables you chose in 
step 1. This may be easier said than done. It may require the introduction of 
physical constants or parameters (such as the 
and the determination of appropriate values for them. Or it may involve the use 
of auxiliary or intermediate variables that must then be related to the primary 
variables. 

5. Make sure that each term in your equation has the same physical units. If this is 
not the case, then your equation is wrong and you should seek to repair it. If the 
units agree, then your equation at least is dimensionally consistent, although it 
may have other shortcomings that this test does not reveal. 

6. Inthe problems considered here the result of step 4 is a single differential equation, 
which constitutes the desired mathematical model. Keep in mind, though, that in 
more complex problems the resulting mathematical model may be much more 
complicated, perhaps involving a system of several differential equations, for 
example. 
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In each of Problems 1 through 6 draw a direction field for the given differential equation. Based 
on the direction field, determine the behavior of y as t — oo. If this behavior depends on the 
initial value of y at t = 0, describe this dependency. 


1. y’ =3-2y > 2. y=2y-3 
3. y' =3+42y > 4. y=-1-2y 
5. y =142y > 6 w=y+2 


In each of Problems 7 through 10 write down a differential equation of the form dy/dt = ay +b 
whose solutions have the required behavior as t — oo. 


7. All solutions approach y = 3. 8. All solutions approach y = 2/3. 
9. All other solutions diverge from y = 2. 10. All other solutions diverge from y = 1/3. 


In each of Problems 11 through 14 draw a direction field for the given differential equation. 
Based on the direction field, determine the behavior of y as t — oo. If this behavior depends 
on the initial value of y at t = 0, describe this dependency. Note that in these problems the 
equations are not of the form y’ = ay + b and the behavior of their solutions is somewhat more 
complicated than for the equations in the text. 


ll. y=y4—-y) Pp 12. y=—-yG-y) 
13. yoy > 14. y’ = y(y - 29" 


15. A pond initially contains 1,000,000 gal of water and an unknown amount of an undesirable 
chemical. Water containing 0.01 gram of this chemical per gallon flows into the pond at a 
rate of 300 gal/min. The mixture flows out at the same rate so the amount of water in the 
pond remains constant. Assume that the chemical is uniformly distributed throughout the 
pond. 

(a) Write a differential equation whose solution is the amount of chemical in the pond at 
any time. 

(b) How much of the chemical will be in the pond after a very long time? Does this limiting 
amount depend on the amount that was present initially? 

A spherical raindrop evaporates at a rate proportional to its surface area. Write a differential 
equation for the volume of the raindrop as a function of time. 

A certain drug is being administered intravenously to a hospital patient. Fluid containing 
5 mg/cm? of the drug enters the patient’s bloodstream at a rate of 100 cm?/hr. The drug is 
absorbed by body tissues or otherwise leaves the bloodstream at a rate proportional to the 
amount present, with a rate constant of 0.4 (hr)7!. 

(a) Assuming that the drug is always uniformly distributed throughout the bloodstream, 
write a differential equation for the amount of the drug that is present in the bloodstream 
at any time. 

(b) How much of the drug is present in the bloodstream after a long time? 

For small, slowly falling objects the assumption made in the text that the drag force is 
proportional to the velocity is a good one. For larger, more rapidly falling objects itis more 
accurate to assume that the drag force is proportional to the square of the velocit : 

(a) Write a differential equation for the velocity of a falling object of mass m if the drag 
force is proportional to the square of the velocity. 

(b) Determine the limiting velocity after a long time. 

(c) Ifm = 10 kg, find the drag coefficient so that the limiting velocity is 49 m/sec. 

(d) Using the data in part (c), draw a direction field and compare it with Figure 1.1.3. 


>See Lyle N. Long and Howard Weiss, “The Velocity Dependence of Aerodynamic Drag: A Primer for Mathe- 
maticians,” Amer. Math. Monthly 106, 2 (1999), pp. 127-135. 
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In each of Problems 19 through 26 draw a direction field for the given differential equation. 
Based on the direction field, determine the behavior of y as t — oo. If this behavior depends 
on the initial value of y at t = 0, describe this dependency. Note that the right sides of these 
equations depend on ¢ as well as y; therefore their solutions can exhibit more complicated 
behavior than those in the text. 


> 20. y =te* —2y 
> 22. y=t4+2y 
> 24. y =2-1-y’ 


> 19. y =-24+t-y 
P21. W=ett+y 


> 23. y =3sint+1+y 


> 25. y =—Qt+y)/2y > 26. y =y3/6—y-27/3 


1.2 Solutions of Some Differential Equations 


In the preceding section we derived differential equations, 


id (1) 
m— =me — Vv 
ay g-y 
and 
dp 
ie —k 2 
“le. (2) 


which model a falling object and a population of field mice preyed upon by owls, 
respectively. Both these equations are of the general form 


—=ay—b, (3) 


where a and b are given constants. We were able to draw some important qualitative 
conclusions about the behavior of solutions of Eqs. (1) and (2) by considering the 
associated direction fields. To answer questions of a quantitative nature, however, we 
need to find the solutions themselves, and we now investigate how to do that. 


Consider the equation 
EXAMPLE dp 
1 — =0.5p — 450, (4) 


Field Mice which describes the interaction of certain populations of field mice and owls 
and Owls [(8) lof Section 1.1]. Find solutions of this equation. 
(continued) To solve Eq. (4) we need to find functions p(t) that, when substituted into the 
equation, reduce it to an obvious identity. Here is one way to proceed. First, rewrite 
Eq. (4) in the form 


dp p-—2900 
or, if p ~ 900, 
dp/dt 1 
apf/dt ae (6) 


p-900 2 
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Since, by the chain rule, the left side of Eq. (6) is the derivative of In |p — 900| with 
respect to f, it follows that 


: In | 900| ; (7) 
—In|p — =-, 
Tis 2 
Then, by integrating both sides of Eq. (7), we obtain 
t 
plo (8) 


where C is an arbitrary constant of integration. Therefore, by taking the exponential of 
both sides of Eq. (8), we find that 


|p —900| = ee’, (9) 
or 
p —900 = +e°e'/”, (10) 
and finally 
p = 900 + ce’, (11) 


where c = +e° is also an arbitrary (nonzero) constant. Note that the constant function 
p = 900 is also a solution of [Eq. (5)Jand that it is contained in the expression (11) if 
we allow c to take the value zero. Graphs of Eq. (11) for several values of c are shown 
in Figure 1.2.1. 
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FIGURE 1.2.1 Graphs of Eq. (11) for several values of c. 


Note that they have the character inferred from the direction field in Figure 1.1.4. 
For instance, solutions lying on either side of the equilibrium solution p = 900 tend to 
diverge from that solution. 


In Example 1 we found infinitely many solutions of the differential [equation (4), | 
corresponding to the infinitely many values that the arbitrary constant c in Eq. (11) 
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might have. This is typical of what happens when you solve a differential equation. 
The solution process involves an integration, which brings with it an arbitrary constant, 
whose possible values generate an infinite family of solutions. 

Frequently, we want to focus our attention on a single member of the infinite family 
of solutions by specifying the value of the arbitrary constant. Most often, we do this 
indirectly by specifying instead a point that must lie on the graph of the solution. For 


example, to determine the|constant c in Eq. (.1),|we could require that the population 
have a given value at a certain time, such as the value 850 at time t = 0. In other words, 
the graph of the solution must pass through the point (0, 850). Symbolically, we can 
express this condition as 


pO) = 850. (12) 
Then, substituting t = 0 and p = 850 into}Eq. (11)) we obtain 
850 = 900+ c. 


Hence c = —50, and by inserting this value in|Eq. (11)J we obtain the desired solution, 
namely, 


p = 900 — 50e"””. (13) 
The additional condition (12) that we used to determine c is an example of an|initial | 
The differential|equation (4) together with the initial condition (12) form 
an initial value problem. 
Now consider the more general problem consisting of the differential equation (3) 


dy _ 


=ay—b 
dt - 


and the initial condition 


yO) = yo, (14) 


where y, is an arbitrary initial value. We can solve this problem by the same method 
as in Example 1. If a 4 0 and y 4 b/a, then we can rewrite|Eq. (3)|as 


dy/dt 
ae — (15) 
y — (b/a) 
By integrating both sides, we find that 
In|y — (b/a)| = at+C, (16) 


where C is arbitrary. Then, taking the exponential of both sides of Eq. (16) and solving 
for y, we obtain 
y = (b/a) + ce", (17) 


where c = +e is also arbitrary. Observe that c = 0 corresponds to the equilibrium 
solution y = b/a. Finally, the initial condition (14) requires that c = yy — (b/a), so 
the solution of the initial value problem (3), (14) is 


y = (b/a) + [yy — /a)dle™. (18) 


The expression (17) contains all possible solutions of |Eq. (3)| and is called the 
he geometrical representation of the general solution (17) is an 
infinite family of curves, calledjintegral curves. Each integral curve is associated with 
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A Falling 
Object 
(continued) 


a particular value of c, and is the graph of the solution corresponding to that value of c. 
Satisfying an initial condition amounts to identifying the integral curve that passes 
through the given initial point. 

To relate the solution{(18) {o[Eq. (2),|which models the field mouse population, we 
need only replace a by the growth rate r and b by the predation rate k. Then the solution 


/(18)} becomes 
p= (k/r) + [py — (k/ryle”™, (19) 


where p, is the initial population of field mice. The solution (19) confirms the con- 
clusions reached on the basis of the direction field and {Example I.]If py = k/r, then 
from Eq. (19) it follows that p = k/r for all t; this is the constant, or equilibrium, 
solution. If py #k/r, then the behavior of the solution depends on the sign of the 
coefficient p, — (k/r) of the exponential term in Eq. (19). If py > k/r, then p grows 
exponentially with time t; if py <k/r, then p decreases and eventually becomes 
zero, corresponding to extinction of the field mouse population. Negative values of p, 
while possible for the expression (19), make no sense in the context of this particular 
problem. 

To put the falling object equation (1) in the form (3), we must identify a with —y/m 
and b with —g. Making these substitutions in the solution|(18)| we obtain 


v = (mg/y) + [vy — (mg/y)le"", (20) 


where uv, is the initial velocity. Again, this solution confirms the conclusions reached 
in[Section I.Tjon the basis of a direction field. There is an equilibrium, or constant, 
solution v = mg/y, and all other solutions tend to approach this equilibrium solution. 
The speed of convergence to the equilibrium solution is determined by the exponent 
—y/m. Thus, for a given mass m the velocity approaches the equilibrium value faster 
as the drag coefficient y increases. 


Suppose that, as in|Example 2 of Section 1.1} we consider a falling object of mass 


m = 10kg and drag coefficient y = 2 kg/sec. Then the equation of motion (1) becomes 
— =9.8— =. (21) 


Suppose this object is dropped from a height of 300 m. Find its velocity at any time f. 
How long will it take to fall to the ground, and how fast will it be moving at the time 
of impact? 

The first step is to state an appropriate initial condition for Eq. (21). The word 
“dropped” in the statement of the problem suggests that the initial velocity is zero, so 
we will use the initial condition 


v(0) = 0. (22) 


The solution of Eq. (21) can be found by substituting the values of the coefficients 
into the solution (20), but we will proceed instead to solve Eq. (21) directly. First, 
rewrite the equation as 

dv/dt 1 


=——-, o 
v—-49 5 “) 
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By integrating both sides we obtain 


t 
In|y— 49] = —2 +C, (24) 
and then the general solution of|Eq. (21) is 
v=49+ ce, (25) 


where c is arbitrary. To determine c, we substitute t = 0 and v = 0 from the initial 
condition (22) into Eq. (25), with the result that c = —49. Then the solution of the 
initial value problem (21), (22) ip 


v= 49(1 —e7"/>), (26) 


Equation (26) gives the velocity of the falling object at any positive time (before it hits 
the ground, of course). 

Graphs of the solution (25) for several values of c are shown in Figure 1.2.2, with the 
solution (26) shown by the heavy curve. It is evident that all solutions tend to approach 
the equilibrium solution v = 49. This confirms the conclusions we reached in Section 

[1.1 bn the basis of the direction fields in Figures 1.1.2 and 1.1.3. 


100 


40 (10.51, 43.01) 


20 v=49 (1 - &/5) 
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FIGURE 1.2.2 Graphs of the solution (25) for several values of c. 


To find the velocity of the object when it hits the ground, we need to know the time 
at which impact occurs. In other words, we need to determine how long it takes the 
object to fall 300 m. To do this, we note that the distance x the object has fallen is 
related to its velocity v by the equation v = dx/dt, or 

dx 


oe _ 4 t/5 
F = 49(1-—e'””). (27) 


Consequently, 


x = 49 + 245e79 + ¢, (28) 
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where c is an arbitrary constant of integration. The object starts to fall when t = 0, 
so we know that x = 0 when t = 0. From|Eq. (28) iit follows that c = —245, so the 
distance the object has fallen at time f is given by 


x = 49 + 245e—*/9 — 245, (29) 


Let T be the time at which the object hits the ground; then x = 300 when t = T. By 
substituting these values in Eq. (29) we obtain the equation 


49T + 245e-T/> — 545 = 0. (30) 


The value of T satisfying Eq. (30) can be readily approximated by a numerical process 
using a scientific calculator or computer, with the result that T = 10.51 sec. At this 
time, the corresponding velocity v, is found from Eq. (26)/to be v; = 43.01 m/sec. 


Further Remarks on Mathematical Modeling. Up to this point we have related our 
discussion of differential equations to mathematical models of a falling object and of 
a hypothetical relation between field mice and owls. The derivation of these models 
may have been plausible, and possibly even convincing, but you should remember 
that the ultimate test of any mathematical model is whether its predictions agree with 
observations or experimental results. We have no actual observations or experimental 
results to use for comparison purposes here, but there are several sources of possible 
discrepancies. 

In the case of the falling object the underlying physical principle (Newton’s law of 
motion) is well-established and widely applicable. However, the assumption that the 
drag force is proportional to the velocity is less certain. Even if this assumption is 
correct, the determination of the drag coefficient y by direct measurement presents 
difficulties. Indeed, sometimes one finds the drag coefficient indirectly, for example, 
by measuring the time of fall from a given height, and then calculating the value of y 
that predicts this time. 

The model of the field mouse population is subject to various uncertainties. The 
determination of the growth rate r and the predation rate k depends on observations 
of actual populations, which may be subject to considerable variation. The assumption 
that r and k are constants may also be questionable. For example, a constant predation 
rate becomes harder to sustain as the population becomes smaller. Further, the model 
predicts that a population above the equilibrium value will grow exponentially larger 
and larger. This seems at variance with the behavior of actual populations;[see the | 

Even if a mathematical model is incomplete or somewhat inaccurate, it may never- 
theless be useful in explaining qualitative features of the problem under investigation. 
It may also be valid under some circumstances but not others. Thus you should always 
use good judgment and common sense in constructing mathematical models and in 
using their predictions. 


1. Solve each of the following initial value problems and plot the solutions for several values 
of yo. Then describe in a few words how the solutions resemble, and differ from, each 
other. 


(a) dy/dt=—y+5, y(0) = yy (b) dy/dt = —2y +5, yO) = yy 
(c) dy/dt = —2y + 10, y(O) = yy 
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> 2. Follow the instructions for Problem 1 for the following initial value problems: 
(a) dy/dt=y—5, y(0) = yy 
(b) dy/dt =2y —5, yO) = yg 
(c) dy/dt =2y —10, yO) = yy 
Consider the differential equation 


dy/dt = —ay +b, 


where both a and b are positive numbers. 
(a) Solve the differential equation. 
(b) Sketch the solution for several different initial conditions. 
(c) Describe how the solutions change under each of the following conditions: 
i. a increases. 
il. D increases. 
iii. Both a and 5 increase, but the ratio b/a remains the same. 
Here is an alternative way to solve the equation 


dy/dt =ay —b. (1) 
(a) Solve the simpler equation 
dy/dt = ay. (ii) 


Call the solution y, (f). 

(b) Observe that the only difference between Egg. (i) and (ii) is the constant —b in Eq. (i). 
Therefore it may seem reasonable to assume that the solutions of these two equations 
also differ only by a constant. Test this assumption by trying to find a constant k so that 
y = y,(t) +k isa solution of Eq. (i). 

(c) Compare your solution from part (b) with the solution given in the text in Eq. (17). 
Note: This method can also be used in some cases in which the constant b is replaced by 
a function g(t). It depends on whether you can guess the general form that the solution is 
likely to take. This method is described in detail in[Section 3.6]in connection with second 
order equations. 

Use the method of Problem 4 to solve the equation 


dy/dt = —ay +b. 


The field mouse population in Example | satisfies the differential equation 


dp/dt = 0.5p — 450. 


(a) Find the time at which the population becomes extinct if p(0) = 850. 

(b) Find the time of extinction if p(0) = pp, where 0 < py < 900. 

(c) Find the initial population py if the population is to become extinct in | year. 
Consider a population p of field mice that grows at a rate proportional to the current 
population, so that dp/dt = rp. 

(a) Find the rate constant r if the population doubles in 30 days. 

(b) Find r if the population doubles in N days. 

The falling object in Example 2 satisfies the initial value problem 


dv/dt =9.8—(v/5), v0) = 0. 


(a) Find the time that must elapse for the object to reach 98% of its limiting velocity. 
(b) How far does the object fall in the time found in part (a)? 

Modify Example 2 so that the falling object experiences no air resistance. 

(a) Write down the modified initial value problem. 

(b) Determine how long it takes the object to reach the ground. 

(c) Determine its velocity at the time of impact. 
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A radioactive material, such as the isotope thorium-234, disintegrates at a rate proportional 
to the amount currently present. If Q(t) is the amount present at time t, thend Q/dt = —rQ, 
where r > 0 is the decay rate. 

(a) If 100 mg of thorium-234 decays to 82.04 mg in 1 week, determine the decay rate r. 
(b) Find an expression for the amount of thorium-234 present at any time f. 

(c) Find the time required for the thorium-234 to decay to one-half its original amount. 
The half-life]of a radioactive material is the time required for an amount of this material 
to decay to one-half its original value. Show that, for any radioactive material that decays 
according to the equation Q’ = —r Q, the half-life t and the decay rate r satisfy the equation 
rt =1n2. 

Radium-226 has a half-life of 1620 years. Find the time period during which a given amount 
of this material is reduced by one-quarter. 

Consider an electric circuit containing a capacitor, resistor, and battery; see Figure 1.2.3. 
The charge Q(t) on the capacitor satisfies the sade 


where R is the resistance, C is the capacitance, and V is the constant voltage supplied by 
the battery. 


C 


FIGURE 1.2.3 The electric circuit of Problem 13. 


(a) If Q(O) = 0, find Q(t) at any time ¢, and sketch the graph of Q versus ¢. 

(b) Find the limiting value Q, that Q(t) approaches after a long time. 

(c) Suppose that Q(t,) = Q, and that the battery is removed from the circuit at t = 1,. 
Find Q(t) for t > t, and sketch its graph. 

A pond containing 1,000,000 gal of water is initially free of a certain undesirable chemical 
(see Problem 15 of Section 1.1). Water containing 0.01 g/gal of the chemical flows into the 
pond at a rate of 300 gal/hr and water also flows out of the pond at the same rate. Assume 
that the chemical is uniformly distributed throughout the pond. 

(a) Let Q(t) be the amount of the chemical in the pond at time t. Write down an initial 
value problem for Q(t). 

(b) Solve the problem in part (a) for Q(t). How much chemical is in the pond after 1 year? 
(c) At the end of 1 year the source of the chemical in the pond is removed and thereafter 
pure water flows into the pond and the mixture flows out at the same rate as before. Write 
down the initial value problem that describes this new situation. 

(d) Solve the initial value problem in part (c). How much chemical remains in the pond 
after 1 additional year (2 years from the beginning of the problem)? 

(e) How long does it take for Q(t) to be reduced to 10 g? 

(f) Plot Q(t) versus t for 3 years. 

Your swimming pool containing 60,000 gal of water has been contaminated by 5 kg of 
a nontoxic dye that leaves a swimmer’s skin an unattractive green. The pool’s filtering 


3This equation results from Kirchhoff’s laws, which are discussed later in| Section 3.8. 
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system can take water from the pool, remove the dye, and return the water to the pool at a 
rate of 200 gal/min. 

(a) Write down the initial value problem for the filtering process; let g(t) be the amount 
of dye in the pool at any time f. 

(b) Solve the problem in part (a). 

(c) You have invited several dozen friends to a pool party that is scheduled to begin in 4 hr. 


You have also determined that the effect of the dye is imperceptible if its concentration is 
less than 0.02 g/gal. Is your filtering system capable of reducing the dye concentration to 
this level within 4 hr? 


(d) Find the time T at which the concentration of dye first reaches the value 0.02 g/gal. 
(e) Find the flow rate that is sufficient to achieve the concentration 0.02 g/gal within 4 hr. 


1.3 Classification of Differential Equations 


The main purpose of this book is to discuss some of the properties of solutions of 
differential equations, and to describe some of the methods that have proved effective 
in finding solutions, or in some cases approximating them. To provide a framework 
for our presentation we describe here several useful ways of classifying differential 
equations. 


Ordinary and Partial Differential Equations. One of the more obvious classifications 
is based on whether the unknown function depends on a single independent variable or 
on several independent variables. In the first case, only ordinary derivatives appear in 
the differential equation, and it is said to be anjordinary differential equation] In the 
second case, the derivatives are partial derivatives, and the equation is called a partial 
differential equation. 

All the differential equations discussed in the preceding two sections are ordinary 
differential equations. Another example of an ordinary differential equation is 


2: 
if O(t) | pie | 
dt? dt 


for the charge Q(t) on a capacitor in a circuit with capacitance C, resistance R, and 
inductance L; this equation is derived in|Section 3.8.|Typical examples of partial 


differential equations are the heat conduction equation 


- O(t) = E(t), (1) 


0°u(x,t) _ du(x,t) 
a = >) 
Ox? ot 


(2) 
and the wave equation 
29°u(x,t) u(x,t) 
Oak ae 
Ox ot 
Here, a” and a? are certain physical constants. The heat conduction equation describes 
the conduction of heat in a solid body and the wave equation arises in a variety of 


problems involving wave motion in solids or fluids. Note that in both Eqs. (2) and (3) 
the dependent variable u depends on the two independent variables x and ft. 


(3) 
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Systems of Differential Equations. Another classification of differential equations 
depends on the number of unknown functions that are involved. If there is a single 
function to be determined, then one equation is sufficient. However, if there are two 
or more unknown functions, then a system of equations is required. For example, 
the Lotka—Volterra, or predator—prey, equations are important in ecological modeling. 
They have the form 


dx /dt =ax —axy (4) 
dy/dt = —cy + yxy, 


where x(t) and y(t) are the respective populations of the prey and predator species. 


The constants a, a,c, and y are based on empirical observations and depend on the 
particular species being studied. Systems of equations are discussed _in|Chapters 7 
and|9} in particular, the Lotka—Volterra equations are examined in| Section 9.5, It is not 


unusual in some areas of application to encounter systems containing a large number 
of equations. 


Order. The order of a differential equation is the order of the highest derivative that 
appears in the equation. The equations in the preceding sections are all first order 
equations, while |Eq. (1) jis a second order equation. |Equations (2) and (3) pre second 
order partial differential equations. More generally, the equation 

PLUG) WO 58? Ol =0 (5) 


is an ordinary differential equation of the nth order. Equation (5) expresses a relation 
between the independent variable ¢ and the values of the function wu and its first n 


derivatives u’, u”,..., u. It is convenient and customary in differential equations to 
write y for u(t), with y’, y",..., y standing for u'(t), u’(t),..., u(t). Thus Eq. 
(5) is written as 
F(t, y,y’,...,y™) =0. (6) 
For example, 
— a 2e!y” a yy’ = t* (7) 


is a third order differential equation for y = u(t). Occasionally, other letters will be 
used instead of ¢ and y for the independent and dependent variables; the meaning 
should be clear from the context. 

We assume that it is always possible to solve a given ordinary differential equation 
for the highest derivative, obtaining 


=F Gi pe Oe (8) 


We study only equations of the form (8). This is mainly to avoid the ambiguity that may 
arise because a single equation of the form (6) may correspond to several equations of 
the form (8). For example, the equation 


yf? ty +4y =0 (9) 


leads to the two equations 


,_ ttt? - loy po al = by 


y= 5 oy =. (10) 
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Linear and Nonlinear Equations. A crucial classification of differential equations is 
whether they are linear or nonlinear. The ordinary differential equation 


F(t, y,y’,...,y”) =0 


is said to be linear if F is a linear function of the variables y, y’,..., y™, a similar 
definition applies to partial differential equations. Thus the general linear ordinary 
differential equation of order n is 


ay (thy +a, (thy?) +--- +a, (Dy = g(t). (11) 


Most of the equations you have seen thus far in this book are linear; examples are 
the equations aeaton (i and|1.2|describing the falling object and the field mouse 
population. Similarly, in this section, Eq. (1) is a linear ordinary differential equation 
and|[Eqs. (2) and (3) pre linear partial differential equations. An equation that is not of 
the form (11) is a honlinear equation [Equation (7) fs nonlinear because of the term 
yy’. Similarly, each equation in the {system (4) jis nonlinear because of the terms that 
involve the product xy. 

A simple physical problem that leads to a nonlinear differential equation is the 
oscillating pendulum. The angle @ that an oscillating pendulum of length L makes with 
the vertical direction (see Figure 1.3.1) satisfies the equation 


= 42 sing = 0, (12) 


whose derivation is outlined in [Problem 29. The presence of the term involving sin 6 
makes Eq. (12) nonlinear. 

The mathematical theory and methods for solving linear equations are highly devel- 
oped. In contrast, for nonlinear equations the theory is more complicated and methods 
of solution are less satisfactory. In view of this, it is fortunate that many significant 
problems lead to linear ordinary differential equations or can be approximated by linear 
equations. For example, for the pendulum, if the angle 6 is small, then sin@ = @ and 
Eq. (12) can be approximated by the linear equation 


eg te = 0, (13) 


This process of approximating a nonlinear equation by a linear one is called lineariza- 
tion and it is an extremely valuable way to deal with nonlinear equations. Neverthe- 
less, there are many physical phenomena that simply cannot be represented adequately 


FIGURE 1.3.1 An oscillating pendulum. 
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by linear equations; to study these phenomena it is essential to deal with nonlinear 
equations. 

In an elementary text it is natural to emphasize the simpler and more straightforward 
parts of the subject. Therefore the greater part of this book is devoted to linear equations 
and various methods for solving them. However, [Chapters 8 Jand{9, Jas well as parts 
of are concerned with nonlinear equations. Whenever it is appropriate, we 
point out why nonlinear equations are, in general, more difficult, and why many of the 
techniques that are useful in solving linear equations cannot be applied to nonlinear 
equations. 


Solutions. A solution of the ordinary differential 


t < Bisa function ¢ such that ¢’, @”,..., ” exist and satisfy 
OO =f EOO.8 O08" "Ol (14) 


for every tina <t < fB. Unless stated otherwise, we assume that the function f of Eq. 
[(8) Is a real-valued function, and we are interested in obtaining real-valued solutions 
y= ot). 

Recall that in [Section 1.2 we found solutions of certain equations by a process of 
direct integration. For instance, we found that the equation 


on the interval a < 


dp 

— = 0.5p — 450 15 

.F p (15) 
has the solution 

p = 900 + ce’, (16) 


where c is an arbitrary constant. It is often not so easy to find solutions of differential 
equations. However, if you find a function that you think may be a solution of a given 
equation, it is usually relatively easy to determine whether the function is actually a 
solution simply by substituting the function into the equation. For example, in this way 
it is easy to show that the function y,(t) = cost is a solution of 


y’+y=0 (17) 


for all t. To confirm this, observe that y}(t) = —sint and y/(t) = —cosf; then it 
follows that y/(t) + y,(¢) = 0. In the same way you can easily show that y,(t) = sint 
is also a solution of Eq. (17). Of course, this does not constitute a satisfactory way to 
solve most differential equations because there are far too many possible functions for 
you to have a good chance of finding the correct one by a random choice. Nevertheless, 
it is important to realize that you can verify whether any proposed solution is correct 
by substituting it into the differential equation. For a problem of any importance this 
can be a very useful check and is one that you should make a habit of considering. 


Some Important Questions. Although for the equations (15) and (17) we are able 
to verify that certain simple functions are solutions, in general we do not have such 
solutions readily available. Thus a fundamental question is the following: Does an 
equation of the form (8) ways have a solution? The answer is “No.” Merely writing 
down an equation of the [form (8)|does not necessarily mean that there is a function 
y = $(t) that satisfies it. So, how can we tell whether some particular equation has a 
solution? This is the question of existence of a solution, and it is answered by theorems 
stating that under certain restrictions on the function f in [Eq. (8),|the equation always 
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has solutions. However, this is not a purely mathematical concern, for at least two 
reasons. If a problem has no solution, we would prefer to know that fact before investing 
time and effort in a vain attempt to solve the problem. Further, if a sensible physical 
problem is modeled mathematically as a differential equation, then the equation should 
have a solution. If it does not, then presumably there is something wrong with the 
formulation. In this sense an engineer or scientist has some check on the validity of the 
mathematical model. 

Second, if we assume that a given differential equation has at least one solution, the 
question arises as to how many solutions it has, and what additional conditions must 
be specified to single out a particular solution. This is the question of uniqueness. In 
general, solutions of differential equations contain one or more arbitrary constants of 
integration, as does the solution|(16) of Eg, (15)]{Equation (16) Fepresents an infinity 
of functions corresponding to the infinity of possible choices of the constant c. As we 
saw in [Section 1.2, if Pp is specified at some time ¢, this condition will determine a 
value for c; even so, we have not yet ruled out the possibility that there may be other 
solutions of [Eq. (15) |that also have the prescribed value of p at the prescribed time f. 
The issue of uniqueness also has practical implications. If we are fortunate enough 
to find a solution of a given problem, and if we know that the problem has a unique 
solution, then we can be sure that we have completely solved the problem. If there may 
be other solutions, then perhaps we should continue to search for them. 

A third important question is: Given a differential equation of the can we 
actually determine a solution, and if so, how? Note that if we find a solution of the 
given equation, we have at the same time answered the question of the existence of 
a solution. However, without knowledge of existence theory we might, for example, 
use a computer to find a numerical approximation to a “solution” that does not exist. 
On the other hand, even though we may know that a solution exists, it may be that the 
solution is not expressible in terms of the usual elementary functions—polynomial, 
trigonometric, exponential, logarithmic, and hyperbolic functions. Unfortunately, this 
is the situation for most differential equations. Thus, while we discuss elementary 
methods that can be used to obtain solutions of certain relatively simple problems, it 
is also important to consider methods of a more general nature that can be applied to 
more difficult problems. 


Computer Use in Differential Equations. A computer can be an extremely valuable 
tool in the study of differential equations. For many years computers have been used 
to execute numerical algorithms, such as those described in Chapter 8, |to construct 
numerical approximations to solutions of differential equations. At the present time 
these algorithms have been refined to an extremely high level of generality and effi- 
ciency. A few lines of computer code, written in a high-level programming language 
and executed (often within a few seconds) on a relatively inexpensive computer, suffice 
to solve numerically a wide range of differential equations. More sophisticated routines 
are also readily available. These routines combine the ability to handle very large and 
complicated systems with numerous diagnostic features that alert the user to possible 
problems as they are encountered. 

The usual output from a numerical algorithm is a table of numbers, listing selected 
values of the independent variable and the corresponding values of the dependent 
variable. With appropriate software it is easy to display the solution of a differential 
equation graphically, whether the solution has been obtained numerically or as the result 
of an analytical procedure of some kind. Such a graphical display is often much more 
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illuminating and helpful in understanding and interpreting the solution of a differential 
equation than a table of numbers or a complicated analytical formula. There are on 
the market several well-crafted and relatively inexpensive special-purpose software 
packages for the graphical investigation of differential equations. The widespread 
availability of personal computers has brought powerful computational and graphical 
capability within the reach of individual students. You should consider, in the light 
of your own circumstances, how best to take advantage of the available computing 
resources. You will surely find it enlightening to do so. 

Another aspect of computer use that is very relevant to the study of differential 
equations is the availability of extremely powerful and general software packages that 
can perform a wide variety of mathematical operations. Among these are Maple? 
Mathematica? and MATLAB: each of which can be used on various kinds of personal 
computers or workstations. All three of these packages can execute extensive numerical 
computations and have versatile graphical facilities. In addition, Maple and Mathemat- 
ica also have very extensive analytical capabilities. For example, they can perform the 
analytical steps involved in solving many differential equations, often in response to 
a single command. Anyone who expects to deal with differential equations in more 
than a superficial way should become familiar with at least one of these products and 
explore the ways in which it can be used. 

For you, the student, these computing resources have an effect on how you should 
study differential equations. To become confident in using differential equations, it 
is essential to understand how the solution methods work, and this understanding is 
achieved, in part, by working out a sufficient number of examples in detail. However, 
eventually you should plan to delegate as many as possible of the routine (often repeti- 
tive) details to a computer, while you focus more attention on the proper formulation of 
the problem and on the interpretation of the solution. Our viewpoint is that you should 
always try to use the best methods and tools available for each task. In particular, you 
should strive to combine numerical, graphical, and analytical methods so as to attain 
maximum understanding of the behavior of the solution and of the underlying process 
that the problem models. You should also remember that some tasks can best be done 
with pencil and paper, while others require a calculator or computer. Good judgment 
is often needed in selecting a judicious combination. 


PROBLEMS 


In each of Problems 1| through 6 determine the order of the given differential equation; also state 
whether the equation is linear or nonlinear. 


d° d 
i er +1 +2y = sint 


d*y 


+ 
dt* 
d’y + sin(t + y) int 
— sin = sin 
dt’ = 


In each of Problems 7 through 14 verify that the given function or functions is a solution of the 
differential equation. 


7. y"-—y=0; y(t) =e", y,(t) = cosht 
8. y"4+2y'-3y=0;  y)=e*, y(t)ae 
9. ty -y=?; y=3t+? 
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10. y""+4y"4+3y=t; y,OH=t/3, y(t) =e% +1/3 
11. 2r?y’+3ty’-y=0, t>0; Oe, 1O=e 
12. ty"+5ty’+4y=0, t>0; 1O=t > »1@O=t ing 
13. y"+y=sect, O<t <27/2; y = (cost) Incost + fsint 


1 


/ ? te 2? 
14. y'—2ty =1; y=e e* ds+e 
0 


In each of Problems 15 through 18 determine the values of r for which the given differential 
equation has solutions of the form y = e”. 

15. y'+2y=0 16. y’-y=0 

17. y"+y'—6y=0 18. y” —3y"42y' =0 


In each of Problems 19 and 20 determine the values of r for which the given differential equation 
has solutions of the form y = f’ fort > 0. 

19. t?y"+4ty’+2y =0 20. t?y"”—4ty’+4y =0 

In each of Problems 21 through 24 determine the order of the given partial differential equation; 
also state whether the equation is linear or nonlinear. Partial derivatives are denoted by subscripts. 


21. uy, tu, + uu. = 0 22. Uy, + uy, + uu, + uu, +u=0 
23. u +2u +u =0 24. u,+uu,=1+u, 


XXX xxyy yyyy 


x 


In each of Problems 25 through 28 verify that the given function or functions is a solution of 
the given partial differential equation. 


. 2 2 
25. Uy, + uy, = 0; u,(x,y) =cosxcoshy, u(x, y) =In(x" + y*) 
a ZOD. 
26. wu. =; EOD H=e "sms, OSes *"t sin dx, A areal constant 
27. au,. =4,5 u,(x,t) =sin ae ye Aat, u,(x,t) =sin(x — at), areal constant 
28. wu, =u, u=(n/t)!Pe* Met ts 0 


29. Follow the steps indicated here to derive the equation of motion of a pendulum, Eq. (12) 
in the text. Assume that the rod is rigid and weightless, that the mass is a point mass, and 
that there is no friction or drag anywhere in the system. 

(a) Assume that the mass is in an arbitrary displaced position, indicated by the angle 0. 
Draw a free-body diagram showing the forces acting on the mass. 

(b) Apply Newton’s law of motion in the direction tangential to the circular arc on which 
the mass moves. Then the tensile force in the rod does not enter the equation. Observe that 
you need to find the component of the gravitational force in the tangential direction. Observe 
also that the linear acceleration, as opposed to the angular acceleration, is Ld 26 /d t?, where 
L is the length of the rod. 


(c) Simplify the result from part (b) to obtain|Eq. (12) of the text. 


1.4 Historical Remarks 


Without knowing something about differential equations and methods of solving them, 
it is difficult to appreciate the history of this important branch of mathematics. Further, 
the development of differential equations is intimately interwoven with the general 
development of mathematics and cannot be separated from it. Nevertheless, to provide 
some historical perspective, we indicate here some of the major trends in the history of 
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the subject, and identify the most prominent early contributors. Other historical infor- 
mation is contained in footnotes scattered throughout the book and in the references 
listed at the end of the chapter. 

The subject of differential equations originated in the study of calculus by Isaac 
Newton (1642-1727) and Gottfried Wilhelm Leibniz (1646-1716) in the seventeenth 
century. Newton grew up in the English countryside, was educated at Trinity College, 
Cambridge, and became Lucasian Professor of Mathematics there in 1669. His epochal 
discoveries of calculus and of the fundamental laws of mechanics date from 1665. They 
were circulated privately among his friends, but Newton was extremely sensitive to 
criticism, and did not begin to publish his results until 1687 with the appearance of 
his most famous book, Philosophiae Naturalis Principia Mathematica. While Newton 
did relatively little work in differential equations as such, his development of the 
calculus and elucidation of the basic principles of mechanics provided a basis for their 
applications in the eighteenth century, most notably by Euler. Newton classified first 
order differential equations according to the forms dy/dx = f(x), dy/dx = f(y), 
and dy/dx = f (x,y). For the latter equation he developed a method of solution using 
infinite series when f(x,y) is a polynomial in x and y. Newton’s active research in 
mathematics ended in the early 1690s except for the solution of occasional challenge 
problems and the revision and publication of results obtained much earlier. He was 
appointed Warden of the British Mint in 1696 and resigned his professorship a few 
years later. He was knighted in 1705 and, upon his death, was buried in Westminster 
Abbey. 

Leibniz was born in Leipzig and completed his doctorate in philosophy at the age 
of 20 at the University of Altdorf. Throughout his life he engaged in scholarly work in 
several different fields. He was mainly self-taught in mathematics, since his interest in 
this subject developed when he was in his twenties. Leibniz arrived at the fundamental 
results of calculus independently, although a little later than Newton, but was the first to 
publish them, in 1684. Leibniz was very conscious of the power of good mathematical 
notation, and our notation for the derivative, dy/dx, and the integral sign are due 
to him. He discovered the method of separation of variables (Section 2.2) in 1691, 
the reduction of homogeneous equations to separable ones (Section 2.2, Problem 30) 
in 1691, and the procedure for solving first order linear equations (Section 2.1)} in 
1694. He spent his life as ambassador and adviser to several German royal families, 
which permitted him to travel widely and to carry on an extensive correspondence 
with other mathematicians, especially the Bernoulli brothers. In the course of this 
correspondence many problems in differential equations were solved during the latter 
part of the seventeenth century. 

The brothers Jakob (1654-1705) and Johann (1667-1748) Bernoulli of Basel did 
much to develop methods of solving differential equations and to extend the range 
of their applications. Jakob became professor of mathematics at Basel in 1687, and 
Johann was appointed to the same position upon his brother’s death in 1705. Both 
men were quarrelsome, jealous, and frequently embroiled in disputes, especially with 
each other. Nevertheless, both also made significant contributions to several areas of 
mathematics. With the aid of calculus they solved a number of problems in mechanics 
by formulating them as differential equations. For example, Jakob Bernoulli solved 
the differential equation y’ = [a? / (b?y —a°>)]'/? in 1690 and in the same paper first 
used the term “integral” in the modern sense. In 1694 Johann Bernoulli was able to 
solve the equation dy/dx = y/ax. One problem to which both brothers contributed, 


and which led to much friction between them, was the|brachistochrone problem (see 
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Problem 33 of Section 2.3).)The brachistochrone problem was also solved by Leibniz 


and Newton in addition to the Bernoulli brothers. It is said, perhaps apocryphally, that 
Newton learned of the problem late in the afternoon of a tiring day at the Mint, and 
solved it that evening after dinner. He published the solution anonymously, but on 
seeing it, Johann Bernoulli exclaimed, “Ah, I know the lion by his paw.” 

Daniel Bernoulli (1700-1782), son of Johann, migrated to St. Petersburg as a young 
man to join the newly established St. Petersburg Academy, but returned to Basel in 
1733 as professor of botany, and later, of physics. His interests were primarily in 
partial differential equations and their applications. For instance, it is his name that 
is associated with the Bernoulli equation in fluid mechanics. He was also the first 
to encounter the functions that a century later became known as Bessel functions 
(Section 5.8). 

The greatest mathematician of the eighteenth century, Leonhard Euler (1707-1783), 
grew up near Basel and was a student of Johann Bernoulli. He followed his friend Daniel 
Bernoulli to St. Petersburg in 1727. For the remainder of his life he was associated 
with the St. Petersburg Academy (1727-1741 and 1766-1783) and the Berlin Academy 
(1741-1766). Euler was the most prolific mathematician of all time; his collected works 
fill more than 70 large volumes. His interests ranged over all areas of mathematics and 
many fields of application. Even though he was blind during the last 17 years of his 
life, his work continued undiminished until the very day of his death. Of particular 
interest here is his formulation of problems in mechanics in mathematical language 
and his development of methods of solving these mathematical problems. Lagrange 
said of Euler’s work in mechanics, “The first great work in which analysis is applied 
to the science of movement.” Among other things, Euler identified the condition for 
exactness of first order differential equations (Section 2.6) in 1734-35, developed the 
theory of integrating factors in the same paper, and gave the general 
solution of homogeneous linear equations with constant coefficients 


B.5, hnd 4.2) in 1743. He extended the latter results to nonhomogeneous equations in 
1750-51. Beginning about 1750, Euler made frequent use of power series 
in solving differential equations. He also proposed a numerical procedure (Sections 
DThnd|s. 1} in 1768-69, made important contributions in partial differential equations, 
and gave the first systematic treatment of the calculus of variations. 

Joseph-Louis Lagrange (1736-1813) became professor of mathematics in his native 
Turin at the age of 19. He succeeded Euler in the chair of mathematics at the Berlin 
Academy in 1766, and moved on to the Paris Academy in 1787. He is most famous 
for his monumental work Mécanique analytique, published in 1788, an elegant and 
comprehensive treatise of Newtonian mechanics. With respect to elementary differen- 
tial equations, Lagrange showed in 1762-65 that the general solution of an nth order 
linear homogeneous differential equation is a linear combination of n independent 


solutions ERE TEPA Eh and [4.1]. Later, in 1774-75, he gave a complete devel- 
opment of the method of variation of parameters (Bections 3.7| and 4.4}. Lagrange is 


also known for fundamental work in partial differential equations and the calculus of 
variations. 

Pierre-Simon de Laplace (1749-1827) lived in Normandy as a boy but came to 
Paris in 1768 and quickly made his mark in scientific circles, winning election to the 
Académie des Sciences in 1773. He was preeminent in the field of celestial mechanics; 
his greatest work, Traité de mécanique céleste, was published in five volumes between 
1799 and 1825. Laplace’s equation is fundamental in many branches of mathematical 
physics, and Laplace studied it extensively in connection with gravitational attraction. 
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REFERENCES 


The Laplace transform (Chapter 6)}is also named for him although its usefulness in 


solving differential equations was not recognized until much later. 

By the end of the eighteenth century many elementary methods of solving ordinary 
differential equations had been discovered. In the nineteenth century interest turned 
more toward the investigation of theoretical questions of existence and uniqueness and 
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CHAPTER 


2 


First Order 
Differential 
Equations 


This chapter deals with differential equations of first order, 


dy 

Ht = f(t, y), (1) 
where f is a given function of two variables. Any differentiable function y = @(f) that 
satisfies this equation for all t in some interval is called a solution, and our object is to 
determine whether such functions exist and, if so, to develop methods for finding them. 
Unfortunately, for an arbitrary function f, there is no general method for solving the 
equation in terms of elementary functions. Instead, we will describe several methods, 
each of which is applicable to a certain subclass of first order equations. The most 
important of these are linear equations (Section 2.1), separable equations (Section 2.2), 
and exact equations (Section 2.6). Other sections of this chapter describe some of 
the important applications of first order differential equations, introduce the idea of 
approximating a solution by numerical computation, and discuss some theoretical 
questions related to existence and uniqueness of solutions. The final section deals with 
first order difference equations, which have some important points of similarity with 
differential equations and are in some respects simpler to investigate. 


2.1 Linear Equations with Variable Coefficients 


If the function f in Eq. (1) depends linearly on the dependent variable y, then Eq. (1) 
is called a first order linear equation. In and[1.2|we discussed a restricted 
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1 


type of first order linear equation in which the coefficients are constants. A typical 
example is 

dy 

a b, (2) 
where a and Db are given constants. Recall that an equation of this form describes the 
motion of an object falling in the atmosphere. Now we want to consider the most 
general first order linear equation, which is obtained by replacing the coefficients a 
and b in Eq. (2) by arbitrary functions of t. We will usually write the general| first] 


order linear equation] in the form 


ay thy = g(t 3 
a tT POY = 8), (3) 


where p and g are given functions of the independent variable t. 
Equation (2) can be solved by the straightforward integration method introduced in 


That is, we rewrite the equation as 
dy /dt 
Boe i: (4) 
y — (b/a) 
Then, by integration we obtain 
In|y — (b/a)| = —at + C, 


from which it follows that the general solution of Eq. (2) is 


y =(b/a)+ce™, (5) 
where c is an arbitrary constant. For example, if a = 2 and b = 3, then Eq. (2) becomes 
dy 
—+2y =3, 6 
rae (6) 
and its general solution is 
y=3+ce, (7) 


Unfortunately, this direct method of solution cannot be used to solve the general 
equation (3), so we need to use a different method of solution for it. The method is due 
to Leibniz; it involves multiplying the differential equation (3) by a certain function 
L(t), chosen so that the resulting equation is readily integrable. The function j.(t) is 
called anintegrating factor| and the main difficulty is to determine how to find it. To 
make the initial presentation as simple as possible, we will first use this method to solve 
Eq. (6), later showing how to extend it to other first order linear equations, including 
the general equation (3). 


Solve Eq. (6), 


by finding an integrating factor for this equation. 
The first step is to multiply Eq. (6) by a function y(t), as yet undetermined; thus 


dy 
Mt) + 2u(t)y = 3(t). (8) 
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The question now is whether we can choose p(t) so that the left side of 
is recognizable as the derivative of some particular expression. If so, then we can 
integrate[Eq. (8)} even though we do not know the function_y. To guide our choice 
of the integrating factor p(t), observe that the left side of [Eq. (8)|contains two terms 
and that the first term is part of the result of differentiating the product w(t)y. Thus, 
let us try to determine jz(t) so that the left side of [Eq. (8) |becomes the derivative of 
the expression j1(¢)y. If we compare the left side of [Eq. (8)|with the differentiation 
formula 


du(t) 
dt m 


we note that the first terms are identical and that the second terms also agree, provided 
we choose (tf) to satisfy 


Sen (9) 
ae yl=p aes 


du(t) 
dt 


Therefore our search for an integrating factor will be successful if we can find a 
solution of Eq. (10). Perhaps you can readily identify a function that satisfies Eq. (10): 
What function has a derivative that is equal to two times the original function? More 
systematically, rewrite Eq. (10) as 


= 2u(t). (10) 


dy(t)/dt =e (11) 
u(t) 
which is equivalent to 
a In |u(t)| = 2 (12) 
de ee 
Then it follows that 
In |u(t)| = 2+ C, (13) 
or 
w(t) = ce, (14) 


The function j.(¢) given by Eq. (14) is the integrating factor for[Eq. (6)| Since we do 
not need the most general integrating factor, we will choose c to be one in Eq. (14) and 
use u(t) = e7'. 

Now we return tofEq. (6)} multiply it by the integrating factor e”’, and obtain 


d 
ea + 2e7y = 3e7, (15) 


By the choice we have made of the integrating factor, the left side of Eq. (15) is the 
derivative of e”’ y, so that Eq. (15) becomes 


d 
—(e7y) = 3e7". (16) 
By integrating both sides of Eq. (16) we obtain 


ety = 37 +c, (17) 
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where c is an arbitrary constant. Finally, on solving|Eq. (17) {for y, we have the general 
solution of Eq. (6),|namely, 


y= 3 tee, (18) 
Of course, the solution (18) is the same as the solution (7)) found earlier. Figure 2.1.1 


shows the graph of Eq. (18) for several values of c. The solutions converge to the 
equilibrium solution y = 3/2, which corresponds to c = 0. 


FIGURE 2.1.1 Integral curves of y’ + 2y = 3. 


Now that we have shown how the method of integrating factors works in this simple 
example, let us extend it to other classes of equations. We will do this in three stages. 
First, consider again} Eq. (2)} which we now write in the form 


dy 
— =b. 19 
oF + ay (19) 


The derivation in Example 1 tan now be repeated line for line, the only changes being 


that the coefficients 2 and 3 in| Eq. (6) jare replaced by a_and J, respectively. The 
integrating factor is z(t) = e“ and the solution is given by[Eq. (5)| which is the same 
as Eq. (18) with 2 replaced by a and 3 replaced by b. 

The next stage is to replace the constant b by a given function g(t), so that the 
differential equation becomes 


dy 
dt 


The integrating factor depends only on the coefficient of y so for Eq. (20) the integrating 
factor is again u(t) = e“’. Multiplying Eq. (20) by z(t), we obtain 


+ ay = g(t). (20) 


d 
ya dy 


a t+ae"y = e" g(t), 


or 


d 
ny) = ea). (21) 
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By integrating both sides off Eq. (21)}we find that 
ey= [ eeeyas +e, (22) 


where c is an arbitrary constant. Note that we have used s to denote the integration 
variable to distinguish it from the independent variable t. By solving Eq. (22) for y we 
obtain the general solution 


y=e" / e“e(s)dst+tce™. (23) 


For many simple functions g(s) the integral in Eq. (23) can be evaluated and the solution 
y expressed in terms of elementary functions, as in the following examples. However, 
for more complicated functions g(s), it may be necessary to leave the solution in the 
integral form given by Eq. (23). 


Solve the differential equation 


dy 
dt 


Sketch several solutions and find the particular solution whose graph contains the point 
(0, 2). 

In this case a = 1/2, so the integrating factor is p(t) = e'/”. Multiplying Eq. (24) 
by this factor leads to the equation 


+ $y =24+t. (24) 


“(el y) = 2e!/? + tel. (25) 


By integrating both sides of Eq. (25), using integration by parts on the second term on 
the right side, we obtain 


ell? y = del? 4 Qtet/? — de'l? + , 
where c is an arbitrary constant. Thus 
y =2t+ce/”. (26) 


To find the solution that passes through the initial point (0,2), we set tf = 0 and 
y = 2 in Eq. (26), with the result that 2 = 0+ c, so that c = 2. Hence the desired 
solution is 


y=. (27) 
Graphs of the solution (26) for several values of c are shown in Figure 2.1.2. Ob- 
serve that the solutions converge, not to a constant solution as in}Example 1 jand 


in the examples in|Chapter 1] but to the solution y = 2t, which corresponds to 


c=—0. 
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FIGURE 2.1.2 Integral curves of y’ + sy =2+t. 


Solve the differential equation 
—-2y=4-t (28) 


and sketch the graphs of several solutions. Find the initial point on the y-axis that 
separates solutions that grow large positively from those that grow large negatively as 
t > ©. 

Since the coefficient of y is —2, the integrating factor for Eq. (28) is w(t) = e 
Multiplying the differential equation by z(t), we obtain 


“em Vado" 72, (29) 


Then, by integrating both sides of this equation, we have 


ety = —2e~2t 4 ste 4+ te +c, 
where we have used integration by parts on the last term in Eq. (29). Thus the general 


solution of Eq. (28) is 
y=—t+httce”. (30) 


Graphs of the solution (30) for several values of c are shown in Figure 2.1.3. The 
behavior of the solution for large values of t is determined by the term ce~’. If c 4 0, 
then the solution grows exponentially large in magnitude, with the same sign as c 
itself. Thus the solutions diverge as t becomes large. The boundary between solu- 
tions that ultimately grow positively from those that ultimately grow negatively oc- 
curs when c = 0. If we substitute c = 0 into Eq. (30) and then set t = 0, we find 
that y = —7/4. This is the separation point on the y-axis that was requested. Note 
that, for this initial value, the solution is y = —i + St; it grows positively (but not 
exponentially). 
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FIGURE 2.1.3 Integral curves of y’ —2y = 4 —-t. 


Examples 2 and 3 are special cases of|Eq. (20) 


dy 
dt 


whose solutions are given by[Eq. (23)} 


y=e” / e“e(s)ds+ce™. 


The solutions converge if a > 0, as in/Example 2| and diverge if a < 0, as in[Example | 
[ 3. In contrast to the equations considered in and] 1.2 however, Eq. (20) 


does not have an equilibrium solution. 
The final stage in extending the method of integrating factors is to the general first 
order linear equation (3), 


+ ay = g(t), 


dy 

dt 
where p and g are given functions. If we multiply Eq. (3) by an as yet undetermined 
function p(t), we obtain 


+ p(t)y = g(t), 


dy 
MDA + POMOY = wOs). G31) 
Following the same line of development as in}Example 1} we see that the left side of 
Eq. (31) is the derivative of the product z(t) y, provided that j1(t) satisfies the equation 


d 
me = p(tutt). (32) 


If we assume temporarily that j1(t) is positive, then we have 


du(t)/dt _ 
7 p(t), 
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and consequently 


Inuit) = f pear +k, 


By choosing the arbitrary constant k to be zero, we obtain the simplest possible function 
for 4, namely, 


p(t) = exp if p(t) dt. (33) 


Note that jz(t) is positive for all t, as we assumed. Returning to|Eq. (31), we have 


“u(y! = w(t)g(t). (34) 
Hence 
M(t)y = if W(s)g(s)ds +c, 
so the general solution of IEq. (3)|is 


_ fu(s)g(s)ds +e 
L(t) 


Observe that, to find the solution given by Eq. (35), two integrations are required: one 
to obtain z(t) from Eq. (33) and the other to obtain y from Eq. (35). 


(35) 


Solve the initial value problem 


ty’ + 2y = 40°, (36) 
y(1) =2. (37) 

Rewriting Eq. (36) in the}standard form (3)| we have 
y+ (2/t)y =4t, (38) 


so p(t) = 2/t and g(t) = 4t. To solve Eq. (38) we first compute the integrating factor 
W(t): 


2 
L(t) = exp | (d= pa (39) 


On multiplying Eq. (38) by w(t) = t?, we obtain 
ty! + Qty = (t*y)’ = 403, 
and therefore 
t *y =t'+e, 
where c is an arbitrary constant. It follows that 


aye 
yerrs (40) 
t 
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is the general solution of|Eq. (36) Integral curves of |Eq. (36) for several values of c 
are shown in Figure 2.1.4. To satisfy the|initial condition (37) it is necessary to choose 


c = 1; thus 


ek 
a t>0 (41) 


is the solution of the initial value problem {(36), This solution is shown by the 
heavy curve in Figure 2.1.4. Note that it becomes unbounded and is asymptotic to the 
positive y-axis as t > O from the right. This is the effect of the infinite discontinuity 
in the coefficient p(t) at the origin. The function y = t? + (1/t*) for t < 0 is not part 
of the solution of this initial value problem. 

This is the first example in which the solution fails to exist for some values of t. 
Again, this is due to the infinite discontinuity in p(t) at t = 0, which restricts the 
solution to the interval 0 < t < oo. 


\ /}/| EWG 


(1, 2) 


(e°) 


N 


FIGURE 2.1.4 Integral curves of ty’ +2y = 4t?. 


Looking again at Figure 2.1.4, we see that some solutions (those for which c > 0) 
are asymptotic to the positive y-axis as t > O from the right, while other solutions 
(for which c < 0) are asymptotic to the negative y-axis. The solution for which c = 0, 
namely, y = t?, remains bounded and differentiable even at t = 0. If we generalize the 


initial condition (37)|to 


y(1) = yo, (42) 
then c = y, — | and the solution (41) becomes 
—1 
sore. Pee (43) 


t 


As in|Example 3, this is another instance where there is a critical initial value, namely, 
Yo = I, that separates solutions that behave in two quite different ways. 
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vvvvvyv 


In each of Problems 1 through 12: 


5. 
7. y'+2ty= te" 
9. 2y'+y=3t 

11. 


(a) Draw a direction field for the given differential equation. 
(b) Based on an inspection of the direction field, describe how solutions behave for large f. 
(c) Find the general solution of the given differential equation and use it to determine how 
solutions behave as t + oo. 

: 2. y'—2y = te” 

4. y'+(1/t)y = 3cos2r, 

ty +2y =sint, t>0 
(l+?)y'+4ty= (14+)? 
ty’ ee Pet 
2y'+y = 30 


y’ —2y =3e' 


a 
> 
> 
> 


y+ y =Ssin2r 


In each of Problems 13 through 20 find the solution of the given initial value problem. 


y—y=2te*, yO=1 

y' +2y =te, y(1) =0 

ty +2y=2—t41, NA t>0 

y+ (2/t)y =(cost)/t? = y(n) = t>0 

y’ —2y =e”, y(0) =2 18. ty’ +2y =sint, y(r/2) = 1 
py +4t’y =e, y(—1) =0 20. ty’ +(t+1)y =t, y(in2) = 1 


In each of Problems 21 and 22: 


21. 


(a) Draw a direction field for the given differential equation. How do solutions appear to 
behave as tf becomes large? Does the behavior depend on the choice of the initial value 
a? Let ay be the value of a for which the transition from one type of behavior to another 
occurs. Estimate the value of dp. 

(b) Solve the initial value problem and find the critical value ay exactly. 

(c) Describe the behavior of the solution corresponding to the initial value ap. 


— ty =2cost, y(0) =a P 22. 2y’-y=e"?, y(0) =a 


In each of Problems 23 and 24: 


(a) Draw a direction field for the given differential equation. How do solutions appear to 
behave as t — 0? Does the behavior depend on the choice of the initial value a? Let a, 
be the value of a for which the transition from one type of behavior to another occurs. 
Estimate the value of ap. 

(b) Solve the initial value problem and find the critical value ay exactly. 

(c) Describe the behavior of the solution corresponding to the initial value ap. 


ty +(t+l)y=2te", y)=a_ p> 24. ty’ +2y=(sint)/t, y(—2/2) =a 
Consider the initial value problem 
y+5y=2cost, yO)=- 


Find the coordinates of the first local maximum point of the solution for ft > 0. 
Consider the initial value problem 


y +ay=1= Ft, yO) = yp. 


Find the value of y, for which the solution touches, but does not cross, the t-axis. 
Consider the initial value problem 


y+ fy =3 + 2c0s2r, y(0) = 0. 


(a) Find the solution of this initial value problem and describe its behavior for large f. 
(b) Determine the value of t for which the solution first intersects the line y = 12. 
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Find the value of y, for which the solution of the initial value problem 
y —-y=1+3sint, y(O) = yg 


remains finite as t > oo. 
Consider the initial value problem 


'—3y = 3t42e, yO) = y. 


Find the value of y, that separates solutions that grow positively as ¢ — oo from those that 
grow negatively. How does the solution that corresponds to this critical value of y, behave 
as f > 00? 

30. Show that if a and d are positive constants, and b is any real number, then every solution 
of the equation 


y +ay= be™ 


has the property that y > O as t > oo. 
Hint: Consider the cases a = A and a F A separately. 


In each of Problems 31 through 34 construct a first order linear differential equation whose 
solutions have the required behavior as t — oo. Then solve your equation and confirm that the 
solutions do indeed have the specified property. 


31. All solutions have the limit 3 as t + oo. 

32. All solutions are asymptotic to the line y= 3 —tast —> o. 
33. All solutions are asymptotic to the line y = 2t —5 as t > oo. 
34. All solutions approach the curve y = 4 — f as tf > oo. 


35. |Variation of Parameters.| Consider the following method of solving the general linear 
equation of first order: 


y+ p(t)y = g(t). (i) 


(a) If g(t) is identically zero, show that the solution is 


y = Aexp |- / pond] : (ii) 
where A is a constant. 


(b) If g(¢) is not identically zero, assume that the solution is of the form 


y = A(t) exp |- / p(t) ar| , (iii) 


where A is now a function of ft. By substituting for y in the given differential equation, 
show that A(t) must satisfy the condition 


A'(t) = g(t)exp | / pit) ar| (iv) 


(c) Find A(t) from Eq. (iv). Then substitute for A(t) in Eq. (111) and determine y. Verify 
that the solution obtained in this manner agrees with that of Eq. (35) in the text. This 


technique is known as the method of] variation of parameters; jit is discussed in detail in 
n connection with second order linear equations. 
In each of Problems 36 and 37 use the method of Problem 35 to solve the given differential 
equation. 
36. y’ —2y = te” 37. y' + (1/t)y = 3cos2t, t>0 
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EXAMPLE 


1 


In Sections [1.2}and]2.1]we used a process of direct integration to solve first order linear 
equations of the form 
dy 


= b, 1 
Ai ay + (1) 


where a and b are constants. We will now show that this process is actually applicable 
to a much larger class of equations. 

We will use x to denote the independent variable in this section rather than ¢ for two 
reasons. In the first place, different letters are frequently used for the variables in a 
differential equation, and you should not become too accustomed to using a single pair. 
In particular, x often occurs as the independent variable. Further, we want to reserve t 
for another purpose later in the section. 

The general first order equation is 


d 
7 = f(x,y). (2) 


Linear equations were considered in the preceding section, but if Eq. (2) is nonlinear, 
then there is no universally applicable method for solving the equation. Here, we 
consider a subclass of first order equations for which a direct integration process can 
be used. 

To identify this class of equations we first rewrite Eq. (2) in the form 


d 
M(x, y) + NO, > =0. (3) 


It is always possible to do this by setting M(x, y) = —f(x, y) and N(x, y) = 1, but 
there may be other ways as well. In the event that M is a function of x only and N is a 
function of y only, then Eq. (3) becomes 


dy 
M(x)+ N(y)— =0. (4) 

dx 
Such an equation is said to be separable, because if it is written in the differential form 
M(x) dx + N(y)dy =0, (5) 


then, if you wish, terms involving each variable may be separated by the equals sign. 
The differential form (5) is also more symmetric and tends to diminish the distinction 
between independent and dependent variables. 


Show that the equation 


dy x? 
paler 6 
ae (6) 
is separable, and then find an equation for its integral curves. 
If we write Eq. (6) as 
d 
= +(1-y) > =0, (7) 


dx 
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then it has the/form (4)/and is therefore separable. Next, observe that the first term in 
Eq. (7) iis the derivative of —x>/3 and that the second term, by means of the chain rule, 
is the derivative with respect to x of y — y>/3. Thus Eq. (7)|can be written as 


d x3 d y? 
=i 
+( arat *) ; 


or 


Therefore 
S77 ay ye ='c, (8) 


where c is an arbitrary constant, is an equation for the integral curves of A 
direction field and several integral curves are shown in Figure 2.2.1. An equation of the 
integral curve passing through a particular point (x, yy) can be found by substituting 
Xq and y, for x and y, respectively, in Eq. (8) and determining the corresponding value 
of c. Any differentiable function y = (x) that satisfies Eq. (8) is a solution of[Eq. (6). 
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FIGURE 2.2.1 Direction field and integral curves of y’ = x7/(1 — y”). 


Essentially the same procedure can be followed for any separable equation. Returning 


to Eq. (4)} let H, and H, be any functions such that 
Ay (x) = M(x), Hy(y) = N(y); (9) 
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then| Eq. (4) becomes 
, a 
Hy(x) + HQ) = 0. (10) 


According to the chain rule, 


pentyl a 
HQ). = qe (11) 


Consequently, Eq. (10) becomes 


d 
ae (x) + H,(y)] = 0. (12) 
By integrating Eq. (12) we obtain 
A, (x) + Hy(y) =e, (13) 


where c is an arbitrary constant. Any differentiable function y = (x) that satisfies 


Eq. (13) is a solution ofFa. 4; in other words, Eq. (13) defines the solution implicitly 
rather than explicitly. The functions H, and H, are any antiderivatives of M and N, 
respectively. In practice, Eq. (13) is usually obtained from by integrating the 
first term with respect to x and the second term with respect to y. 

If, in addition to the differential equation, an initial condition 


V(X) = Yo (14) 


is prescribed, then the solution of|Eq. (4)|satisfying this condition is obtained by setting 
xX =X, and y = yy in Eq. (13). This gives 


c= Hy (ty) + Hy(%)- (15) 
Substituting this value of c in Eq. (13) and noting that 


x y 
H, (x) — H, (x9) = i M(s) ds, H,(y) — H,(¥) = i N(s) ds, 
Xo *0 
we obtain 
[ moyas+ [ noyas=o. (16) 
Xg % 


Equation (16) is an implicit representation of the solution of the differential equation 
(4) that also satisfies the initial condition (14). You should bear in mind that the 
determination of an explicit formula for the solution requires that Eq. (16) be solved 
for y as a function of x. Unfortunately, it is often impossible to do this analytically; 
in such cases one can resort to numerical methods to find approximate values of y for 
given values of x. 


Solve the initial value problem 


dy _ 3x7 +4x +2 
dx = « OGy= 1)” 


and determine the interval in which the solution exists. 


y@) = —1, (17) 
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The differential equation can be written as 
2(y — 1) dy = (3x? +.4x +2) dx. 
Integrating the left side with respect to y and the right side with respect to x gives 
yr ty aa a ee (18) 


where c is an arbitrary constant. To determine the solution satisfying the prescribed 
initial condition, we substitute x = 0 and y = —1 in Eq. (18), obtaining c = 3. Hence 
the solution of the initial value problem is given implicitly by 


y? —2y = x2 + 2x7 42x +3. (19) 


To obtain the solution explicitly we must solve Eq. (19) for y in terms of x. This is a 
simple matter in this case, since Eq. (19) is quadratic in y, and we obtain 


y=1ltvx2 2x? 42x 44. (20) 


Equation (20) gives two solutions of the differential equation, only one of which, 
however, satisfies the given initial condition. This is the solution corresponding to the 
minus sign in Eq. (20), so that we finally obtain 


y = G(x) =1—Vx3 42x? 42x 44 (21) 


as oy ne Note that if the plus sign is chosen by 
mistake in Eq. (20), then we obtain the solution of the same differential equation that 
satisfies the initial condition y(0) = 3. Finally, to determine the interval in which the 
solution (21) is valid, we must find the interval in which the quantity under the radical 
is positive. The only real zero of this expression is x = —2, so the desired interval is 
x > —2. The solution of the initial value problem and some other integral curves of 
the differential equation are shown in Figure 2.2.2. Observe that the boundary of the 
interval of validity of the solution (20) is determined by the point (—2, 1) at which the 
tangent line is vertical. 


ya 


FIGURE 2.2.2 Integral curves of y’ = (3x? + 4x + 2)/2(y — 1). 
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3 


Find the solution of the initial value problem 
dy _ ycosx 
a Ly 


Observe that y = 0 is a solution of the given differential equation. To find other 
solutions, assume that y ~ 0 and write the differential equation in the form 


1eatoye 


y(O) = 1. (22) 


dy =cosx dx. (23) 


Then, integrating the left side with respect to y and the right side with respect to x, we 
obtain 


Injy|+ y? =sinx +c. (24) 


To satisfy the initial condition we substitute x = 0 and y = 1 in Eq. (24); this gives 
c = 1. Hence the solution of the initial value problem (22) is given implicitly by 


Injy| + y? =sinx +1. (25) 


Since Eq. (25) is not readily solved for y as a function of x, further analysis of this 
problem becomes more delicate. One fairly evident fact is that no solution crosses the 
x-axis. To see this, observe that the left side of Eq. (25) becomes infinite if y = 0; 
however, the right side never becomes unbounded, so no point on the x-axis satisfies 
Eq. (25). Thus, for the solution of Eqs. (22) it follows that y > 0 always. Consequently, 
the absolute value bars in Eq. (25) can be dropped. It can also be shown that the interval 
of definition of the solution of the initial value problem (22) is the entire x-axis. Some 
integral curves of the given differential equation, including the solution of the initial 
value problem (22), are shown in Figure 2.2.3. 


) 
| 


FIGURE 2.2.3 Integral curves of y’ = (y cos x)/(1 + 2y’). 


The investigation of a first order nonlinear equation can sometimes be facilitated by 
regarding both x and y as functions of a third variable t. Then 


dy _ dy/dt 


dx  dx/dt 


(26) 
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If the differential equation is 
dy _ F(x.y) 
dx G(x, y)’ 


then, by comparing numerators and denominators in|Eqs. (26) and (27), we obtain the 
system 


(27) 


dx/dt =G(x,y), | dy/dt = F(x, y). (28) 


At first sight it may seem unlikely that a problem will be simplified by replacing a single 
equation by a pair of equations, but, in fact, the system (28) may well be more amenable 
to investigation than the single equation (27).{Chapter 9 }s devoted to nonlinear systems 
of the form (28). 

Note: In it was not difficult to solve explicitly for y as a function of x 
and to determine the exact interval in which the solution exists. However, this situation 
is exceptional, and often it will be better to leave the solution in implicit form, as in 

and|3] Thus, in the problems below and in other sections where nonlinear 
equations appear, the terminology “solve the following differential equation” means to 
find the solution explicitly if it is convenient to do so, but otherwise to find an implicit 
formula for the solution. 


PROBLEMS 


VvvvvvvvY 


In each of Problems | through 8 solve the given differential equation. 

ly =x’ /y 2. y =x*/y+x’) 

3. y'+y’sinx =0 4. y= (3x — 1)/42y) 
5. y’ = (cos x)(cos? 2y) 6. xy’ =(1—y’)!? 

7 dy x-e™* g dy _ x? 


dx y+te , dx 1+y 
In each of Problems 9 through 20: 


(a) Find the solution of the given initial value problem in explicit form. 
(b) Plot the graph of the solution. 
(c) Determine (at least approximately) the interval in which the solution is defined. 


y=(-2x)y, yOQ=-1/6 Pm 10. y=Gd—2x)/y, yd)=-2 
. xdx + ye “dy =0, y0)=1 » 12. dr/dd=r"/6, r(l)=2 
y’ = 2x/(y + x’y), yO0)=—-2 P& 14. y=xydtx2)7!”, y(0) = 1 
y =2x/1+2y), y2)=0 P16. Y=xx?4+)D/4y, yy) =—-1/V2 
y’ = Gx?—e*)/Qy—-5), yO=1 
. y =(e* —e*)/B+4y), y(0)=1 
sin 2x dx + cos3ydy = 0, y(a/2) = 2/3 
y?(1 — x7)! dy = arcsin x dx, y(0) =0 


Some of the results requested in Problems 21 through 28 can be obtained either by solving 
the given equations analytically, or by plotting numerically generated approximations to the 
solutions. Try to form an opinion as to the advantages and disadvantages of each approach. 


Solve the initial value problem 


y= (1+3x’)/GBy*—6y), —-y(0) = 1 


and determine the interval in which the solution is valid. 
Hint: To find the interval of definition, look for points where the integral curve has a vertical 
tangent. 
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> |30. Consider the equation 


Solve the initial value problem 
y' =3x°/By?-4), yy) =0 


and determine the interval in which the solution is valid. 

Hint: To find the interval of definition, look for points where the integral curve has a vertical 
tangent. 

Solve the initial value problem 


y=2y’+xy*, = -y(0) = 1 


and determine where the solution attains its minimum value. 
Solve the initial value problem 


y= (2—e*)/3 + 2y), y(0) =0 


and determine where the solution attains its maximum value. 
Solve the initial value problem 


y’ = 2cos2x/(3+2y), y(0) =-1 


and determine where the solution attains its maximum value. 
Solve the initial value problem 


y=21+x)(l+y’),  y(0)=0 


and determine where the solution attains its minimum value. 
Consider the initial value problem 


y' =ty(4— y)/3, y(O) = yo. 


(a) Determine how the behavior of the solution as ¢ increases depends on the initial 
value yp. 

(b) Suppose that y, = 0.5. Find the time T at which the solution first reaches the value 
3.98. 


Consider the initial value problem 


y =ty4—y)/U +4), y(0) = yy > 0. 
(a) Determine how the solution behaves as t — co. 
(b) If ¥) = 2, find the time T at which the solution first reaches the value 3.99. 
(c) Find the range of initial values for which the solution lies in the interval 3.99 < y < 
4.01 by the time ¢ = 2. 
Solve the equation 


dy _ay+b 
dx cy+d’ 


where a, b, c, and d are constants. 


Homogeneous Equations. If the right side of the equation dy/dx = f (x, y) can be expressed 
as a function of the ratio y/x only, then the equation is said to be homogeneous. Such equations 
can always be transformed into separable equations by a change of the dependent variable. 
Problem 30 illustrates how to solve first order homogeneous equations. 


dy y—4x 
dx x-y- 
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(a) Show that Eq. (i) can be rewritten as 


dy _ (y/x)—4. 
dx 1-— (y/x)’ 


(ii) 


thus Eq. (i) is homogeneous. 

(b) Introduce a new dependent variable v so that v = y/x, or y = xv(x). Express dy/dx 
in terms of x, v, and du/dx. 

(c) Replace y and dy/dx in Eq. (ii) by the expressions from part (b) that involve v and 
dv/dx. Show that the resulting differential equation is 


Observe that Eq. (iii) is separable. 

(d) Solve Eq. (iii) for v in terms of x. 

(e) Find the solution of Eq. (i) by replacing v by y/x in the solution in part (d). 

(f) Draw a direction field and some integral curves for Eq. (i). Recall that the right side 
of Eq. (1) actually depends only on the ratio y/x. This means that integral curves have the 
same slope at all points on any given straight line through the origin, although the slope 
changes from one line to another. Therefore the direction field and the integral curves are 
symmetric with respect to the origin. Is this symmetry property evident from your plot? 


The method outlined in Problem 30 can be used for any homogeneous equation. That is, the 
substitution y = xu(x) transforms a homogeneous equation into a separable equation. The latter 
equation can be solved by direct integration, and then replacing v by y/x gives the solution to 
the original equation. In each of Problems 31 through 38: 


(a) Show that the given equation is homogeneous. 
(b) Solve the differential equation. 
(c) Draw a direction field and some integral curves. Are they symmetric with respect to 


the origin? 
d 2 2 d 2 3 2 
Ue Sea 3 po 


dx x2 dx 2xy 

dy 4y—3x > u dy 4x +3y 

dx 2x —y “dx 2x+y 

d +3 

2 =* y > 36. (x? +3xy+y?)dx —x°*dy =0 
x x—-—y 
dy x°—3y 


= —_ 38. 
dx 2xy “ dx 2xy 


dy _ 3y? =—2° 


2.3 Modeling with First Order Equations 


Differential equations are of interest to nonmathematicians primarily because of the 
possibility of using them to investigate a wide variety of problems in the physical, 
biological, and social sciences. One reason for this is that mathematical models and 
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their solutions lead to equations relating the variables and parameters in the problem. 
These equations often enable you to make predictions about how the natural process will 
behave in various circumstances. It is often easy to vary parameters in the mathematical 
model over wide ranges, whereas this may be very time-consuming or expensive 
in an experimental setting. Nevertheless, mathematical modeling and experiment or 
observation are both critically important and have somewhat complementary roles in 
scientific investigations. Mathematical modelsare validated by comparison of their 
predictions with experimental results. On the other hand, mathematical analyses may 
suggest the most promising directions to explore experimentally, and may indicate 
fairly precisely what experimental data will be most helpful. 

In [Sections 1.1 fand [1.2]we formulated and investigated a few simple mathemati- 
cal models. We begin by recapitulating and expanding on some of the conclusions 
reached in those sections. Regardless of the specific field of application, there are three 
identifiable steps that are always present in the process of mathematical modeling. 


Construction of the Model. This involves a translation of the physical situation into 
mathematical terms, often using the steps listed at the end of Perhaps 
most critical at this stage is to state clearly the physical principle(s) that are believed 
to govern the process. For example, it has been observed that in some circumstances 
heat passes from a warmer to a cooler body at a rate proportional to the temperature 
difference, that objects move about in accordance with Newton’s laws of motion, and 
that isolated insect populations grow at a rate proportional to the current population. 
Each of these statements involves a rate of change (derivative) and consequently, when 
expressed mathematically, leads to a differential equation. The differential equation is 
a mathematical model of the process. 

It is important to realize that the mathematical equations are almost always only an 
approximate description of the actual process. For example, bodies moving at speeds 
comparable to the speed of light are not governed by Newton’s laws, insect popula- 
tions do not grow indefinitely as stated because of eventual limitations on their food 
supply, and heat transfer is affected by factors other than the temperature difference. 
Alternatively, one can adopt the point of view that the mathematical equations exactly 
describe the operation of a simplified physical model, which has been constructed (or 
conceived of) so as to embody the most important features of the actual process. Some- 
times, the process of mathematical modeling involves the conceptual replacement of a 
discrete process by a continuous one. For instance, the number of members in an insect 
population changes by discrete amounts; however, if the population is large, it seems 
reasonable to consider it as a continuous variable and even to speak of its derivative. 


Analysis of the Model. Once the problem has been formulated mathematically, one 
is often faced with the problem of solving one or more differential equations or, 
failing that, of finding out as much as possible about the properties of the solution. 
It may happen that this mathematical problem is quite difficult and, if so, further 
approximations may be indicated at this stage to make the problem mathematically 
tractable. For example, a nonlinear equation may be approximated by a linear one, 
or a slowly varying coefficient may be replaced by a constant. Naturally, any such 
approximations must also be examined from the physical point of view to make 
sure that the simplified mathematical problem still reflects the essential features of 
the physical process under investigation. At the same time, an intimate knowledge 
of the physics of the problem may suggest reasonable mathematical approximations 
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Mixing 


that will make the mathematical problem more amenable to analysis. This interplay 
of understanding of physical phenomena and knowledge of mathematical techniques 
and their limitations is characteristic of applied mathematics at its best, and is indis- 
pensable in successfully constructing useful mathematical models of intricate physical 
processes. 


Comparison with Experiment or Observation. Finally, having obtained the solution 
(or at least some information about it), you must interpret this information in the context 
in which the problem arose. In particular, you should always check that the mathe- 
matical solution appears physically reasonable. If possible, calculate the values of the 
solution at selected points and compare them with experimentally observed values. Or, 
ask whether the behavior of the solution after a long time is consistent with observa- 
tions. Or, examine the solutions corresponding to certain special values of parameters 
in the problem. Of course, the fact that the mathematical solution appears to be reason- 
able does not guarantee it is correct. However, if the predictions of the mathematical 
model are seriously inconsistent with observations of the physical system it purports to 
describe, this suggests that either errors have been made in solving the mathematical 
problem, or the mathematical model itself needs refinement, or observations must be 
made with greater care. 

The examples in this section are typical of applications in which first order differential 
equations arise. 


At time ¢ = 0 a tank contains Q) Ib of salt dissolved in 100 gal of water; see Figure 
2.3.1. Assume that water containing i Ib of salt/gal is entering the tank at a rate of 
r gal/min, and that the well-stirred mixture is draining from the tank at the same rate. 
Set up the initial value problem that describes this flow process. Find the amount of 
salt Q(t) in the tank at any time, and also find the limiting amount Q, that is present 
after a very long time. If r = 3 and Q,) = 2Q,, find the time T after which the salt 
level is within 2% of Q, . Also find the flow rate that is required if the value of T is not 
to exceed 45 min. 


r gal/min, 7 Ib/gal 


r gal/min 


FIGURE 2.3.1 The water tank in Example 1. 
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We assume that salt is neither created nor destroyed in the tank. Therefore variations 
in the amount of salt are due solely to the flows in and out of the tank. More precisely, 
the rate of change of salt in the tank, dQ /dt, is equal to the rate at which salt is flowing 
in minus the rate at which it is flowing out. In symbols, 

dQ = rate in — rate out. (1) 

dt 
The rate at which salt enters the tank is the concentration ; Ib/gal times the flow rate 
r gal/min, or (r/4) Ib/min. To find the rate at which salt leaves the tank we need to 
multiply the concentration of salt in the tank by the rate of outflow, r gal/min. Since the 
rates of flow in and out are equal, the volume of water in the tank remains constant at 
100 gal, and since the mixture is “well-stirred,’ the concentration throughout the tank 
is the same, namely, [Q(t)/100] lb/gal. Therefore the rate at which salt leaves the tank 
is [r Q(t) /100] Ib/min. Thus the differential equation governing this process is 


d r r 
a a (2) 
t 4 100 
The initial condition is 
Q(0) = Q>. (3) 


Upon thinking about the problem physically, we might anticipate that eventually 
the mixture originally in the tank will be essentially replaced by the mixture flowing 
in, whose concentration is 7 lb/gal. Consequently, we might expect that ultimately 
the amount of salt in the tank would be very close to 25 Ib. We can reach the same 
conclusion from a geometrical point of view by drawing a direction field for Eq. (2) 
for any positive value of r. 

To solve the problem analytically note that Eq. (2) is both linear and separable. 


Rewriting it in the usual form for a linear equation, we have 


dQ rQ r 

Se EE 4 

dt a 100 4 (4) 
rt/100 


Thus the integrating factor is e and the general solution is 


OG) =e, (5) 


where c is an arbitrary constant. To satisfy the initial condition (3) we must choose 
c = Q, — 25. Therefore the solution of the initial value problem (2), (3) is 


Q(t) = 25 + (Q, — 25)e 7 6 
or 
O(t) = 25(1 — e77t/100) ns pm (7) 


From Eq. (6) or (7), you can see that Q(t) — 25 (Ib) as t > ov, so the limiting value 
Q,, is 25, confirming our physical intuition. In interpreting the solution (7), note that 
the second term on the right side is the portion of the original salt that remains at time 
t, while the first term gives the amount of salt in the tank due to the action of the flow 
processes. Plots of the solution for r = 3 and for several values of Q, are shown in 
Figure 2.3.2. 
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FIGURE 2.3.2 Solutions of the initial value problem (2), (3) for r = 3 and several 
values of Q). 


Now suppose that r = 3 and Q, = 2Q,, = 50; then|Eq. (6)} becomes 
OG) =25 +252 9", (8) 


Since 2% of 25 is 0.5, we wish to find the time TJ at which Q(t) has the value 25.5. 
Substituting ¢ = T and Q = 25.5 in Eq. (8) and solving for T, we obtain 


T = n50)/0.03 = 130.4 (min). (9) 


To determine r so that T = 45, return to Eq. (6), sett = 45, Q) = 50, Q(t) = 25.5, 
and solve for r. The result is 


r = (100/45) In 50 & 8.69 gal/min. (10) 


Since this example is hypothetical, the validity of the model is not in question. If 
the flow rates are as stated, and if the concentration of salt in the tank is uniform, then 
the differential equation (1) is an accurate description of the flow process. While this 
particular example has no special significance, it is important that models of this kind 
are often used in problems involving a pollutant in a lake, or a drug in an organ of the 
body, for example, rather than a tank of salt water. In such cases the flow rates may not 
be easy to determine, or may vary with time. Similarly, the concentration may be far 
from uniform in some cases. Finally, the rates of inflow and outflow may be different, 
which means that the variation of the amount of liquid in the problem must also be 
taken into account. 


Suppose that a sum of money is deposited in a bank or money fund that pays interest at 
an annual rate r. The value S(t) of the investment at any time t depends on the frequency 
with which interest is compounded as well as the interest rate. Financial institutions have 
various policies concerning compounding: some compound monthly, some weekly, 
some even daily. If we assume that compounding takes place continuously, then we 
can set up a simple initial value problem that describes the growth of the investment. 
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The rate of change of the value of the investment is dS/dt, and this quantity is equal 
to the rate at which interest accrues, which is the interest rate r times the current value 
of the investment S(t). Thus 


dS/dt =rS (11) 


is the differential equation that governs the process. Suppose that we also know the 
value of the investment at some particular time, say, 


S(0) = S,- (12) 


Then the solution of the initial value problem (11), (12) gives the balance S(t) in the 
account at any time f. This initial value problem is readily solved, since the differential 
equation (11) is both linear and separable. Consequently, by solving Eqs. (11) and (12), 
we find that 


S(t) = Sye". (13) 


Thus a bank account with continuously compounding interest grows exponentially. 

Let us now compare the results from this continuous model with the situation in 
which compounding occurs at finite time intervals. If interest is compounded once a 
year, then after t years 


SQ) =S,1+ry. 


If interest is compounded twice a year, then at the end of 6 months the value of the 
investment is S)[1 + (r/2)], and at the end of 1 year it is Sy[1 + (r/2)/. Thus, after ¢ 
years we have 


S() = 8, (1+ =) 


In general, if interest is compounded m times per year, then 
r\imt 
s=5,(1+=)". (14) 
m 
The relation between formulas (13) and (14) is clarified if we recall from calculus that 
i s (1 i r a # 
im — = Se”. 
m—> oo 0 m 0 


The same model applies equally well to more general investments in which dividends 
and perhaps capital gains can also accumulate, as well as interest. In recognition of this 
fact, we will from now on refer to r as the rate of return. 

[Table 2.3.1 hows the effect of changing the frequency of compounding for a return 
rate r of 8%. The second and third columns are calculated from Eq. (14) for quarterly 
and daily compounding, respectively, and the fourth column is calculated from Eq. (13) 
for continuous compounding. The results show that the frequency of compounding 
is not particularly important in most cases. For example, during a 10-year period 
the difference between quarterly and continuous compounding is $17.50 per $1000 
invested, or less than $2/year. The difference would be somewhat greater for higher 
rates of return and less for lower rates. From the first row in the table, we see that for 
the return rate r = 8%, the annual yield for quarterly compounding is 8.24% and for 
daily or continuous compounding it is 8.33%. 
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TABLE 2.3.1 Growth of Capital at a Return Rate r = 8% 
for Several Modes of Compounding 


S(t)/S(t)) from Eq. (14) 


S(t)/S(tg) 
Years m=4 m = 365 from Eq. (13) 
1 1.0824 1.0833 1.0833 
2 1.1717 1.1735 1.1735 
5 1.4859 1.4918 1.4918 
10 2.2080 2.2253 2.2255 
20 4.8754 4.9522 4.9530 
30 10.7652 11.0203 11.0232 
40 23.7699 24.5239 24.5325 


Returning now to the case of continuous compounding, let us suppose that there may 
be deposits or withdrawals in addition to the accrual of interest, dividends, or capital 
gains. If we assume that the deposits or withdrawals take place at a constant rate k, 


then|Eq. (11) is replaced by 


dS/dt=rS+k, 
or, in standard form, 
dS/dt —rS=k, (15) 


where k is positive for deposits and negative for withdrawals. 
Equation (15) is linear with the integrating factor e~”’, so its general solution is 


S(t) = ce" — (k/r), 
where c is an arbitrary constant. To satisfy the|initial condition (12)}we must choose 
c = Sy + (k/r). Thus the solution of the initial value problem (15), is 
S(t) = Soe" + (k/r)(e" — 1). (16) 


The first term in expression (16) is the part of S(¢) that is due to the return accumulated 
on the initial amount S,, while the second term is the part that is due to the deposit or 
withdrawal rate k. 

The advantage of stating the problem in this general way without specific values for 
So, 1, or k lies in the generality of the resulting formula (16) for S(t). With this formula 
we can readily compare the results of different investment programs or different rates 
of return. 

For instance, suppose that one opens an individual retirement account (IRA) at age 25 
and makes annual investments of $2000 thereafter in a continuous manner. Assuming 
arate of return of 8%, what will be the balance in the IRA at age 65? We have S, = 0, 
r = 0.08, and k = $2000, and we wish to determine S(40). From Eq. (16) we have 


S(40) = (25,000)(e*” — 1) = $588,313. (17) 


It is interesting to note that the total amount invested is $80,000, so the remain- 
ing amount of $508,313 results from the accumulated return on the investment. 
The balance after 40 years is also fairly sensitive to the assumed rate. For instance, 
S(40) = $508,948 if r = 0.075 and $(40) = $681,508 if r = 0.085. 
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Let us now examine the assumptions that have gone into the model. First, we have 
assumed that the return is compounded continuously and that additional capital is 
invested continuously. Neither of these is true in an actual financial situation. We have 
also assumed that the return rate r is constant for the entire period involved, whereas 
in fact it is likely to fluctuate considerably. Although we cannot reliably predict future 
rates, we can use expression{(16)]to determine the approximate effect of different rate 
projections. It is also possible to consider r and k in a. (5) be functions of t rather 
than constants; in that case, of course, the solution may be much more complicated 
thang. 16) 

The initial value problem|(15)}[(12) and the solution[(16)|can also be used to analyze 
a number of other financial situations, including annuities, mortgages, and automobile 
loans among others. 


Consider a pond that initially contains 10 million gal of fresh water. Water containing 
an undesirable chemical flows into the pond at the rate of 5 million gal/year and the 
mixture in the pond flows out at the same rate. The concentration y(t) of chemical in 
the incoming water varies periodically with time according to the expression y(t) = 
2+ sin 2t g/gal. Construct a mathematical model of this flow process and determine 
the amount of chemical in the pond at any time. Plot the solution and describe in words 
the effect of the variation in the incoming concentration. 

Since the incoming and outgoing flows of water are the same, the amount of water 
in the pond remains constant at 10’ gal. Let us denote time by t, measured in years, 


and the chemical by Q(t), measured in grams. This example is similar to|/Example 1 
and the same inflow/outflow principle applies. Thus 


—— =rate in — rate out, 
dt 


where “rate in” and “rate out” refer to the rates at which the chemical flows into and 
out of the pond, respectively. The rate at which the chemical flows in is given by 


rate in = (5 x 10°) gal/yr (2 + sin 2r) g/gal. (18) 
The concentration of chemical in the pond is Q(t)/10’ g/gal, so the rate of flow out is 
rate out = (5 x 10°) gal/yr[Q(t)/107] g/gal = Q(t)/2 g/yr. (19) 


Thus we obtain the differential equation 


ee (5 x 10°)(2 + sin 2r) — 
dt 
where each term has the units of g/yr. 

To make the coefficients more manageable, it is convenient to introduce a new 
dependent variable defined by q(t) = Q(t)/ 10° or Q(t) = 10° q(t). This means that 
q(t) is measured in millions of grams, or megagrams. If we make this substitution in 
Eq. (20), then each term contains the factor 10°, which can be cancelled. If we also 
transpose the term involving q(t) to the left side of the equation, we finally have 

dq 


a, + 34 = 10+ 5sin2r. (21) 


Q(t) 
a at 
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Originally, there is no chemical in the pond, so the initial condition is 
q(0) =0. (22) 


quation (21 )jis linear and, although the right side is a function of time, the coefficient 
of q is aconstant. Thus the integrating factor is e’/”. Multiplying/Eq. (21 by this factor 
and integrating the resulting equation, we obtain the general solution 


q(t) = 20 “ cos 2t 4 2 sin2t + ce’. (23) 

The initial condition (22) requires that c = —300/17, so the solution of the initial value 
problem (21)} (22) is 

q(t) = 20 “ cos 2t 4 = sin 2t Met? (24) 


A plot of the solution (24) is shown in Figure 2.3.3, along with the line g = 20. 
The exponential term in the solution is important for small t, but diminishes rapidly 
as t increases. Later, the solution consists of an oscillation, due to the sin2t and 
cos 2t terms, about the constant level g = 20. Note that if the sin2t term were 


not present in|Eq. (21)| then g = 20 would be the equilibrium solution of that 
equation. 


FIGURE 2.3.3 Solution of the initial value problem (21), (22). 


Let us now consider the adequacy of the mathematical model itself for this problem. 
The model rests on several assumptions that have not yet been stated explicitly. In 
the first place, the amount of water in the pond is controlled entirely by the rates of 
flow in and out—none is lost by evaporation or by seepage into the ground, or gained 
by rainfall. Further, the same is also true of the chemical; it flows in and out of the 
pond, but none is absorbed by fish or other organisms living in the pond. In addition, 
we assume that the concentration of chemical in the pond is uniform throughout the 
pond. Whether the results obtained from the model are accurate depends strongly on 
the validity of these simplifying assumptions. 
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EXAMPLE 


4 


Escape 
Velocity 


A body of constant mass m is projected away from the earth in a direction perpendicular 
to the earth’s surface with an initial velocity vy. Assuming that there is no air resistance, 
but taking into account the variation of the earth’s gravitational field with distance, find 
an expression for the velocity during the ensuing motion. Also find the initial velocity 
that is required to lift the body to a given maximum altitude & above the surface of the 
earth, and the smallest initial velocity for which the body will not return to the earth; 
the latter is the escape velocity. 

Let the positive x-axis point away from the center of the earth along the line of 
motion with x = 0 lying on the earth’s surface; see Figure 2.3.4. The figure is drawn 


mgR?2 
(R +x)? 
e————_R——> |-------- x—® ---- = 
m 


FIGURE 2.3.4 A body in the earth’s gravitational field. 


horizontally to remind you that gravity is directed toward the center of the earth, which 
is not necessarily downward from a perspective away from the earth’s surface. The 
gravitational force acting on the body (that is, its weight) is inversely proportional to the 
square of the distance from the center of the earth and is given by w(x) = —k/(x + RY’, 
where k is a constant, R is the radius of the earth, and the minus sign signifies that 
w(x) is directed in the negative x direction. We know that on the earth’s surface w(0) 
is given by —mg, where g is the acceleration due to gravity at sea level. Therefore 
k = mgR’ and 


mg R? 
w(t) == ee (25) 
(R +x) 
Since there are no other forces acting on the body, the equation of motion is 
d R 
m— ==" _, (26) 
dt (R+x) 
and the initial condition is 
v(0) = vp. (27) 


Unfortunately, Eq. (26) involves too many variables since it depends on f, x, and v. 
To remedy this situation we can eliminate ¢ from Eq. (26) by thinking of x, rather than 
t, as the independent variable. Then we must express du/dt in terms of dv/dx by the 
chain rule; hence 


dv _ dv dx dv 


a deat ae 


and Eq. (26) is replaced by 


= (28) 
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Equation (28)|is separable but not linear, so by separating the variables and integrating 
we obtain 


epee ae 29) 
2 Rage 
Since x = 0 when ¢ = 0, the initial condition[(27} at t = 0 can be replaced by the 
condition that v = vy when x = 0. Hence c = (ve /2) — gR and 


yaad nen (30) 
Note that Eq. (30) gives the velocity as a function of altitude rather than as a function 
of time. The plus sign must be chosen if the body is rising, and the minus sign if it is 
falling back to earth. 

To determine the maximum altitude é that the body reaches, we set v = Oandx =& 
in Eq. (30) and then solve for €, obtaining 


ugR 


er] (31) 
~ 2gR— al 


Solving Eq. (31) for v,, we find the initial velocity required to lift the body to the 
altitude €, namely, 


Up =,/2 eRe (32) 


The escape velocity v, is then found by letting § + oo. Consequently, 


Sen OFS a (33) 


e 


The numerical value of v, is approximately 6.9 miles/sec or 11.1 km/sec. 

The preceding calculation of the escape velocity neglects the effect of air resistance, 
so the actual escape velocity (including the effect of air resistance) is somewhat higher. 
On the other hand, the effective escape velocity can be significantly reduced if the 
body is transported a considerable distance above sea level before being launched. 
Both gravitational and frictional forces are thereby reduced; air resistance, in particular, 
diminishes quite rapidly with increasing altitude. You should keep in mind also that it 
may well be impractical to impart too large an initial velocity instantaneously; space 
vehicles, for instance, receive their initial acceleration during a period of a few minutes. 


PROBLEMS 


. Consider a tank used in certain hydrodynamic experiments. After one experiment the tank 
contains 200 liters of a dye solution with a concentration of | g/liter. To prepare for the 
next experiment, the tank is to be rinsed with fresh water flowing in at a rate of 2 liters/min, 
the well-stirred solution flowing out at the same rate. Find the time that will elapse before 
the concentration of dye in the tank reaches 1% of its original value. 


. A tank initially contains 120 liters of pure water. A mixture containing a concentration of 
y g/liter of salt enters the tank at a rate of 2 liters/min, and the well-stirred mixture leaves 
the tank at the same rate. Find an expression in terms of y for the amount of salt in the tank 
at any time f. Also find the limiting amount of salt in the tank as t > oo. 
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A tank originally contains 100 gal of fresh water. Then water containing 5 Ib of salt per 
gallon is poured into the tank at a rate of 2 gal/min, and the mixture is allowed to leave at 
the same rate. After 10 min the process is stopped, and fresh water is poured into the tank 
at a rate of 2 gal/min, with the mixture again leaving at the same rate. Find the amount of 
salt in the tank at the end of an additional 10 min. 


A tank with a capacity of 500 gal originally contains 200 gal of water with 100 lb of salt 
in solution. Water containing | lb of salt per gallon is entering at a rate of 3 gal/min, and 
the mixture is allowed to flow out of the tank at a rate of 2 gal/min. Find the amount 
of salt in the tank at any time prior to the instant when the solution begins to overflow. 
Find the concentration (in pounds per gallon) of salt in the tank when it is on the point of 
overflowing. Compare this concentration with the theoretical limiting concentration if the 
tank had infinite capacity. 


A tank contains 100 gallons of water and 50 oz of salt. Water containing a salt concentration 
of r(1 + 5 sint) oz/gal flows into the tank at a rate of 2 gal/min, and the mixture in the 
tank flows out at the same rate. 

(a) Find the amount of salt in the tank at any time. 

(b) Plot the solution for a time period long enough so that you see the ultimate behavior 
of the graph. 

(c) The long-time behavior of the solution is an oscillation about a certain constant level. 
What is this level? What is the amplitude of the oscillation? 


Suppose that a sum S, is invested at an annual rate of return r compounded continuously. 
(a) Find the time T required for the original sum to double in value as a function of r. 
(b) Determine T if r = 7%. 

(c) Find the return rate that must be achieved if the initial investment is to double in 
8 years. 


A young person with no initial capital invests k dollars per year at an annual rate of 
return r. Assume that investments are made continuously and that the return is compounded 
continuously. 

(a) Determine the sum S(t) accumulated at any time f. 

(b) Ifr = 7.5%, determine k so that $1 million will be available for retirement in 40 years. 
(c) If k = $2000/year, determine the return rate r that must be obtained to have $1 million 
available in 40 years. 


Person A opens an IRA at age 25, contributes $2000/year for 10 years, but makes no addi- 
tional contributions thereafter. Person B waits until age 35 to open an IRA and contributes 
$2000/year for 30 years. There is no initial investment in either case. 

(a) Assuming a return rate of 8%, what is the balance in each IRA at age 65? 

(b) Fora constant, but unspecified, return rate r, determine the balance in each IRA at age 
65 as a function of r. 

(c) Plot the difference in the balances from part (b) for 0 < r < 0.10. 

(d) Determine the return rate for which the two IRA’s have equal value at age 65. 


A certain college graduate borrows $8000 to buy a car. The lender charges interest at 
an annual rate of 10%. Assuming that interest is compounded continuously and that the 
borrower makes payments continuously at a constant annual rate k, determine the payment 
rate k that is required to pay off the loan in 3 years. Also determine how much interest is 
paid during the 3-year period. 


A home buyer can afford to spend no more than $800/month on mortgage payments. 
Suppose that the interest rate is 9% and that the term of the mortgage is 20 years. Assume 
that interest is compounded continuously and that payments are also made continuously. 
(a) Determine the maximum amount that this buyer can afford to borrow. 

(b) Determine the total interest paid during the term of the mortgage. 


How are the answers to Problem 10 changed if the term of the mortgage is 30 years? 
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> |12. A recent college graduate borrows $100,000 at an interest rate of 9% to purchase a con- 
dominium. Anticipating steady salary increases, the buyer expects to make payments at a 
monthly rate of 800(1 + t/120), where f is the number of months since the loan was made. 
(a) Assuming that this payment schedule can be maintained, when will the loan be fully 
paid? 
(b) Assuming the same payment schedule, how large a loan could be paid off in exactly 
20 years? 
A retired person has a sum S(t) invested so as to draw interest at an annual rate r com- 
pounded continuously. Withdrawals for living expenses are made at a rate of k dollars/year; 
assume that the withdrawals are made continuously. 
(a) If the initial value of the investment is Sp, determine S(t) at any time. 
(b) Assuming that S) and r are fixed, determine the withdrawal rate ky at which S(t) will 
remain constant. 
(c) If k exceeds the value k, found in part (b), then S(t) will decrease and ultimately 
become zero. Find the time T at which S(t) = 0. 
(d) Determine T if r = 8% and k = 2k). 
(e) Suppose that a person retiring with capital S$, wishes to withdraw funds at an annual 
rate k for not more than T years. Determine the maximum possible rate of withdrawal. 
(f) How large an initial investment is required to permit an annual withdrawal of $12,000 
for 20 years, assuming an interest rate of 8%? 
Radiocarbon Dating. An important tool in archeological research is radiocarbon dating. 
This is a means of determining the age of certain wood and plant remains, hence of animal 
or human bones or artifacts found buried at the same levels. The procedure was developed 
by the American chemist Willard Libby (1908-1980) in the early 1950s and resulted in his 
winning the Nobel prize for chemistry in 1960. Radiocarbon dating is based on the fact that 
some wood or plant remains contain residual amounts of carbon- 14, a radioactive isotope of 
carbon. This isotope is accumulated during the lifetime of the plant and begins to decay at 
its death. Since the half-life of carbon-14 is long (approximately 5730 years’), measurable 
amounts of carbon-14 remain after many thousands of years. Libby showed that if even 
a tiny fraction of the original amount of carbon-14 is still present, then by appropriate 
laboratory measurements the proportion of the original amount of carbon-14 that remains 
can be accurately determined. In other words, if Q(t) is the amount of carbon-14 at time f 
and Q, is the original amount, then the ratio Q(t)/Q, can be determined, at least if this 
quantity is not too small. Present measurement techniques permit the use of this method 
for time periods up to about 50,000 years, after which the amount of carbon-14 remaining 
is only about 0.00236 of the original amount. 
(a) Assuming that Q satisfies the differential equation Q’ = —rQ, determine the decay 
constant r for carbon-14. 
(b) Find an expression for Q(t) at any time t, if Q(0) = Qp. 
(c) Suppose that certain remains are discovered in which the current residual amount of 
carbon-14 is 20% of the original amount. Determine the age of these remains. 
The population of mosquitoes in a certain area increases at a rate proportional to the 
current population and, in the absence of other factors, the population doubles each week. 
There are 200,000 mosquitoes in the area initially, and predators (birds, etc.) eat 20,000 
mosquitoes/day. Determine the population of mosquitoes in the area at any time. 

> |16. Suppose that a certain population has a growth rate that varies with time and that this 
population satisfies the differential equation 


dy/dt = (0.5 +sint)y/5. 


‘McGraw-Hill Encyclopedia of Science and Technology (8th ed.) (New York: McGraw-Hill, 1997), Vol. 5, p. 48. 
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(a) If y(O) = 1, find (or estimate) the time t at which the population has doubled. Choose 
other initial conditions and determine whether the doubling time t depends on the initial 
population. 

(b) Suppose that the growth rate is replaced by its average value 1/10. Determine the 
doubling time Tt in this case. 

(c) Suppose that the term sin¢ in the differential equation is replaced by sin 2zrt; that is, 
the variation in the growth rate has a substantially higher frequency. What effect does this 
have on the doubling time t? 

(d) Plot the solutions obtained in parts (a), (b), and (c) on a single set of axes. 

Suppose that a certain population satisfies the initial value problem 


dy/dt =r(t)y —k, yO) = yp, 


where the growth rate r(t) is given by r(t) = (1+ sint)/5 and k represents the rate of 
predation. 

(a) Suppose that k = 1/5. Plot y versus t for several values of y) between 1/2 and 1. 

(b) Estimate the critical initial population y, below which the population will become 
extinct. 

(c) Choose other values of k and find the corresponding y. for each one. 

(d) Use the data you have found in parts (a) and (b) to plot y, versus k. 

Newton’s law of cooling states that the temperature of an object changes at a rate pro- 
portional to the difference between its temperature and that of its surroundings. Suppose 
that the temperature of a cup of coffee obeys Newton’s law of cooling. If the coffee has a 
temperature of 200°F when freshly poured, and 1 min later has cooled to 190°F in a room 
at 70°F, determine when the coffee reaches a temperature of 150°F. 

Suppose that a room containing 1200 ft’ of air is originally free of carbon monoxide. 
Beginning at time t = 0 cigarette smoke, containing 4% carbon monoxide, is introduced 
into the room at a rate of 0.1 ft? /min, and the well-circulated mixture is allowed to leave 
the room at the same rate. 

(a) Find an expression for the concentration x(t) of carbon monoxide in the room at any 
time ¢ > 0. 

(b) Extended exposure to a carbon monoxide concentration as low as 0.00012 is harmful 
to the human body. Find the time t at which this concentration is reached. 

Consider a lake of constant volume V containing at time f an amount Q(t) of pollutant, 
evenly distributed throughout the lake with a concentration c(t), where c(t) = Q(t)/V. 
Assume that water containing a concentration k of pollutant enters the lake at a rate r, 
and that water leaves the lake at the same rate. Suppose that pollutants are also added 
directly to the lake at a constant rate P. Note that the given assumptions neglect a number 
of factors that may, in some cases, be important; for example, the water added or lost by 
precipitation, absorption, and evaporation; the stratifying effect of temperature differences 
in a deep lake; the tendency of irregularities in the coastline to produce sheltered bays; 
and the fact that pollutants are not deposited evenly throughout the lake, but (usually) at 
isolated points around its periphery. The results below must be interpreted in the light of 
the neglect of such factors as these. 

(a) If at time t = 0 the concentration of pollutant is co, find an expression for the concen- 
tration c(t) at any time. What is the limiting concentration as t + 00? 

(b) If the addition of pollutants to the lake is terminated (k = 0 and P = 0 for t¢ > 0), 
determine the time interval 7 that must elapse before the concentration of pollutants is 
reduced to 50% of its original value; to 10% of its original value. 

(c) Table 2.3.2 contains data” for several of the Great Lakes. Using these data determine 


This problem is based on R. H. Rainey, “Natural Displacement of Pollution from the Great Lakes,” Science 155 
(1967), pp. 1242-1243; the information in the table was taken from that source. 
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TABLE 2.3.2 Volume and Flow Data for the 
Great Lakes 


Lake V(km? x 10°) r (km? /year) 


Superior 12.2 65.2 
Michigan 4.9 158 
Erie 0.46 175 
Ontario 1.6 209 


from part (b) the time T necessary to reduce the contamination of each of these lakes to 
10% of the original value. 

A ball with mass 0.15 kg is thrown upward with initial velocity 20 m/sec from the roof of 
a building 30 m high. Neglect air resistance. 

(a) Find the maximum height above the ground that the ball reaches. 

(b) Assuming that the ball misses the building on the way down, find the time that it hits 
the ground. 

(c) Plot the graphs of velocity and position versus time. 

Assume that the conditions are as in Problem 21 except that there is a force due to air 
resistance of |v|/30, where the velocity v is measured in m/sec. 

(a) Find the maximum height above the ground that the ball reaches. 

(b) Find the time that the ball hits the ground. 

(c) Plot the graphs of velocity and position versus time. Compare these graphs with the 
corresponding ones in Problem 21. 

Assume that the conditions are as in Problem 21 except that there is a force due to air 
resistance of v” /1325, where the velocity v is measured in m/sec. 

(a) Find the maximum height above the ground that the ball reaches. 

(b) Find the time that the ball hits the ground. 

(c) Plot the graphs of velocity and position versus time. Compare these graphs with the 
corresponding ones in Problems 21 and 22. 

A sky diver weighing 180 lb (including equipment) falls vertically downward from an 
altitude of 5000 ft, and opens the parachute after 10 sec of free fall. Assume that the force 
of air resistance is 0.75|v| when the parachute is closed and 12|v| when the parachute is 
open, where the velocity v is measured in ft/sec. 

(a) Find the speed of the sky diver when the parachute opens. 

(b) Find the distance fallen before the parachute opens. 

(c) What is the limiting velocity v, after the parachute opens? 

(d) Determine how long the sky diver is in the air after the parachute opens. 

(e) Plot the graph of velocity versus time from the beginning of the fall until the skydiver 
reaches the ground. 

A body of constant mass m is projected vertically upward with an initial velocity vu, 
in a medium offering a resistance k|v|, where k is a constant. Neglect changes in the 
gravitational force. 

(a) Find the maximum height x,, attained by the body and the time ¢,, at which this 
maximum height is reached. 

(b) Show that if ku,/mg < 1, then t,, and x,, can be expressed as 


1 kv 1 (kv, \? 
Oy 0 et | 
2mg 3\mg 


2 
= vA 1 2 ku 7 1 (kv - 
2g 3 mg 2\mg , 
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(c) Show that the quantity kv,/mg is dimensionless. 

A body of mass m is projected vertically upward with an initial velocity vy in a medium 
offering a resistance k|v|, where k is a constant. Assume that the gravitational attraction of 
the earth is constant. 


(a) Find the velocity v(t) of the body at any time. 
(b) Use the result of part (a) to calculate the limit of v(t) as k — 0, that is, as the resistance 


approaches zero. Does this result agree with the velocity of a mass m projected upward 
with an initial velocity vy in a vacuum? 

(c) Use the result of part (a) to calculate the limit of v(t) as m — 0, that is, as the mass 
approaches zero. 

A body falling in a relatively dense fluid, oil for example, is acted on by three forces (see 
Figure 2.3.5): a resistive force R, a buoyant force B, and its weight w due to gravity. The 
buoyant force is equal to the weight of the fluid displaced by the object. For a slowly moving 
spherical body of radius a, the resistive force is given by Stokes“'law R = 62 palv|, where 
v is the velocity of the body, and jz is the coefficient of viscosity of the surrounding fluid. 


‘I 


FIGURE 2.3.5 A body falling in a dense fluid. 


(a) Find the limiting velocity of a solid sphere of radius a and density p falling freely in 
a medium of density p’ and coefficient of viscosity ju. 

(b) In 1910 the American physicist R. A. Millikan (1868-1953) determined the charge 
on an electron by studying the motion of tiny droplets of oil falling in an electric field. A 
field of strength E exerts a force Ee on a droplet with charge e. Assume that E has been 
adjusted so the droplet is held stationary (v = 0), and that w and B are as given above. 
Find a formula for e. Millikan was able to identify e as the charge on an electron and to 
determine that e = 4.803 x 107!° esu. 

A mass of 0.25 kg is dropped from rest in a medium offering a resistance of 0.2|v|, where 
v is measured in m/sec. 

(a) Ifthe mass is dropped from a height of 30 m, find its velocity when it hits the ground. 
(b) If the mass is to attain a velocity of no more than 10 m/sec, find the maximum height 
from which it can be dropped. 

(c) Suppose that the resistive force is k|v|, where v is measured in m/sec and k is a 
constant. If the mass is dropped from a height of 30 m and must hit the ground with a 
velocity of no more than 10 m/sec, determine the coefficient of resistance k that is required. 


George Gabriel Stokes (1819-1903), professor at Cambridge, was one of the foremost applied mathematicians 
of the nineteenth century. The basic equations of fluid mechanics (the Navier-Stokes equations) are named partly 
in his honor, and one of the fundamental theorems of vector calculus bears his name. He was also one of the 
pioneers in the use of divergent (asymptotic) series, a subject of great interest and importance today. 
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29. Suppose that a rocket is launched straight up from the surface of the earth with initial 
velocity vu, = /2gK, where R is the radius of the earth. Neglect air resistance. 
(a) Find an expression for the velocity v in terms of the distance x from the surface of the 
earth. 
(b) Find the time required for the rocket to go 240,000 miles (the approximate distance 
from the earth to the moon). Assume that R = 4000 miles. 
Find the escape velocity for a body projected upward with an initial velocity v) from a 
point x) = €R above the surface of the earth, where R is the radius of the earth and & is 
a constant. Neglect air resistance. Find the initial altitude from which the body must be 
launched in order to reduce the escape velocity to 85% of its value at the earth’s surface. 
Let v(t) and w(t) be the horizontal and vertical components of the velocity of a batted (or 
thrown) baseball. In the absence of air resistance, v and w satisfy the equations 


dvu/dt =0, dw/dt = —g. 
(a) Show that 
v=ucosA, w=—gt+usindA, 


where u is the initial speed of the ball and A is its initial angle of elevation. 

(b) Let x(t) and y(t), respectively, be the horizontal and vertical coordinates of the ball at 
time ¢t. If x(0) = 0 and y(O) = A, find x(t) and y(t) at any time ¢. 

(c) Let g = 32 ft/sec”, u = 125 ft/sec, and h = 3 ft. Plot the trajectory of the ball for 
several values of the angle A, that is, plot x(t) and y(t) parametrically. 

(d) Suppose the outfield wall is at a distance L and has height H. Find a relation between 
u and A that must be satisfied if the ball is to clear the wall. 

(e) Suppose that L = 350 ft and H = 10 ft. Using the relation in part (d), find (or estimate 


from a plot) the range of values of A that correspond to an initial velocity of u = 110 ft/sec. 
(f) For L = 350 and H = 10 find the minimum initial velocity u and the corresponding 
optimal angle A for which the ball will clear the wall. 

A more realistic model (than that in Problem 31) of a baseball in flight includes the effect 
of air resistance. In this case the equations of motion are 


dvu/dt = —-rv, dw/dt = —g-ruw, 


where r is the coefficient of resistance. 
(a) Determine v(t) and w(t) in terms of initial speed wu and initial angle of elevation A. 
(b) Find x(t) and y(t) if x(0) =O and y(0) =A. 
(c) Plot the trajectory of the ball for r = 1/5, u = 125, h = 3, and for several values of A. 
How do the trajectories differ from those in Problem 31 with r = 0? 
(d) Assuming that r = 1/5 and h = 3, find the minimum initial velocity u and the optimal 
angle A for which the ball will clear a wall that is 350 ft distant and 10 ft high. Compare 
this result with that in Problem 31(f). 
Brachistochrone Problem. One of the famous problems in the history of mathematics 
is the brachistochrone problem: to find the curve along which a particle will slide without 
friction in the minimum time from one given point P to another Q, the second point being 
lower than the first but not directly beneath it (see Figure 2.3.6). This problem was posed by 
Johann Bernoulli in 1696 as a challenge problem to the mathematicians of his day. Correct 
solutions were found by Johann Bernoulli and his brother Jakob Bernoulli, and by Isaac 
Newton, Gottfried Leibniz, and Marquis de L’ Hospital. The brachistochrone problem is 
important in the development of mathematics as one of the forerunners of the calculus of 
variations. 

In solving this problem it is convenient to take the origin as the upper point P and to 
orient the axes as shown in Figure 2.3.6. The lower point Q has coordinates (xy, V9). It is 
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y 
FIGURE 2.3.6 The brachistochrone. 


then possible to show that the curve of minimum time is given by a function y = $(x) that 
satisfies the differential equation 


(+y’y=R, (i) 


where k? is a certain positive constant to be determined later. 
(a) Solve Eq. (i) for y’. Why is it necessary to choose the positive square root? 
(b) Introduce the new variable t by the relation 


y =F sin’ t. (ii) 
Show that the equation found in part (a) then takes the form 
2k? sin? t dt = dx. (iii) 
(c) Letting 6 = 2t, show that the solution of Eq. (iii) for which x = 0 when y = 0 is 
given by 
x = k*(6 —sin@)/2, y =k? (1 — cos6)/2. (iv) 


Equations (iv) are parametric equations of the solution of Eq. (i) that passes through (0, 0). 
The graph of Eqs. (iv) is called a cycloid. 

(d) If we make a proper choice of the constant k, then the cycloid also passes through 
the point (xX, yo) and is the solution of the brachistochrone problem. Find k if x) = 1 and 


Yy = 2 


2.4 Differences Between Linear and Nonlinear Equations 


Up to now, we have been primarily concerned with showing that first order differential 
equations can be used to investigate many different kinds of problems in the natural 
sciences, and with presenting methods of solving such equations if they are either linear 
or separable. Now it is time to turn our attention to some more general questions about 
differential equations and to explore in more detail some important ways in which 
nonlinear equations differ from linear ones. 


Existence and Uniqueness of Solutions. So far, we have encountered a number of 
initial value problems, each of which had a solution and apparently only one solution. 
This raises the question of whether this is true of all initial value problems for first order 
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Theorem 2.4.1 


equations. In other words, does every initial value problem have exactly one solution? 
This may be an important question even for nonmathematicians. If you encounter an 
initial value problem in the course of investigating some physical problem, you might 
want to know that it has a solution before spending very much time and effort in 
trying to find it. Further, if you are successful in finding one solution, you might be 
interested in knowing whether you should continue a search for other possible solutions 
or whether you can be sure that there are no other solutions. For linear equations the 
answers to these questions are given by the following fundamental theorem. 


If the functions p and g are continuous on an openinterval J: a < t < B containing the 
point t = f,, then there exists a unique function y = ¢(f) that satisfies the differential 
equation 


y+ p(t)y = g(t) (1) 
for each ¢ in J, and that also satisfies the initial condition 
Y(to) = Yo; (2) 


where y, is an arbitrary prescribed initial value. 


Observe that Theorem 2.4.1 states that the given initial value problem has a solution 
and also that the problem has only one solution. In other words, the theorem asserts 
both the existence and uniqueness of the solution of the initial value problem (1), (2). 
In addition, it states that the solution exists throughout any interval J containing the 
initial point ¢, in which the coefficients p and g are continuous. That is, the solution 
can be discontinuous or fail to exist only at points where at least one of p and g is 
discontinuous. Such points can often be identified at a glance. 

The proof of this theorem is partly contained in the discussion in| Section 2.1| leading 
to the formula [Eq. (35)]in Section 2.1] 


d 
_ Lu@go)ds +e (3) 
H(t) 
where 
w(t) = exp | p(s)ds. (4) 


The} derivation in Section 2.1] shows that if Eq. (1) has a solution, then it must be given 


by Eq. (3). By looking slightly more closely at that derivation, we can also conclude 
that the differential equation (1) must indeed have a solution. Since p is continuous for 
a <t < 8, it follows that yz is defined in this interval and is a nonzero differentiable 
function. Upon multiplying Eq. (1) by p(t) we obtain 


[M@)y] = wg). (5) 


Since both y and g are continuous, the function jzg is integrable, and Eq. (3) follows 
from Eq. (5). Further, the integral of jwg is differentiable, so y as given by Eq. (3) exists 
and is differentiable throughout the interval a < t < 6. By substituting the expression 
for y in Eq. (3) into either Eq. (1) or Eq. (5), one can easily verify that this expression 
satisfies the differential equation throughout the interval a < t < f. Finally, the initial 
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Theorem 2.4.2 


condition (2) determines the constant c uniquely, so there is only one solution of the 
initial value problem, thus completing the proof. 

Equation termine the integrating factor jz(t) only up to a multiplicative factor 
that depends on the lower limit of integration. If we choose this lower limit to be f), 
then 


L(t) = exp | D(s) ds, (6) 
% 


and it follows that jz(¢,) = 1. Using the integrating factor given by Eq. (6) and choosing 
the lower limit of integration in| Eq. (3)|also to be f), we obtain the general solution of 


Eq. (1) |in the form 
Ji m(s)g(s) ds +e 
y = 
M(t) 
To satisfy the initial] condition (2)|}we must choose c = yy. Thus the solution of the 
CL), jis 


initial value problem 


fi, w(s)g(s) ds + yo 
7 no) 


; (7) 


where ju(t) is given by Eq. (6). 


Turning now to nonlinear differential equations, we must replace|Theorem 2.4.1] by 


a more general theorem, such as the following. 


Let the functions f and df/dy be continuous insomerectangle a <t < By <y <6 
containing the point (¢), yo). Then, in some interval t, — h < t < t) +A contained in 
a <t < B, there is a unique solution y = @(f) of the initial value problem 


y= 70) Vie) — vy. (8) 


Observe that the hypotheses in Theorem 2.4.2 reduce to those in{Theorem 2.4. llif the 
differential equation is linear. For then f(t, y) = —p(t)y + g(t) and df(t, y)/dy = 
—p(t), so the continuity of f and df/dy is equivalent to the continuity of p and g 
in this case. The was comparatively simple because it could 
be based on the eG) that gives the solution of an arbitrary linear equation. 
There is no corresponding expression for the solution of the differential equation (8), 
so the proof of Theorem 2.4.2 is much more difficult. It is discussed to some extent in 
[Section 2.8 ]and in greater depth in more advanced books on differential equations. 

Here we note that the conditions stated in Theorem 2.4.2 are sufficient to guarantee 
the existence of a unique solution of the initial value problem (8) in some interval 
ty) —h <t <t) +h, but they are not necessary. That is, the conclusion remains true 
under slightly weaker hypotheses about the function f. In fact, the existence of a 
solution (but not its uniqueness) can be established on the basis of the continuity of f 
alone. 

We now consider some examples. 
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EXAMPLE 


1 


EXAMPLE 


2 


Use Theorem 2.4.1 to find an interval in which the initial value problem 
ty’ + 2y = 417, (9) 
y(l) =2 (10) 


has a unique solution. 
Rewriting Eq. (9) in the standard form (1), we have 


y + 2/t)y =4t, (11) 
so p(t) = 2/t and g(t) = 4t. Thus, for this equation, g is continuous for all t, while 
p is continuous only for t < 0 or for t > 0. The interval t > 0 contains the initial 
point; consequently,| Theorem 2.4.1] guarantees that the problem (9), (10) has a unique 
solution on the interval 0 < t < oo. In}Example 4 of Section 2.1)we found the solution 


of this initial value problem to be 
>, 1 
y=t"+-, t>0. (12) 
t 


Now suppose that the initial condition (10) is changed to y(—1) = 2. Then[Theorem| 
[2.4. IJasserts the existence of a unique solution for t < 0. As you can readily verify, the 
solution is again given by Eq. (12), but now on the interval —co <t <0. 


Apply {Theorem 2.4.2 to the initial value problem 


dy 3x79 
= : 0)=-1. 13 
a y(0) (13) 


Note that is not applicable to this problem since the differential 

equation is nonlinear. To apply{Theorem 2.4.2] observe that 
3x7 + 4x +2 of 3x? + 4x +2 
(y — 1) dy 2(y — 1) 

Thus both these functions are continuous everywhere except on the line y = 1. Con- 
sequently, a rectangle can be drawn about the initial point (0, —1) in which both f 
and df/dy are continuous. Therefore[Theorem 2.4.2 guarantees that the initial value 
problem has a unique solution in some interval about x = 0. However, even though the 
rectangle can be stretched infinitely far in both the positive and negative x directions, 
this does not necessarily mean that the solution exists for all x. Indeed, the initial value 
problem (13) was solved in|Example 2 of Section 2.2|and the solution exists only for 
x > —2. 

Now suppose we change the initial condition to y(0) = 1. The initial point now lies 
on the line y = 1 so no rectangle can be drawn about it within which f and df/dy are 


continuous. Consequently] Theorem 2.4.2 gays nothing about possible solutions of this 


modified problem. However, if we separate the variables and integrate, as in Section 


we find that 


yo Dy = a Oe 4 ee. 


Further, if x = 0 and y = 1, then c = —1. Finally, by solving for y, we obtain 


y = 1a Vx3 + 2x? + 2x. (14) 
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EXAMPLE 


3 


Equation (14) provides two functions that satisfy the given differential equation for 
x > 0 and also satisfy the initial condition y(O) = 1. 


Consider the initial value problem 
yey, — y0)=0 (15) 
fort > 0. Npply Decora this initial value problem, and then solve the problem. 


The function f(t, y) = y'% is continuous everywhere, but df/dy = y~7/3/3 is not 
continuous when y = 0. Thus [Theorem 2.4.2]does not apply to this problem and no 
conclusion can be drawn from it. However, by the remark following[Theorem 2.4.2 |the 
continuity of f does assure the existence of solutions, but not their uniqueness. 

To understand the situation more clearly, we must actually solve the problem, which 
is easy to do since the differential equation is separable. Thus we have 


y dy Sah 
so 
37/3 =t+c 
and 
y=Geto)”. 


The initial condition is satisfied if c = 0, so 


3/2 
y=¢,0=(31)", 1420 (16) 
satisfies both of Eqs. (15). On the other hand, the function 
3/2 
y=@()=—-(3t)", => 0 (17) 
is also a solution of the initial value problem. Moreover, the function 
y=¥O=0, £20 (18) 


is yet another solution. Indeed, it is not hard to show that, for an arbitrary positive fp, 
the functions 


2y0ye 0, i Of 4, 
ae +[2¢-1)]”, hears 


are continuous, differentiable (in particular at t = f)), and are solutions of the ini- 
tial value problem (15). Hence this problem has an infinite family of solutions; see 
Figure 2.4.1, where a few of these solutions are shown. 

As already noted, the nonuniqueness of the solutions of the problem (15) does not 
contradict the existence and uniqueness theorem, since the theorem is not applicable 
if the initial point lies on the t-axis. If (7), y)) is any point not on the ¢-axis, however, 
then the theorem guarantees that there is a unique solution of the differential equation 
y’ = y!? passing through (tos Yo): 


(19) 
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EXAMPLE 


4 


FIGURE 2.4.1 Several solutions of the initial value problem y’ = y'/3, yO) =0. 


Interval of Definition. According to Theorem 2.4.1, the solution of a linear equa- 
tion (1), 


y’ + p(t)y = g(t), 


subject to the initial condition y(t)) = yo, exists throughout any interval about t = f 
in which the functions p and g are continuous. Thus, vertical asymptotes or other 
discontinuities in the solution can occur only at points of discontinuity of p or g. For 
instance, (es es (with one exception) are asymptotic to the y-axis, 
corresponding to the discontinuity at t = 0 in the coefficient p(t) = 2/t, but none of 
the solutions has any other point where it fails to exist and to be differentiable. The 
one exceptional solution shows that solutions may sometimes remain continuous even 
at points of discontinuity of the coefficients. 

On the other hand, for a nonlinear initial value problem satisfying the hypotheses of 
Theorem 2.4.2) the interval in which a solution exists may be difficult to determine. 
The solution y = ¢(f) is certain to exist as long as the point [t, (t)] remains within a 
region in which the hypotheses of [Theorem 2.4.2|are satisfied. This is what determines 
the value of / in that theorem. However, since #(t) is usually not known, it may be 
impossible to locate the point [t, @(t)] with respect to this region. In any case, the 
interval in which a solution exists may have no simple relationship to the function f 
in the differential equation y’ = f(t, y). This is illustrated by the following example. 


Solve the initial value problem 


¥=y yO) =7, (20) 


and determine the interval in which the solution exists. 


guarantees that this problem has a unique solution since f(t, y) = y” 
and df/dy = 2y are continuous everywhere. To find the solution we separate the 
variables and integrate with the result that 


y Sd (21) 
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and 
— got =tt+c. 
Then, solving for y, we have 
a (22) 
oe ee 
To satisfy the initial condition we must choose c = —1, so 
—_ (23) 
OS Tet 


is the solution of the given initial value problem. Clearly, the solution becomes un- 
bounded as t — 1; therefore, the solution exists only in the interval —co <t <1. 
There is no indication from the differential equation itself, however, that the point 
t = | is in any way remarkable. Moreover, if the initial condition is replaced by 


yO) = ¥, (24) 
then the constant c in Eq. (22) must be chosen to be c = —1/yo, and it follows that 
Yo 
= 25 
oat oe (25) 


is the solution of the initial value problem with the initial condition (24). Observe that 
the solution (25) becomes unbounded as t + 1/yp, so the interval of existence of the 
solution is —oo < t < 1/y, if yp > O, and is 1/yy < t < oo if y, < 0. This example 
illustrates another feature of initial value problems for nonlinear equations; namely, the 
singularities of the solution may depend in an essential way on the initial conditions as 
well as on the differential equation. 


General Solution. Another way in which linear and nonlinear equations differ is in 
connection with the concept of a general solution. For a first order linear equation it is 
possible to obtain a solution containing one arbitrary constant, from which all possible 
solutions follow by specifying values for this constant. For nonlinear equations this 
may not be the case; even though a solution containing an arbitrary constant may 
be found, there may be other solutions that cannot be obtained by giving values to 
this constant. For instance, for the differential equation|y’ = y” in Example 4} the 
expression in Eq. (22) contains an arbitrary constant, but does not include all solutions 
of the differential equation. To show this, observe that the function y = 0 for all ¢ is 
certainly a solution of the differential equation, but it cannot be obtained from Eq. (22) 
by assigning a value to c. In this example we might anticipate that something of this 
sort might happen because to rewrite the original differential equation in the 
we must require that y is not zero. However, the existence of “additional” solutions is 
not uncommon for nonlinear equations; a less obvious example is given in 
Thus we will use the term “general solution” only when discussing linear equations. 


Implicit Solutions. Recall again that, for an initial value problem for a first order 
linear equation | Eq. (7)|provides an explicit formula for the solution y = ¢(t). As long 
as the necessary antiderivatives can be found, the value of the solution at any point can 
be determined merely by substituting the appropriate value of t into the equation. The 
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situation for nonlinear equations is much less satisfactory. Usually, the best that we can 
hope for is to find an equation 


F(t,y)=0 (26) 


involving ¢ and y that is satisfied by the solution y = ¢(t). Even this can be done 
only for differential equations of certain particular types, of which separable equations 
are the most important. The equation (26) is called an integral, or first integral, of the 
differential equation, and (as we have already noted) its graph is an integral curve, or 
perhaps a family of integral curves. Equation (26), assuming it can be found, defines 
the solution implicitly; that is, for each value of t we must solve Eq. (26) to find the 
corresponding value of y. If Eq. (26) is simple enough, it may be possible to solve 
it for y by analytical means and thereby obtain an explicit formula for the solution. 
However, more frequently this will not be possible, and you will have to resort to a 
numerical calculation to determine the value of y for a given value of t. Once several 
pairs of values of t and y have been calculated, it is often helpful to plot them and 
then to sketch the integral curve that passes through them. You should arrange for a 
computer to do this for you, if possible. 

and [4] are nonlinear problems in which it is easy to solve for 
an explicit formula for the solution y = @(t). On the other hand, and 
a Section 2.2 are cases in which it is better to leave the solution in implicit 

orm, and to use numerical means to evaluate it for particular values of the inde- 
pendent variable. The latter situation is more typical; unless the implicit relation is 
quadratic in y, or has some other particularly simple form, it is unlikely that it can 
be solved exactly by analytical methods. Indeed, more often than not, it is impos- 
sible even to find an implicit expression for the solution of a first order nonlinear 
equation. 


Graphical or Numerical Construction of Integral Curves. Because of the difficulty 
in obtaining exact analytic solutions of nonlinear differential equations, methods that 
yield approximate solutions or other qualitative information about solutions are of 
correspondingly greater importance. We have already described in| Section 1.1] how 
the direction field of a differential equation can be constructed. The direction field 
can often show the qualitative form of solutions and can also be helpful in identi- 
fying regions of the ty-plane where solutions exhibit interesting features that merit 
more detailed analytical or numerical investigation. Graphical methods for first order 
equations are discussed further in An introduction to numerical meth- 
ods for first order equations is given in and a systematic discussion of 
numerical methods appears in[Chapter 8} However, it is not necessary to study the 
numerical algorithms themselves in order to use effectively one of the many software 
packages that generate and plot numerical approximations to solutions of initial value 
problems. 


Summary. Linear equations have several nice properties that can be summarized in 
the following statements: 


1. Assuming that the coefficients are continuous, there is a general solution, contain- 
ing an arbitrary constant, that includes all solutions of the differential equation. 
A particular solution that satisfies a given initial condition can be picked out by 
choosing the proper value for the arbitrary constant. 
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2. There is an expression for the solution, namely, [Eq. (3)] or| Eq. (7) Moreover, 
although it involves two integrations, the expression is an explicit one for the 
solution y = @(t) rather than an equation that defines ¢ implicitly. 

3. The possible points of discontinuity, or singularities, of the solution can be identi- 
fied (without solving the problem) merely by finding the points of discontinuity of 
the coefficients. Thus, if the coefficients are continuous for all ¢, then the solution 
also exists and is continuous for all t. 


None of these statements is true, in general, of nonlinear equations. While a nonlinear 
equation may well have a solution involving an arbitrary constant, there may also 
be other solutions. There is no general formula for solutions of nonlinear equations. 
If you are able to integrate a nonlinear equation, you are likely to obtain an equation 
defining solutions implicitly rather than explicitly. Finally, the singularities of solutions 
of nonlinear equations can usually be found only by solving the equation and examining 
the solution. It is likely that the singularities will depend on the initial condition as well 
as the differential equation. 


PROBLEMS 


In each of Problems | through 6 determine (without solving the problem) an interval in which 
the solution of the given initial value problem is certain to exist. 

(t —3)y + (nt)y = 2r, yl) =2 

t(t—A)y"+@-2y'+y=0, yQ)=1 

y’ + (tant)y = sint, y(r) =0 

(4—1)y'+2ty=3, = y(-3) = 1 

(4—f)y'+2ty=3r, yl) =-3 

(Int)y’ + y =cott, y(2) =3 


In each of Problems 7 through 12 state the region in the ty-plane where the hypotheses of 
Theorem 2.4.2 are satisfied. Thus there is a unique solution through each given initial point in 
this region. 
_ t—y 
2t + Sy 
In |ty| 
~{-P+y 
dy _ 1+? > dy _ (cott)y 


8: y’ _ dd _ 2 ea... y?yl/? 
10. y= (2+ y2)3/? 


11. 


dt 3y—y* “dt ity 


In each of Problems 13 through 16 solve the given initial value problem and determine how the 
interval in which the solution exists depends on the initial value yo. 


13. y'=—4t/y, — yO) = yy 14. y'=2ty’, — yO) = Yo 
Is. y+y=0, yO=y, 16. y=r/yi+r), yO=y, 
In each of Problems 17 through 20 draw a direction field and plot (or sketch) several solutions 


of the given differential equation. Describe how solutions appear to behave as ¢ increases, and 
how their behavior depends on the initial value y) when t = 0. 


17. y'’=tyB-y) > 18. y =yB—-ty) 
19. y’=—yB3-ty) > 20. y =t-1-y? 


21. Consider the initial value problem y’ = y'/3, yO) = 0 from Example 3 in the text. 
(a) Is there a solution that passes through the point (1, 1)? If so, find it. 


2.4 Differences Between Linear and Nonlinear Equations 73 


(b) Is there a solution that passes through the point (2, 1)? If so, find it. 

(c) Consider all possible solutions of the given initial value problem. Determine the set of 
values that these solutions have at t = 2. 

(a) Verify that both y,(.) =1—tf and y,(¢) = —1°/4 are solutions of the initial value 
problem 


_ 2 1/2 
ge gs 
2 

Where are these solutions valid? 
(b) Explain why the existence of two solutions of the given problem does not contradict 
the uniqueness part of Theorem 2.4.2. 
(c) Show that y= ct-+c*, where c is an arbitrary constant, satisfies the differential 
equation in part (a) for ¢ > —2c. If c = —1, the initial condition is also satisfied, and the 
solution y = y,(t) is obtained. Show that there is no choice of c that gives the second 
solution y = y,(t). 

23. (a) Show that $(t) = e” is a solution of y’ — 2y = Oand that y = c@(f) is also a solution 
of this equation for any value of the constant c. 
(b) Show that $(t) = 1/t is a solution of y’ + ye = 0 for t > 0, but that y = c@(f) is 
not a solution of this equation unless c = 0 or c = 1. Note that the equation of part (b) is 
nonlinear, while that of part (a) is linear. 

24. Show that if y = (rf) isa solution of y’ + p(t)y = 0, then y = c@(f) is also a solution for 
any value of the constant c. 

25. Let y = y,(¢) be a solution of 


y' + p(t)y = 0, (i) 
and let y = y,(t) be a solution of 
y + pty = a(t). (ii) 
Show that y = y,(t) + y,(t) is also a solution of Eq. (ii). 


(a) Show that the solution (3) of the general linear equation (1) can be written in the form 


y=cy,(t) + y(t), (i) 


where c is an arbitrary constant. Identify the functions y, and y,. 
(b) Show that y, is a solution of the differential equation 


y + p@®y =0, (ii) 


corresponding to g(t) = 0. 
(c) Show that y, is a solution of the full linear equation (1). We see later (for example, in 
Section 3.6) that solutions of higher order linear equations have a pattern similar to Eq. (i). 


Bernoulli Equations. Sometimes it is possible to solve a nonlinear equation by making a 
change of the dependent variable that converts it into a linear equation. The most important such 
equation has the form 


y+ plt)y =q(t)y", 


and is called a Bernoulli equation after|Jakob Bernoulli. Problems 27 through 31 deal with 


equations of this type. 


27. (a) Solve Bernoulli’s equation when n = 0; when n = 1. 
(b) Show that ifn 4 0, 1, then the substitution v = yl reduces Bernoulli’s equation to 
a linear equation. This method of solution was found by Leibniz in 1696. 
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In each of Problems 28 through 31 the given equation is a Bernoulli equation. In each case solve 
it by using the substitution mentioned in Problem 27(b). 


t?y’ +2ty —y? =0, t>0 

y' =ry —ky*, r > 0 and k > 0. This equation is important in population dynamics and 
is discussed in detail in Section 2.5. 

y' =ey—oy',€ > Oando > 0. This equation occurs in the study of the stability of fluid 
flow. 

dy/dt = (Tl cost+T)y — y?, where I" and T are constants. This equation also occurs in 
the study of the stability of fluid flow. 


Discontinuous Coefficients. Linear differential equations sometimes occur in which one or 
both of the functions p and g have jump discontinuities. If f, is such a point of discontinuity, 
then it is necessary to solve the equation separately for t < f, and t > f). Afterward, the two 
solutions are matched so that y is continuous at ¢,; this is accomplished by a proper choice of 
the arbitrary constants. The following two problems illustrate this situation. Note in each case 


that it is impossible also to make y’ continuous at fp. 
32. Solve the initial value problem 


y +2y = g(t), 


gt) =] . 


33. Solve the initial value problem 


y' + p(t)y =0, 


2.5 Autonomous Equations and Population Dynamics 


An important class of first order equations are those in which the independent variable 
does not appear explicitly. Such equations are called autonomous and have the form 


dy/dt = f(y). () 


We will discuss these equations in the context of the growth or decline of the population 
of a given species, an important issue in fields ranging from medicine to ecology to 
global economics. A number of other applications are mentioned in some of the 
problems. Recall that in{Sections 1.1]and [1.2]we have already considered the special 
case of Eq. (1) in which f(y) = ay + b. 

Equation (1) is separable, so the discussion in[Section 2.2 lis applicable to it, but 
our main object now is to show how geometric methods can be used to obtain im- 
portant qualitative information directly from the differential equation, without solving 
the equation. Of fundamental importance in this effort are the concepts of stability 
and instability of solutions of differential equations. These ideas were introduced in 
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are discussed further here, and will be examined in greater depth and in a 
more general setting in Chapter 9 


Exponential Growth. Let y = ¢(t) be the population of the given species at time f. 
The simplest hypothesis concerning the variation of population is that the rate of change 
of y is proportional—to the current value of y, that is, 


dy/dt =ry, (2) 


where the constant of proportionality r is called the|rate of growth or decline| depend- 


ing on whether it is positive or negative. Here, we assume that r > 0, so the population 


is growing. 
Solving Eq. (2) subject to the initial condition 
y(O) = yo, (3) 
we obtain 
y = yoe". (4) 


Thus the mathematical model consisting of the initial value problem (2), (3) with 
r > 0 predicts that the population will grow exponentially for all time, as shown in 
Figure 2.5.1. Under ideal conditions Eq. (4) has been observed to be reasonably accurate 
for many populations, at least for limited periods of time. However, it is clear that such 
ideal conditions cannot continue indefinitely; eventually, limitations on space, food 
supply, or other resources will reduce the growth rate and bring an end to uninhibited 
exponential growth. 


cory 


FIGURE 2.5.1 Exponential growth: y versus t for dy/dt = ry. 


Logistic Growth} To take account of the fact that the growth rate actually depends 
on the population, we replace the constant r in Eq. (2) by a function f(y) and thereby 
obtain the modified equation 


dy/dt = h(y)y. (5) 


“Tt was apparently the British economist Thomas Malthus (1766-1834) who first observed that many biological 
populations increase at a rate proportional to the population. His first paper on populations appeared in 1798. 
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We now want to choose h(y) so that h(y) =r > 0 when y is small, h(y) decreases 
as y grows larger, and h(y) < 0 when y is sufficiently large. The simplest function 


having these properties is h(y) = r — ay, where a is also a positive constant. Using 
this function in|Eq. (5)} we obtain 


dy/dt = (r —ay)y. (6) 


Equation (6) is known as the Verhulg= kquation or the} logistic equation} It is often 


convenient to write the logistic equation in the equivalent form 


where K = r/a. The constant r is called thejintrinsic growth rate, |that is, the growth 
rate in the absence of any limiting factors. The interpretation of K will become clear 
shortly. 


We first seek solutions of Eq. (7) of the simplest possible type, that is, constant 
functions. For such a solution dy/dt = 0 for all t, so any constant solution of Eq. (7) 
must satisfy the algebraic equation 

r(l—y/K)y =0. 


Thus the constant solutions are y = $,(t) = 0 and y = @,(t) = K. These solutions 


are called equilibrium solutions|of Eq. (7) because they correspond to no change or 


variation in the value of y as ¢ increases. In the same way, any equilibrium solutions of 
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FIGURE 2.5.2 Direction field for dy/dt = r(1— y/K)y withr = 1/2 and K = 3. 


SP. F. Verhulst (1804-1849) was a Belgian mathematician who introduced Eq. (6) as a model for human population 
growth in 1838. He referred to it as logistic growth; hence Eq. (6) is often called the logistic equation. He was 
unable to test the accuracy of his model because of inadequate census data, and it did not receive much attention 
until many years later. Reasonable agreement with experimental data was demonstrated by R. Pearl (1930) for 


Drosophila melanogaster (fruit fly) populations, and by G. F. Gause (1935) for Paramecium and Tribolium (flour 
beetle) populations. 
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the more general|Eq. (1)|can be found by locating the roots of f(y) = 0. The zeros of 
f (y) are also calledjcritical points} 

To visualize other solutions of let us draw a direction field for a typical 
case, as shown in Figure 2.5.2 whenr = 1/2 and K = 3. Observe that the elements of 
the direction field have the same slope at all points on each particular horizontal line 
although the slope changes from one line to another. This property follows from the fact 
that the right side of the logistic equation does not depend on the independent variable r. 
Observe also that the equilibrium solutions y = 0 and y = 3 seem to be of particular 
importance. Other solutions appear to approach the solution y = 3 asymptotically as 
t —> oo, whereas solutions on either side of y = 0 diverge from it. 

To understand more clearly the nature of the solutions offEq. (7) dnd to sketch their 
graphs quickly, we can start by drawing the graph of f(y) versus y. In the case of 
f(y) =r(i — y/K)y, so the graph is the parabola shown in Figure 2.5.3. The 
intercepts are (0,0) and (K, 0), corresponding to the critical points of and 
the vertex of the parabola is (K /2,rK/4). Observe that dy/dt > 0 forO < y < K; 
therefore, y is an increasing function of t when y is in this interval; this is indicated by 
the rightward-pointing arrows near the y-axis in Figure 2.5.3, or by the upward-pointing 
arrows in Figure 2.5.4. Similarly, if y > K, then dy/dt < 0; hence y is decreasing, as 
indicated by the leftward-pointing arrow in Figure 2.5.3, or by the downward-pointing 


(K/2, rK/4) 


FIGURE 2.5.4 Logistic growth: y versus ¢ for dy/dt = r(1 — y/K)y. 
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arrow in Figure 2.5.4. Further, note that if y is near zero or K, then the slope f(y) 
is near zero, so the solution curves are relatively flat. They become steeper as the 
value of y leaves the neighborhood of zero or K. These observations mean that the 
graphs of solutions of|Eq. (7)|must have the general shape shown in Figure 2.5.4, 
regardless of the values of r and K. 

To carry the investigation one step further, we can determine the concavity of the 
solution curves and the location of inflection points by finding d’y/dt*. From the 
differential equation (1) we obtain (using the chain rule) 


d*y dy 

qed at OO (8) 
The graph of y versus ¢ is concave up when y” > 0, that is, when f and f’ have the 
same sign. Similarly, it is concave down when y” <0, which occurs when f and f’ 
have opposite signs. The signs of f and f’ can be easily identified from the graph of 
f(y) versus y. Inflection points may occur when f’(y) = 0. 

In the case of|Eq. (7) solutions are concave up for 0 < y < K/2 where f is positive 
and increasing (see Figure 2.5.3), so that both f and f’ are positive. Solutions are 
also concave up for y > K where f is negative and decreasing (both f and f’ are 
negative). For K/2 < y < K solutions are concave down since here f is positive and 
decreasing, so f is positive but f’ is negative. There is an inflection point whenever 
the graph of y versus f crosses the line y = K/2. The graphs in Figure 2.5.4 exhibit 
these properties. 

Finally, recall that the fundamental existence and uniqueness theo- 
rem, guarantees that two different solutions never pass through the same point. Hence, 
while solutions approach the equilibrium solution y = K ast — ov, they do not attain 
this value at any finite time. Since K is the upper bound that is approached, but not 
exceeded, by growing populations starting below this value, it is natural to refer to 
K as the saturation level, or the environmental carrying capacity, for the given 
species. 

A comparison of Figures 2.5.1 and 2.5.4 reveals that solutions of the nonlinear 
equation|(6)| are strikingly different from those of the linear equation (Dh at least for 
large values of t. Regardless of the value of K,, that is, no matter how small the nonlinear 
term in Eq.|(6)] solutions of that equation approach a finite value as t — oo, whereas 
solutions of Eq.|(1)|grow (exponentially) without bound as t — oo. Thus even a tiny 
nonlinear term in the differential equation has a decisive effect on the solution for 
large t. 

In many situations it is sufficient to have the qualitative information about the solution 
y= d(t) of Eq. (7)|that is shown in Figure 2.5.4. This information was obtained 
entirely from the graph of f(y) versus y, and without solving the differential equation 


However, if we wish to have a more detailed description of logistic growth—for 


example, if we wish to know the value of the population at some particular time—then 
we must solve Eq.} (7) subject to the initial condition (3). Provided that y 4 0 and 


y # K, we can writ€ Eq) (7)|in the form 


dy 


————————- = rdt. 
(1 —y/K)y 
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Using a partial fraction expansion on the left side, we have 


(- + a ) d dt 
= y=rdt. 
y 1—y/k 
Then by integrating both sides we obtain 
In|y| in| =| =rt be, (9) 
K 


where c is an arbitrary constant of integration to be determined from the initial condition 
y(0) = yo. We have already noted that if 0 < yy < K, then y remains in this interval 
for all time. Thus in this case we can remove the absolute value bars in Eq. (9), and by 
taking the exponential of both sides, we find that 


y 


——_—_ = Ce", 10 
1—G/K) ~“ my 


where C = e. To satisfy the initial condition y(0) = yy) we must choose C = y,/[1 — 
(¥)/K)]. Using this value for C in Eq. (10) and solving for y, we obtain 


YK 


= =e (11) 
- Yor (K — Ye ss 


We have derived the solution (11) under the assumption that 0 < yy < K.Ify, > K, 
then the details of dealing with Eq. (9) are only slightly different, and we leave it to 
you to show that Eq. (11) is also valid in this case. Finally, note that Eq. (11) also 
contains the equilibrium solutions y = ¢,(t) = 0 and y = @,(t) = K corresponding 
to the initial conditions y, = 0 and y, = K, respectively. 

All the qualitative conclusions that we reached earlier by geometric reasoning can 
be confirmed by examining the solution (11). In particular, if yy) = 0, then Eq. (11) 
requires that y(t) = 0 for all rt. If y) > 0, and if we let t — oo in Eq. (11), then we 
obtain 


lim y(t) = yoK/y) = K. 
too 


Thus for each y, > 0 the solution approaches the equilibrium solution y = ¢,(t) = K 
asymptotically (in fact, exponentially) as t — oo. Therefore we say that the constant 
solution ¢,(t) = K is arlanyaiptotically faible sohiConjo! or that the point 
y = K is an asymptotically stable equilibrium or critical point. This means that after 
a long time the population is close to the saturation level K regardless of the initial 
population size, as long as it is positive. 

On the other hand, the situation for the equilibrium solution y = @, (t) = 0 is quite 
different. Even solutions that start very near zero grow as ¢ increases and, as we 
have seen, approach K as t — oo. We say that ¢,(t) = 0 is oun cue 
solution or that y = 0 is an unstable equilibrium or critical point. This means that the 
only way to guarantee that the solution remains near zero is to make sure its initial 
value is exactly equal to zero. 


80 


Chapter 2. First Order Differential Equations 


EXAMPLE 


1 


The logistic model has been applied to the natural growth of the halibut population in 
certain areas of the Pacific Ocea et y, measured in kilograms, be the total mass, 
or biomass, of the halibut population at time t. The parameters in the logistic equation 
are estimated to have the values r = 0.71/year and K = 80.5 x 10° kg. If the initial 
biomass is y) = 0.25K, find the biomass 2 years later. Also find the time t for which 
y(t) =0.75K. 

It is convenient to scale the solution (11) to the carrying capacity K; thus we write 


[Eq. (jin the form 


K 
ye Yo/ = (12) 
K (¥)/K) + [1 — Op/K le 
Using the data given in the problem, we find that 
2 0.25 
ae sz = 0.5797. 
K 0.25 + 0.75e° ~ 
Consequently, y(2) = 46.7 x 10° kg. 
y/K 4 
1.75 
1.50 
1.25 
1.00 
0.75 
0.50 
0.25 
FIGURE 2.5.5 y/K versus t for population model of halibut in the Pacific Ocean. 
To find t we can first solve Eq. (12) for t. We obtain 
won _ Oo KL = (9/K)1 
(y/K)L1L — (o/K)1” 
hence 
1 K)U — (y/K 
In (¥p/K)[1 — (v/K)] (13) 


r (y/K)[1L — Q9/K)1 
Using the given values of r and y,/K and setting y/K = 0.75, we find that 
1 In (0.25) (0.25) = 1 
0.71 (0.75)(0.75) ~—0..71 


In9 = 3.095 years. 


aN good source of information on the population dynamics and economics involved in making efficient use of a 
renewable resource, with particular emphasis on fisheries, is the book by Clark (see the references at the end of 
this chapter). The parameter values used here are given on page 53 of this book and were obtained as a result of a 
study by M. S. Mohring. 
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The graphs of y/K versus ¢ for the given parameter values and for several initial 
conditions are shown in Figure 2.5.5. 


A Critical Threshold. We now turn to a consideration of the equation 


Bar(i-Bp Ws 


where r and T are given positive constants. Observe that (except for replacing the 
parameter K by T) this equation differs from the logistic equation| (7) |only in the 
presence of the minus sign on the right side. However, as we will see, the solutions of 
Eq. (14) behave very differently from those offEq. (7) 

For Eq. (14) the graph of f(y) versus y is the parabola shown in Figure 2.5.6. 
The intercepts on the y-axis are the critical points y = 0 and y = T, corresponding 
to the equilibrium solutions ¢, (t) = 0 and @,(t) = T. If0 < y < T, thendy/dt < 0, 
and y decreases as t increases. On the other hand, if y > 7, then dy/dt > 0, and y 
grows as ¢ increases. Thus ¢, (t) = 0 is an asymptotically stable equilibrium solution 
and #,(t) = T is an unstable one. Further, f’(y) is negative for 0 < y < T/2 and 
positive for T/2 < y < T, so the graph of y versus ¢ is concave up and concave down, 
respectively, in these intervals. Also, f’(y) is positive for y > T, so the graph of y 
versus t is also concave up there. By making use of all of the information that we 
have obtained from Figure 2.5.6, we conclude that graphs of solutions of Eq. (14) for 
different values of y, must have the qualitative appearance shown in Figure 2.5.7. From 
this figure it is clear that as time increases, y either approaches zero or grows without 
bound, depending on whether the initial value y, is less than or greater than T. Thus T 
is a threshold level, below which growth does not occur. 

We can confirm the conclusions that we have reached through geometric reasoning 
by solving the differential equation (14). This can be done by separating the variables 
and integrating, just as we did forfEg (7) However, if we note that Eq. (14) can be 
obtained from|Eq. (7) by replacing K by T and r by —r, then we can make the same 
substitutions in the solution (11) and thereby obtain 


ee 
Yy + (T — ye" 
which is the solution of Eq. (14) subject to the initial condition y(O) = yo. 


y (15) 


(T/2, -rT/4) 


FIGURE 2.5.6 f(y) versus y for dy/dt = —r(1— y/T)y. 
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FIGURE 2.5.7 _ y versus t for dy/dt = —r(1 — y/T)y. 


If y) < T, then it follows from) Eq. (15)|that y > 0 as t > oo. This agrees with 
our qualitative geometric analysis. If y) > 7’, then the denominator on the right side of 
Eq. (15)|is zero for a certain finite value of t. We denote this value by t*, and calculate 
it from 


Yo — % — Te =0, 
which gives 


ie Yo ; 
r ¥y —T 


(16) 


Thus, if the initial population y, is above the threshold 7, the threshold model predicts 
that the graph of y versus t has a vertical asymptote at t = ¢*; in other words, the 
population becomes unbounded in a finite time, which depends on the initial value 
yo and the threshold value 7. The existence and location of this asymptote were 
not apparent from the geometric analysis, so in this case the explicit solution yields 
additional important qualitative, as well as quantitative, information. 

The populations of some species exhibit the threshold phenomenon. If too few are 
present, the species cannot propagate itself successfully and the population becomes 
extinct. However, if a population larger than the threshold level can be brought together, 
then further growth occurs. Of course, the population cannot become unbounded, so 
eventual Cs be modified to take this into account. 

Critical thresholds also occur in other circumstances. For example, in fluid mechan- 
ics, equations of the form Cor ofien govern the evolution of a small disturbance 
y in a laminar (or smooth) fluid flow. For instance, if[Eq. (14)|holds and y < T, then 
the disturbance is damped out and the laminar flow persists. However, if y > 7, then 
the disturbance grows larger and the laminar flow breaks up into a turbulent one. In 
this case T is referred to as the critical amplitude. Experimenters speak of keeping the 
disturbance level in a wind tunnel sufficiently low so that they can study laminar flow 
over an airfoil, for example. 

The same type of situation can occur with automatic control devices. For example, 
suppose that y corresponds to the position of a flap on an airplane wing that is regulated 
by an automatic control. The desired position is y = 0. In the normal motion of the 
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plane the changing aerodynamic forces on the flap will cause it to move from its set 
position, but then the automatic control will come into action to damp out the small 
deviation and return the flap to its desired position. However, if the airplane is caught in 
ahigh gust of wind, the flap may be deflected so much that the automatic control cannot 
bring it back to the set position (this would correspond to a deviation greater than T). 
Presumably, the pilot would then take control and manually override the automatic 
system! 


Logistic Growth with a Threshold.| As we mentioned in the last subsection, the 


threshold model may need to be modified so that unbounded growth does not 
occur when y is above the threshold T. The simplest way to do this is to introduce 
another factor that will have the effect of making dy/dt negative when y is large. Thus 


we consider 
dy y , 

dt r(I ) (1 rake on 
wherer > OandO <T < K. 

The graph of f (3) versus y is shown in Figure 2.5.8. In this problem there are three 
critical points: y = 0, y = T, and y = K, corresponding to the equilibrium solutions 
g(t) =0, $,(t) = T, and $,(t) = K, respectively. From Figure 2.5.8 it is clear that 
dy/dt > Ofor T < y < K, and consequently y is increasing there. The reverse is true 
for y < T and for y > K. Consequently, the equilibrium solutions @, (t) and ¢,(f) are 
asymptotically stable, and the solution ¢,(t) is unstable. Graphs of y versus t have 
the qualitative appearance shown in Figure 2.5.9. If y starts below the threshold T, 
then y declines to ultimate extinction. On the other hand, if y starts above T, then y 
eventually approaches the carrying capacity K. The inflection points on the graphs of 
y versus ¢ in Figure 2.5.9 correspond to the maximum and minimum points, y, and 
Y>, respectively, on the graph of f(y) versus y in Figure 2.5.8. These values can be 
obtained by differentiating the right side of Eq. (17) with respect to y, setting the result 
equal to zero, and solving for y. We obtain 


Yio =(K+THVK?—KT +T”)/3, (18) 


where the plus sign yields y, and the minus sign y,. 

A model of this general sort apparently describes the population of the passenger 
pigeon,_Wwhich was present in the United States in vast numbers until late in the 
nineteenth century. It was heavily hunted for food and for sport, and consequently its 


FIGURE 2.5.8 f(y) versus y for dy/dt = —r(l— y/T)( — y/K)y. 


7See, for example, Oliver L. Austin, Jr., Birds of the World (New York: Golden Press, 1983), pp. 143-145. 
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PROBLEMS 


g3(t) =K 

$2(t) =T 

x(t) =0 
t 


FIGURE 2.5.9 _ y versus ¢ for dy/dt = —r(dl— y/T)(1 — y/K)y. 


numbers were drastically reduced by the 1880s. Unfortunately, the passenger pigeon 
could apparently breed successfully only when present in a large concentration, cor- 
responding to a relatively high threshold 7. Although a reasonably large number of 
individual birds remained alive in the late 1880s, there were not enough in any one place 
to permit successful breeding, and the population rapidly declined to extinction. The 
last survivor died in 1914. The precipitous decline in the passenger pigeon population 
from huge numbers to extinction in scarcely more than three decades was one of the 
early factors contributing to a concern for conservation in this country. 


Problems 1 through 6 involve equations of the form dy/dt = f(y). In each problem sketch the 
graph of f(y) versus y, determine the critical (equilibrium) points, and classify each one as 
asymptotically stable or unstable. 

. dy/dt =ay +by’, a>0, b>0, Vy 20 

. dy/dt =ay+by’, a>0, b>0, —00 < yy < 00 

. dy/dt=y(y— Wy —-2), Yy =O 

. dy/dt=e* —1, —00 < Yy < 

. dy/dt=e*—-1, —00 < yy < OO 

. dy/dt = —2(arctan y)/(1+ y’), —00 < Wy < © 


. Semistable Equilibrium Solutions. Sometimes a constant equilibrium solution has the 
property that solutions lying on one side of the equilibrium solution tend to approach it, 
whereas solutions lying on the other side depart from it (see Figure 2.5.10). In this case the 
equilibrium solution is said to be semistable. 

(a) Consider the equation 


dy/dt =k(1— y)’, (i) 


where k is a positive constant. Show that y = | is the only critical point, with the corre- 
sponding equilibrium solution ¢(t) = 1. 

(b) Sketch f(y) versus y. Show that y is increasing as a function of t for y < 1 and also 
for y > 1. Thus solutions below the equilibrium solution approach it, while those above it 
grow farther away. Therefore #(t) = 1 is semistable. 
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y 


(a) (b) 


FIGURE 2.5.10 In both cases the equilibrium solution ¢(t) = k is semistable. (a) dy/dt < 0; 
(b) dy/dt > 0. 


(c) Solve Eq. (i) subject to the initial condition y(0) = yy and confirm the conclusions 
reached in part (b). 


Problems 8 through 13 involve equations of the form dy/dt = f(y). In each problem sketch 
the graph of f(y) versus y, determine the critical (equilibrium) points, and classify each one as 
asymptotically stable, unstable, or semistable (see Problem 7). 


. dy/dt = —k(y — 1)’, k>0, —00 < yy < 00 

. dy/dt= yy? —1), —00 < yy <0 

. dy/dt=y- y?), —0O < yy <0 

. dy/dt = ay — b,/y, a>0O, b>0, % 29 
. dy/dt= y(4 _ y?), —0O < yy < OO 

. dy/dt= yr — y), —0O < yy < OO 


Consider the equation dy/dt = f(y) and suppose that y, is a critical point, that is, 
f (¥,) = 0. Show that the constant equilibrium solution ¢(t) = y, is asymptotically stable 
if f’(y,) < 0 and unstable if f’(y,) > 0. 

Suppose that a certain population obeys the logistic equation dy/dt = ry[1 — (y/K)]. 
(a) If y) = K/3, find the time t at which the initial population has doubled. Find the value 
of t corresponding to r = 0.025 per year. 

(b) If y)/K =a, find the time T at which y(T)/K = B, where 0 < a, B < 1. Observe 
that T — co asa — Ooras f — 1. Find the value of T for r = 0.025 per year, a = 0.1, 
and 6B = 0.9. 


. Another equation that has been used to model population growth is the Gompertz equation: 


dy/dt =ry\n(K/y), 


where r and K are positive constants. 

(a) Sketch the graph of f(y) versus y, find the critical points, and determine whether each 
is asymptotically stable or unstable. 

(b) For 0 < y < K determine where the graph of y versus ¢ is concave up and where it is 
concave down. 

(c) Foreach y inO < y < K show that dy/dt as given by the Gompertz equation is never 
less than dy/dt as given by the logistic equation. 

(a) Solve the Gompertz equation 


dy/dt =ry\n(K/y), 


subject to the initial condition y(0) = yp. 
Hint: You may wish to let u = In(y/K). 
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(b) For the data given in Example 1 in the text [r = 0.71 per year, K = 80.5 x 10° kg, 
Yo/K = 0.25], use the Gompertz model to find the predicted value of y(2). 

(c) For the same data as in part (b), use the Gompertz model to find the time t at which 
y(t) = 0.75K. 

A pond forms as water collects in a conical depression of radius a and depth h. Suppose 
that water flows in at a constant rate k and is lost through evaporation at a rate proportional 
to the surface area. 

(a) Show that the volume V(t) of water in the pond at time ¢ satisfies the differential 
equation 


dV/dt =k —anGa/nhy?v, 


where a is the coefficient of evaporation. 

(b) Find the equilibrium depth of water in the pond. Is the equilibrium asymptotically 
stable? 

(c) Find a condition that must be satisfied if the pond is not to overflow. 

Consider a cylindrical water tank of constant cross section A. Water is pumped into the 
tank at a constant rate k and leaks out through a small hole of area a in the bottom of the 
tank. From Torricelli’s theorem in hydrodynamics it follows that the rate at which water 
flows through the hole is wa,/2gh, where h is the current depth of water in the tank, g is the 
acceleration due to gravity, and q@ is a contraction coefficient that satisfies 0.5 <a < 1.0. 

(a) Show that the depth of water in the tank at any time satisfies the equation 


dh/dt = (k —aa/2gh)/A. 


(b) Determine the equilibrium depth /, of water and show that it is asymptotically stable. 
Observe that h, does not depend on A. 


Harvesting a Renewable Resource. Suppose that the population y of a certain species of fish 
(for example, tuna or halibut) in a given area of the ocean is described by the logistic equation 


dy/dt =r(1—y/K)y. 


While it is desirable to utilize this source of food, it is intuitively clear that if too many fish 
are caught, then the fish population may be reduced below a useful level, and possibly even 
driven to extinction. Problems 20 and 21 explore some of the questions involved in formulating 
a rational strategy for managing the fisher 


20. Ata given level of effort, it is reasonable to assume that the rate at which fish are caught 
depends on the population y: The more fish there are, the easier it is to catch them. Thus we 
assume that the rate at which fish are caught is given by E’y, where E is a positive constant, 
with units of 1/time, that measures the total effort made to harvest the given species of fish. 
To include this effect, the logistic equation is replaced by 


dy/dt =r(1—y/K)y — Ey. (i) 


This equation is known as the Schaefer model after the biologist, M. B. Schaefer, who 
applied it to fish populations. 

(a) Show that if E <r, then there are two equilibrium points, y= O and y>= KU - 
E/r) > 0. 

(b) Show that y = y, is unstable and y = y, is asymptotically stable. 


San excellent treatment of this kind of problem, which goes far beyond what is outlined here, may be found in 
the book by Clark mentioned previously, especially in the first two chapters. Numerous additional references are 
given there. 
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(c) A sustainable yield Y of the fishery is a rate at which fish can be caught indefinitely. 
It is the product of the effort E and the asymptotically stable population y,. Find Y as a 
function of the effort E; the graph of this function is known as the yield-effort curve. 

(d) Determine E so as to maximize Y and thereby find the maximum sustainable yield Y.,, . 
In this problem we assume that fish are caught at a constant rate h independent of the size 
of the fish population. Then y satisfies 


dy/dt =r(l—y/K)y —h. (i) 


The assumption of a constant catch rate h may be reasonable when y is large, but becomes 
less so when y is small. 
(a) If h <rK/4, show that Eq. (i) has two equilibrium points y, and y, with y, < y,; 


determine these points. 

(b) Show that y, is unstable and y, is asymptotically stable. 

(c) Froma plot of f(y) versus y show that if the initial population y, > y,, then y > y, 
as t — oo, but that if yy < y,, then y decreases as ¢ increases. Note that y = 0 is not an 
equilibrium point, so if yy < y,, then extinction will be reached in a finite time. 

(d) Ifh > rK/4, show that y decreases to zero as f increases regardless of the value of yo. 
(e) If h=rK/4, show that there is a single equilibrium point y = K/2 and that this 
point is semistable (see Problem 7). Thus the maximum sustainable yield is h,, = rK /4, 
corresponding to the equilibrium value y = K /2. Observe that h,, has the same value as 
Y,, in Problem 20(d). The fishery is considered to be overexploited if y is reduced to a level 
below K /2. 


Epidemics. The use of mathematical methods to study the spread of contagious diseases goes 
back at least to some work by|Daniel Bernoullijin 1760 on smallpox. In more recent years many 


mathematical models have been proposed and studied for many different diseases!2|Problems 
22 through 24 deal with a few of the simpler models and the conclusions that can be drawn from 
them. Similar models have also been used to describe the spread of rumors and of consumer 
products. 


22. Suppose that a given population can be divided into two parts: those who have a given 
disease and can infect others, and those who do not have it but are susceptible. Let x be the 
proportion of susceptible individuals and y the proportion of infectious individuals; then 
x + y = 1. Assume that the disease spreads by contact between sick and well members 
of the population, and that the rate of spread dy/dt is proportional to the number of such 
contacts. Further, assume that members of both groups move about freely among each 
other, so the number of contacts is proportional to the product of x and y. Since x = 1 — y, 
we obtain the initial value problem 


dy/dt =ayd—y), y(0) = y», (i) 


where a is a positive proportionality factor, and y, is the initial proportion of infectious 
individuals. 


(a) Find the equilibrium points for the differential equation (i) and determine whether 
each is asymptotically stable, semistable, or unstable. 

(b) Solve the initial value problem (i) and verify that the conclusions you reached in part (a) 
are correct. Show that y(t) — 1 ast — oo, which means that ultimately the disease spreads 
through the entire population. 

Some diseases (such as typhoid fever) are spread largely by carriers, individuals who can 
transmit the disease, but who exhibit no overt symptoms. Let x and y, respectively, denote 


°A standard source is the book by|Bailey listed in the references] The models in Problems 22 through 24 are 


discussed by Bailey in Chapters 5, 10, and 20, respectively. 
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the proportion of susceptibles and carriers in the population. Suppose that carriers are 
identified and removed from the population at a rate 6, so 


dy/dt = —By. (i) 
Suppose also that the disease spreads at a rate proportional to the product of x and y; thus 
dx/dt =axy. (ii) 


(a) Determine y at any time t by solving Eq. (i) subject to the initial condition y(0) = yo. 
(b) Use the result of part (a) to find x at any time ¢ by solving Eq. (ii) subject to the initial 
condition x(O) = xp. 

(c) Find the proportion of the population that escapes the epidemic by finding the limiting 
value of x as t > o. 

Daniel Bernoulli’s work in 1760 had the goal of appraising the effectiveness of a con- 
troversial inoculation program against smallpox, which at that time was a major threat to 
public health. His model applies equally well to any other disease that, once contracted and 
survived, confers a lifetime immunity. 

Consider the cohort of individuals born in a given year (t = 0), and let n(t) be the 
number of these individuals surviving ¢ years later. Let x(t) be the number of members of 
this cohort who have not had smallpox by year t, and who are therefore still susceptible. 
Let B be the rate at which susceptibles contract smallpox, and let v be the rate at which 
people who contract smallpox die from the disease. Finally, let jz(t) be the death rate from 
all causes other than smallpox. Then dx/dt, the rate at which the number of susceptibles 
declines, is given by 


dx/dt = —[B + w(t)]x; (i) 


the first term on the right side of Eq. (1) is the rate at which susceptibles contract smallpox, 
while the second term is the rate at which they die from all other causes. Also 


dn/dt = —vBx — wl(t)n, (ii) 


where dn/dt is the death rate of the entire cohort, and the two terms on the right side are 
the death rates due to smallpox and to all other causes, respectively. 
(a) Let z = x/n and show that z satisfies the initial value problem 


dz/dt = —Bz(1 — vz), z(0) = 1. 


Observe that the initial value problem (iii) does not depend on p(t). 
(b) Find z(t) by solving Eq. (iii). 

(c) Bernoulli estimated that v = B = Using these values, determine the proportion of 
20-year-olds who have not had smallpox. 

Note: Based on the model just described and using the best mortality data available at 
the time, Bernoulli calculated that if deaths due to smallpox could be eliminated (v = 0), 
then approximately 3 years could be added to the average life expectancy (in 1760) of 26 
years 7 months. He therefore supported the inoculation program. 


25. | Bifurcation Points} In many physical problems some observable quantity, such as a 


velocity, waveform, or chemical reaction, depends on a parameter describing the physical 
state. As this parameter is increased, a critical value is reached at which the velocity, or 
waveform, or reaction suddenly changes its character. For example, as the amount of one 
of the chemicals in a certain mixture is increased, spiral wave patterns of varying color 
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suddenly emerge in an originally quiescent fluid. In many such cases the mathematical 
analysis ultimately leads to an equatio 10\6f the form 


dx/dt =(R—R,)x — ax’, (i) 


Here a and R. are positive constants, and R is a parameter that may take on various values. 
For example, R may measure the amount of a certain chemical and x may measure a 
chemical reaction. 
(a) If R < R,, show that there is only one equilibrium solution x = 0 and that it is 
asymptotically stable. 
(b) If R>R., show that there are three equilibrium solutions, x =0 and x = 
+,/(R — R,.)/a, and that the first solution is unstable while the other two are asymp- 
totically stable. 
(c) Draw a graph in the Rx-plane showing all equilibrium solutions and label each one as 
asymptotically stable or unstable. 

The point R = R. is called For R < R, one observes the asymp- 
totically stable equilibrium solution x = 0. However, this solution loses its stability as R 
passes through the value R., and for R > R, the asymptotically stable (and hence the 


observable) solutions are x = J(R — R,)/aand x = —,/(R — R,.)/a. Because of the way 


Chemical Reactions. A second order chemical reaction involves the interaction (colli- 
sion) of one molecule of a substance P with one molecule of a substance Q to produce one 
molecule of a new substance X; this is denoted by P + Q — X. Suppose that p and q, 
where p + q, are the initial concentrations of P and Q, respectively, and let x(t) be the 
concentration of X at time t. Then p — x(t) and g — x(t) are the concentrations of P and Q 
at time f, and the rate at which the reaction occurs is given by the equation 


dx/dt = a(p— x)(q — x), (i) 


where aq is a positive constant. 

(a) If x(0) = 0, determine the limiting value of x(t) as t + oo without solving the 
differential equation. Then solve the initial value problem and find x(t) for any f. 

(b) Ifthe substances P and @Q are the same, then p = q and Eq. (i) is replaced by 


dx/dt = a(p — x)’. (ii) 


If x(O) = 0, determine the limiting value of x(t) as t > oo without solving the differential 
equation. Then solve the initial value problem and determine x(t) for any f. 


2.6 Exact Equations and Integrating Factors 


For first order equations there are a number of integration methods that are applicable 
to various classes of problems. The most important of these are linear equations and 
separable equations, which we have discussed previously. Here, we consider a class of 


'0Tn fluid mechanics Eq. (i) arises in the study of the transition from laminar to turbulent flow; there it is often 
called the Landau equation. L. D. Landau (1908-1968) was a Russian physicist who received the Nobel prize in 
1962 for his contributions to the understanding of condensed states, particularly liquid helium. He was also the 
coauthor, with E. M. Lifschitz, of a well-known series of physics textbooks. 
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EXAMPLE 


1 


equations known as exact equations for which there is also a well-defined method of 
solution. Keep in mind, however, that those first order equations that can be solved by 
elementary integration methods are rather special; most first order equations cannot be 
solved in this way. 


Solve the differential equation 
2x + y? +2xyy’ =0. (1) 


The equation is neither linear nor separable, so the methods suitable for those types 
of equations are not applicable here. However, observe that the function (x, y) = 
x? + xy” has the property that 


0 0 
Giga pee (2) 
ox dy 
Therefore the differential equation can be written as 
0 owd 
Ox dy dx 
Assuming that y is a function of x and calling upon the chain rule, we can write Eq. (3) 
in the equivalent form 


(3) 


dw d_ 4 > 
Tx re (x° + xy*) =0 (4) 
Therefore 

w(x, y) = x74 xy’ =c, (5) 


where c is an arbitrary constant, is an equation that defines solutions of Eq. (1) implicitly. 


In solving Eq. (1) the key step was the recognition that there is a function y that 
satisfies Eq. (2). More generally, let the differential equation 


M(x,y)+ N(x, y)y’ =0 (6) 


be given. Suppose that we can identify a function w such that 

0 0 

“ay=May, “ey =ney, (7) 

Ox dy 
and such that w(x, y) = c defines y = $(x) implicitly as a differentiable function of 
x. Then 

, oO ow d 
MG.) + NG, yy = 4+ YD = 
ax dy dx 


and the differential equation (6) becomes 


“ule, 600] 


d 
Pee p(x)] = 0. (8) 
Xx 
In this case Eq. (6) is said to be an|exact differential equation] Solutions of Eq. (6), or 


the equivalent Eq. (8), are given implicitly by 
Wa, y) =e, (9) 


where c is an arbitrary constant. 


2.6 Exact Equations and Integrating Factors 91 


Theorem 2.6.1 


In|Example 1]it was relatively easy to see that the differential equation was exact 


and, in fact, easy to find its solution, by recognizing the required function yy. For more 
complicated equations it may not be possible to do this so easily. A systematic way of 
determining whether a given differential equation is exact is provided by the following 
theorem. 


Let the functions M, N, M,, and N,., where subscripts denote partial derivatives, be 
continuous in the rectangulat region R:a <x < B,y < y <6. ThenlEq. (6), 


M(x, y)+N(x, y)y’ = 0, 
is an exact differential equation in R if and only if 
M,(%, y) = N,@, y) (10) 
at each point of R. That is, there exists a function y satisfying|Eqs. (7)] 
v,@,y) =M(, y), y,(, y) = N(x, y), 
if and only if M and N satisfy Eq. (10). 


The proof of this theorem has two parts. First, we show that if there is a function w 
such that|Eqs. (7)jare true, then it follows that Eq. (10) is satisfied. Computing M, and 


N, from [Eqs. (7), we obtain 
M,@, y) =W,,@,y), N,.(&, y) = Wy, y). (11) 


Since M . and N, are continuous, it follows that i, and w,,. are also continuous. This 
guarantees their equality, and Eq. (10) follows. 


We now show that if M and WN satisfy Eq. (10), then|Eq. (6)]is exact. The proof 
involves the construction of a function w satisfying|Eqs. (7 
v.@.y)=M,y), vO,y)=N@y). 
Integrating the first of Eqs. (7) with respect to x, holding y constant, we find that 
wor y) = f Mor ydx + h(y). (12) 
The function / is an arbitrary function of y, playing the role of the arbitrary constant. 


Now we must show that it is always possible to choose h(y) so that y, = N. From 
Eq. (12) 


a 
Wi, y) = = f Mos yas +H) 


= [ Mo.» dx +h'(y). 


"lt is not essential that the region be rectangular, only that it be simply connected. In two dimensions this means 
that the region has no holes in its interior. Thus, for example, rectangular or circular regions are simply connected, 
but an annular region is not. More details can be found in most books on advanced calculus. 
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Setting yy, = N and solving for h'(y), we obtain 


hn) = New») — f MG y)de. (13) 


To determine h(y) from Eq. (13), it is essential that, despite its appearance, the right 
side of Eq. (13) be a function of y only. To establish this fact, we can differentiate the 
quantity in question with respect to x, obtaining 


N, (ty) — M(x, y), 


which is zero on account of] Eq. (10)| Hence, despite its apparent form, the right side 


of Eq. (13) does not, in fact, depend on x, and a single integration then gives h(y). 
Substituting for h(y) in|Eq. (12)} we obtain as the solution of Eqs. (7) 


von y= f monnax+ [ |vo.»- f myo »ax] ay. (14) 


It should be noted that this proof contains a method for the computation of w(x, y) 
and thus for solving the original differential equation (6). It is usually better to go 
through this process each time it is needed rather than to try to remember the result 
given in Eq. (14). Note also that the solution is obtained in implicit form; it may or 
may not be feasible to find the solution explicitly. 


Solve the differential equation 


(y cosx + 2xe”) + (sinx +x7e” — ly’ =0. (15) 
It is easy to see that 
M,(x, y) = cosx + 2xe” = N, (x,y), 
so the given equation is exact. Thus there is a w(x, y) such that 
w(x, y) = ycosx + 2xe’, 
vy @, y) = sinx dogg 1, 
Integrating the first of these equations, we obtain 
w(x, y) = ysinx + x7e? +h(y). (16) 
Setting y,, = N gives 
Wy (x, y) = sinx + xe? +h'(y) = sinx +x7e” — 1. 


Thus h'(y) = —1 and h(y) = —y. The constant of integration can be omitted since 
any solution of the preceding differential equation is satisfactory; we do not require the 
most general one. Substituting for h(y) in Eq. (16) gives 


w(x, y) = ysinx +x7e —y. 
Hence solutions of Eq. (15) are given implicitly by 


ysinx +x7e? —y=c. (17) 
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Solve the differential equation 
(GBxy + y*) + (x? +xy)y’ =0. (18) 
Here, 
M,(x, y) = 3x + 2y, N,(, y) = 2x + y; 


since M, # N,, the given equation is not exact. To see that it cannot be solved by the 
procedure described previously, let us seek a function w such that 


WO, y)=3xyty?, Wy, y) =x? +2y. (19) 
Integrating the first of Eqs. (19) gives 
Wx.y) = pry tay? +hQ), (20) 


where / is an arbitrary function of y only. To try to satisfy the second of Eqs. (19) we 
compute y,, from Eq. (20) and set it equal to N, obtaining 


3x? +2xy +h'(y) =x* 4+ xy 
or 
h'(y) = —3x° — xy. (21) 


Since the right side of Eq. (21) depends on x as well as y, it is impossible to solve 
Eq. (21) for h(y). Thus there is no w(x, y) satisfying both of Eqs. (19). 


Integrating Factors, It is sometimes possible to convert a differential equation that is 
not exact into an exact equation by multiplying the equation by a suitable integrating 
factor. Recall that this is the procedure that we used in solving linear equations in 


To investigate the possibility of implementing this idea more generally, let 
us multiply the equation 


M(x, y)dx + N(x, y) dy =0 (22) 
by a function y and then try to choose ju so that the resulting equation 
U(x, y)M (x, y)dx + u(x, y)NQ@, y) dy =0 (23) 
is exact. By[Theorem 2.6.1] Eq. (23) is exact if and only if 
(UM), = (UN),. (24) 


Since M and N are given functions, Eq. (24) states that the integrating factor jz must 
satisfy the first order partial differential equation 


Mu, —Npu,+ (M, —N,)u=0. (25) 


If a function jz satisfying Eq. (25) can be found, then Eq. (23) will be exact. The 
solution of Eq. (23) can then be obtained by the method described inthe first part of | 
this section. The solution found in this way also satisfies Eq. (22), since the integrating 
factor 4 can be canceled out of Eq. (23). 

A partial differential equation of the form (25) may have more than one solution; if 


this is the case, any such solution may be used as an integrating factor of Eq. (22). This 
possible nonuniqueness of the integrating factor is illustrated in|Example 4 
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Unfortunately,| Eq. (25)) which determines the integrating factor jz, is ordinarily at 


least as difficult to solve as the original jequation (22). Therefore, while in principle 
integrating factors are powerful tools for solving differential equations, in practice they 


can be found only in special cases. The most important situations in which simple 
integrating factors can be found occur when yu is a function of only one of the variables 
x or y, instead of both. Let us determine necessary conditions on M and N so that 


Eq. (22)}has an integrating factor 4 that depends on x only. Assuming that ju is a 
function of x only, we have 


du 
(uM), = uM,, (UN), = UN, +N. 
Thus, if (4M), is to equal (wN),, it is necessary that 
du M,—N, 
ax N 
If (M, — N,)/N is a function of x only, then there is an integrating factor ju that also 
depends only on x; further, 1.(x) can be found by solving Eq. (26), which is both linear 


and separable. 
A similar procedure can be used to determine a condition under which] Eq. (22)\has 


an integrating factor depending only on y; see|Problem 23 


LL. (26) 


Find an integrating factor for the equation 
(xy + y*) + Xe? +xy)y’ =0 (18) 


and then solve the equation. 

I we showed that this equation is not exact. Let us determine whether 
it has an integrating factor that depends on x only. On computing the quantity (MW, — 
N,.)/N, we find that 


M,(x,y)—~N,@,y)  3x+2y—Qxt+y)_ 1 (27) 
N(x, y) 7 x? +xy 2 


Thus there is an integrating factor jw that is a function of x only, and it satisfies the 
differential equation 


d 
aa (28) 
Hence 
M(x) =x. (29) 
Multiplying Eq. (18) by this integrating factor, we obtain 
(3x7y + xy?) +? +x7y)y’ = 0. (30) 


The latter equation is exact and it is easy to show that its solutions are given implicitly 
by 


x3y + tx? y? =c. (31) 


Solutions may also be readily found in explicit form since Eq. (31) is quadratic in y. 
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You may also verify that a second integrating factor of|Eq. (18) is 
1 


xy(2x + y)’ 


and that the same solution is obtained, though with much greater difficulty, if this 


integrating factor is used (see Problem 32). 


U(x, y= 


Determine whether or not each of the equations in Problems 1 through 12 is exact. If it is exact, 
find the solution. 


(2x + 3) + 2y —2)y’=0 2. (2x + 4y) + (2x —2y)y’ =0 

(3x? — 2xy +2) dx + (6y* — x7 +3) dy =0 

(2xy? + 2y) + (2x*y + 2x)y’ =0 

dy ax + by 6 dy ax — by 

dx bx +cy “dx bx —cy 

(e* sin y — 2ysinx) dx + (e* cosy + 2cosx) dy =0 

(e* siny + 3y) dx — (3x —e*siny) dy =0 

(ye cos 2x — 2e*” sin 2x + 2x) dx + (xe*” cos 2x — 3) dy = 0 

(y/x + 6x) dx + (nx — 2) dy =0, x>0 

(xIny+xy)dx + (yInx + xy) dy = 0; x>0, y>O0 

x dx ydy 

+ yy? + yy? = 
In each of Problems 13 and 14 solve the given initial value problem and determine at least 
approximately where the solution is valid. 


13. QQx—y)dx+Qy—x)dy=0, yd) =3 
14. (9x2 + y— 1) dx — (4y —x) dy =0, y(1) =0 


In each of Problems 15 and 16 find the value of b for which the given equation is exact and then 
solve it using that value of b. 


15. (xy? + bx?y) dx + (x + y)x? dy =0 16. (ye +x) dx + bxe*” dy =0 
17. Consider the exact differential equation 


M(x, y)dx+ N(x, y)dy = 0. 


Find an implicit formula (x, y) =c for the solution analogous to Eq. (14) by first 
integrating the equation y, = N, rather than y, = M, as in the text. 
8. ow that any separable equation, 


M(x)+ N(y)y' =0, 


is also exact. 


Show that the equations in Problems 19 through 22 are not exact, but become exact when 
multiplied by the given integrating factor. Then solve the equations. 


19. xy 4+xU+y)y'=0, 9 wy) =1/xy° 


sin y a, cos y + 2e* cos x : 
20. {| —~ —2e™* sinx } dx + dy =0, u(x, y) = ye 
y yy 


21. y dx + (2x — ye”) dy =0, MX, y)=y 
22. (x+2)siny dx+xcosy dy =0, L(x, y) = xe* 
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23. Show that if (V, — M,)/M = Q, where Q is a function of y only, then the differential 
equation , 


M+Ny'=0 


has an integrating factor of the form 


u(y) = exp | Q(y) dy. 


Show that if (V,, — M,)/(xM — yN) = R, where R depends on the quantity xy only, then 
the differential equation 


M+Ny'=0 


has an integrating factor of the form j(xy). Find a general formula for this integrating 
factor. 


In each of Problems 25 through 31 find an integrating factor and solve the given equation. 
25. (3x°y + 2xy + y*) dx + (x7 + y’) dy =0 

26. y=e*+y-1 

27. dx+(x/y —siny) dy =0 

28. ydx+(2xy —e~?’) dy =0 

29. e* dx +(e coty + 2ycsc y) dy =0 

30. [4(x*/y?) + B/y)] dx + Bx/y?) + 4y] dy =0 


6 . d 
31. (30+ )+( +31) 7 =0 
y y x} dx 
Hint: See Problem 24. 
32. Solve the differential equation 


(Bxy + y?) + (x? +.xy)y’ =0 


using the integrating factor (x, y) = [xy(2x + y)]~!. Verify that the solution is the same 
as that obtained in Example 4 with a different integrating factor. 


2.7 Numerical Approximations: Euler’s Method 


Recall two important facts about the first order initial value problem 


d 
= =ftt.y), yt) =o. (1) 


First, if f and 0f/dy are continuous, then the initial value problem (1) has a unique 
solution y = $(¢) in some interval surrounding the initial point ¢ = 4). Second, it is 
usually not possible to find the solution @ by symbolic manipulations of the differential 
equation. Up to now we have considered the main exceptions to this statement, namely, 
differential equations that are linear, separable, or exact, or that can be transformed 
into one of these types. Nevertheless, it remains true that solutions of the vast majority 
of first order initial value problems cannot be found by analytical means such as those 
considered in the first part of this chapter. 
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Therefore it is important to be able to approach the problem in other ways. As we have 
already seen, one of these ways is to draw a direction field for the differential equation 
(which does not involve solving the equation) and then to visualize the behavior of 
solutions from the direction field. This has the advantage of being a relatively simple 
process, even for complicated differential equations. However, it does not lend itself to 
quantitative computations or comparisons, and this is often a critical shortcoming. 

Another alternative is to compute approximate values of the solution y = (ft) of 
the initial value problem (1) at a selected set of t-values. Ideally, the approximate 
solution values will be accompanied by error bounds that assure the level of accuracy 
of the approximations. Today there are numerous methods that produce numerical 
approximations to solutions of differential equations, and [Chapter 8]is devoted to a 
fuller discussion of some of them. Here, we introduce the oldest and simplest such 


method, originated by Euler about 1768. It is called the|tangent line method jor the 
Euler method, 


Let us consider how we might approximate the solution y = @(t) of near 
t = f). We know that the solution passes through the initial point (¢), yy) and, from the 
differential equation, we also know that its slope at this point is f(t), yo). Thus we can 
write down an equation for the line tangent to the solution curve at (t), yp), namely, 


J Yo + f(t, Yo) Ct _ ty). (2) 


The tangent line is a good approximation to the actual solution curve on an interval 
short enough so that the slope of the solution does not change appreciably from its 
value at the initial point; see Figure 2.7.1. Thus, if t, is close enough to f), we can 
approximate $(t,) by the value y, determined by substituting ¢ = ¢, into the tangent 
line approximation at f = fp; thus 


Y= Yo t Flos Yt — to). (3) 


To proceed further, we can try to repeat the process. Unfortunately, we do not know 
the value #(t,) of the solution at t,. The best we can do is to use the approximate value 
y, instead. Thus we construct the line through (¢,, y,) with the slope f(t,, y,), 


yi Vi +f Gay = 4h). (4) 
To approximate the value of @() at a nearby point t,, we use Eq. (4) instead, obtaining 
Yo= Vy + fy) —t,). (5) 
y 
Tangent line 
Wie Yo +f (to, Yo) (t bal t) 
i ene Solution 
2 uae y=o(t) 
Mo |L== 


ft 
oO 

or 
rm 

ry 


FIGURE 2.7.1 A tangent line approximation. 
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Continuing in this manner, we use the value of y calculated at each step to determine 
the slope of the approximation for the next step. The general expression for y, ,, in 
terms of ¢,, t and y,, is 


n? n+l? 
Vii =9, + i Gat Gat —t,), n=0,1,2,.... (6) 
If we introduce the notation f, = f(¢,, y,), then we can rewrite Eq. (6) as 
Fg et ae a n=0,1,2,.... (7) 


Finally, if we assume that there is a uniform step size h between the points fp, t,, t,.--, 
then t t, +h for each n and we obtain Euler’s formula in the form 


Voi HN Es n=0,1,2,.... (8) 


To use Euler’s method you simply evaluate Eq. (7) or Eq. (8) repeatedly, depending 
on whether or not the step size is constant, using the result of each step to execute the 
next step. In this way you generate a sequence of values y,, y,, 3, ... that approximate 
the values of the solution @(¢) at the points ¢,, 7,,1;,.... If, instead of a sequence of 
points, you need an actual function to approximate the solution ¢(t), then you can use 
the piecewise linear function constructed from the collection of tangent line segments. 


That is, let y be given by|Eq. (2) in [fo, t,], by|/Eq. (4)}in [¢,, 4], and, in general, by 


y=y,+ fy, —t,) (9) 


n+1 = 


itt |t 3 tial: 


Consider the initial value problem 


—=3+e'-sy, yO=1. (10) 


Use Euler’s method with step size h = 0.1 to find approximate values of the solution 
of Eqs. (10) at t = 0.1, 0.2, 0.3, and 0.4. Compare them with the corresponding values 
of the actual solution of the initial value problem. 

Proceeding as in[Section 2. 1| we find the solution of Eqs. (10) to be 


y = o(t) =6 —2e! —3e”, (11) 


To use Euler’s method we note that in this case f(t, y) =3 +e — y/2. Using the 
initial values ¢, = 0 and y, = 1, we find that 


Fa fQi Hf OH 3 fe 05 S341 0s S35 
and then, from Eq. (8) withn = 0, 
Vi =o + fot = 1+ G.5)O.1) = 1.35. 
At the next step we have 
f, = £1, 1.35) =3 +e7°! — (0.5)(1.35) = 3 + 0.904837 — 0.675 = 3.229837 
and then 


Vy =, + fh = 1.35 + (3.229837)(0.1) & 1.672984. 
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Repeating the computation two more times, we obtain 

fy = 2.982239, y3 = 1.971208 
and 

fq = 2.790214, V4 = 2.246729. 


Table 2.7.1 shows these computed values, the corresponding values of the solution (11) 
and the differences between the two, which is the error in the numerical approximation. 


TABLE 2.7.1 A Comparison of Exact Solution 
with Euler Method for h = 0.1 for 
y=3+e'-ty, yO=1 


Euler 
t Exact with h = 0.1 Error 
0.0 1.0000 1.0000 0.0000 
0.1 1.3366 1.3500 0.0134 
0.2 1.6480 1.6730 0.0250 
0.3 1.9362 1.9712 0.0350 
0.4 2.2032 2.2467 0.0435 


The purpose of Example | is to show you the details of implementing a few steps of 
Euler’s method so that it will be clear exactly what computations are being executed. 
Of course, computations such as those in Example 1| are usually done on a computer. 
Some software packages include code for the Euler method, while others do not. In 
any case, it is easy to write a computer program to carry out the calculations required 
to produce results such as those in Table 2.7.1. The outline of such a program is 
given below; the specific instructions can be written in any high-level programming 
language. 


The Euler Method 


Step 1. define f(t, y) 

Step 2. input initial values t0 and yO 

Step 3. input step size h and number of steps n 
Step 4. output 10 and yO 

Step 5. for j from 1 ton do 


Step 6. kl = f(t, y) 
y=ythxkl 
t=t+h 

Step 7. output ¢ and y 

Step 8. end 


The output of this algorithm can be numbers listed on the screen or printed on a 
printer, as in the third column of Table 2.7.1. Alternatively, the calculated results can 
be displayed in graphical form. 
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EXAMPLE 


2 


Consider again the initial value problem (10), 


dy _ 
Gone ae y(0) = 1. 


Use Euler’s method with various step sizes to calculate approximate values of the 
solution for 0 < t < 5. Compare the calculated results with the corresponding values 
of the exact solution) (11) 


y = b(t) =6—2e7' —3e"”. 


We used step sizes h = 0.1, 0.05, 0.025, and 0.01, corresponding respectively to 50, 
100, 200, and 500 steps to go from t = 0 to t = 5. The results of these calculations, 
along with the values of the exact solution, are presented in Table 2.7.2. All computed 
entries are rounded to four decimal places, although more digits were retained in the 
intermediate calculations. 


TABLE 2.7.2. A Comparison of Exact Solution with Euler Method for 
Several Step Sizes h for y’ =3+e"-— Sy, y@O)=1 


t Exact h=0.1 h =0.05 h = 0.025 h=0.01 
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0 3.4446 3.5175 3.4805 3.4624 3.4517 
2.0 4.6257 4.7017 4.6632 4.6443 4.6331 
3.0 5.2310 5.2918 5.2612 5.2460 5.2370 
4.0 5.5574 5.6014 5.5793 5.5683 5.5617 
5.0 5.7403 5.7707 5.7555 5.7479 5.7433 


What conclusions can we draw from the data in Table 2.7.2? In the first place, for 
a fixed value of tf the computed approximate values become more accurate as the 
step size h decreases. This is what we would expect, of course, but it is encouraging 
that the data confirm our expectations. For example, for t = | the approximate value 
with h = 0.1 is too large by about 2%, while the value with h = 0.01 is too large by 
only 0.2%. In this case, reducing the step size by a factor of 10 (and performing 10 
times as many computations) also reduces the error by a factor of about 10. A second 
observation from Table 2.7.2 is that, for a fixed step size h, the approximations become 
more accurate as ¢ increases. For instance, for h = 0.1 the error for t = 5 is only about 
0.5% compared with 2% for t = 1. An examination of data at intermediate points not 
recorded in Table 2.7.2 would reveal where the maximum error occurs for a given step 
size and how large it is. 

All in all, Euler’s method seems to work rather well for this problem. Reason- 
ably good results are obtained even for a moderately large step size h = 0.1 and the 
approximation can be improved by decreasing h. 


Let us now look at another example. 
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EXAMPLE 


3 


Consider the initial value problem 


dy 
a, 4-8 t2y, y(0) = 1. (12) 


The general solution of this differential equation was found in|Example 3}of Section 
2.1, and the solution of the initial value problem (12) is 


ee ae (13) 


Use Euler’s method with several step sizes to find approximate values of the solution 
on the interval 0 < t < 5. Compare the results with the corresponding values of the 
solution (13). 


Using the same range of step sizes as in| Example 2,) we obtain the results presented 
in Table 2.7.3. 


TABLE 2.7.3 A Comparison of Exact Solution with Euler Method for Several Step Sizes h for 
y=4-t+2y, yO=1 


t Exact h=0.1 h = 0.05 h = 0.025 h=0.01 
0.0 1.000000 1.000000 1.000000 1.000000 1.000000 
1.0 19.06990 15.77728 17.25062 18.10997 18.67278 
2.0 149.3949 104.6784 123.7130 135.5440 143.5835 
3.0 1109.179 652.5349 837.0745 959.2580 1045.395 
4.0 8197.884 4042.122 5633.351 6755.175 7575.577 
5.0 60573.53 25026.95 37897.43 47555.35 54881.32 


The data in Table 2.7.3 again confirm our expectation that for a given value of f, 
accuracy improves as the step size h is reduced. For example, for t = 1 the percentage 
error diminishes from 17.3% when h = 0.1 to 2.1% when h = 0.01. However, the 
error increases fairly rapidly as ¢ increases for a fixed h. Even for h = 0.01, the error at 
t = 5 is 9.4%, and it is much greater for larger step sizes. Of course, the accuracy that 
is needed depends on the purpose for which the results are intended, but the errors in 
Table 2.7.3 are too large for most scientific or engineering applications. To improve the 
situation, one might either try even smaller step sizes or else restrict the computations 
to arather short interval away from the initial point. Nevertheless, it is clear that Euler’s 


method is much less effective in this example than in[Example 2] 


To understand better what is happening in these examples, let us look again at Euler’s 

method for the general initial value problem (1) 

dy 

7 ft, y), V(t) = Yo; 
whose solution we denote by ¢(t). Recall that a first order differential equation has 
an infinite family of solutions, indexed by an arbitrary constant c, and that the initial 
condition picks out one member of this infinite family by determining the value of c. 
Thus @(t) is the member of the infinite family of solutions that satisfies the initial 
condition $(f)) = Yo: 
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At the first step Euler’s method uses the tangent line approximation to the graph 
of y = @(t) passing through the initial point (¢,, y,) and this produces the approxi- 
mate value y, at t,. Usually y, 4 @(¢,), so at the second step Euler’s method uses 
the tangent line approximation not to y = (f), but to a nearby solution y = @,(t) 
that passes through the point (¢,, y,). So it is at each following step. Euler’s method 
uses a succession of tangent line approximations to a sequence of different solutions 
o(t), >, (), @,(t),... of the differential equation. At each step the tangent line is 
constructed to the solution passing through the point determined by the result of the 
preceding step, as shown in Figure 2.7.2. The quality of the approximation after many 
steps depends strongly on the behavior of the set of solutions that pass through the 


points (¢,, y,) form = 1,2,3,.... 
In|Example 2|the general solution of the differential equation is 
y =6—-2e% 4+ cet? (14) 


and the solution of the initial value problem (10) corresponds to c = —3. This family 
of solutions is a converging family since the term involving the arbitrary constant 
c approaches zero as t — oo. It does not matter very much which solutions we are 
approximating by tangent lines in the implementation of Euler’s method, since all the 
solutions are getting closer and closer to each other as ¢ increases. 

On the other hand, in[Example 3|the general solution of the differential equation is 


y=—f4ht+ce”, (15) 


and this is a diverging family. Note that solutions corresponding to two nearby values 
of c separate arbitrarily far as t increases. In BOSS ig are trying to follow the 
solution for c = 11/4, but in the use of Euler’s method we are actually at each step 
following another solution that separates from the desired one faster and faster as t¢ 
increases. This explains why the errors in Example 3 are so much larger than those in 


Nn using a numerical procedure such as the Euler method, one must always keep 
in mind the question of whether the results are accurate enough to be useful. In 
the preceding examples, the accuracy of the numerical results could be ascertained 
directly by a comparison with the solution obtained analytically. Of course, usually 
the analytical solution is not available if a numerical procedure is to be employed, so 


FIGURE 2.7.2. The Euler method. 
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PROBLEMS 


vVvv 


vvvyv 


what is needed are bounds for, or at least estimates of, the error that do not require 
a knowledge of the exact solution. inches Sy present some information on the 
analysis of errors and also discuss several algorithms that are computationally more 
efficient than the Euler method. However, the best that we can expect, or hope for, from 
a numerical approximation is that it reflect the behavior of the actual solution. Thus a 
member of a diverging family of solutions will always be harder to approximate than 
a member of a converging family. Finally, remember that drawing a direction field is 
often a helpful first step in understanding the behavior of differential equations and 
their solutions. 


Many of the problems in this section call for fairly extensive numerical computations. The 
amount of computing that it is reasonable for you to do depends strongly on the type of 
computing equipment that you have. A few steps of the requested calculations can be carried 
out on almost any pocket calculator, or even by hand if necessary. To do more, you will find at 
least a programmable calculator desirable, while for some problems a computer may be needed. 

Remember also that numerical results may vary somewhat depending on how your program 
is constructed, and how your computer executes arithmetic steps, rounds off, and so forth. Minor 
variations in the last decimal place may be due to such causes and do not necessarily indicate 
that something is amiss. Answers in the back of the book are recorded to six digits in most cases, 
although more digits were retained in the intermediate calculations. 


In each of Problems 1 through 4: 


(a) Find approximate values of the solution of the given initial value problem at t = 0.1, 
0.2, 0.3, and 0.4 using the Euler method with h = 0.1. 
(b) Repeat part (a) with h = 0.05. Compare the results with those found in (a). 
(c) Repeat part (a) with h = 0.025. Compare the results with those found in (a) and (b). 
(d) Find the solution y = (ft) of the given problem and evaluate @(t) at t = 0.1, 0.2, 0.3, 
and 0.4. Compare these values with the results of (a), (b), and (c). 

1. y=3+4+t-Yy, y(0)=1 > 2. y=2y-1, y(0) =1 

3. y =0.5—t+2y, y(0)=1 > 4. y' =3cost—2y, y(0) =0 


In each of Problems 5 through 10 draw a direction field for the given differential equation and 
state whether you think that the solutions are converging or diverging. 


5. y =5-3/y > 6 y=yGB-ty) 
7. y =(4—-ty)/U+y’) > 8 y=-ty+0.1y? 
9. W=P+y? Pm 10. y =(y?+21y)/B+0) 


In each of Problems 11 through 14 use Euler’s method to find approximate values of the solution 
of the given initial value problem at tf = 0.5, 1, 1.5, 2, 2.5, and 3: 

(a) With h = 0.1. 

(b) With # = 0.05. 

(c) With h = 0.025. 

(d) With = 0.01. 

y=5-3/y, yO)=2 P 12. y=yG-ty), y(0)=05 

y=(4-ty)/d+y’),  yO=-2 

y’ =-ty + 0.1y?, y(0) =1 


. Consider the initial value problem 


y’ = 31?/@y? — 4), 
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(a) Use the Euler formula (6) with h = 0.1 to obtain approximate values of the solution 
att = 1.2, 1.4, 1.6, and 1.8. 

(b) Repeat part (a) with h = 0.05. 

(c) Compare the results of parts (a) and (b). Note that they are reasonably close for t = 1.2, 
1.4, and 1.6, but are quite different for t = 1.8. Also note (from the differential equation) 
that the line tangent to the solution is parallel to the y-axis when y = +2/ V3 = +1.155. 
Explain how this might cause such a difference in the calculated values. 

Consider the initial value problem 


y=rr+y’, y(0) = 1. 


Use Euler’s method with h = 0.1, 0.05, 0.025, and 0.01 to explore the solution of this 
problem for 0 < ¢ < 1. What is your best estimate of the value of the solution at t = 0.8? 
At tf = 1? Are your results consistent with the direction field in Problem 9? 

Consider the initial value problem 


y = (7 + 2ty)/B4+27), y(1) =2. 


Use Euler’s method with h = 0.1, 0.05, 0.025, and 0.01 to explore the solution of this 
problem for 1 < t < 3. What is your best estimate of the value of the solution at t = 2.5? 
At t = 3? Are your results consistent with the direction field in Problem 10? 

Consider the initial value problem 


y =-ty +0.1y?, y(0) =a, 

where a is a given number. 

(a) Draw a direction field for the differential equation (or reexamine the one from Prob- 
lem 8). Observe that there is a critical value of @ in the interval 2 < a < 3 that separates 
converging solutions from diverging ones. Call this critical value ap. 

(b) Use Euler’s method with h = 0.01 to estimate a). Do this by restricting a, to an 
interval [a, b], where b — a = 0.01. 

Consider the initial value problem 


y=y-Pr,  y0)=a, 


where a is a given number. 

(a) Draw a direction field for the differential equation. Observe that there is a critical value 
of @ in the interval 0 < a < | that separates converging solutions from diverging ones. 
Call this critical value a. 

(b) Use Euler’s method with h = 0.01 to estimate a. Do this by restricting a, to an 
interval [a, b], where b — a = 0.01. 

Convergence of It can be shown that, under suitable conditions on f, 
the numerical approximation generated by the Euler method for the initial value problem 
y' = f(t, y), y(ty) = Yo converges to the exact solution as the step size h decreases. This 
is illustrated by the following example. Consider the initial value problem 


y=l—-tt+y, — yh) =r. 


(a) Show that the exact solution is y = $(t) = (yy — te" 0 +1. 
(b) Using the Euler formula, show that 


y, =A +A)y,) +h—-ht,_,, k= 1,252005 
(c) Noting that y, = (1 + 4)(), — 4) + ¢,, show by induction that 
Y, =A +h)" — to) +8, (i) 


for each positive integer n. 


2.8 The Existence and Uniqueness Theorem 105 


(d) Consider a fixed point tf > f, and for a given n choose h = (t — f))/n. Then t, =¢ 
for every n. Note also that h — 0 as n — oo. By substituting for h in Eq. (i) and letting 
n — ov, show that y, > @(t) asn — ov. 


Hint: lim (1 +a/n)" = e*. 
noo 


In each of Problems 21 through 23 use the technique discussed in Problem 20 to show that the 
approximation obtained by the Euler method converges to the exact solution at any fixed point 
ash — 0. 


21. w=y, y(0) =1 
22. y' =2y-1, yO)=1 = _Hint: y, = (1+ 2h)/24 1/2 
23, y= 5 —-t+2y, y(0) =1 Hint: y, = (1+ 2h) +1,/2 


2.8 The Existence and Uniqueness Theorem 


In this section we discuss the proof of|Theorem 2.4.2] the fundamental existence and 
uniqueness theorem for first order initial value problems. This theorem states that under 
certain conditions on f(t, y), the initial value problem 


Y=7C, Vy = (1) 


has a unique solution in some interval containing the point fp. 

In some cases (for example, if the differential equation is linear) the existence of 
a solution of the initial value problem (1) can be established directly by actually 
solving the problem and exhibiting a formula for the solution. However, in general, 
this approach is not feasible because there is no method of solving the differential 
equation that applies in all cases. Therefore, for the general case it is necessary to 
adopt an indirect approach that demonstrates the existence of a solution of Eqs. (1), but 
usually does not provide a practical means of finding it. The heart of this method is the 
construction of a sequence of functions that converges to a limit function satisfying the 
initial value problem, although the members of the sequence individually do not. As a 
tule, it is impossible to compute explicitly more than a few members of the sequence; 
therefore, the limit function can be determined only in rare cases. Nevertheless, under 
the restrictions on f(t, y) stated in it is possible to show that the 
sequence in question converges and that the limit function has the desired properties. 
The argument is fairly intricate and depends, in part, on techniques and results that are 
usually encountered for the first time in a course on advanced calculus. Consequently, 
we do not go into all of the details of the proof here; we do, however, indicate its main 
features and point out some of the difficulties involved. 

First of all, we note that it is sufficient to consider the problem in which the initial 
point (7), yo) is the origin; that is, the problem 


y= f(y), y(O) = 0. (2) 


If some other initial point is given, then we can always make a preliminary change of 
variables, corresponding to a translation of the coordinate axes, that will take the given 
point (¢,, yo) into the origin. The existence and uniqueness theorem can now be stated 
in the following way. 
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Theorem 2.8.1 


If f and df/dy are continuous in a rectangle R: |t| < a, |y| < b, then there is some 
interval |t| < h <a in which there exists a unique solution y = ¢(f) of the initial 


value [problem (2) 


To prove this theorem it is necessary to transform the initial valud problem (2) |nto a 
more convenient form. If we suppose temporarily that there is a function y = ¢(ft) that 
satisfies the initial value problem, then f[t, @(t)] is a continuous function of ¢ only. 
Hence we can integrate y’ = f(t, y) from the initial point t = 0 to an arbitrary value 
of t, obtaining 


on = | fis, o(s)] ds, (3) 
0 


where we have made use of the initial condition ¢(0) = 0. We also denote the dummy 
variable of integration by s. 

Since Eq. (3) contains an integral of the unknown function ¢, it is called an integral 
equation. This integral equation is not a formula for the solution of the initial value 
problem, but it does provide another relation satisfied by any solution of Eqs. (2). 
Conversely, suppose that there is a continuous function y = ¢(f) that satisfies the 
integral equation (3); then this function also satisfies the initial value problem (2). To 
show this, we first substitute zero for ¢ in Eq. (3), which shows that the initial condition 
is satisfied. Further, since the integrand in Eq. (3) is continuous, it follows from the 
fundamental theorem of calculus that ¢’(t) = f[t, @(t)]. Therefore the initial value 
problem and the integral equation are equivalent in the sense that any solution of one is 
also a solution of the other. It is more convenient to show that there is a unique solution 
of the integral equation in a certain interval |t| < h. The same conclusion will then 
hold also for the initial value problem. 

One method of showing that the integral equation (3) has a unique solution is known 
as the or Picard’!2literation method. In 
using this method, we start by choosing an initial function @o, either arbitrarily or 
to approximate in some way the solution of the initial value problem. The simplest 
choice is 


Py(t) = 0; (4) 


then ¢, at least satisfies the initial condition in Eqs. (2), although presumably not the 
differential equation. The next approximation ¢, is obtained by substituting ¢)(s) for 
o(s) in the right side of Eq. (3), and calling the result of this operation ¢, (t). Thus 


$,(t) = / flesda(sdids. (5) 
¢ 


2Charles-Emile Picard (1856-1914), except for Henri Poincaré, perhaps the most distinguished French math- 
ematician of his generation, was appointed professor at the Sorbonne before the age of 30. He is known for 
important theorems in complex variables and algebraic geometry as well as differential equations. A special 
case of the method of successive approximations was first published by Liouville in 1838. However, the method 
is usually credited to Picard, who established it in a general and widely applicable form in a series of papers 
beginning in 1890. 
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EXAMPLE 


1 


Similarly, @, is obtained from ¢,: 


it 
$3 (0) =f FIs, $,(s)] ds, (6) 
0 
and, in general, 
t 
Py) = ; fils, ¢,(s)] ds. (7) 
0 
In this manner we generate the sequence of functions {¢, } = $), ¢,,.-.,@,,---+ Each 


member of the sequence satisfies the initial condition, but in general none satisfies the 
differential equation. However, if at some stage, say forn = k, we find that ¢, 410 = 
¢,(t), then it follows that ¢, is a solution of the integral equation (3). Hence ¢, is also a 
solution of the initial value problem|(2)] and the sequence is terminated at this point. In 
general, this does not occur, and it is necessary to consider the entire infinite sequence. 


To establish {Theorem 2.8.1|four principal questions must be answered: 


1. Do all members of the sequence {¢, } exist, or may the process break down at some 
stage? 
2. Does the sequence converge? 


3. What are the properties of the limit function? In particular, does it satisfy the 
integral equation|(3)} and hence the initial value problem (2)? 


4. Is this the only solution, or may there be others? 


We first show how these questions can be answered in a specific and relatively simple 
example, and then comment on some of the difficulties that may be encountered in the 
general case. 


Solve the initial value problem 
y =2t(1+y), y(0) = 0. (8) 


by the method of successive approximations. 
Note first that if y = @(¢), then the corresponding integral equation is 


t 
p(t) = 2s[1 + @(s)] ds. (9) 
0 
If the initial approximation is ¢)(¢) = 0, it follows that 
t t 
g(t) = / 2s[1 + b)(s)] ds = | 2s ds =1?. (10) 
0 0 
Similarly, 
t t t* 
g(t) = / 2s[1 + $,(s)] ds = i Qs[1+s2]ds=t? + 5 (11) 
0 0 
and 


4 1° 


t t st t 
on = | 2sI1 + d(6)1 ds = f 2s frees d] ee a ee (12) 
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Equations} (10)J\(11),}and|(12)|suggest that 
4 6 
— 724 d ! : ! ! 13) 
POaP Fatt ty ( 
for each n > 1, and this result can be established by mathematical induction. Equa- 


tion (13) is certainly true for n = 1; see|Eq. (10)| We must show that if it is true for 
n =k, then it also holds for n = k + 1. We have 


P40) = / 2s[1 + %,(s)] ds 
0 


t 4 2k 
= fas(iet+ oat) as 
0 2! k! 


2k+2 


t 
a Gee 
and the inductive proof is complete. 

A plot of the first four iterates, ¢,(t),...,,(¢) is shown in Figure 2.8.1. As k 


increases, the iterates seem to remain close over a gradually increasing interval, sug- 
gesting eventual convergence to a limit function. 


(14) 


-15 =] -0.5 0.5 1 15 t 


FIGURE 2.8.1 Plots of $,(¢), ..., 6,(¢) for Example 1. 


It follows from Eq. (13) that ¢, (¢) is the nth partial sum of the infinite series 


3 = (15) 


hence lim ¢, (¢) exists if and only if the series (15) converges. Applying the ratio test, 
noo 
we see that, for each f, 


2 


7 ae 


pk k! 


(K+ 1)! 27 


> 0 as k— oO; (16) 
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thus the series (15) |converges for all t, and its sum @(f) is the limit of the sequence 
{, (t)}. Further, since the series| (15)]is a Taylor series, it can be differentiated or 
integrated term by term as long as f remains within the interval of convergence, which 
in this case is the entire t-axis. Therefore, we can verify by direct computation that 


CO 
40 =>, 1° /k! is a solution of the integral equation (9). Alternatively, by substituting 


k=l 
o(t) for y in Eqs. (8), we can verify that this function satisfies the initial value problem. 
In this example it is also possible, from the series |(15)| to identify @ in terms of 
2 


elementary functions, namely, ¢(t) = e’ — 1. However, this is not necessary for the 
discussion of existence and uniqueness. 

Explicit knowledge of #(t) does make it possible to visualize the convergence of 
the sequence of iterates more clearly by plotting @(¢) — ¢,(t) for various values of k. 
Figure 2.8.2 shows this difference fork = 1, ..., 4. This figure clearly shows the grad- 
ually increasing interval over which successive iterates provide a good approximation 
to the solution of the initial value problem. 


21,5 -1 -0.5 0.5 1 15 ¢ 


FIGURE 2.8.2 Plots of (t) — ¢,(t) for Example | fork = 1,..., 4. 


Finally, to deal with the question of uniqueness, let us suppose that the initial value 
problem has two solutions ¢ and w. Since ¢ and yf both satisfy the integral equatio 
we have by subtraction that 


o— wo = [ 2s[(s) — W(s)] ds. 


Taking absolute values of both sides, we have, if t > 0, 


oo —woi=| | 2sip(s) — H(s)] ds| <|/ 2s|6(s) — W(s)| ds. 
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If we restrict ¢ to lie in the interval 0 < t < A/2, where A is arbitrary, then 2t < A, 
and 


lam —wWOl s af Ip(s) — W(s)| ds. (17) 
It is now convenient to introduce the function U defined by 
U(t)= [ Ip(s) — W(s)| ds. (18) 
Then it follows at once that 
U(0) =0, (19) 
U(t) = 0, for t>0. (20) 


Further, U is differentiable, and U'(t) = |@(t) — w(t)|. Hence, by Eq. (17), 
U'(t) — AU(t) < 0. (21) 
Multiplying Eq. (21) by the positive quantity e~“" gives 
le ra: (22) 
Then, upon integrating Eq. (22) from zero to ¢ and using Eq. (19), we obtain 
e“Uu(t)<0 for +20. 


Hence U(t) < 0 fort > 0, and in conjunction with Eq. (20), this requires that U (t) = 0 
for each t > 0. Thus U’(t) = 0, and therefore w(t) = $(t), which contradicts the 
original hypothesis. Consequently, there cannot be two different solutions of the initial 
value problem for tf > 0. A slight modification of this argument leads to the same 
conclusion for t < 0. 


Returning now to the general problem of solving the integral equation] (3) let us 
consider briefly each of the questions raised earlier: 


1. Do all members of the sequence {@,} exist? In the example f and df/dy were 
continuous in the whole ty-plane, and each member of the sequence could be 
explicitly calculated. In contrast, in the general case, f and af/dy are assumed to 
be continuous only in the rectangle R: |t| < a, |y| < b (see Figure 2.8.3). Further- 
more, the members of the sequence cannot as a rule be explicitly determined. The 
danger is that at some stage, say for n = k, the graph of y = ¢,(t) may contain 
points that lie outside of the rectangle R. Hence at the next stage—in the compu- 
tation of ,., ,(t)—it would be necessary to evaluate f(t, y) at points where it is 
not known to be continuous or even to exist. Thus the calculation of ¢,, ;(t) might 
be impossible. 

To avoid this danger it may be necessary to restrict ¢ to a smaller interval than 
|t| < a. To find such an interval we make use of the fact that a continuous function 
on aclosed bounded region is bounded. Hence f is bounded on R; thus there exists 
a positive number M such that 


Ifwl<sM, (t, y) in R. (23) 
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(-a,-b) (a,-b) 


FIGURE 2.8.3 Region of definition for Theorem 2.8.1. 


We have mentioned before that 
¢, (0) =0 


for each n. Since f[t, o,(t)] is equal to p;, 4,(¢), the maximum absolute slope 
of the graph of the equation y = ¢,,,(t) is M. Since this graph contains the 
point (0, 0) it must lie in the wedge-shaped shaded region in Figure 2.8.4. Hence 
the point [7, 6, 410] remains in R at least as long as R contains the wedge- 
shaped region, which is for |t| < b/M. We hereafter consider only the rectangle 
D:|t| <h, |y| < b, where h is equal either to a or to b/M, whichever is smaller. 
With this restriction, all members of the sequence {@,(t)} exist. Note that if 
b/M <a, then a larger value of h can be obtained by finding a better bound 
for | f(t, y)|, provided that M is not already equal to the maximum value of 


PGs Pl: 

2. Does the sequence {¢,,(¢)} converge? As in the example, we can identify ¢,(¢) = 
ot) +1612) —¢,O] +--- +[¢,© — ¢,_,(@] as the nth partial sum of the 
series 


HOD [bi O- O01. (24) 
k=1 


The convergence of the sequence {¢,(t)} is established by showing that the 
series (24) converges. To do this, it is necessary to estimate the magnitude 
1Pp412) — &, | of the general term. The argument by which this is done is 


y = @,(t) y y = @,(t) 


FIGURE 2.8.4 Regions in which successive iterates lie. (a) b/M <a; (b)b/M > a. 
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indicated in|Problems 15 through 18 jand will be omitted here. Assuming that the 


sequence converges, we denote the limit function by ¢, so that 
$(t) = lim 4, (0). (25) 


What are the properties of the limit function @? In the first place, we would like to 
know that @ is continuous. This is not, however, a necessary consequence of the 
convergence of the sequence {@, (t)}, even though each member of the sequence 
is itself continuous. Sometimes a sequence of continuous functions converges to 
a limit function that is discontinuous. A simple example of this phenomenon is 
given in Problem 13] One way to show that @ is continuous is to show not only 
that the sequence {¢,} converges, but also that it converges in a certain manner, 
known as uniform convergence. We do not take up this question here but note only 
that the argument referred to in{paragraph 2 lis sufficient to establish the uniform 
convergence of the sequence {@,} and, hence, the continuity of the limit function 
¢ in the interval |f| < h. 


Now let us return to|Eq. (7) 
b= [ flo.dg6r1as 
( 


Allowing n to approach oo on both sides, we obtain 


(1) = Jim [Fle 4,(0)1 a (26) 


We would like to interchange the operations of integrating and taking the limit on 
the right side of Eq. (26) so as to obtain 


t 
et)= / lim f[s, ¢,(s)] ds. (27) 
0 n> 
In general, such an interchange is not permissible (see Problem 14} for example), 


but once again the fact that the sequence {@, (t)} converges uniformly is sufficient 
to allow us to take the limiting operation inside the integral sign. Next, we wish to 
take the limit inside the function f, which would give 


60) = ffl, tim 4,01 ds (28) 
and hence 


ot)= i fis, @(s)] ds. (29) 


The statement that lim f[s,¢,(s)] = f[s, lim @,(s)] is equivalent to the state- 


ment that f is continuous in its second variable, which is known by hypothesis. 
Hence Eq. (29) is valid and the function @ satisfies the integral equation| (3)} 
Therefore ¢ is also a solution of the initial value problem (2) 


Are there other solutions of the integral equation (3) beside y = @(t)? To show 
the uniqueness of the solution y = @(t), we can proceed much as in the example. 
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First, assume the existence of another solution y = y(t). It is then possible to 


show (see Problem 19) that the difference @(t) — y(t) satisfies the inequality 
t 
l~@o-YWOlS af Ip(s) — p(s)| ds (30) 
0 


for 0 < t < h and a suitable positive number A. From this point the argument is 
identical to that given in the example, and we conclude that there is no solution 
of the initial value problem|(2)|other than the one generated by the method of 
successive approximations. 


PROBLEMS 


In each of Problems 1 and 2 transform the given initial value problem into an equivalent problem 
with the initial point at the origin. 


1. dy/dt=t? +’, y(1) =2 2. dy/dt=1-y*, y(-l)=3 


In each of Problems 3 through 6 let ¢)(t) = 0 and use the method of successive approximations 
to solve the given initial value problem. 


(a) Determine ¢, (t) for an arbitrary value of n. 

(b) Plot ¢, (t) forn = 1,...,4. Observe whether the iterates appear to be converging. 

(c) Express lim @¢, (t) = @(¢) in terms of elementary functions; that is, solve the given 
noo 


initial value problem. 
(d) Plot |¢(t) —¢,(@|forn =1,...,4. For each of ¢, (f), ..., @,(¢) estimate the interval 
in which it is a reasonably good approximation to the actual solution. 

3. y' =2(y4+ 1), y(0) =0 > 4. y=-y-l, y(0) =0 

5. y =-y/2+t, y(0) =0 > 6 W=y4+1-t, y(0) =0 


In each of Problems 7 and 8 let #)(¢) = 0 and use the method of successive approximations to 
solve the given initial value problem. 


(a) Determine ¢, (¢) for an arbitrary value of n. 
(b) Plot ¢,(t) forn = 1,...,4. Observe whether the iterates appear to be converging. 
7. y =tyt+l, y(0) =0 > 8 y=ry-t, y(0) =0 


In each of Problems 9 and 10 let ¢,(t) = 0 and use the method of successive approximations to 
approximate the solution of the given initial value problem. 


(a) Calculate $, (7), ...,6,(¢). 
(b) Plot ¢,(t), ...,,(¢) and observe whether the iterates appear to be converging. 
9 y=P+y,  y0)=0 Pp 10. y=1-y, yO)=0 


In each of Problems 11 and 12 let @)(¢) = 0 and use the method of successive approximations 
to approximate the solution of the given initial value problem. 


(a) Calculate 6, (7), ...,@,(¢), or (if necessary) Taylor approximations to these iterates. 
Keep terms up to order six. 
(b) Plot the functions you found in part (a) and observe whether they appear to be con- 
verging. 

11. —siny+1, y(0) =0 

12. y = Gr + 4¢4+2)20 = 1), y(0) =0 

13. Let@, (x) = x” for 0 < x < 1 and show that 


lim ¢,(x) = 


n—->oo 


0, O0<x <1, 
1, x=1. 
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14. 


This example shows that a sequence of continuous functions may converge to a limit 
function that is discontinuous. : 

Consider the sequence $, (x) = 2nxe"™ ,O<x <1. 

(a) Show that im ¢, (x) = 0 for 0 < x < 1; hence 


1 
/ lim (x) dx =0. 
0 


no 


1 
(b) Show that f Qnxe-"™*™ dx =1—e"; hence 
0 


1 
lim gb, (x) dx =1. 
0 


noo 


Thus, in this example, 


b b 
tim. [ (dx # | lim ¢,,(x) dx, 


even though lim ¢, (x) exists and is continuous. 
noo 


In Problems 15 through 18 we indicate how to prove that the sequence {¢, (t)}, defined by 


Eqs (4) throu gh] (7),|converges. 


15: 


16. 


17. 


18. 


If df/dy is continuous in the rectangle D, show that there is a positive constant K such 
that 


If(t,y,) oa f(t,y5)I = Kly, ~~ Vol, 


where (t, y,) and (¢, y,) are any two points in D having the same ¢ coordinate. This inequality 
is known as a Lipschitz condition. 

Hint: Hold t fixed and use the mean value theorem on f as a function of y only. Choose K 
to be the maximum value of |df/dy| in D. 

If ,_,(¢) and @, (t) are members of the sequence {¢, (t)}, use the result of Problem 15 to 
show that 


Iflt,o,] — ft, $,_ ,Oll < K16,0 — ¢,_, Ol. 
(a) Show that if |t| < A, then 
Ig, (t)| < Mc], 


where M is chosen so that | f(t, y)| < M for (t,y) in D. 
(b) Use the results of Problem 16 and part (a) of Problem 17 to show that 


MK(t?? 


Ib, (1) -—@ MIS 


(c) Show, by mathematical induction, that 


MK"! |r|” MK"'h 
16, - 4, Ol s ——— 


n! 
Note that 

?,0) =9, 0 +16, — 6, O]+-:- +16, — ¢,_,O. 
(a) Show that 

16,1 < 1@, Ol + 16,02) — , Ol +--+ 18,0 — 4, 1 Ol. 
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(b) Use the results ofjProblem 17|to show that 


Id, 1 < = i ees 
me K Mm ni |- 


(c) Show that the sum in part (b) converges as n — oo and, hence, the sum in part (a) also 
converges as n — oo. Conclude therefore that the sequence {¢, (t)} converges since it is 
the sequence of partial sums of a convergent infinite series. 


19. In this problem we deal with the question of uniqueness of the solution of the integral 
equation} (3) 


ot) = [ fv.60n ds. 
(a) Suppose that ¢ and w are two solutions of Eq{ (3)| Show that, for t > 0, 
oo —wo= | {fls. $61 = fs, Woo ds. 
(b) Show that 
lot)-WwOl<s [ If[s, (s)] — fs, W(s)I]I ds. 
(c) Use the result of [Problem 15|to show that 
l~oM-poOls xf Ip(s) — w(s)| ds, 


where K is an upper bound for |df/dy| in D. This is the same as Eq. and the rest of 
the proof may be constructed as indicated in the text. 


2.9 First Order Difference Equations 


While a continuous model leading to a differential equation is reasonable and attractive 
for many problems, there are some cases in which a discrete model may be more natural. 
For instance, the{continuous model of compound interest used in Section 2.3]is only an 
approximation to the actual discrete process. Similarly, sometimes population growth 
may be described more accurately by a discrete than by a continuous model. This is 
true, for example, of species whose generations do not overlap and that propagate at 
regular intervals, such as at particular times of the calendar year. Then the population 
Yn41 Of the species in the yearn + | is some function of n and the population y, in the 
preceding year, that is, 


Yeap = FM Vy), n=0,1,2,.... (1) 


Equation (1) is called alfirst order difference equation| It is first order because the 
value of y,,, depends on the value of y,, but not earlier values y,_,, y,_», and so 
forth. As for differential equations, the difference equation (1) is linear if f is a linear 
function of y,,; otherwise, it is nonlinear. A solution of the difference equation (1) is 
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a sequence of numbers yp, y,, y5,... that satisfy the equation for each n. In addition 
to the difference equation itself, there may also be anfinitial condition | 
Ya (2) 


that prescribes the value of the first term of the solution sequence. 
We now assume temporarily that the function f in |Eq. (1) \depends only on y,, but 
not n. In this case 


Vie = F Os n=0,1,2,.... (3) 
If yy is given, then successive terms of the solution can be found from Eq. (3). Thus 
Deo f(%): 


and 


i= fo =F OB. 


The quantity f[f(y,)] is called the second iterate of the difference equation and is 
sometimes denoted by f *(y9)- Similarly, the third iterate y, is given by 


=f) = SOU =F Op: 


and so on. In general, the nth iterate y,, is 


Yn = FO = F"O)- 


This procedure is referred to as iterating the difference equation. It is often of primary 
interest to determine the behavior of y, as — oo, in particular, whether y,, approaches 
a limit, and if so, to find it. 

Solutions for which y,, has the same value for all n are eallecfestuiibexamsotutitas 
They are frequently of special importance, just as in the study of differential equations. 
If equilibrium solutions exist, one can find them by setting y, ,, equal to y,, in Eq. (3) 
and solving the resulting equation 


=F Oy (4) 
for y,,. 
Linear Equations. Suppose that the population of a certain species in a given region 


in year n + 1, denoted by y is a positive multiple p, of the population y, in yearn; 
that is, 


n+l? 


Yn+1 = PrYn? n= 0) 1,2,0244 (5) 


Note that the reproduction rate p, may differ from year to year. The difference equa- 
tion (5) is linear and can easily be solved by iteration. We obtain 


¥1 = PoYo> 
Yo = P11 = Py Po¥o> 
and, in general, 
Yn = Pra *** Pode n=1,2,.... (6) 


Thus, if the initial population y, is given, then the population of each succeeding gen- 
eration is determined by Eq. (6). Although for a population problem p,, is intrinsically 
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positive, the solution (6) is also valid if p, is negative for some or all values of n. Note, 
however, that if p, is zero for some n, then y,,, and all succeeding values of y are 
zero; in other words, the species has become extinct. 

If the reproduction rate p, has the same value p for each n, then the difference 
equation) (5)|becomes 


Yat = PVp (7) 
and its solution is 
Vy, = P"Yo- (8) 


Equation (7) also has an equilibrium solution, namely, y, = 0 for all n, corresponding 
to the initial value y) = 0. The limiting behavior of y,, is easy to determine from Eq. (8). 


In fact, 
0, if |p| < 1; 
lim y, = 1 Yo: if p = 1; (9) 
n—>oo . . 
does not exist, otherwise. 


In other words, the equilibrium solution y, = 0 is asymptotically stable for |p| < 1 
and unstable if |p| > 1. 


Now we will modify the population model represented by |Eq. (5)|to include the 
effect of immigration or emigration. If b, is the net increase in population in year n 


due to immigration, then the population in year n + | is the sum of those due to natural 
reproduction and those due to immigration. Thus 


Vi = PV _ ORs n=0,1,2,..., (10) 
where we are now assuming that the reproduction rate p is constant. We can solve 
Eq. (10) by iteration in the same manner as before. We have 

Y; = PY + bo: 
Vp = P(PYy + Bo) + By = P°Y9 + pby + Oy, 
¥3 = (07 Yq + pby + by) + by = p*y9 + 07°) + pb, + by, 


and so forth. In general, we obtain 


n—-1 
Yn = P"Yy +p" "By +++ + pba +B yi = PY + DY 0" IB,. (11) 
j=0 
Note that the first term on the right side of Eq. (11) represents the descendants of the 
original population, while the other terms represent the population in year n resulting 
from immigration in all preceding years. 
In the special case where b,, = b for all n, the difference equation is 


Yna1 = PY, +B, (12) 


and from Eq. (11) its solution is 


Yn =P" t+ Ut pte? t---+p" |b. (13) 


If p ~ 1, we can write this solution in the more compact form 


n 


as (14) 
p 


[= 


Y, = P'Yot+ 
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EXAMPLE 


1 


where again the two terms on the right side are the effects of the original population 
and of immigration, respectively. By rewriting Eq. (14) as 


=p" a oma (15) 
Yn =P Yo i. ean 


the long-time behavior of y, is more evident. It follows from Eq. (15) that y, > 
b/( — p) if |p| < 1 and that y, has no limit if |o| > 1 or if po = —1. The quantity 
b/(1 — p) is an equilibrium solution 0 Eq. (12) Eq. (12) as can readily be seen directly from 
that equation. oe course, Eq. (14)| (14) |is not valid for p = 1. To deal with that case, we 
must return to[Eq. (13)] [Eq. (13)]and a p = | there. It follows that 


Yn = Vo tnb, (16) 


so in this case y,, becomes unbounded as n + ov. 

The same model also provides a framework for solving many problems of a financial 
character. For such problems y, is the account balance in the nth time period, p, = 
1 +r, where r, is the interest rate for that period, and b, is the amount deposited or 
withdrawn. The following is a typical example. 


A recent college graduate takes out a $10,000 loan to purchase a car. If the interest rate 
is 12%, what monthly payment is required to pay off the loan in 4 years? 

The relevant difference equation igEg. (2) where y,, is the loan balance outstanding 
in the nth month, p = 1 + r is the interest rate per month, and b is the monthly payment. 
Note that b must be negative and p = 1.01, corresponding to a monthly interest rate 
of 1%. 

The solution of the difference equation] (12) |with this value for p and the initial 
condition yy = 10,000 is given by Eq. (15), that is, 


y, = (1.01)" (10,000 + 100b) — 100. (17) 


The payment b needed to pay off the loan in 4 years is found by setting y,, = 0 and 
solving for b. This gives 
1.01)" 
b= so = —263.34. (18) 
(1.01) — 1 
The total amount paid on the loan is 48 times b or $12,640.32. Of this amount $10,000 
is repayment of the principal and the remaining $2640.32 is interest. 


Nonlinear Equations. Nonlinear difference equations are much more complicated 
and have much more varied solutions than linear equations. We will restrict our attention 
to a single equation, the logistic difference equation 


Yn 
unt = Oy (1-58) (19) 
which is analogous to the logistic differential equation 
dy y 


Ban (i-2 00 


2.9 First Order Difference Equations 119 


that was discussed in Section 2.5.|Note that if the derivative dy /dt in Eq. (20)is replaced 


by the difference (y,,; — y,)/h, then Eq. (20) reduces to Eq. (19) with p = 1 + hr 
and k = (1+Ar)K/hr. To simplify |Eq. (19)/a little more, we can scale the variable 


y, by introducing the new variable u,, = y,,/k. Then|Eq. (19)|becomes 
Unt = pu, (1 ~ U,,)s (21) 


where p is a positive parameter. 
We begin our investigation of Eq. (21) by seeking the equilibrium, or constant 
solutions. These can be found by setting wu, , , equal to u,, in Eq. (21), which corresponds 


n+1 
to setting dy/dt equal to zero in Eq. (20). The resulting equation is 
Uu, = pu, ~~ pu. (22) 
so it follows that the equilibrium solutions of Eq. (21) are 
—1 
t=O; we, (23) 
p 


The next question is whether the equilibrium solutions are asymptotically stable or 
unstable; that is, for an initial condition near one of the equilibrium solutions, does 
the resulting solution sequence approach or depart from the equilibrium solution? One 
way to examine this question is by approximating Eq. (21) by a linear equation in the 
neighborhood of an equilibrium solution. For example, near the equilibrium solution 
u,, = 0, the quantity ua is small compared to uw, itself, so we assume that we can neglect 
the quadratic term in Eq. (21) in comparison with the linear terms. This leaves us with 
the linear difference equation 


Hi pi (24) 


which is presumably a good approximation to Eq. (21) for u,, sufficiently near zero. 
However, Eq. (24) is the same as[Eq. (7) and we have already concluded, in Eq. (9),] 
that vu, — 0 as n + ov if and only if |p| < 1, or since p must be positive, for 0 < 
p <1. Thus the equilibrium solution u,, = 0 is asymptotically stable for the linear 
approximation (24) for this set of p values, so we conclude that it is also asymptotically 
stable for the full nonlinear equation (21). This conclusion is correct, although our 
argument is not complete. What is lacking is a theorem stating that the solutions of the 
nonlinear equation (21) resemble those of the linear equation (24) near the equilibrium 
solution u,, = 0. We will not take time to discuss this issue here; the same question is 
treated for differential equations in[Section 9.3.] 

Now consider the other equilibrium solution u,, = (o — 1)/p. To study solutions in 
the neighborhood of this point, we write 


(25) 


where we assume that v, is small. By substituting from Eq. (25) in Eq. (21) and 
simplifying the resulting equation, we eventually obtain 


Vig = 2=p)0,= pv. (26) 


Since v, is small, we again neglect the quadratic term in comparison with the linear 
terms and thereby obtain the linear equation 


Vay, = (2— p)v,.- (27) 
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Referring idea Opt more, we find that v, + Oasn — oo for |2 — p| < 1, thatis, 
for 1 < p < 3. Therefore we conclude that, for this range of values of p, the equilibrium 
solution u,, = (p — 1)/p is asymptotically stable. 
Figure 2.9.1 contains the graphs of solutions of[Eq. (21) for p = 0.8, p = 1.5, and 
p = 2.8, respectively. Observe that the solution converges to zero for p = 0.8 and to the 
nonzero equilibrium solution for o = 1.5 and p = 2.8. The convergence is monotone 
for p = 0.8 and p = 1.5 and is oscillatory for p = 2.8. While the graphs shown are 
for particular initial conditions, the graphs for other initial conditions are similar. 
Another way of displaying the solution of a difference equation is shown in Figure 
2.9.2. In each part of this figure the graphs of the parabola y = px(1 — x) and of the 
straight line y = x are shown. The equilibrium solutions correspond to the points of 
intersection of these two curves. The piecewise linear graph consisting of successive 
vertical and horizontal line segments, sometimes called a stairstep diagram, represents 
the solution sequence. The sequence starts at the point u, on the x-axis. The vertical 
line segment drawn upward to the parabola at u, corresponds to the calculation of 
puy(1 — uy) = u,. This value is then transferred from the y-axis to the x-axis; this step 
is represented by the horizontal line segment from the parabola to the line y = x. Then 
the process is repeated over and over again. Clearly, the sequence converges to the 
origin in Figure 2.9.2a and to the nonzero equilibrium solution in the other two cases. 
To summarize our results so far: The difference equation|(21)|has two equilibrium 
solutions, vu, = Oandu,, = (o — 1)/p; the former is stable for0 <= p < 1, and the latter 
is stable for 1 < p < 3. This can be depicted as shown in Figure 2.9.3. The parameter 
/ is plotted on the horizontal axis and wu on the vertical axis. The equilibrium solutions 
u = 0 and u = (p — 1)/p are shown. The intervals in which each one is stable are 
indicated by the heavy portions of the curves. Note that the two curves intersect at o = 1, 
where there is an exchange of stability from one equilibrium solution to the other. 
For p > 3 neither of the equilibrium solutions is stable, and the solutions offEq. (21)] 
exhibit increasing complexity as p increases. For p somewhat greater than 3 the se- 
quence u,, rapidly approaches a steady oscillation of period 2; that is, u,, oscillates back 
and forth between two distinct values. For p = 3.2 a solution is shown in Figure 2.9.4. 
For n greater than about 20, the solution alternates between the values 0.5130 and 
0.7995. The graph is drawn for the particular initial condition u, = 0.3, but it is similar 
for all other initial values between 0 and 1. Figure 2.9.4b also shows the same steady 
oscillation as a rectangular path that is traversed repeatedly in the clockwise direction. 
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FIGURE 2.9.1 Solutions of u,,,, = pu, (1 — u,,): (a) p = 0.8; (b) p = 1.5; (c) p = 2.8. 
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FIGURE 2.9.3 Exchange of stability for u,,; = pu,,(1 — u,). 
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(a) 


0.7995 


(b) 


FIGURE 2.9.4 A solution of u,,,, = eu,,(1 — u,,) for p = 3.2; period two. (a) u, versus n; 
(b) a two-cycle. 


At about p = 3.449 each state in the oscillation of period two separates into two dis- 
tinct states, and the solution becomes periodic with period four; see Figure 2.9.5, which 
shows a solution of period four for p = 3.5. As p increases further, periodic solutions 
of period 8, 16, ... appear. The appearance of a new solution at a certain parameter 


value is called a 
The p-values at which the successive period doublings occur approach a limit that 


is approximately 3.57. For p > 3.57 the solutions possess some regularity, but no 
discernible detailed pattern for most values of op. For example, a solution for p = 3.65 
is shown in Figure 2.9.6. It oscillates between approximately 0.3 and 0.9, but its fine 
structure is unpredictable. The term| chaotic }s used to describe this situation. One of 
the features of chaotic solutions is extreme sensitivity to the initial conditions. This is 
illustrated in Figure 2.9.7, where two solutions of Eq. (21) for = 3.65 are shown. One 
solution is the same as that in Figure 2.9.6 and has the initial value uv) = 0.3, while the 
other solution has the initial value vu) = 0.305. For about 15 iterations the two solutions 
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FIGURE 2.9.5 A solution of u,,, = pu, (1 — u,,) for p = 3.5; period four. (a) u,, versus n; 
(b) a four-cycle. 
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FIGURE 2.9.6 A solution of u,,,, = pu, (1 — u,,) for p = 3.65; a chaotic solution. 
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FIGURE 2.9.7 Two solutions of u,,,, = ou,,(1 — u,) for p = 3.65; uy = 0.3 and uy = 0.305. 


remain close and are hard to distinguish from each other in the figure. After that, while 
they continue to wander about in approximately the same set of values, their graphs 
are quite dissimilar. It would certainly not be possible to use one of these solutions to 
estimate the value of the other for values of n larger than about 15. 

It is only in the last several years that chaotic solutions of difference and differential 
equations have become widely known. [Equation (20) |was one of the first instances of 
mathematical chaos to be found and studied in detail, by Robert Ma¥Jin 1974. On 
the basis of his analysis of this equation as a model of the population of certain insect 
species, May suggested that if the growth rate is too large, then it will be impossible to 
make effective long-range predictions about these insect populations. The occurrence of 
chaotic solutions in simple problems has stimulated an enormous amount of research in 
recent years, but many questions remain unanswered. It is increasingly clear, however, 
that chaotic solutions are much more common than suspected at first and may be a part 
of the investigation of a wide range of phenomena. 


In each of Problems | through 6 solve the given difference equation in terms of the initial value 
Yo. Describe the behavior of the solution as n + oo. 


I. Yn+l = 


3. Yat = 
5. y 


n+l — 


BRM. May, “Biological Populations with Nonoverlapping Generations: Stable Points, Stable Cycles, and Chaos,” 
Science 186 (1974), pp. 645-647; “Biological Populations Obeying Difference Equations: Stable Points, Stable 
Cycles, and Chaos,” Journal of Theoretical Biology 51 (1975), pp. 511-524. 
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7. 


Find the effective annual yield of a bank account that pays interest at a rate of 7%, 
compounded daily; that is, find the ratio of the difference between the final and initial 
balances divided by the initial balance. 

An investor deposits $1000 in an account paying interest at a rate of 8% compounded 
monthly, and also makes additional deposits of $25 per month. Find the balance in the 
account after 3 years. 

A certain college graduate borrows $8000 to buy a car. The lender charges interest at an 
annual rate of 10%. What monthly payment rate is required to pay off the loan in 3 years? 
Compare your result with that of Problem 9 in Section 2.3. 

A homebuyer wishes to take out a mortgage of $100,000 for a 30-year period. What 
monthly payment is required if the interest rate is (a) 9%, (b) 10%, (c) 12%? 

A homebuyer takes out a mortgage of $100,000 with an interest rate of 9%. What monthly 
payment is required to pay off the loan in 30 years? In 20 years? What is the total amount 
paid during the term of the loan in each of these cases? 

If the interest rate on a 20-year mortgage is fixed at 10% and if a monthly payment of 
$1000 is the maximum that the buyer can afford, what is the maximum mortgage loan that 
can be made under these conditions? 

A homebuyer wishes to finance the purchase with a $95,000 mortgage with a 20-year term. 
What is the maximum interest rate the buyer can afford, if the monthly payment is not to 
exceed $900? 


he Logistic Difference Equation.|Problems 14 through 19 deal with the difference equa- 


tion (21), u,,; = pu, (1 — u,). 


14. 


15. 


Carry out the details in the linear stability analysis of the equilibrium solution u, = 
(pe — 1)/p; that is, derive the difference equation|(26) | n the text for the perturbation v,. 
(a) For p = 3.2 plot or calculate the solution of the logistic equation (2.1) |for several 
initial conditions, say, uy) = 0.2, 0.4, 0.6, and 0.8. Observe that in each case the solution 
approaches a steady oscillation between the same two values. This illustrates that the 
long-term behavior of the solution is independent of the initial conditions. 

(b) Make similar calculations and verify that the nature of the solution for large n is 
independent of the initial condition for other values of 0, such as 2.6, 2.8, and 3.4. 
Assume that p > 1 in Eq. (21). 

(a) Draw a qualitatively correct stairstep diagram and thereby show that if uy < 0, then 
u,—> —COasn > ov. 


17. 


(b) Ina similar way determine what happens as n — oo if u, > 1. 

The solutions of hange from convergent sequences to periodic oscillations of 
period two as the parameter p passes through the value 3. To see more clearly how this 
happens, carry out the following calculations. 

(a) Plot or calculate the solution for p = 2.9, 2.95, and 2.99, respectively, using an initial 
value uy of your choice in the interval (0, 1). In each case estimate how many iterations 
are required for the solution to get “very close” to the limiting value. Use any convenient 
interpretation of what “very close” means in the preceding sentence. 

(b) Plot or calculate the solution for p = 3.01, 3.05, and 3.1, respectively, using the same 
initial condition as in part (a). In each case estimate how many iterations are needed to 
reach a steady-state oscillation. Also find or estimate the two values in the steady-state 
oscillation. 

By calculating or plotting the solution oe for different values of p, estimate the 
value of ¢ for which the solution changes from an oscillation of period two to one of period 
four. In the same way estimate the value of p for which the solution changes from period 
four to period eight. 

Let p, be the value of p for which the solution of Eq. (21) changes from period ames 


period 2‘. Thus, as noted in the text, P, = 3, p, = 3.449, and p, = 3.544. 
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(a) Using these values of p,, 0,, and p,, or those you found in Problem 18, calculate 


(0, — P1)/(P3 — Po): 
(b) Let 6, = (p, — P,_1)/(P, 4, — P,)- It has been shown that 5, approaches a limit 6 as 


n — oo, where 5 = 4.6692 is known as the Feigenbaum number. Determine the percentage 
difference between the limiting value 5 and 4,, as calculated in part (a). 

(c) Assume that 6, = 6 and use this relation to estimate p,, the value of o at which 
solutions of period 16 appear. 

(d) By plotting or calculating solutions near the value of p, found in part (c), try to detect 
the appearance of a period 16 solution. 

(e) Observe that 


P,, = Py + (Py — Py) + (03 — Po) +++ + (0, — 0,4): 


Assuming that (p, — ;) = (0; — pes (ps5 — P4) = (P3 — pd, and so forth, express 
/,, aS a geometric sum. Then find the limit of p,, asm — oo. This is an estimate of the value 
of p at which the onset of chaos occurs in the solution of the logistic equation (21). 


PROB LE M S Miscellaneous Problems One of the difficulties in solving first order equations is that there 
are several methods of solution, each of which can be used on a certain type of equation. It 
may take some time to become proficient in matching solution methods with equations. The 
following problems are presented so that you may have some practice in identifying the method 
or methods applicable to a given equation. 

In each of Problems | through 32 solve the given differential equation. If an initial condition 
is given, also find the solution that satisfies it. 


(x + y)dx — (x —y)dy =0 


(x +e”) dy — dx =0 


txy=1—y, y)=0 


Hint: Let u = x?. a t2y= = ‘ y2)=1 
x 


10. (3y? + 2xy) dx — Qxy+x7)dy =0 
dy 


+(x +e)dy=0 12. 
: x dy — ydx = (xy)! dx 


(x + y)dx + (x +2y)dy =0, y(2) =3 
dy _ x? 4 y? 
dx x? 


=e* +3y 18. (2y + 3x) dx = —xdy 


dy 
(e* +1) — = y— ye* 16. 
dx 
dy 
dx 
. xdy—ydx=2x’y’dy, yl)=—2 20. y' =e 
dy x?-1 


. xy =ytxe* 22. — = ~— _., -l=1 
y=y ie Pd y(-l) 


. xy’ t+y—ye* =0 24. 2sinycosxdx +cosysinxdy =0 


Miscellaneous Problems 127 


REFERENCES 


25 (2 y ja oy mea 
. — — ~—, } dx on 
y x74 y? x74 y? 
2 
xy 
26. ars nas +( )a=o 
xX 


27. (cos2y — sinx) dx — 2tanx sin2ydy =0 
dy _3x°-2y-y? 29 dy 
dx 2x + 3xy? ” ade 
dy y 
—_— = — >; 0 => 1 
dx 1—2xy? ay) 
31. (x7y +xy—y)dx+ (x7y By) dy=0 
dy 3x°y+y? 
32. = ‘ 1) = —2 
dx 2x3 + 3xy a) 


28. 


30. 


Two books mentioned in Section 2.3 are: 
Bailey, N. T. J., The Mathematical Theory of Infectious Diseases and Its Applications (2nd ed.) (New 

York: Hafner Press, 1975). 

Clark, Colin W., Mathematical Bioeconomics (2nd ed.) (New York: Wiley-Interscience, 1990). 

An introduction to population dynamics in general is: 

Frauenthal, J. C., Introduction to Population Modeling (Boston: Birkhauser, 1980). 

A fuller discussion of the proof of the fundamental existence and uniqueness theorem can be found in 
many more advanced books on differential equations. Two that are reasonably accessible to elementary 
readers are: 

Coddington, E. A., An Introduction to Ordinary Differential Equations (Englewood Cliffs, NJ: Pren- 

tice Hall, 1961; New York: Dover, 1989). 

Brauer, EF, and Nohel, J., The Qualitative Theory of Ordinary Differential Equations (New York: 

Benjamin, 1969; New York: Dover, 1989). 

A valuable compendium of methods for solving differential equations is: 

Zwillinger, D., Handbook of Differential Equations (3rd ed.) (San Diego: Academic Press, 1998). 

A general reference on difference equations is: 

Mickens, R. E., Difference Equations, Theory and Applications (2nd ed.) (New York: Van Nostrand 
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CHAPTER 


3 


Second Order 
Linear Equations 


Linear equations of second order are of crucial importance in the study of differential 
equations for two main reasons. The first is that linear equations have a rich theoretical 
structure that underlies a number of systematic methods of solution. Further, a substan- 
tial portion of this structure and these methods are understandable at a fairly elementary 
mathematical level. In order to present the key ideas in the simplest possible context, 
we describe them in this chapter for second order equations. Another reason to study 
second order linear equations is that they are vital to any serious investigation of the 
classical areas of mathematical physics. One cannot go very far in the development of 
fluid mechanics, heat conduction, wave motion, or electromagnetic phenomena without 
finding it necessary to solve second order linear differential equations. As an example, 
we discuss the oscillations of some basic mechanical and electrical systems at the end 
of the chapter. 


3.1 Homogeneous Equations with Constant Coefficients 


A second order ordinary differential equation has the form 


d’y dy 
=> t, eee ’ 1 
7 F( y = (1) 


where f is some given function. Usually, we will denote the independent variable by t¢ 
since time is often the independent variable in physical problems, but sometimes we 
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will use x instead. We will use y, or occasionally some other letter, to designate the 


dependent variable Equation (1) jis said to be linear if the function f has the form 


dy dy 
t,y, — ) = g(t) — p(t)— —-git)y, ps 
f(r) si) — ps — ay (2) 
that is, if f is linear in y and y’. In Eq. (2) g, p, and q are specified functions of the 
independent variable t but do not depend on y. In this case we usually rewrite|Eq. (1) 
as 


y” + plt)y’+q(t)y = g(t), (3) 


where the primes denote differentiation with respect to t. Instead of Eq. (3), we often 
see the equation 


P(t)y” + Q(t)y' + R(t)y = Gt). (4) 

Of course, if P(t) 4 0, we can divide Eq. (4) by P(t) and thereby obtain Eq. (3) with 
_ 20) _ RO) _ Gt) 

pt) = P(t)’ q(t) = Pn’ g(t) = P()’ (5) 


In discussing Eq. (3) and in trying to even we will restrict ourselves to intervals in 
which p, q, and g are continuous functionst! 

If [Eq. (1)] is not of the form (3) or (4), then it is called Analytical 
investigations of nonlinear equations are relatively difficult, so we will have little to 
say about them in this book. Numerical or geometical approaches are often more 
appropriate, and these are discussed in [Chapters 8]and(9] In addition, there are two 
special types of second order nonlinear equations that can be solved by a change 
of variables that reduces them to first order equations. This procedure is outlined in 


Problems 28 through 43. 
An initial value problem consists of a differential equation such as} Eq. (1) (3), or 


(4) together with a pair of initial conditions 


V(t) = Yo ¥ he) = Io (6) 


where y, and yj are given numbers. Observe that the initial conditions for a second 
order equation prescribe not only a particular point (f,, yo) through which the graph of 
the solution must pass, but also the slope yg of the graph at that point. It is reasonable 
to expect that two initial conditions are needed for a second order equation because, 
roughly speaking, two integrations are required to find a solution and each integration 
introduces an arbitrary constant. Presumably, two initial conditions will suffice to 
determine values for these two constants. 


A second order linear equation is said to be [homogeneous |if the term g(f) in 


Eq. (3), or the term G(t) in Eq. (4), is zero for all t. Otherwise, the equation is 


called As a result, the term g(t), or G(t), is sometimes called the 


nonhomogeneous term. We begin our discussion with homogeneous equations, which 
we will write in the form 


P(t)y” + Q@)y' + Ry =0. (7) 


‘There is a corresponding treatment of higher order linear equations in|Chapter 4) If you wish, you may read the 
appropriate parts of|Chapter 4|in parallel with Chapter 3. 


3.1 Homogeneous Equations with Constant Coefficients 131 


Later, in|Sections 3.6 land] 3.7] we will show that once the homogeneous equation 


has been solved, it is always possible to solve the corresponding nonhomogeneous 


equation (4), or at least to express the solution in terms of an integral. Thus the problem 


of solving the homogeneous equation is the more fundamental one. 
In this chapter we will concentrate our attention on equations in which the func- 


tions P, Q, and R are constants. In this case,|Eq. (7) becomes 
ay” + by’ +cy =0, (8) 


where a, b, and c are given constants. It turns out that Eq. (8) can always be solved 
easily in terms of the elementary functions of calculus. On the other hand, it is usually 
much more difficult to solve|Eq. (7)|if the coefficients are not constants, and a treatment 
of that case is deferred until|Chapter 5 

Before taking up Eq. (8), let us first gain some experience by looking at a simple, 
but typical, example. Consider the equation 


y"-y=0, (9) 


which is just Eq. (8) with a = 1, b = 0, and c = —1. In words, Eq. (9) says that we 
seek a function with the property that the second derivative of the function is the 
same as the function itself. A little thought will probably produce at least one well- 
known function from calculus with this property, namely, y,(t) = e’, the exponential 
function. A little more thought may also produce a second function, y,(t) = e~’. Some 
further experimentation reveals that constant multiples of these two solutions are also 
solutions. For example, the functions 2e’ and 5e~ also satisfy Eq. (9), as you can verify 
by calculating their second derivatives. In the same way, the functions c, y,(t) = c,e 
and c,y,(t) = a satisfy the differential equation (9) for all values of the constants 
c, and c,. Next, it is of paramount importance to notice that any sum of solutions of 
Eq. (9) is also a solution. In particular, since c, y, (¢) and c, y,(¢) are solutions of Eq. (9), 
so is the function 


y=c,y,@) + o,y,) =c,e +c,e7 (10) 


for any values of c, and c,. Again, this can be verified by calculating the second 
derivative y” from Eq. (10). We have y’ = c,e’ — ce‘ and y” =c,e' +-c,e“; thus 
y” is the same as y, and Eq. (9) is satisfied. 

Let us summarize what we have done so far in this example. Once we notice that the 
functions y,(t) = e’ and y(t) = e‘ are solutions of Eq. (9), it follows that the general 
linear combination (10) of these functions is also a solution. Since the coefficients c, 
and c, in Eq. (10) are arbitrary, this expression represents a doubly infinite family of 
solutions of the differential equation (9). 

It is now possible to consider how to pick out a particular member of this infinite 
family of solutions that also satisfies a given set of initial conditions. For example, 
suppose that we want the solution of Eq. (9) that also satisfies the initial conditions 


y(0) =2, y(0)=-1. (11) 


In other words, we seek the solution that passes through the point (0, 2) and at that 
point has the slope —1. First, we set t = 0 and y = 2 in Eq. (10); this gives the equation 


c, tc, =2. (12) 
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Next, we differentiate] Eq. (10)| with the result that 
y' =c,e' —c,e* 


Then, setting t = 0 and y’ = —1, we obtain 


Cc; -c, = 1. (13) 
By solving|Eqs. (12)]and (13) simultaneously for c, and c, we find that 
CHa =F (14) 
Finally, inserting these values in[Eq. (10)| we obtain 
page rae: (15) 


the solution of the initial value problem consisting of the differential|equation (9)}and 
the initial] conditions (11) 


We now return to the more general|equation (8) 
ay" + by'’+cy =0, 


which has arbitrary (real) constant coefficients. Based on our experience with] Eq. (9) 
let us also seek exponential solutions of|Eq. (8) Thus we suppose that y = e”’, where 
r is a parameter to be determined. Then it follows that y’ = re" and y” = r7e". By 


substituting these expressions for y, y’, and y” in|Eq. (8)| we obtain 
(ar? + br +c)e™ =0, 
or, since e”" 4 0, 


ar? +br+c=0. (16) 


Equation (16) is called the} characteristic equation for the differential equation (8). 


Its significance lies in the fact that ifr is a root of the polynomial equation (16), then 


y =e" is a solution of the differential] equation (8)| Since Eq. (16) is a quadratic 


equation with real coefficients, it has two roots, which may be real and different, real 


but repeated, or complex conjugates. We consider the first case here, and the latter two 
cases in} Sections 3.4]and}3.5. 


Assuming that the roots of the characteristic equation (16) are real and different, let 


them be denoted by r, and r,, where r, #r,. Then y,(t) =e" and y,(t) = e”2' are 
Eq. (8) 


two solutions of Just as in the preceding example, it now follows that 
y =c,y,@) + ,yQ(t) = c,e"" + c,€72" (17) 


is also a solution of |Eq. (8)} To verify that this is so, we can differentiate the expression 
in Eq. (17); hence 


r Tt oie Tot 
y=erje' +c,r,e2 (18) 


and 


y" =eyrie + cgrze"". (19) 


Substituting these expressions for y, y’, and y” in|Eq. (8)/and rearranging terms, we 
obtain 


ay” + by’ +cy=c, (ar? + br, +c)e"' + RCL + br, + c)e"2". (20) 
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The quantity in each of the parentheses on the right side of Eq. (20)}is zero because r, 
and r, are roots of|Eq. (16), therefore, y as given by|Eq. (17) iis indeed a solution of 
Eq. (8), as we wished to verify. 


Now suppose that we want to find the particular member of the family of solutions 
(17)|that satisfies the initial conditions}(6)} 


Yb) =Yor —-Y') = 0- 
By substituting ¢ = 7) and y = yy in| Eq. 17) we obtain 
c,e"1'0 + c,e20 = yp. (21) 
Similarly, setting t = t) and y’ = yo in|Eq. (18)|gives 


ryt Tsty c= of 
Cire 10 + Core 20 = Yo. (22) 


On solving Eqs. (21) and (22) simultaneously for c, and c,, we find that 


! / 
Yo ~ Yorn — Yori ~ Yo — 
= 0 26 File C= Ol en 


i= 0, (23) 
rl, rr, 


1 
Thus, no matter what initial conditions are assigned, that is, regardless of the values 
of fo, Yg, and yp in|Eqs. (6)] it is always possible to determine c, and c, so that the 
initial conditions are satisfied; moreover, there is only one possible choice of c, and c, 
for each set of initial conditions. With the values of c, and c, given by Eq. (23), the 
expression|(17) js the solution of the initial value problem 

ay" + by'+cy =0, VG) = Ve. FG) =o (24) 


It is possible to show, on the basis of the fundamental theorem cited in the next 
section, that all solutions of[Eq. (8)|are included in the expression|(17)| at least for the 


case in which the roots off Eq. (16) are real and different. Therefore, we call|Eq. (17) |the 
Eq. (8) 


general solution of .|The fact that any possible initial conditions can be satisfied 


by the proper choice of the constants in|Eq. (17)|makes more plausible the idea that 
Eq. (8) 


this expression does include all solutions of 


Find the general solution of 
y” + 5y' + 6y =0. (25) 


We assume that y = e”’, and it then follows that r must be a root of the characteristic 
equation 


r+5r+6=(r+2)(r +3) =0. 


Thus the possible values of r are r,; = —2 and r, = —3; the general solution of 
Eq. (25) is 


y= Bee + on (26) 


Find the solution of the initial value problem 


y" + 5y’ + 6y = 0, y(0)=2, y'(0)=3. (27) 
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The general solution of the differential equation was found in|Example | jand is given 
by |Eq. (26)| To satisfy the first initial condition we set t = 0 and y = 2 in/Eq. (26); 
thus c, and c, must satisfy 


Cc) +e, =2. (28) 

To use the second initial condition we must first differentiate |Eq. (26)} This gives 
y’ = —2c,e7* — 3c,e*’. Then, setting ¢ = 0 and y’ = 3, we obtain 

—2c, — 3c, = 3. (29) 


By solving Eqs. (28) and (29) we find that c,; = 9 and c, = —7. Using these values in 
the expression (26), we obtain the solution 


y = 9e77 — Te“! (30) 
of the initial value|problem (27)| The graph of the solution is shown in Figure 3.1.1. 


yA 


y=9e7t- 7e3t 


0.5 1 1.5 2 t 


FIGURE 3.1.1 Solution of y” + 5y’ + 6y = 0, y(0) = 2, y’(0) = 3. 


Find the solution of the initial value problem 
Ay” — 8y'+3y =0, yO)=2, x O= 5. (31) 
If y = e”, then the characteristic equation is 
4r? —8r+3=0 


and its roots are r = 3/2 andr = 1/2. Therefore the general solution of the differential 
equation is 


31/2 


y=ue °° + ce”. (32) 


Applying the initial conditions, we obtain the following two equations for c, and c,: 


Cy te, =2, 30, + 5e) = 3- 
The solution of these equations is c) = — s, C= 2, and the solution of the initial value 
problem (31) is 
y= —herl? + Zell? (33) 


Figure 3.1.2|shows the graph of the solution. 
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Stet? a ae 
y= ae ae! 


FIGURE 3.1.2 Solution of 4y” — 8y’ + 3y = 0, y(0) = 2, y'(0) =0.5. 


The|solution (30) of the initial value problem}(27) initially increases (because its initial 


EXAMPLE slope is positive) but eventually approaches zero (because both terms involve negative 

4 exponential functions). Therefore the solution must have a maximum point and the 
graph in Figure 3.1.1 confirms this. Determine the location of this maximum point. 

One can estimate the coordinates of the maximum point from the graph, but to find 


them more precisely we seek the point where the solution has a horizontal tangent line. 
By differentiating the|solution (30), y = 9e-~ — 7e~*, with respect to t we obtain 
y’ = —18e77 4+ 21e7*". (34) 


Setting y’ equal to zero and multiplying by e*', we find that the critical value 1, Satisfies 
e' = 7/6; hence 


t. = In(7/6) = 0.15415. (35) 
The corresponding maximum value y,, is given by 


108 
Yup = 9 7c — Tee = Jo = 2-20408. (36) 


In this example the initial slope is 3, but the solution of the given differential equation 
behaves in a similar way for any other positive initial slope. In|Problem 26] you are 
asked to determine how the coordinates of the maximum point depend on the initial 
slope. 


Returning to the equation ay” + by’ +cy =0 with arbitrary coefficients, recall 
that when r, #7r,, its general oii (7) the sum of two exponential functions. 
Therefore the solution has a relatively simple geometrical behavior: as ¢ increases, 
the magnitude of the solution either tends to zero (when both exponents are negative) 
or else grows rapidly (when at least one exponent is positive). These two cases are 
illustrated by the solutions of panies 2nd 3 piel are shown SCENE! 
and 3.1.2, respectively. There is also a third case that occurs less often; the solution 


approaches a constant when one exponent is zero and the other is negative. 
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PROBLEMS 


In each of Problems 1 through 8 find the general solution of the given differential equation. 


1. y"+2y'’-—3y=0 
3. 6y”—y'-y=0 
5. y”’+5y’=0 

7. y" —9y'+9y =0 


2. y"+3y'+2y =0 
4. 2y"—3y'+y=0 
6. 4y”-9y =0 

8. y"”—2y’-2y=0 


In each of Problems 9 through 16 find the solution of the given initial value problem. Sketch the 
graph of the solution and describe its behavior as ¢ increases. 


yO=1, yO=Hl 


9. y"+y'—-2y=0, 
: y0)=2, y@O=-1 


10. t4y’+3y =0, 
ll. 6y”—S5y’+y=0, y(0)=4, y(0)=0 
12. y"4+3y'=0, yO) =-2, yO=3 

13. = y(0)=1, y(0)=0 
14. y'0) =1 
15. 
16. 


3t 


17. Find a differential equation whose general solution is y = Ce +o,e. 


18. Find a differential equation whose general solution is y = ce! 24 me : 


. Find the solution of the initial value problem 
yYO=5, yY'O=-Z. 


Plot the solution for 0 < t < 2 and determine its minimum value. 
. Find the solution of the initial value problem 


y’-y=0, 


2y"-3y'+y=0, yO)=2, y=}. 


Then determine the maximum value of the solution and also find the point where the 
solution is zero. 

Solve the initial value problem y” — y’'—2y=0, y(0)=a, 
that the solution approaches zero as t > oo. 

Solve the initial value problem 4y”— y=0, y(O) =2, 
the solution approaches zero as f > oo. 


y’(0) = 2. Then find a so 
y’(0) = B. Then find £ so that 
In each of Problems 23 and 24 determine the values of a, if any, for which all solutions tend to 


zero as tf —> oo; also determine the values of a, if any, for which all (nonzero) solutions become 
unbounded as t + oo. 


23. y”—(a-—1)y’'+a(a 


l)y =0 24. y+ (3-—a)y’—2(@—-l)y=0 


> |25. Consider the initial value problem 


2y’+3y'-2y=0, yO=1, yO=-8, 


where 6B > 0. 
(a) Solve the initial value problem. 
(b) Plot the solution when 6 = 1. Find the coordinates (f), 9) of the minimum point of 
the solution in this case. 
(c) Find the smallest value of 6 for which the solution has no minimum point. 
. Consider the initial value problem (see Example 4) 


y" +5y' + 6y =0, y0O)=2, yO=B, 


where 6 > 0. 
(a) Solve the initial value problem. 
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(b) Determine the coordinates ¢,, and y 
of B. 

(c) Determine the smallest value of 6 for which y,, > 4. 
(d) Determine the behavior of ¢,, and y,, as B — oo. 


, of the maximum point of the solution as functions 


27. Find an equation of the form ay” + by’ + cy =0 for which all solutions approach a 
multiple of e~' as t > oo. 


Equations with the Dependent Variable Missing. For a second order differential equation 
of the form y” = f(t, y’), the substitution v = y’, v’ = y” leads to a first order equation of the 
form v' = f(t, v). If this equation can be solved for v, then y can be obtained by integrating 
dy/dt = v. Note that one arbitrary constant is obtained in solving the first order equation for v, 
and a second is introduced in the integration for y. In each of Problems 28 through 33 use this 
substitution to solve the given equation. 


t>0 29. ty” +y' =1, t>0 
30. y"+ 31. 2t?y" + (y')? = 2ty’, t>0 
32, y"+y'= 33. Py"=(y')’, t>0 


Equations with the Independent Variable Missing. If a second order differential equation 
has the form y” = f(y, y’), then the independent variable t does not appear explicitly, but only 
through the dependent variable y. If we let v = y’, then we obtain dv/dt = f(y, v). Since the 
right side of this equation depends on y and v, rather than on f and v, this equation is not 
of the form of the first order equations discussed in Chapter 2. However, if we think of y as 
the independent variable, then by the chain rule dv/dt = (dv/dy)(dy/dt) = v(dvu/dy). Hence 
the original differential equation can be written as u(du/dy) = f(y, v). Provided that this first 
order equation can be solved, we obtain v as a function of y. A relation between y and ¢ results 
from solving dy/dt = v(y). Again, there are two arbitrary constants in the final result. In each 
of Problems 34 through 39 use this method to solve the given differential equation. 


34. yy” +’)? =0 35. y’+y=0 

36. y+ yy? =0 37. 2y’y" + 2yQ" =1 

38. yy” —(y')? =0 39. y"+(y'? = 2e” 

Hint: In Problem 39 the transformed equation is a Bernoulli equation. See Problem 27 in 
Section 2.4. 


In each of Problems 40 through 43 solve the given initial value problem using the methods of 
Problems 28 through 39. 

40. y'y"=2, y@)=1, y')=2 

41. y"-3y=0, y0)=2, y@=4 

42. (+0)y"+2ty'+3r7=0, y=2, yW=-1 

43. y'y”-t=0, yd)=2, yd)=1 


3.2 Fundamental Solutions of Linear Homogeneous Equations 


In the preceding section we showed how to solve some differential equations of the 
form 


ay" + by’ +cy =0, 


where a, b, and c are constants. Now we build on those results to provide a clearer picture 
of the structure of the solutions of all second order linear homogeneous equations. In 
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turn, this understanding will assist us in finding the solutions of other problems that 
we will encounter later. 

In developing the theory of linear differential equations, it is helpful to introduce a 
differential operator notation. Let p and gq be continuous functions on an open interval /, 
that is, fora < t < 6. The cases a = —oo, or 6 = oo, or both, are included. Then, for 
any function ¢ that is twice differentiable on J, we define the differential operator L 
by the equation 


L{¢] = 6" + pd’ +4¢. (1) 
Note that L[@] is a function on J. The value of L[@] at a point ¢ is 
LIP|@) = 6") + POY) + qo). 
For example, if p(t) = i. q(t) =1+t, and $(t) = sin 3r, then 
L[@](t) = (sin3t)" + #7 (sin 3t)’ + (1 +2) sin 3¢ 
= —9 sin 3¢ + 3t7 cos 3¢ + (1 +2) sin 3r. 


The operator Z is often written as L = D* + pD +q, where D is the derivative 
operator. 

In this section we study the second order linear homogeneous equation L[¢](t) = 0. 
Since it is customary to use the symbol y to denote ¢(t), we will usually write this 
equation in the form 


Lily] = y"+ py’ +q@y =0. (2) 
With Eq. (2) we associate a set of initial conditions 
Y(to) = Yo> ¥ Gy) = Yoo (3) 


where f) is any point in the interval 7, and y, and yj are given real numbers. We 
would like to know whether the initial value problem (2), (3) always has a solution, 
and whether it may have more than one solution. We would also like to know whether 
anything can be said about the form and structure of solutions that might be helpful in 
finding solutions of particular problems. Answers to these questions are contained in 
the theorems in this section. 

The fundamental theoretical result for initial value problems for second order linear 
equations is stated in Theorem 3.2.1, which is analogous to]}Theorem 2.4.1] for first 
order linear equations. The result applies equally well to nonhomogeneous equations, 
so the theorem is stated in that form. 


Consider the initial value problem 


y +pPO@y +¢qHy=e20), yG)=y. ¥G) =o. (4) 


where p, g, and g are continuous on an open interval 7. Then there is exactly one 
solution y = ¢(t) of this problem, and the solution exists throughout the interval /. 


We emphasize that the theorem says three things: 


1. The initial value problem has a solution; in other words, a solution exists. 
2. The initial value problem has only one solution; that is, the solution is unique. 
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3. The solution ¢ is defined throughout the interval I where the coefficients are 
continuous and is at least twice differentiable there. 


For some problems some of these assertions are easy to prove. For example, we 
found in{Section 3.1]that the initial value problem 
y"—y=0, y0)=2, y(@)=-1 (5) 
has the solution 
y= se" + Ze". (6) 


The fact that we found a solution certainly establishes that a solution exists for this initial 
value problem. Further, the solution (6) is twice differentiable, indeed differentiable 
any number of times, throughout the interval (—oo, oo) where the coefficients in the 
differential equation are continuous. On the other hand, it is not obvious, and is more 
difficult to show, that the initial value problem (5) has no solutions other than the one 
given by Eq. (6). Nevertheless,[Theorem 3.2.1] states that this solution is indeed the 
only solution of the initial value problem (5). 

However, for most problems of the[form (4), jit is not possible to write down a useful 
expression for the solution. This is a major difference between first order and second 
order linear equations. Therefore, all parts of the theorem must be proved by general 
methods that do not involve having such an expression. The proof of Theorem 3.2.1 is 
fairly difficult, and we do not discuss it here!We will, however, accept Theorem 3.2.1 
as true and make use of it whenever necessary. 


Find the longest interval in which the solution of the initial value problem 
(t? — 3t)y" + ty’ — ¢ +3)y =0, yij=2, y dja 


is certain to exist. 

If the given differential equation is written in the form of then p(t) = 
1/(t — 3), q(t) = —@ +3)/t(@t — 3), and g(t) = 0. The only points of discontinuity 
of the coefficients are t = 0 andt = 3. Therefore, the longest open interval, containing 
the initial point ¢ = 1, in which all the coefficients are continuous is 0 < ¢t < 3. Thus, 
this is the longest interval in which Theorem 3.2.1 guarantees that the solution exists. 


Find the unique solution of the initial value problem 
y” + p(t)y’ +a(y =0, yG)=0, »G)=9, 


where p and gq are continuous in an open interval J containing f,. 

The function y = ¢(t) = 0 for all ¢ in J certainly satisfies the differential equation 
and initial conditions. By the uniqueness part of Theorem 3.2.1 it is the only solution 
of the given problem. 


aN proof of Theorem 3.2.1 may be found, for example, in Chapter 6, Section 8 of the book by Coddington listed 
in the references. 
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Let us now assume that y, and y, are two solutions of|Kq. (2)} in other words, 
Lly,] = yj + py; + ay, =, (7) 


and similarly for y,. Then, just as in the examples in|Section 3.1, we can generate 
more solutions by forming linear combinations of y, and y,. We state this result as a 


theorem. 


(Principle of Superposition)| If y, and y, are two solutions of the differential 
equation (2), 


Llyl=y"+ p@®y'’ +q@y =0, 


then the linear combination c,y, + ¢,y, is also a solution for any values of the 
constants c, and c,. 


A special case of Theorem 3.2.2 occurs if either c, or c, is zero. Then we conclude 


that any multiple of a solution of |Eq. (2)}is also a solution. 
To prove Theorem 3.2.2 we need only substitute 


y=c,y,0) + ,y, (0) (8) 


for y in|Eq. (2)} The result is 


Llc, ¥, + ¢9¥9] = ey, ten yQ]” + pleyy, + Cy¥ql + aleyy, + oY] 
= CY] + gy7 + C, PY, + CoPY, + C4, + Cy4Y, 
=c,Ly/ + py, +4y,] + ¢,Lyy + py; + ayo] 
=c,Lly,]+¢,LD,]. 


Since L[y,] = 0 and L[y,] = 0, it follows that L[c,y, + c,y,] = 0 also. Therefore, 
regardless of the values of c, and c,, y as given by Eq. (8) does satisfy the differential 
equation (2) and the proof of Theorem 3.2.2 is complete. 

Theorem 3.2.2 states that, beginning with only two solutions of we can 
construct a doubly infinite family of solutions by means of Eq. (8). The next question is 
whether all solutions of are included in Eq. (8), or whether there may be other 
solutions of a different form. We begin to address this question by examining whether 
the constants c, and c, in Eq. (8) can be chosen so as to satisfy the initial conditions 

These initial conditions require c, and c, to satisfy the equations 


Cy, (ty) Tr Cy Yn (tp) = o> 
ti / L (9) 
CV Eq) + Cy¥2 (to) = Yo- 
Upon solving Eqs. (9) for c, and c,, we find that 
YoValy) — YoV2 lo) ie —YoVi (ly) + YOY fy) (10) 


1 (lg) V5 (lo) — 4 lly) Yally) ” 2 V4 ty) V5 (tq) — Vj (ty) Vo (tq) ’ 


3.2 Fundamental Solutions of Linear Homogeneous Equations 141 


Theorem 3.2.3 


EXAMPLE 


3 


or, in terms of determinants, 


| Yo Vy (tq) | Y(t) Yo 

Yo —-Ya(tg) Vili) Ve 

Cc; = P : 

| vit) 9G) vit): yay) 
V4 (to) V4 (to) Vi (fp) V4 (ty) 


With these values for c, and c, the|expression (8)|satisfies the initial] conditions (3)]as 


well as the differential 


In order for the expressions for c, and c, in|Eqs. (10) jor (11) to make sense, it is 
necessary that the denominators be nonzero. For both c, and c, the denominator is the 


same, namely, the determinant 


(11) 


] 


_ | Yo) Yn (to) 
Villy) Y5(t) 


The determinant W is called the or simply the[Wronskian,| 


of the solutions y, and y,. Sometimes we use the more extended notation W(y,, y,) (to) 
to stand for the expression on the right side of Eq. (12), thereby emphasizing that the 
Wronskian depends on the functions y, and y,, and that it is evaluated at the point f. 
The preceding argument suffices to establish the following result. 


= 1 (ty) 99 (to) _ yi (t) V2 (to): (12) 


Suppose that y, and y, are two solutions of| 
Lily]=y"+ p@y' +a(t)y =0, 
and that the Wronskian 
W =. — Vio 
is not zero at the point f) where the initial 
HG Sp Var. 


are assigned. Then there is a choice of the constants c,, c, for which y = c,y,(t) + 


C,y>(t) satisfies the differential equation (2) and the initial] conditions (3) 


In/Example | of Section 3.1) we found that y,(t) = e~ and y,(t) = e~~ are solutions 


of the differential equation 
y” + 5y’ + 6y =0. 
Find the Wronskian of y, and y,. 


The Wronskian of these two functions is 


W = —2e~t —3e—3t 


3 Wronskian determinants are named for Josef Maria Hoéné-Wronski (1776-1853), who was born in Poland but 
spent most of his life in France. Wronski was a gifted but troubled man, and his life was marked by frequent 
heated disputes with other individuals and institutions. 
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Since W is nonzero for all values of rt, the functions y, and y, can be used to construct 
solutions of the given differential equation, together with initial conditions prescribed 


at any value of t. One such initial value problem was solved in|Example 2 of Section 3.1 


The next theorem justifies the term “general solution” that we introduced in Section 
[3.1] for the linear combination c,y, + C,y>. 


If y, and y, are two solutions of the differential equation (2), 
Lily]l=y" + py’ +a()y =, 
and if there is a point ¢) where the Wronskian of y, and y, is nonzero, then the family 
of solutions 
y=cyy, (1) + e,y,(t) 
with arbitrary coefficients c, and c, includes every solution of 


Let ¢ be any solution offEq. 2), To prove the theorem we must show that ¢ is included 
in the linear combination c, y, + c,y,; that is, for some choice of the constants c, and 
c,, the linear combination is equal to ¢. Let t) be a point where the Wronskian of y, 
and y, is nonzero. Then evaluate ¢ and ¢’ at this point and call these values y, and yo, 
respectively; thus 


Yo =P(t), — YO = H(t). 
Next, consider the initial value problem 


y+ py +qOy=0, yh&)=y. yt) =y- (13) 


The function ¢ is certainly a solution of this initial value problem. On the other hand, 
since W(y,, >) (%) is nonzero, it is possible (by Theorem 3.2.3) to choose c, and c, so 
that y = c, y, (t) + c,y,(t) is also a solution of the initial value problem (13). In fact, 
the proper values of c, and c, are given by [Eqs. (10)Jor[(1} The uniqueness part of 
guarantees that these two solutions of the same initial value problem 
are actually the same function; thus, for the proper choice of c, and c,, 


ot) = cy, 0) ah Cy yy (t), 


and therefore ¢ is included in the family of functions of c,y, + c,y,. Finally, since 
¢ is an arbitrary solution of it follows that every solution of this equation is 
included in this family. This completes the proof of Theorem 3.2.4. 

Theorem 3.2.4 states that, as long as the Wronskian of y, and y, is not everywhere 
zero, the linear combination c, y, + cy, contains all solutions of It is therefore 
natural (and we have already done this in the preceding section) to call the expression 


y=cyy,() + cy, (t) 
with arbitrary constant coefficients the| general solution pf|Eq. (2)| The solutions y, 
and y,, with a nonzero Wronskian, are said to form aj/fundamental set of solutions|of 
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To restate the result of Theorem 3.2.4 in slightly different language: To find the 
general solution, and therefore all solutions, of an equation of thel form @)] we need 
only find two solutions of the given equation whose Wronskian is nonzero. We did 
precisely this in several examples in|Section 3.1] although there we did not calculate 
the Wronskians. You should now go back and do that, thereby verifying that all the 


solutions we called “general solutions” in}Section 3.1}do satisfy the necessary Wron- 
skian condition. Alternatively, the following example includes all those mentioned in 


[Section 3.1| as well as many other problems of a similar type. 


Suppose that y,(t) = el’ and y(t) = e’2' are two solutions of an equation of the form 
(2). Show that they form a fundamental set of solutions ifr, 4 r,. 
We calculate the Wronskian of y, and y,: 


ent ert 
W= re rer! — (r, —r,)expl(", +7,)t]. 


Since the exponential function is never zero, and since r, — r, 4 0 by the statement of 
the problem, it follows that W is nonzero for every value of t. Consequently, y, and y, 
form a fundamental set of solutions. 


Show that y,(t) = t'/? and y,(t) = t~! form a fundamental set of solutions of 
2r?y" + 3ty’ —y =0, t > 0: (14) 


We will show in|Section 5.5] ow to solve Eq. (14); see also] Problem 38 in Section 3.4 


However, at this stage we can verify by direct substitution that y, and y, are solutions 
of the differential equation. Since y;(t) = zt? and y//(t) = ee we have 


20° (50°) + 3050-7) — 1? = (-5 +3 — Dt!” =0. 
Similarly, y,(t) = —t~? and yj(t) = 2173, so 
IPO Ati Sa Sa a a i Se. 
Next we calculate the Wronskian W of y, and y,: 


t 
W= 1-1/2 
2 


eo me (15) 


Since W # 0 fort > 0, we conclude that y, and y, form a fundamental set of solutions 
there. 


In several cases, we have been able to find a fundamental set of solutions, and 
therefore the general solution, of a given differential equation. However, this is often a 
difficult task, and the question may arise as to whether or not a differential equation of 
the[form (2)] always has a fundamental set of solutions. The following theorem provides 
an affirmative answer to this question. 
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Consider the differential equation (2) 
Lily] = y" + py’ +q@y =0, 


whose coefficients p and q are continuous on some open interval 7. Choose some 
point ¢, in J. Let y, be the solution of|Eq. (2)|that also satisfies the initial conditions 


y(t) =1, y' (ty) =0, 

and let y, be the solution of |Eq. (2)|that satisfies the initial conditions 
y(t) = 0, y' (ty) — 1 

Then y, and y, form a fundamental set of solutions of |Eq. (2) 


First observe that the existence of the functions y, and y, is assured by the existence 
part of|/Theorem 3.2.1| To show that they form a fundamental set of solutions we need 
only calculate their Wronskian at f,: 


W (9152) (tp) = y1 (fo) Vy (tq) _ | 1 0 


y 1 (ty) y - (t) 0 1 
Since their Wronskian is not zero at the point f), the functions y, and y, do form a 
fundamental set of solutions, thus completing the proof of Theorem 3.2.5. 

Note that the difficult part of this proof, demonstrating the existence of a pair of 
solutions, is taken care of by reference to[Theorem 3.2.1} Note also that Theorem 3.2.5 
does not address the question of how to solve the specified initial value problems so 
as to find the functions y, and y, indicated in the theorem. Nevertheless, it may be 
reassuring to know that a fundamental set of solutions always exists. 


a1. 


Find the fundamental set of solutions specified by Theorem 3.2.5 for the differential 
equation 
y"-y=0, (16) 


using the initial point ¢, = 0. 

In{Section 3.1] we noted that two solutions of Eq. (16) are y,(t) = e’ and y(t) = 
e'. The Wronskian of these solutions is W(y,,y,)(t) = —2 40, so they form a 
fundamental set of solutions. However, they are not the fundamental solutions indicated 
by Theorem 3.2.5 because they do not satisfy the initial conditions mentioned in that 
theorem at the point tf = 0. 

To find the fundamental solutions specified by the theorem we need to find the 
solutions satisfying the proper initial conditions. Let us denote by y,(t) the solution of 
Eq. (16) that satisfies the initial conditions 


y@) = 1, y'(0) =0. (17) 
The general solution of Eq. (16) is 
y=ce'+ce™, (18) 
and the initial conditions (17) are satisfied if c,; = 1/2 andc, = 1/2. Thus 


y,(t) = se" + se! = cosht. 
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Similarly, if y,(¢) satisfies the initial conditions 


y(0) =0, ¥O)=1, (19) 
then 


¥,@)= se! = se! = sinht. 


Since the Wronskian of y, and y, is 
W(y3,¥4)(t) = cosh? t — sinh? t = 1, 


these functions also form a fundamental set of solutions, as stated by/Theorem 3.2.5 


Therefore, the general solution of|Eq. (16) |can be written as 
y =k, cosht + k, sinht, (20) 


as well as in the]form (18)} We have used k, and k, for the arbitrary constants in 
(Fa. 13) (18) 


Eq. (20) because they are not the same as the constants c, and c, in One 
purpose of this example is to make clear that a given differential equation has more 
than one fundamental set of solutions; indeed, it has infinitely many. As a rule, you 
should choose the set that is most convenient. 


We can summarize the discussion in this section as follows. To find the general 
solution of the differential equation 


y" + plt)y’ +q@)y = 0, exnr= Pp, 


we must first find two functions y, and y, that satisfy the differential equation in 
a <t < B. Then we must make sure that there is a point in the interval where the 
Wronskian W of y, and y, is nonzero. Under these circumstances y, and y, form a 
fundamental set of solutions and the general solution is 


y= cy, (t) + Cy Vy (t), 


where c, and c, are arbitrary constants. If initial conditions are prescribed at a point in 
a <t < B where W ¥ 0, thenc, and c, can be chosen so as to satisfy these conditions. 


In each of Problems | through 6 find the Wronskian of the given pair of functions. 


: 2. cost, sint 
3. eo, 4. x, xe* 
5. e'sint, e' cost 6. cos*@, 1 + cos 20 


In each of Problems 7 through 12 determine the longest interval in which the given initial value 
problem is certain to have a unique twice differentiable solution. Do not attempt to find the 
solution. 

ty” +3y =f, ydjy=1, y'd)=2 

(t —1)y” —3ty’+4y =sint, y(-2) =2, y(-2)=1 

t(t —4)y" + 3ty’ +4y = 2, y3)=0, y@B)=-1 

y" + (cost)y’ + 3(In|¢/)y = 0, y2)=3, y(Q)=1 

(x—3)y"+xy'+(In[x)y=0, yd)=0, yU)=1 

(x — 2)y" + y' + @& — 2)(tanx)y = 0, y3)=1, y@G)=2 
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Verify that y, (t) = 1? and yx(t) = t—! are two solutions of the differential equation 7 y= 
2y = 0 fort > 0. Then show that et + a is also a solution of this equation for any c, 
and c,. 

Verify that y,(¢) = 1 and y,(t) = t'/? are solutions of the differential equation yy” + 
(y')? = Ofort > 0. Then show that Cc, +c,t '/2 isnot, in general, a solution of this equation. 
Explain why this result does not contradict Theorem 3.2.2. 

15. Show that if y = (ft) is a solution of the differential equation y” + p(t)y’ +q(t)y = g(t), 
where g(t) is not always zero, then y = c@(t), where c is any constant other than 1, is not a 
solution. Explain why this result does not contradict the remark following Theorem 3.2.2. 

16. Can y = sin(¢”) be a solution on an interval containing t = 0 of an equation y" + p(t)y’ + 
q(t)y = 0 with continuous coefficients? Explain your answer. 

17. If the Wronskian W of f and g is 3e™, and if f(t) = e”, find g(t). 

18. Ifthe Wronskian W of f and g is t7e', and if f(t) =f, find g(t). 

19. If Wf, g) isthe Wronskian of f and g,andifu = 2f — g,v = f + 2g, find the Wronskian 
Wu, v) of u and v in terms of W(f, g). 

20. If the Wronskian of f and g is tcost — sint, and if u= f+3g,v= f — g, find the 
Wronskian of u and v. 


In each of Problems 21 and 22 find the fundamental set of solutions specified by Theorem 3.2.5 
for the given differential equation and initial point. 


21. y"+y'—-2y=0, ty =0 22. y"+4y'’+3y =0, ij = 1 


In each of Problems 23 through 26 verify that the functions y, and y, are solutions of the given 

differential equation. Do they constitute a fundamental set of solutions? 

23. y’+4y =0; y,(t) =cos2t, y,(t) = sin 2t 

24, y” —2y'+y =0; y,@Q=e', y(t) =te 

25. xy" —x(x +2)" +(x +2)y=0, x>0; y,@) =x, y,(x) = xe" 

26. (l—xcotx)y’—xy’+y=0, O0<x<Z; y,Q@) =x, yo(x) = sinx 

27. Exact Equations. The equation P(x)y” + Q(x)y’ + R(x)y = 0 is said to be exact if it 
can be written in the form [P(x)y’]’ +[f(x)y]/ = 0, where f(x) is to be determined in 
terms of P(x), Q(x), and R(x). The latter equation can be integrated once immediately, 
resulting in a first order linear equation for y that can be solved as in Section 2.1. By 
equating the coefficients of the preceding equations and then eliminating f(x), show that a 
necessary condition for exactness is P’”(x) — Q'(x) + R(x) = 0. It can be shown that this 
is also a sufficient condition. 


In each of Problems 28 through 31 use the result of Problem 27 to determine whether the given 

equation is exact. If so, solve the equation. 

28. y"+xy’+y=0 29, y"4+3x7y'+xy =0 

30. xy” — (cosx)y’+(sinx)y=0, x>0 31. x?y”’+xy'—-y=0, x>0 

32. The Adjoint Equation. Ifa second order linear homogeneous equation is not exact, it can 
be made exact by multiplying by an appropriate integrating factor (x). Thus we require 
that j2(x) be such that (x) P(x) y” + w(x) O(x)y’ + w(x) R(x)y = Ocan be written in the 
form [(x) P(x)y’J’ + [f(x)y]’ = 0. By equating coefficients in these two equations and 
eliminating f(x), show that the function jz must satisfy 


Pu" + (2P'— QO)’ + (P"— O'+ Rw =0. 


This equation is known as the adjoint of the original equation and is important in the 
advanced theory of differential equations. In general, the problem of solving the adjoint 
differential equation is as difficult as that of solving the original equation, so only occa- 
sionally is it possible to find an integrating factor for a second order equation. 
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In each of Problems 33 through 35 use the result of Problem 32 to find the adjoint of the given 
differential equation. 


33. x?y"+xy' + (x? —v?)y =0, Bessel’s equation 
34. (L—x7)y” —2xy’ +a(a+ Dy =0, Legendre’s equation 
35. xy= Airy’s equation 


36. For the second order linear equation P(x)y” + Q(x)y’ + R(x)y = 0, show that the adjoint 
of the adjoint equation is the original equation. 

37. A second order linear equation P(x)y” + Q(x)y’ + R(x)y =0 is said to be self-adjoint 
if its adjoint is the same as the original equation. Show that a necessary condition for this 
equation to be self-adjoint is that P’(x) = Q(x). Determine whether each of the equations 
in Problems 33 through 35 is self-adjoint. 


3.3 Linear Independence and the Wronskian 


EXAMPLE 


1 


The representation of the general solution of a second order linear homogeneous 
differential equation as a linear combination of two solutions whose Wronskian is not 
zero is intimately related to the concept of linear independence of two functions. This 
is a very important algebraic idea and has significance far beyond the present context; 
we briefly discuss it in this section. 

We will refer to the following basic property of systems of linear homogeneous 
algebraic equations. Consider the two—by—two system 


Ay)X, + AyoX, = 0, 


() 


A\X) + AyX, = 0, 


and let A = a,,a,, — a,,a,, be the corresponding determinant of coefficients. Then 
x = 0, y = 0 is the only solution of the system (1) if and only if A 4 0. Further, the 
system (1) has nonzero solutions if and only if A = 0. 


Two functions f and g are said to be| linearly dependent |on an interval / if there 


exist two constants k, and k,, not both zero, such that 
k, f(t) + k,g(t) = 0 (2) 
for all ¢ in 7. The functions f and g are said to be|linearly independent jon an 


interval J if they are not linearly dependent; that is, Eq. (2) holds for all ¢ in J only 
ifk, =k, =0.In [Section 4.1 |these definitions are extended to an arbitrary number of 
functions. Although it may be difficult to determine whether a large set of functions is 
linearly independent or linearly dependent, it is usually easy to answer this question 
for a set of only two functions: they are linearly dependent if they are proportional 
to each other, and linearly independent otherwise. The following examples illustrate 
these definitions. 


Determine whether the functions sint and cos(t — 2/2) are linearly independent or 
linearly dependent on an arbitrary interval. 
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Theorem 3.3.1 


The given functions are linearly dependent on any interval since 
k, sint +k, cos(t — 7/2) =0 


for all ¢ if we choose k, = 1 andk, = —1. 


Show that the functions e’ and e~ are linearly independent on any interval. 
To establish this result we suppose that 


k,e' +k,e" =0 (3) 


for all ¢ in the interval; we must then show that k, = k, = 0. Choose two points ¢,) and 
t, in the interval, where ¢, A ¢,. Evaluating Eq. (3) at these points, we obtain 


k,e0 + k,e*% = 0, 


kel + ke" =0. 


(4) 


The determinant of coefficients is 


eve _ eet = evel (ell _ e’0). 
Since this determinant is not zero, it follows that the only solution of Eq. (4) is 
k, =k, = 0. Hence e’ and e” are linearly independent. 


The following theorem relates linear independence and dependence to the 
Wronskian. 


If f and g are differentiable functions on an open interval J and if W(f, g)(¢)) #0 
for some point ¢, in J, then f and g are linearly independent on J. Moreover, if f 
and g are linearly dependent on /, then W(f, g)(t) = 0 for every ¢ in /. 


To prove the first statement in Theorem 3.3.1, consider a linear combination k, f(t) + 
k,g(t), and suppose that this expression is zero throughout the interval. Evaluating the 
expression and its derivative at f,, we have 


kf) ae kg (ty) = 0, 
key f(g) kag (ty) = 0. 


The determinant of coefficients of Eqs. (5) is precisely W(f, g)(¢p), which is not zero 
by hypothesis. Therefore, the only solution of Eqs. (5) isk, =k, =0, so f and g are 
linearly independent. 

The second part of Theorem 3.3.1 follows immediately from the first. Let f and g 
be linearly dependent, and suppose that the conclusion is false, that is, W(f, g) is not 
everywhere zero in J. Then there is a point ¢, such that W(f, g)(¢)) 4 0; by the first 
part of Theorem 3.3.1 this implies that f and g are linearly independent, which is a 
contradiction, thus completing the proof. 


(5) 
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We can apply this result to the two functions f(t) = e’ and g(t) = e” discussed in 
Example 2} For any point 4, we have 


_ | @ e7 — 23h 6 
Wf, &) (ty) = e'0 2e7"0 =e x 0. ( ) 


The functions e' and e”' are therefore linearly independent on any interval. 

You should be careful not to read too much into Theorem 3.3.1. In particular, two 
functions f and g may be linearly independent even though W(f, g)(t) = 0 for every 
t in the interval /. This is illustrated in[Problem 28 

Now let us examine further the properties of the Wronskian of two solutions of a 
second order linear homogeneous differential equation. The following theorem, perhaps 


surprisingly, gives a simple explicit formula for the Wronskian of any two solutions of 
any such equation, even if the solutions themselves are not known. 


Theorem 3.3.2 [(Abel’s Theorem) If y, and y, are solutions of the differential equation 


Lly]=y" + p@y' +a@y =0, (7) 

where p and q are continuous on an open interval /, then the Wronskian W (y,, y,)(t) 
is given by 

W(y,,Y2)(t) = c exp |- / p(t) ar| ; (8) 


where c is a certain constant that depends on y, and y,, but not on ¢. Further, 
W()y,, y>)(t) is either zero for all t in J (if c = 0) or else is never zero in I (if c £ 0). 


To prove Abel’s theorem we start by noting that y, and y, satisfy 


yi t+ py, +a@y, = 9, 


” ' (9) 
¥2 + P(t)y2 + 9C)y¥. = 0. 


If we multiply the first equation by —y,, the second by y,, and add the resulting 
equations, we obtain 


(192 — Y192) + POO — Yiy2) = 0. (10) 
Next, we let W(t) = W(y,,y,)(t) and observe that 
W' = yiys — 1Y2- (11) 


Then we can write Eq. (10) in the form 


W’+ p(t)W =0. (12) 


“The result in Theorem 3.3.2 was derived by the Norwegian mathematician Niels Henrik Abel (1802-1829) in 
1827 and is known as Abel’s formula. Abel also showed that there is no general formula for solving a quintic, or 
fifth degree, polynomial equation in terms of explicit algebraic operations on the coefficients, thereby resolving 
a question that had been open since the sixteenth century. His greatest contributions, however, were in analysis, 
particularly in the study of elliptic functions. Unfortunately, his work was not widely noticed until after his death. 
The distinguished French mathematician Legendre called it a “monument more lasting than bronze.” 
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Theorem 3.3.3 


Equation (12)) can be solved immediately since it is both a first order linear equation 
(Section 2.1) and a separable equation|(Section 2.2), Thus 
W(t) =cexp |- / p(t) ar| ; (13) 


where c is a constant. The value of c depends on which pair of solutions of is 
involved. However, since the exponential function is never zero, W(t) is not zero unless 
c = 0, in which case W(f) is zero for all t, which completes the proof of Theorem 
3.3.2, 

Note that the Wronskians of any two fundamental sets of solutions of the same 
differential equation can differ only by a multiplicative constant, and that the Wronskian 
of any fundamental set of solutions can be determined, up to a multiplicative constant, 
without solving the differential equation. 


In/Example 5 of Section 3.2|we verified that y,(t) = t'/? and y(t) = t! are solutions 


of the equation 
20y” + 3ty’-y=0, 1t>0. (14) 


Verify that the Wronskian of y, and y, is given by Eq. (13). 

From the example just cited we know that W(y,, y,)(t) = =(/2\7 9", To use 
Eq. (13) we must write the differential equation (14) in the standard form with the 
coefficient of y” equal to 1. Thus we obtain 


PR ph 
2t De? : 


so p(t) = 3/2t. Hence 


W(y,, Y2)(t) = c exp |- | = ar| = cexp (-5mr) 


=ct?/?, (15) 


Equation (15) gives the Wronskian of any pair of solutions of Eq. (14). For the particular 
solutions given in this example we must choose c = —3/2. 


A stronger version of/Theorem 3.3.1 |can be established if the two functions involved 


are solutions of a second order linear homogeneous differential equation. 


Let y, and y, be the solutions of|Eq. (7), 
Lly]=y" + p@y' +qMy =09, 


where p and q are continuous on an open interval J. Then y, and y, are linearly 
dependent on / if and only if W(y,, y,)(¢) is zero for all ¢ in J. Alternatively, y, and 
y, are linearly independent on / if and only if W(y,, y,)(t) is never zero in J. 


Of course, we know by|Theorem 3.3.2)that W(y,, y,)(t) is either everywhere zero or 


nowhere zero in /. In proving Theorem 3.3.3, observe first that if y, and y, are linearly 
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dependent, then W(y,, y,)(t) is zero for all t in J by Theorem 3.3.1. It remains to prove 
the converse; that is, if W(y,, y,)(t) is zero throughout /, then y, and y, are linearly 
dependent. Let f) be any point in /; then necessarily W(y,, y,)(¢g) = 0. Consequently, 
the system of equations 


Cy (tq) Tr C5 Y(t) = 0, (16) 


CY} (lq) + Cr¥3 (to) = 0 
for c, and c, has a nontrivial solution. Using these values of c, and c,, let d(t) = 


cy, (t) + c,y,(t). Then ¢ is a solution of|Eq. (7), and by Eqs. (16) ¢ also satisfies the 
initial conditions 


P(to) =9, o' (to) = 0. (17) 
Therefore, by the uniqueness part of [Theorem 3.2.1] or by|Example 2 of Section 3.2, 


o(t) = 0 for allt in J. Since @(t) = c, y,(t) + c, y(t) with c, and c, not both zero, this 
means that y, and y, are linearly dependent. The alternative statement of the theorem 
follows immediately. 

We can now summarize the facts about fundamental sets of solutions, Wronskians, 
and linear independence in the following way. Let y, and y, be solutions of 


y” + p(t)y' +q(t)y = 0, 


where p and qg are continuous on an open interval /. Then the following four statements 
are equivalent, in the sense that each one implies the other three: 


1. The functions y 1 and y, area fundamental set of solutions on /. 
2. The functions y, and y, are linearly independent on J. 

3. W(),,¥)(%) F 0 for some f, in J. 

4. W(y,.y5)(t) £0 for all ¢ in J. 


It is interesting to note the similarity between second order linear homogeneous 
differential equations and two-dimensional vector algebra. Two vectors a and b are 
said to be linearly dependent if there are two scalars k, and k,, not both zero, such that 
k,a + k,b = 0; otherwise, they are said to be linearly independent. Let i and j be unit 
vectors directed along the positive x and y axes, respectively. Since k,i + k,j = 0 only 
ifk, =k, =, the vectors i and j are linearly independent. Further, we know that any 
vector a with components a, and a, can be written as a = a,i+ a,j, that is, as a linear 
combination of the two linearly independent vectors i and j. It is not difficult to show 
that any vector in two dimensions can be expressed as a linear combination of any two 
linearly independent two-dimensional vectors (sed Problem 14). Such a pair of linearly 
independent vectors is said to form a basis for the vector space of two-dimensional 
vectors. 

The term vector space is also applied to other collections of mathematical objects 
that obey the same laws of addition and multiplication by scalars that geometric vectors 
do. For example, it can be shown that the set of functions that are twice differentiable 
on the open interval J forms a vector space. Similarly, the set V of functions satisfying 
[Eq. (7)]also forms a vector space. 

Since every member of V can be expressed as a linear combination of two linearly 
independent members y, and y,, we say that such a pair forms a basis for V. This leads 
to the conclusion that V is two-dimensional; therefore, it is analogous in many respects 
to the space of geometric vectors in a plane. Later we find that the set of solutions of an 
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nth order linear homogeneous differential equation forms a vector space of dimension 
n, and that any set of n linearly independent solutions of the differential equation 
forms a basis for the space. This connection between differential equations and vectors 
constitutes a good reason for the study of abstract linear algebra. 


PROBLEMS _ teach of Problems 1 through 8 determine whether the given pair of functions is linearly 
independent or linearly dependent. 


fH=er+5t, g(t) =t? —5t 
f (0) = cos 36, g(@) = 4cos* 0 — 3cos0 
f(t) =e" cos pt, g(t)=e"sinut, uw 40 
jo=e—. 2°" 
: t) = 3t—5 t) = 9t — 15 : Q 
9. The Wronskian of two functions is W(t) = ¢ sin“ t. Are the functions linearly independent 
or linearly dependent? Why? 

10. The Wronskian of two functions is W(t) = t? — 4. Are the functions linearly independent 
or linearly dependent? Why? 

11. If the functions y, and y, are linearly independent solutions of y” + p(t)y’ + q(t)y = 0, 
prove that c,y, and c,y, are also linearly independent solutions, provided that neither c, 
Nor C, is zero. 

If the functions y, and y, are linearly independent solutions of y” + p(t)y’ + q(t)y =0, 
prove that y, = y, + y, and y, = y, — y, also form a linearly independent set of solutions. 
Conversely, if y, and y, are linearly independent solutions of the differential equation, 
show that y, and y, are also. 

If the functions y, and y, are linearly independent solutions of y” + p(t)y' + q(t)y =0, 
determine under what conditions the functions y, =a,y, + 4,y, and y,=b,y, +b 
also form a linearly independent set of solutions. 

(a) Prove that any two-dimensional vector can be written as a linear combination of i+ j 
and i — j. 

(b) Prove that if the vectors x = x,i+x,j and y = y,i+ y,j are linearly independent, 
then any vector z = z,i+ z,j can be expressed as a linear combination of x and y. Note 
that if x and y are linearly independent, then x,y, — x,y, # 0. Why? 
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In each of Problems 15 through 18 find the Wronskian of two solutions of the given differential 
equation without solving the equation. 


15. ty” —t(t +2)y’ +(t+2)y =0 16. (cost)y” + (sint)y’ — ty =0 

17. 273" tay $66 — wy = 0; Bessel’s equation 

18. (1—x?)y” —2xy’ +a(a+ ly =0, Legendre’s equation 
Show that if p is differentiable and p(t) > 0, then the Wronskian W(t) of two solutions 
of [p(@t)y'] + g(t)y = Ois W(t) = c/p(t), where c is a constant. 
If y, and y, are linearly independent solutions of ty’+2y’++te'y=0 and if 
W(y,, ¥,)C) = 2, find the value of W(y,, y,)(5). 
If y, and y, are linearly independent solutions of ty” —2y'+3+t)y =0 and if 
W(y,, ¥2)(2) = 3, find the value of W(y,, y,)(4). 
If the Wronskian of any two solutions of y” + p(t)y’ + q(t)y = 0 is constant, what does 
this imply about the coefficients p and qg? 
If f, g, and A are differentiable functions, show that W(fg, fh) = f?W(g, h). 


In Problems 24 through 26 assume that p and q are continuous, and that the functions y, and y, 
are solutions of the differential equation y” + p(t)y’ + q(t)y = 0 on an open interval /. 


3.4 Complex Roots of the Characteristic Equation 153 


Prove that if y, and y, are zero at the same point in /, then they cannot be a fundamental 
set of solutions on that interval. 

Prove that if y, and y, have maxima or minima at the same point in /, then they cannot be 
a fundamental set of solutions on that interval. 

Prove that if y, and y, have a common point of inflection f, in J, then they cannot be a 
fundamental set of solutions on J unless both p and q are zero at fp. 

Show that t and ?? are linearly independent on —1 <t <1; indeed, they are linearly 
independent on every interval. Show also that W(t, t?) is zero at t = 0. What can you 
conclude from this about the possibility that ¢ and 1 are solutions of a differential equation 
y” + p(t)y’ + q(t)y = 0? Verify that t and 2? are solutions of the equation t?7y" — 2ry’ + 
2y = 0. Does this contradict your conclusion? Does the behavior of the Wronskian of t 
and ft” contradict Theorem 3.3.2? 

Show that the functions f(t) = t|t| and g(t) = t are linearly dependent on 0 <t <1 
and on —1 <tr <0, but are linearly independent on —1 < t < 1. Although f and g are 
linearly independent there, show that W(f, g) is zero for all t in —1 < t < 1. Hence f and 
g cannot be solutions of an equation y” + p(t)y’ + q(t)y = 0 with p and q continuous on 
-l<t<l. 


3.4 Complex Roots of the Characteristic Equation 


We continue our discussion of the equation 
ay" + by’ +cy =0, (1) 


where a, b, and c are given real numbers. In|Section 3.1 }we found that if we seek 
solutions of the form y = e”’, then r must be a root of the characteristic equation 


ar’? +br+c=0. (2) 


If the roots r, and r, are real and different, which occurs whenever the discriminant 
b* — 4ac is positive, then the general solution of Eq. (1) is 


y=c,el + c,e'. (3) 


Suppose now that b? — 4ac is negative. Then the roots of Eq. (2) are conjugate 
complex numbers; we denote them by 


r=A+in, r,=A—ip, (4) 


where 4 and y are real. The corresponding expressions for y are 


y(t) = exp[Q + ip)t], y(t) = expl(A — ip)t]. (5) 
Our first task is to explore what is meant by these expressions, which involve evaluating 
the exponential function for a complex exponent. For example, if 7 = —1, w = 2, and 


t = 3, then from Eq. (5) 
1H", (6) 


What does it mean to raise the number e to a complex power? The answer is provided 
by an important relation known as Euler’s formula. 
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Euler’s Formula. To assign a meaning to the expressions in|Eqs. (5) |we need to give 
a definition of the complex exponential function. Of course, we want the definition to 


reduce to the familiar real exponential function when the exponent is real. There are 
several ways to accomplish this extension of the exponential function. Here we use a 


method based on infinite series; an alternative is outlined in|Problem 28. 


Recall from calculus that the Taylor series for e’ about t = 0 is 


CO t” 
=): —0o <t<o. (7) 
n=0 


If we now assume that we can substitute it for t in Eq. (7), then we have 


ie) n,2n oo n—1,2n—1 
=o p= ss (8) 
“3 (Qn)! — (2h 1)! 
where we have separated the sum into its real and imaginary parts, making use of the 
fact that i? = —1, i? = —i, i* = 1, and so forth. The first series in Eq. (8) is precisely 
the Taylor series for cos t about t = 0, and the second is the Taylor series for sin ¢ 
about t = 0. Thus we have 


e"’ =cost +isint. (9) 


Equation (9) is known as Euler’s formula and is an extremely important mathematical 
relationship. While our derivation of Eq. (9) is based on the unverified assumption that 
the series (7) can be used for complex as well as real values of the independent variable, 
our intention is to use this derivation only to make Eq. (9) seem plausible. We now put 
matters on a firm foundation by adopting Eq. (9) as the definition of e''. In other words, 
whenever we write e’’, we mean the expression on the right side of Eq. (9). 

There are some variations of Euler’s formula that are also worth noting. If we replace 
t by —t in Eq. (9) and recall that cos(—t) = cost and sin(—t) = — sint, then we have 


e’ =cost —isint. (10) 


Further, if ¢ is replaced by jut in Eq. (9), then we obtain a generalized version of Euler’s 
formula, namely, 


e? — cos ut +i sin pt. (11) 


Next, we want to extend the definition of the exponential function to arbitrary complex 
exponents of the form (A + ij)t. Since we want the usual properties of the exponential 
function to hold for complex exponents, we certainly want exp[(A + i{1)f] to satisfy 


eAtiwt = ett eilt. (12) 


Then, substituting for e'“" from Eq. (11), we obtain 


e@tiwt — el (cos wt +i sin pt) 


=e” cos ut + ie™ sin pt. (13) 
We now take Eq. (13) as the definition of exp[(A + ij)t]. The value of the exponential 
function with a complex exponent is a complex number whose real and imaginary 
parts are given by the terms on the right side of Eq. (13). Observe that the real and 


3.4 Complex Roots of the Characteristic Equation 155 


imaginary parts of exp[(A + ij)t] are expressed entirely in terms of elementary real- 
valued functions. For example, the quantity in|Eq. (6) has the value 


e 3+ — e-3 cos6 + ie? sin6 = 0.0478041 — 0.0139113i. 
With the/definitions (9) and|(13)\it is straightforward to show that the usual laws of 


exponents are valid for the complex exponential function. It is also easy to verify that 
the differentiation formula 


d rt rt 
a )=re (14) 


also holds for complex values of r. 


Real-Valued Solutions. The functions y,(t) and y,(t), given by|Eqs. (5)|and with 
the meaning expressed by |Eq. (13)| are solutions of |Eq. (1)|when the roots of the 


characteristic equation (2) are complex numbers A + ij. Unfortunately, the solutions y, 
and y, are complex-valued functions, whereas in general we would prefer to have real- 


valued solutions, if possible, because the differential equation itself has real coefficients. 
Such solutions can be found as a consequence of| Theorem 3.2.2| which states that if 
y, and y, are solutions of[Ea. (| then any linear combination of y, and y, is also a 
solution. In particular, let us form the sum and then the difference of y, and y,. We 
have 


y,(t) + yo(t) = e“ (cos wt +i sin ut) +e (cos wt — i sin wt) 


= 2e"' cos jut 
and 


y,@) — yf) = e™ (cos xt +i sin wt) — e* (cos wt — i sin pt) 


= 2ie™ sin pt. 


Hence, neglecting the constant multipliers 2 and 2i, respectively, we have obtained a 
pair of real-valued solutions 


u(t) = e™ cos pt, v(t) = e™ sin pt. (15) 


Observe that u and v are simply the real and imaginary parts, respectively, of y,. 
By direct computation you can show that the Wronskian of u and v is 


Wu, v)(t) = we. (16) 


Thus, as long as yz 4 0, the Wronskian W is not zero, so u and v form a fundamental 
set of solutions. (Of course, if 44 = 0, then the roots are real and the discussion in this 
section is not applicable.) Consequently, if the roots of the characteristic equation are 
complex numbers A + ij, with jz ¥ 0, then the general solution offEq. ()]is 


y =c,e" cos wt + c,e”' sin pt, (17) 


where c, and c, are arbitrary constants. Note that the solution (17) can be written down 
as soon as the values of 4 and wu are known. 
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EXAMPLE 


1 


EXAMPLE 


3 


EXAMPLE 
| 2 


Find the general solution of 


y"+y+y=0. (18) 
The characteristic equation is 
re+r+1=0, 
and its roots are 
—1+(1—4)!” t 2af3 
r= 5 => +i 5 
Thus 4 = —1/2 and w = V3/2, so the general solution of Eq. (18) is 
y=cye? cos(V3t/2) + c,e/” sin(W3t/2) . (19) 
Find the general solution of 
y" + 9y =0. (20) 


The characteristic equation is r? + 9 = 0 with the roots r = +3i; thus A = 0 and 
jt = 3. The general solution is 


y =c, cos 3t +c, sin 3¢; (21) 


note that if the real part of the roots is zero, as in this example, then there is no 
exponential factor in the solution. 


Find the solution of the initial value problem 
l6y” — 8y’ + 145y = 0, y0)=-2, yO)=1. (22) 


The characteristic equation is 16r? — 8r + 145 = 0 and its roots are r = 1/4 + 3i. 
Thus the general solution of the differential equation is 


y= er cos 3t +c,e/4 sin 3f. (23) 
To apply the first initial condition we set tf = 0 in Eq. (23); this gives 
y(0) =c, = —2. 


For the second initial condition we must differentiate Eq. (23) and then set t = 0. In 
this way we find that 


y'(0) = jc, + 3c, =1, 
from which c, = 1/2. Using these values of c, and c, in Eq. (23), we obtain 
y = —2e'/* cos 34 + 4e"/* sin 3¢ (24) 


as the solution of the initial value problem (22). 


We will discuss the geometrical properties of solutions such as these more fully in 
Section 3.8, |so we will be very brief here. Each of the solutions wu and v in|Eqs. (15) 
represents an oscillation, because of the trigonometric factors, and also either grows or 
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decays exponentially, depending on the sign of A (unless 4 = 0). In/Example 1 we have 


A. = —1/2 < 0, so solutions are decaying oscillations. The graph of a typical solution 
of |Eq. (18)/is shown in Figure 3.4.1. On the other hand, 7 = 1/4 > 0 in Example 
so solutions of the differential] equation (22)|are growing oscillations. The graph 


of the}solution (24)| of the given initial value problem is shown in Figure 3.4.2. The 
intermediate case is illustrated in|Example 2 jin which 4 = 0. In this case the solution 


neither grows nor decays exponentially, but oscillates steadily; a typical solution of 
Eq. (20) iis shown in|Figure 3.4.3 


FIGURE 3.4.1 A typical solution of y” + y’+ y =0. 


y =-2e!4 cos 3t + “el! sin 3t 


FIGURE 3.4.2 Solution of 16y” — 8y’ + 145y = 0, y(0) = —2, y’(0) =1. 
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FIGURE 3.4.3 A typical solution of y” + 9y = 0. 


PROBLEMS _ineach of Problems 1 through 6 use Euler’s formula to write the given expression in the form 
SsccSeeeEE_— atid. 

. exp(1 + 2i) . exp(2 — 3i) 

. et gt a/2i 

oS gg hi 


7. y"—2y'’+2y =0 . + 6y =0 
9. y”+2y’—8y=0 ; 2y =0 
11. y’ 13y =0 =0 

13, y" 1.25y =0 /_ dy =0 
15, sey 4125-0 6257=0 


In each of Problems 17 through 22 find the solution of the given initial value problem. Sketch 
the graph of the solution and describe its behavior for increasing t. 


y"+4y=0, y0)=0, yO=1 

y" +4y' + 5y =0, y0)=1, y'(0)=0 

y" —2y’+5y =0, y(z/2)=0, y(a/2) =2 

y"+y=0, y(a/3)=2, y'(a/3) =—4 

y’+y'+1.25y =0, y(0)=3, y@O=1 

y+2y'+2y=0, y(a/4)=2, y(a/4)=-2 
. Consider the initial value problem 


3u" —u' +2u =0, u(O) = 2, 


(a) Find the solution u(t) of this problem. 
(b) Find the first time at which |u(t)| = 10. 


. Consider the initial value problem 


5u" + 2u'+7u =0, u(0)=2, wu (O)=1. 


(a) Find the solution u(t) of this problem. 
(b) Find the smallest T such that |u(t)| < 0.1 for allt > T. 


. Consider the initial value problem 


y” + 2y'+6y =0, y0O)=2, yO)=a>0. 


(a) Find the solution y(t) of this problem. 
(b) Find @ so that y = 0 whent = 1. 
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(c) Find, as a function of a, the smallest positive value of ¢ for which y = 0. 
(d) Determine the limit of the expression found in part (c) as @ — od. 
Consider the initial value problem 


y"+2ay'+(a+)y=0, yO=1, y@)=0. 


(a) Find the solution y(t) of this problem. 

(b) For a = 1 find the smallest T such that |y(t)| < 0.1 fort > T. 

(c) Repeat part (b) for a = 1/4, 1/2, and 2. 

(d) Using the results of parts (b) and (c), plot T versus a and describe the relation between 
T anda. 

Show that W(e*! cos put, e* sin pt) = we. 

In this problem we outline a different derivation of Euler’s formula. 

(a) Show that y,(t) = cost and y,(t) = sin¢ are a fundamental set of solutions of y+ 
y = 0; that is, show that they are solutions and that their Wronskian is not zero. 

(b) Show (formally) that y = e'’ is also a solution of y” + y = 0. Therefore, 


it . . 
e" =c, cost +c, sint (i) 


for some constants c, and c,. Why is this so? 

(c) Set t = 0 in Eq. (i) to show that c, = 1. 

(d) Assuming that Eq. (14) is true, differentiate Eq. (i) and then set t = 0 to conclude that 
c, = i. Use the values of c, and c, in Eq. (i) to arrive at Euler’s formula. 


Using Euler’s formula, show that 


cost = (e” +e") /2, sint = (e’ — e")/2i. 


EF 5st 


i Fry) e’2' for any complex numbers r, and r,. 


= el 


If e”’ is given by Eq. (13), show that e 
If e”’ is given by Eq. (13), show that 


for any complex number r. 
Let the real-valued functions p and q be continuous on the open interval 7, and let 
y = o(t) = u(t) + iv(t) be a complex-valued solution of 


y” + p(t)y’ + q(t)y =9, (i) 


where u and v are real-valued functions. Show that u and v are also solutions of Eq. (i). 
Hint: Substitute y = ¢(t) in Eq. (i) and separate into real and imaginary parts. 

If the functions y, and y, are linearly independent solutions of y” + p(t)y’ + q(t)y = 0, 
show that between consecutive zeros of y, there is one and only one zero of y,. Note that 
this result is illustrated by the solutions y,(t) = cost and y,(t) = sint of the equation 
y"+y=0. 


Change of Variables. Often a differential equation with variable coefficients, 
y" + p(t)y’ + 4q(t)y = 0, (i) 


can be put in a more suitable form for finding a solution by making a change of the independent 
and/or dependent variables. We explore these ideas in Problems 34 through 42. In particular, in 
Problem 34 we determine conditions under which Eq. (i) can be transformed into a differential 
equation with constant coefficients and thereby becomes easily solvable. Problems 35 through 
42 give specific applications of this procedure. 


34. In this problem we determine conditions on p and q such that Eq. (i) can be transformed 
into an equation with constant coefficients by a change of the independent variable. Let 
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x = u(t) be the new independent variable, with the relation between x and t to be specified 
later. 
(a) Show that 


dy _ dx dy d’y _ (dx . d’y = dx dy 
dt dt dx’ dt? \dt) dx? dt? dx’ 
(b) Show that the differential equation (i) becomes 


dx\? @ dx + 7 aa dy tat) 0 (ii) 
=U. ll 
de) as ye ae ag 


(c) In order for Eq. (ii) to have constant coefficients, the coefficients of ad? y /dx* and of 
y must be proportional. If g(t) > 0, then we can choose the constant of proportionality to 
be 1; hence 


x=u(t)= fawn” dt. (iii) 


(d) With x chosen as in part (c) show that the coefficient of dy/dx in Eq. (ii) is also a 
constant, provided that the expression 
q(t) + 2pOq(0) 
2g”? 
is a constant. Thus Eq. (i) can be transformed into an equation with constant coefficients 


by a change of the independent variable, provided that the function (q’ + 2pq)/ q?? isa 
constant. How must this result be modified if g(t) < 0? 


(iv) 


In each of Problems 35 through 37 try to transform the given equation into one with constant 
coefficients by the method of Problem 34. If this is possible, find the general solution of the 
given equation. 


2: 
ty +e" y=0, oo <t <0o 
3ty’ + ry =0, co <t<oo 
ty” +(t? —ly’+ fy =0, 0<t<oo 


. Euler Equations. An equation of the form 


ry” +aty’ + By =0, t > 0, 
where a and are real constants, is called an Euler equation. Show that the substitution 
x = Int transforms an Euler equation into an equation with constant coefficients. Euler 
equations are discussed in detail in Section 5.5. 


In each of Problems 39 through 42 use the result of Problem 38 to solve the given equation for 
t > 0. 


39. ty” +ty’+y=0 40. t?y"”+4ty’+2y =0 
Al. ty” + 3ty’+1.25y =0 42. t’y"” —4ty'’ —6y =0 
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In earlier sections we showed how to solve the equation 


ay’ +by'+cy =0 (1) 
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1 


when the roots of the characteristic equation 
ar? +br+c=0 (2) 


are either real and different, or are complex conjugates. Now we consider the third 
possibility, namely, that the two roots r, and r, are equal. This case occurs when the 
discriminant b* — 4ac is zero, and it follows from the quadratic formula that 


r =r, = —b/2a. (3) 
The difficulty is immediately apparent; both roots yield the same solution 


y=" (4) 


of the differential] equation (1)| and it is not obvious how to find a second solution. 


Solve the differential equation 

y" +4y' + 4y =0. (5) 

The characteristic equation is 
r4+4r+4=(r+2) =0, 

sor, =r, = —2. Therefore one solution of Eq. (5) is y, (t) = e~". To find the general 
solution of Eq. (5) we need a second solution that is not a multiple of y,. This second 
solution can be found in several ways (see|Problems 20 through 22); here we use a 
method originated b D’Alembert“in the eighteenth century. Recall that since y, (¢) is 
a solution of|Eq. (1),|so is cy, (t) for any constant c. The basic idea is to generalize this 


observation by replacing c by a function v(t) and then trying to determine v(t) so that 
the product u(t)y,(t) is a solution of 

To carry out this program we substitute y = v(t) y, (¢) inEq. (1) pnd use the resulting 
equation to find v(t). Starting with 


y= vy) = ve, (6) 
we have 
y =v'(t)e* — 2u(te* (7) 
and 
y =v" (the * —4u'(Ne* +4ue™. (8) 


By substituting the expressions in Eqs. (6), (7), and (8) in Eq. (5) and collecting terms, 
we obtain 


[uv (t) — 4u'(t) + 4u(t) + 40'(t) — 8u(t) + 4u(t)Je™”” = 0, 
which simplifies to 


v(t) =0. (9) 


5Jean d’ Alembert (1717-1783), a French mathematician, was a contemporary of Euler and Daniel Bernoulli, and 
is known primarily for his work in mechanics and differential equations. D’ Alembert’s principle in mechanics and 
d’Alembert’s paradox in hydrodynamics are named for him, and the wave equation first appeared in his paper on 
vibrating strings in 1747. In his later years he devoted himself primarily to philosophy and to his duties as science 
editor of Diderot’s Encyclopédie. 
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Therefore 
v@) =<, 
and 
v(t) =cyt +c, (10) 


where c, and c, are arbitrary constants. Finally, substituting for u(t) in|Eq. (6), we 
obtain 


y= a i + nae (11) 


The second term on the right side of Eq. (11) corresponds to the original solution 
y,(t) = exp(—2r), but the first term arises from a second solution, namely y,(t) = 
t exp(—2r). These two solutions are obviously not proportional, but we can verify that 
they are linearly independent by calculating their Wronskian: 


2t 


—2?t = 
t 
Wy, Yy)(t) = | 5e! ‘i _ Ie 


=e" — Ite" 4 2te* =e" £0. 


Therefore 


yQ=e", y(t) =te™ (12) 
form a fundamental set of solutions of|Eq. (5)J and the general solution of that equation 
is given by Eq. (11). Note that both y, (t) and y,(¢) tend to zero as t + 00; consequently, 
all solutions of|Eq. (5)|behave in this way. The graph of a typical solution is shown in 
Figure 3.5.1. 


FIGURE 3.5.1 A typical solution of y” + 4y’ + 4y = 0. 


The procedure used in Example 1 can be extended to a general equation whose 
characteristic equation has repeated roots. That is, we assume that the coefficients in 
Eq. (1) satisfy b* — 4ac = 0, in which case 

y (t) = et /2a 
is a solution. Then we assume that 


y = v(t)y, (1) = v(te 4 (13) 
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and substitute in|Eq. (1)|to determine u(t). We have 

b 

y’ = v' (te 2/24 _ yee (14) 

2a 
and 
” " —bt/2a b / —bt/2a bP —bt/2a 
y =v (the 7/" — -v'(te ale ; (15) 
a 4a 


Then, by substituting in}Eq. (1)} we obtain 
” b / be / b —bt/2a 
a|v (t) v(t)-4 sug) | +e |v G)— <0) | tev@) ;e =0. (16) 
a 4a 2a 


Canceling the factor exp(—bt/2a), which is nonzero, and rearranging the remaining 
terms, we find that 


Yr bP 
av’ (t) + (—b+ b)u'(t) + (z ——+ :) v(t) = 0. (17) 
4a 2a 


The term involving v’(t)is obviously zero. Further, the coefficient of v(t) isc — (b* /4a), 
which is also zero because b* — 4ac = 0 in the problem that we are considering. Thus, 
just as in Example 1, Eq. (17) reduces to 


v(t) = 0; 
therefore, 
v(t) =c,t +c). 
Hence, from|Eq. (13)] we have 
y= ae + ae. (18) 


Thus y is a linear combination of the two solutions 


yi@) =e 4, y(t) = te 4, (19) 
The Wronskian of these two solutions is 
et/2a te ot /2a 
W(y,, ¥2)) = _P -vi/2a (1 _ ~) eoot/2a | = ee (20) 
2a 2a 


Since W(y,, y,)(t) is never zero, the solutions y, and y, given by Eq. (19) are a 
fundamental set of solutions. Further, Eq. (18) is the general solution gy 
the roots of the characteristic equation are equal. In other words, in this case, there is 
one exponential solution corresponding to the repeated root, while a second solution is 
obtained by multiplying the exponential solution by f. 


Find the solution of the initial value problem 
y” — y' +0.25y =0, y(0)=2, y'() =}. (21) 
The characteristic equation is 


r>—r+0.25 =0, 
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so the roots are r, = r, = 1/2. Thus the general solution of the differential equation is 
y=ce? +c,te!?. (22) 
The first initial condition requires that 
yO) =c, =2. 


To satisfy the second initial condition, we first differentiate Eq. (22) and then set t = 0. 
This gives 


YO) = 70, += 3, 
so c, = —2/3. Thus, the solution of the initial value problem is 
y =2e'!? — 2te!!?, (23) 


The graph of this solution is shown in Figure 3.5.2. 


y'(0) =2: y=2e? + tel? 


y(0) = a y =2e? - 2 tel? 


FIGURE 3.5.2 Solutions of y" — y’+0.25y =0, y@) = 2, with y’(0) = 1/3 and with 
y’(0) = 2, respectively. 


Let us now modify the initial valug problem (21) |by changing the initial slope; to 


be specific, let the second initial condition be y'(O) = 2. The solution of this modified 
problem is 


y = 2e!? + tel!” 
and its graph is also shown in Figure 3.5.2. The graphs shown in this figure suggest that 
there is a critical initial slope, with a value between ; and 2, that separates solutions 
that grow positively from those that ultimately grow negatively. In}Problem 16|you are 


asked to determine this critical initial slope. 
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The geometrical behavior of solutions is similar in this case to that when the roots are 
real and different. If the exponents are either positive or negative, then the magnitude 


of the solution grows or decays accordingly; the linear factor ¢ has little influence. 
A decaying solution is shown in| Figure 3.5.1 |and growing solutions in|Figure 3.5.2. 
However, if the repeated root is zero, then the differential equation is y’ = 0 and the 
general solution is a linear function of f. 
Summary. We can now summarize the results that we have obtained for second order 
linear homogeneous equations with constant coefficients, 

ay” + by'+cy =0. (1) 
Let r, and r, be the roots of the corresponding characteristic polynomial 

ar? +br+c=0. (2) 


If r, and r, are real but not equal, then the general solution of the differential 
equation (1) is 


y=c el + c,e2. (24) 
Ifr, andr, are complex conjugates A + ij, then the general solution is 


y =c,e" cos wt + ce” sin pt. (25) 


If r, =,r,, then the general solution is 
y=c,e"' + cyte. (26) 
Reduction of Order. It is worth noting that the procedure used earlier in this section 


for equations with constant coefficients is more generally applicable. Suppose we know 
one solution y, (¢), not everywhere zero, of 


y" + pit)y’ +q@)y = 0. (27) 
To find a second solution, let 
y =v(t)y, (0); (28) 
then 
y=v@Oy, 0) +00 
and 


y" =v" Oy, + 2v'Oy,O + vO yO. 
Substituting for y, y’, and y” in Eq. (27) and collecting terms, we find that 


y,v" + (2y, + py)u' + OF + py, + ay,)u = 0. (29) 

Since y, is a solution of Eq. (27), the coefficient of v in Eq. (29) is zero, so that Eq. (29) 
becomes 

y,v" + (2y, + py,)u' = 0. (30) 


Despite its appearance, Eq. (30) is actually a first order equation for the function v’ and 
can be solved either as a first order linear equation or as a separable equation. Once 
v’ has been found, then v is obtained by an integration. Finally, y is determined from 
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EXAMPLE 


3 


PROBLEMS 


his procedure is called the method of reduction of order because the crucial 
step is the solution of a first order differential equation for v’ rather than the original 
second order equation for y. Although it is possible to write down a formula for v(t), 
we will instead illustrate how this method works by an example. 


1 


Given that y,(¢) =? ~~ is a solution of 


2ry”+3ty’-y=0, 1>0, (31) 
find a second linearly independent solution. 
We set y = v(t)t'; then 
y =v! — ort’, yi sv"t! —2v't? +-2007?. 


Substituting for y, y’, and y” in Eq. (31) and collecting terms, we obtain 


2 (o'r aut? er) eS) = 
= 2tv" + (—44.3)0' + (471 — 37! — tv 
= 2tv” —v' =0. (32) 


Note that the coefficient of v is zero, as it should be; this provides a useful check on 
our algebra. 
Separating the variables in Eq. (32) and solving for v’(t), we find that 


v(t) =ct!/?; 
then 
v(t) = 2 o13/? +k. 
It follows that 
y = $et'? + ke, (33) 


where c and k are arbitrary constants. The second term on the right side of Eq. (33) is 


a multiple of y,(¢) and can be dropped, but the first term provides a new independent 


solution. Neglecting the arbitrary multiplicative constant, we have y,(t) = ae 


In each of Problems 1 through 10 find the general solution of the given differential equation. 
1. y”—2y’+y=0 . Dy" +6y +y=0 
3. Ay” —4y’-3y=0 . 4y"+12y'+9y =0 
5. y”—2y’+10y =0 . y"—6y'+9y =0 
7. 4y"+17y'’+4y =0 . l6y” + 24y'+9y =0 
9 


. 25y" —20y'+4y =0 10. 2y”+2y’+y=0 


In each of Problems 11 through 14 solve the given initial value problem. Sketch the graph of 
the solution and describe its behavior for increasing f. 


. 9y"—12y'+4y=0, yO=2, yO=-1 
. y’ —6y'+ 9y =0, =0, y@)=2 


. y’+4y'+4y =0, y(-1l)=2, y(-lD=1 
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19. 


Consider the initial value problem 


(a) Solve the initial value problem and plot its solution for 0 < tf <5. 

(b) Determine where the solution has the value zero. 

(c) Determine the coordinates (f,,y)) of the minimum point. 

(d) Change the second initial condition to y’(0) = b and find the solution as a function 
of b. Then find the critical value of b that separates solutions that always remain positive 
from those that eventually become negative. 

Consider the following modification of the initial value problem in Example 2: 


y"—y' +0.25y = 0, yO)=2, yO=HDb. 


Find the solution as a function of b and then determine the critical value of b that separates 
solutions that grow positively from those that eventually grow negatively. 
Consider the initial value problem 


4y"+4y’+y=0, yO)=1, y'()=2. 


(a) Solve the initial value problem and plot the solution. 

(b) Determine the coordinates (f), 9) of the maximum point. 

(c) Change the second initial condition to y’(0) = b > Oand find the solution as a function 
of b. 

(d) Find the coordinates (t,,,y,,) of the maximum point in terms of b. Describe the 
dependence of t,, and y,, on D as b increases. 

Consider the initial value problem 


Qy" + 12y’ +4y = 0, y(0) =a>Q0, y’(0) =—|, 


(a) Solve the initial value problem. 

(b) Find the critical value of a that separates solutions that become negative from those 
that are always positive. 

If the roots of the characteristic equation are real, show that a solution of ay” + by’ + cy = 
0 can take on the value zero at most once. 


Problems 20 through 22 indicate other ways of finding the second solution when the characteristic 
equation has repeated roots. 


20. (a) Consider the equation y” + 2ay’ + a”y = 0. Show that the roots of the characteristic 


equation are r, = r, = —a, so that one solution of the equation is e~“’. 


(b) Use Abel’s formula [Eq. (8) of Section 3.3] to show that the Wronskian of any two 
solutions of the given equation is 


2at 


W(t) = y,@) y(t) — yi My, (1) = ce, 


where c, is a constant. 


(c) Let y,@) = e and use the result of part (b) to show that a second solution is 
y(t) = te, 

Suppose that r, and r, are roots of ar* + br +c =0 and that r, Ary; then exp(r,t) 
and exp(r,t) are solutions of the differential equation ay” + by’ + cy =0. Show that 
P(t; 7), 1) = lexp(r,t) — exp(r,t)]/(r, — r,) is also a solution of the equation for r, # r,. 
Then think of r, as fixed and use L’Hospital’s rule to evaluate the limit of @(¢; r,,1,) as 
ry — rj, thereby obtaining the second solution in the case of equal roots. 


22. (a) If ar? +br +c =Ohas equal roots r,, show that 


Lie"] = a(e"’)” + b(e"y’ + ce" =a(r— ie 
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Since the right side of Eq. (i) is zero when r = r,, it follows that exp(r,f) is a solution of 
Lily] = ay" + by’ +cy =0. 

(b) Differentiate Eq. (i) with respect to r and interchange differentiation with respect to r 
and with respect to ft, thus showing that 


a a 
—Lle"]=L "| = L{te""] = ate" (r Ae + 2ae"(r — r\)- (ii) 
or or 


Since the right side of Eq. (ii) is zero when r = r 
of L[y] = 0. 


a conclude that t exp(r,t) is also a solution 


In each of Problems 23 through 30 use the method of reduction of order to find a second solution 
of the given differential equation. 

23. t?y"—4ty’'+6y=0, t>0; o=— 

24. t?y”4+2ty’-2y=0, t>0; y,Q=t 

25. ty” +3ty’+y=0, t>0; HoSt 

26, ty" =tt42)y +042) =0,. ¢> 0: wot 

27. xy”—y'+4x3y=0, x>0; y,@) = sin x? 

28. (x—Dy”-xy'+y=0, x>1; yx) =e 

29. xy" — (x —0.1875)y =0, x >0; yj a)= xt 2 

30. xy” +xy' + (x7 —0.25)y=0, x >0; yx) = x7"? sinx 
31. The differential equation 


xy"—(x+N)y’+ Ny =0, 


where JN is a nonnegative integer, has been discussed by several authors.“ One reason it is 
interesting is that it has an exponential solution and a polynomial solution. 
(a) Verify that one solution is y,(x) = e”. 
(b) Show that a second solution has the form y,(x) = ce* f x%e-™* dx. Calculate yo (x) 
for N = 1 and N = 2; convince yourself that, with c = —1/N!}, 
ee at 

eA a og EE es 
Note that y, (x) is exactly the first N + 1 terms in the Taylor series about x = 0 for e*, that 
is, for y, (x). 
The differential equation 


y” + d(xy’+ y) =0 


arises in the study of the turbulent flow of a uniform stream past a circular cylinder. Verify 
that y, (x) = exp(—dx7 /2) is one solution and then find the general solution in the form of 
an integral. 

The method of Problem 20 can be extended to second order equations with variable 
coefficients. If y, is a known nonvanishing solution of y” + p(t)y’ + q(t)y = 0, show that 
a second solution y, satisfies (y,/y,)’ = W(y15¥)/¥t> where W(y,,y,) is the Wronskian 
of y, and y,. Then use Abel’s formula [Eq. (8) of Section 3.3] to determine y,. 


In each of Problems 34 through 37 use the method of Problem 33 to find a second independent 
solution of the given equation. 

34. ty” +4+3ty’ +y=0, t>0; y@=t! 

35. ty’—y'+4ry=0, t>0; y,(t) = sin(?) 


°T. A. Newton, “On Using a Differential Equation to Generate Polynomials,” American Mathematical Monthly 
81 (1974), pp. 592-601. Also see the references given there. 
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36. (x—1)y’—xy’'+y=0, x>1; y@ =e 
37. 5" + xy! + = 0.25)y=0, x >O0; y= xl? sin x 


Behavior of Solutions as t > 00. Problems 38 through 40 are concerned with the behavior 
of solutions in the limit as t > oo. 


. Ifa, b, and c are positive constants, show that all solutions of ay” + by’ + cy = 0 approach 
Zero as t —> OO. 
(a) If a >0andc > 0, but b = 0, show that the result of Problem 38 is no longer true, 
but that all solutions are bounded as t + oo. 
(b) If a > 0 and b > 0, but c = 0, show that the result of Problem 38 is no longer true, 
but that all solutions approach a constant that depends on the initial conditions as t > oo. 
Determine this constant for the initial conditions y(0) = yy, y’(0) = yo. 
Show that y = sint is a solution of 


y” + (ksin’ t)y’ + (1 —kcostsint)y =0 


for any value of the constant k. If0 < k < 2, show that 1 — kcostsint > Oandk sin? t > 0. 
Thus observe that even though the coefficients of this variable coefficient differential equa- 
tion are nonnegative (and the coefficient of y’ is zero only at the points t = 0, 7, 27,...), 
it has a solution that does not approach zero as t — oo. Compare this situation with the 
result of Problem 38. Thus we observe a not unusual situation in the theory of differential 
equations: equations that are apparently very similar can have quite different properties. 


Euler Equations. Use the substitution introduced in Problem 38 in Section 3.4 to solve each 
of the equations in Problems 41 and 42. 


ty” —3ty’+4y =0, t>0 
t?y” + 2ty’ +0.25y = 0, t>0 


3.6 Nonhomogeneous Equations; Method of 
Undetermined Coefficients 


We now return to the nonhomogeneous equation 
Lily] =y" + p@®y' +a@y = 8, (1) 
where p, qg, and g are given (continuous) functions on the open interval /. The equation 
Lily] =y"+ py’ +a(y =0, (2) 


in which g(t) = 0 and p and q are the same as in Eq. (1), is called the homogeneous 
equation corresponding to Eq. (1). The following two results describe the structure of 
solutions of the nonhomogeneous equation (1) and provide a basis for constructing its 
general solution. 
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Theorem 3.6.1 


Theorem 3.6.2 


If Y, and Y, are two solutions of the nonhomogeneous |equation (1)| then their 
difference Y, — Y, is a solution of the corresponding homogeneous If, 
in addition, y, and y, are a fundamental set of solutions of|Eq. (2), then 

VY, -Y,0© =c¢,y,@) +¢,y,@), (3) 


where c, and c, are certain constants. 


To prove this result, note that Y, and Y, satisfy the equations 


L[Y,]@) = g(0), L[Y,|(t) = g(). (4) 
Subtracting the second of these equations from the first, we have 
LY }(¢) — LIVI = g@) — g@) = 0. (5) 


However, 
L{Y,] — LlY,] = LIY, — YI, 
so Eq. (5) becomes 
L[Y, — Y,](¢) = 0. (6) 


Equation (6) states that Y, — Y, is a solution of |Eq. (2), Finally, since all solutions of 
Eq. (2) |can be expressed as linear combinations of a fundamental set of solutions by 
it follows that the solution Y, — Y, can be so written. Hence Eq. (3) 
holds and the proof is complete. 


The general solution of the nonhomogeneous |equation (1)|can be written in the form 
y= =cy,O+0y7y,0+YO, (7) 


where y, and y, are a fundamental set of solutions of the corresponding homogeneous 


equation (2)| c, and c, are arbitrary constants, and Y is some specific solution of the 
non omogeneous|equation (T)] 


The proof of Theorem 3.6.2 follows quickly from the preceding theorem. Note that 
Eq. (3) holds if we identify Y, with an arbitrary solution ¢ of|Eq. (1)}and Y, with the 
specific solution Y. From Eq. (3) we thereby obtain 


b(t) —¥t) =cy, 0) Fey), (8) 


which is equivalent to Eq. (7). Since ¢ is an arbitrary solution of the expression 
on the right side of Eq. (7) includes all solutions of thus it is natural to call it 
the general solution of 

In somewhat different words, Theorem 3.6.2 states that to solve the nonhomogeneous 
equation (1), we must do three things: 


1. Find the general solution c,y,(t) + c,y,(t) of the corresponding homogeneous 
equation. This solution is frequently called the complementary solution and may 
be denoted by y_(f). 

2. Find some single solution Y (t) of the nonhomogeneous equation. Often this solu- 
tion is referred to as a particular solution. 

3. Add together the functions found in the two preceding steps. 
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We have already discussed how to find y,(t), at least when the homogeneous equa- 
[ tion (2)]has constant coefficients. Therefore, in the remainder of this section and in the 
next, we will focus on finding a particular solution Y(t) of po SLL 
There are two methods that we wish to discuss. They are known as the method 
of undetermined coefficients and the method of variation of parameters, respectively. 
Each has some advantages and some possible shortcomings. 


Method of Undetermined Coefficients. The method of undetermined coefficients re- 
quires that we make an initial assumption about the form of the particular solution Y (t), 
but with the coefficients left unspecified. We then substitute the assumed expression 
into[Eq. (1)jand attempt to determine the coefficients so as to satisfy that equation. If 
we are successful, then we have found a solution of the ania, SD) 
can use it for the particular solution Y (t). If we cannot determine the coefficients, then 
this means that there is no solution of the form that we assumed. In this case we may 
modify the initial assumption and try again. 

The main advantage of the method of undetermined coefficients is that it is straight- 
forward to execute once the assumption is made as to the form of Y(f). Its major 
limitation is that it is useful primarily for equations for which we can easily write down 
the correct form of the particular solution in advance. For this reason, this method 
is usually used only for problems in which the homogeneous equation has constant 
coefficients and the nonhomogeneous term is restricted to a relatively small class of 
functions. In particular, we consider only nonhomogeneous terms that consist of poly- 
nomials, exponential functions, sines, and cosines. Despite this limitation, the method 
of undetermined coefficients is useful for solving many problems that have important 
applications. However, the algebraic details may become tedious and a computer alge- 
bra system can be very helpful in practical applications. We will illustrate the method 
of undetermined coefficients by several simple examples and then summarize some 
rules for using it. 


Find a particular solution of 
EXAMPLE ii F 7 
1 y —3y —4y =3e". (9) 


We seek a function Y such that the combination Y”(t) — 3Y’(t) — 4Y(t) is equal 
to 3e~". Since the exponential function reproduces itself through differentiation, the 
most plausible way to achieve the desired result is to assume that Y (¢) is some multiple 
of e7', that is, 


Y(t) = Ae”, 
where the coefficient A is yet to be determined. To find A we calculate 
Y'(t) = 2Ae”, Y(t) = 4Ae”, 
and substitute for y, y’, and y” in Eq. (9). We obtain 
(4A — 6A —4A)e™ = 307, 
Hence —6Ae” must equal 3e””, so A = —1/2. Thus a particular solution is 


Y(t) = Se". (10) 
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EXAMPLE 


2 


Find a particular solution of 
y” —3y’ —4y = 2sint. (11) 


By analogy with|Example 1} let us first assume that Y(t) = Asint, where A is a 


constant to be determined. On substituting in Eq. (11) and rearranging the terms, we 
obtain 


—5Asint —3Acost = 2sint, 
or 
(2+5A)sint +3Acost = 0. (12) 


The functions sin ¢ and cos ¢ are linearly independent, so Eq. (12) can hold on an interval 
only if the coefficients 2 + 5A and 3A are both zero. These contradictory requirements 
mean that there is no choice of the constant A that makes Eq. (12) true for all t. Thus 
we conclude that our assumption concerning Y (ft) is inadequate. The appearance of the 
cosine term in Eq. (12) suggests that we modify our original assumption to include a 
cosine term in Y(t), that is, 


Y(t) = Asint + Bcost, 
where A and B are to be determined. Then 
Y'(t) = Acost — Bsint, Y"(t) = —Asint — Bcost. 


By substituting these expressions for y, y’, and y” in Eq. (11) and collecting terms, we 
obtain 


(-A+3B —4A)sint+ (—B —3A —4B) cost = 2sint. (13) 


To satisfy Eq. (13) we must match the coefficients of sin t and cos t on each side of the 
equation; thus A and B must satisfy the equations 


—5A+3B =2, —3A —5B =0. 
Hence A = —5/17 and B = 3/17, so a particular solution of Eq. (11) is 


Y(t) = —2 sint + 4 cost. 


The method illustrated in the preceding examples can also be used when the right 
side of the equation is a polynomial. Thus, to find a particular solution of 


y” — 3y' —4y = 41? - 1, (14) 


we initially assume that Y (f) is a polynomial of the same degree as the nonhomogeneous 
term, that is, Y(t) = At? + Br+cC. 

To summarize our conclusions up to this point: if the nonhomogeneous term g(t) 
in[Eq. (1)]is an exponential function e*’, then assume that Y(t) is proportional to the 
same exponential function; if g(t) is sin Bt or cos Bt, then assume that Y (ft) is a linear 
combination of sin Bt and cos Bt; if g(t) is a polynomial, then assume that Y(f) is 
a polynomial of like degree. The same principle extends to the case where g(t) is 
a product of any two, or all three, of these types of functions, as the next example 
illustrates. 
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EXAMPLE 


3 


EXAMPLE 


4 


Find a particular solution of 
y” —3y' —4y = —8e' cos 2r. (15) 


In this case we assume that Y(t) is the product of e’ and a linear combination of 
cos 2t and sin 2r, that is, 


Y(t) = Ae‘ cos 2t + Be' sin2t. 
The algebra is more tedious in this example, but it follows that 
Y'(t) = (A +2B)e' cos 2t + (—2A + Be’ sin 2t 
and 
Y"(t) = (-3A +4B)e' cos 2t + (—4A — 3B)e' sin 2r. 
By substituting these expressions in Eq. (15), we find that A and B must satisfy 
10A + 2B = 8, 2A —10B =0. 
Hence A = 10/13 and B = 2/13; therefore a particular solution of Eq. (15) is 
10 


Y(t) = ye’ cos 2t + Ae sin 2t. 


Now suppose that g(f) is the sum of two terms, g(t) = g,(t) + g,(¢), and suppose 
that Y, and Y, are solutions of the equations 


ay" + by’ +cy = g,() (16) 
and 

ay” + by'+cy = g,(t), (17) 
respectively. Then Y, + Y, is a solution of the equation 

ay” + by'+ cy = g(t). (18) 


To prove this statement, substitute Y,(t) + Y,(¢) for y in Eq. (18) and make use 
of Eqs. (16) and (17). A similar conclusion holds if g(t) is the sum of any finite 
number of terms. The practical significance of this result is that for an equation whose 
nonhomogeneous function g(t) can be expressed as a sum, one can consider instead 
several simpler equations and then add the results together. The following example is 
an illustration of this procedure. 


Find a particular solution of 
y” —3y' — 4y = 3e” 4+ 2sint — 8e' cos 2t. (19) 
By splitting up the right side of Eq. (19), we obtain the three equations 
y”’ —3y' —4y = 3e, 
y” —3y’ —4y = 2sint, 
and 


y” —3y' —4y = —8e' cos 2r. 
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EXAMPLE 


5 


Solutions of these three equations have been found in/Examples 1 and3| respectively. 


Therefore a particular solution of|Eq. (19)|is their sum, namely, 


Y(t) = —4e% + A cost Pe! cos 2t + Ze" sin 20. 


Di as | 
17 sint + 


The procedure illustrated in these examples enables us to solve a fairly large class 
of problems in a reasonably efficient manner. However, there is one difficulty that 
sometimes occurs. The next example illustrates how it arises. 


Find a particular solution of 


y” + 4y = 3cos 2t. (20) 


Proceeding as in}/Example 2] we assume that Y(t) = A cos 2t + B sin 2t. By substi- 


tuting in Eq. (20), we then obtain 
(4A — 4A) cos 2t + (4B — 4B) sin 2t = 3 cos 2t. (21) 


Since the left side of Eq. (21) is zero, there is no choice of A and B that satisfies this 
equation. Therefore, there is no particular solution of Eq. (20) of the assumed form. The 
reason for this possibly unexpected result becomes clear if we solve the homogeneous 
equation 


y”+4y =0 (22) 


that corresponds to Eq. (20). A fundamental set of solutions of Eq. (22) is y,(t) = 
cos 2t and y,(t) = sin 2r. Thus our assumed particular solution of Eq. (20) is actually 
a solution of the homogeneous equation (22); consequently, it cannot possibly be a 
solution of the nonhomogeneous equation (20). 

To find a solution of Eq. (20) we must therefore consider functions of a somewhat 
different form. The simplest functions, other than cos 2t and sin 2t themselves, that 
when differentiated lead to cos 2t and sin 2t are tf cos 2t and ¢ sin 2t. Hence we assume 
that Y(t) = At cos 2t + Bt sin 2t. Then, upon calculating Y’(t) and Y(t), substituting 
them into Eq. (20), and collecting terms, we find that 


—4A sin 2t + 4B cos 2t = 3 cos 2t. 
Therefore A = 0 and B = 3/4, soa particular solution of Eq. (20) is 
Y(t) = 3tsin2r. 


The fact that in some circumstances a purely oscillatory forcing term leads to a solution 
that includes a linear factor ¢ as well as an oscillatory factor is important in some 
applications; see Section 3.9|for a further discussion. 


The outcome of Example 5 suggests a modification of the principle stated previously: 
If the assumed form of the particular solution duplicates a solution of the corresponding 
homogeneous equation, then modify the assumed particular solution by multiplying it 
by t. Occasionally, this modification will be insufficient to remove all duplication with 
the solutions of the homogeneous equation, in which case it is necessary to multiply 
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by ¢ a second time. For a second order equation, it will never be necessary to carry the 
process further than this. 


Summary. We now summarize the steps involved in finding the solution of an initial 
value problem consisting of a nonhomogeneous equation of the form 


ay" + by’ +cy = g(t), (23) 


where the coefficients a, b, and c are constants, together with a given set of initial 
conditions: 


1. 
2. 


Find the general solution of the corresponding homogeneous equation. 

Make sure that the function g(t) in Eq. (23) belongs to the class of functions dis- 
cussed in this section, that is, it involves nothing more than exponential functions, 
sines, cosines, polynomials, or sums or products of such functions. If this is not 
the case, use the method of variation of parameters (discussed in the next section). 
If g(t) = 9,(¢) +---+,,(0), that is, if g(t) is a sum of n terms, then form n 
subproblems, each of which contains only one of the terms g,(f),..., g,,(t). The 
ith subproblem consists of the equation 


ay" + by’ +cy = g,(t), 
where i runs from | ton. 
For the ith subproblem assume a particular solution Y,(t) consisting of the ap- 
propriate exponential function, sine, cosine, polynomial, or combination thereof. 
If there is any duplication in the assumed form of Y,(¢) with the solutions of the 
homogeneous equation (found in step 1), then multiply Y; (¢) by ¢, or (if necessary) 
by t”, so as to remove the duplication. See Table 3.6.1. 
Find a particular solution Y,(¢) for each of the subproblems. Then the sum Y, (¢) + 
-++-+ ¥ (¢) is a particular solution of the full nonhomogeneous equation (23). 
Form the sum of the general solution of the homogeneous equation (step 1) and the 
particular solution of the nonhomogeneous equation (step 5). This is the general 
solution of the nonhomogeneous equation. 


Use the initial conditions to determine the values of the arbitrary constants remain- 
ing in the general solution. 


TABLE 3.6.1 The Particular Solution of ay” + by’ + cy = g,(t) 


g(t) ¥,(t) 
(t) = ayt” tat"! Aste +a, tr (Agt” a Ar se cois alt A,) 
P (te t(Agt™ + At" | +--+ +A, )e™ 
at sin Bt Ss n n—1 at 
P (te H[(Agt” + A,t 1 +---+.A,)e“ cos Bt 
cos Bt 


+(Bot” + Bit” | +--+ +B )e™ sin Br] 


Notes. Here s is the smallest nonnegative integer (s = 0, 1, or 2) that will ensure that no term in 
Y, (¢) is a solution of the corresponding homogeneous equation. Equivalently, for the three cases, 
s is the number of times 0 is a root of the characteristic equation, @ is a root of the characteristic 
equation, and @ + if is a root of the characteristic equation, respectively. 
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For some problems this entire procedure is easy to carry out by hand, but in many 
cases it requires considerable algebra. Once you understand clearly how the method 
works, a computer algebra system can be of great assistance in executing the details. 

The method of undetermined coefficients is self-correcting in the sense that if one 
assumes too little for Y(t), then a contradiction is soon reached that usually points the 
way to the modification that is needed in the assumed form. On the other hand, if one 
assumes too many terms, then some unnecessary work is done and some coefficients 
turn out to be zero, but at least the correct answer is obtained. 


Proof of the Method of Undetermined Coefficients. In the preceding discussion 
we have described the method of undetermined coefficients on the basis of several 
examples. To prove that the procedure always works as stated, we now give a general 
argument, in which we consider several cases corresponding to different forms for the 
nonhomogeneous term g(t). 


g(t) = P(t) =a,t” t+a,t" '+-++++a,. In this case|Eq. (23)|/becomes 


ay" + by’ +cy =ayt" +a,t"” | +-+++a,. (24) 
To obtain a particular solution we assume that 
Y(t) =Ajgt"+ Ay” 1 +---+A, 0? +A, it +A4,. (25) 
Substituting in Eq. (24), we obtain 
a[n(n — 1)Agt”* +++» +2A,_,]+bAgt” | +--+ 4,_4) 
+ c(Agt" + At"! +--+ 4+A,) = aot" +++ 4+4,. (26) 


Equating the coefficients of like powers of t gives 
cAy =4; 
cA, +nbA, =4,, 


cA, +bA,_,+2aA,_,=4,. 


Provided that c ¥ 0, the solution of the first equation is Ay = a,/c, and the remaining 
equations determine A,,..., A,, successively. If c = 0, but b ¥ 0, then the polynomial 
on the left side of Eq. (26) is of degree n — 1, and we cannot satisfy Eq. (26). To be 
sure that aY”(t) + bY'(t) is a polynomial of degree n, we must choose Y(t) to be a 
polynomial of degree n + 1. Hence we assume that 


Y(t) =t(Agt” +---+A,). 


There is no constant term in this expression for Y(t), but there is no need to include 
such a term since a constant is a solution of the homogeneous equation when c = 0. 
Since b # 0, we have Ay = a,/b(n + 1), and the other coefficients A,,..., A, can be 
determined similarly. If both c and b are zero, we assume that 


Y(t) =f°(Agt” +---+A,). 


The term aY"(t) gives rise to a term of degree n, and we can proceed as before. Again 
the constant and linear terms in Y(t) are omitted, since in this case they are both 
solutions of the homogeneous equation. 
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g(t) =e" P(t). The problem of determining a particular solution of 

ay" + by’ +cy =e"P_(t) (27) 
can be reduced to the preceding case by a substitution. Let 

Y(t) =e“ u(t); 

then 

Y'(t) =e“ [u'(t) + au(t)] 
and 

Y"(t) = e [wu (t) + 2au'(t) + @u(t))]. 


Substituting for y, y’, and y” in Eq. (27), canceling the factor e*’, and collecting terms, 
we obtain 


au" (t) + (Qaa + b)u'(t) + (aa* + ba + c)u(t) = P(t); (28) 


The determination of a particular solution of Eq. (28) is precisely the same problem, 
except for the names of the constants, as solving Therefore, if aw” + ba +c 
is not zero, we assume that u(t) = A,t” + ----+ A,; hence a particular solution of 
Eq. (27) is of the form 


Y(t) =e" (Agt” +A,t” | +---+A,). (29) 


On the other hand, if aw? + ba +c is zero, but 2aa + b is not, we must take u(t) to 
be of the form ¢(A,t” +---+ A,). The corresponding form for Y(f) is f times the 
expression on the right side of Eq. (29). Note that if aa” + ba + c is zero, then e™ isa 
solution of the homogeneous equation. If both aw? + ba + c and 2aa + b are zero (and 
this implies that both e“’ and te“ are solutions of the homogeneous equation), then the 
correct form for u(t) is t°(Ayt” +--++A,). Hence Y(t) is t? times the expression on 
the right side of Eq. (29). 


g(t) = e™ P(t) cos Bt or e* P(t) sin Bt. These two cases are similar, so we con- 
sider only the latter. We can reduce this problem to the preceding one by noting that, 
as a consequence of Euler’s formula, sin Bt = (er — ey /2i. Hence g(t) is of the 


form 
e@tipyt _ ,(a—ip)t 
g(t) = P(t) F 
i 
and we should choose 
Y(t) = eer (Ae +--+ A,)+ ee ie +++-+B), 
or equivalently, 
V(t) =e (Agt” +--+ A,) cos Bt +e" (Byt” +--+ B,) sin Bt. 


Usually, the latter form is preferred. If « + if satisfy the characteristic equation cor- 
responding to the homogeneous equation, we must, of course, multiply each of the 
polynomials by ¢ to increase their degrees by one. 

If the nonhomogeneous function involves both cos St and sin ff, it is usually con- 
venient to treat these terms together, since each one individually may give rise to the 
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same form for a particular solution. For example, if g(t) = ¢ sint + 2cost, the form 
for Y (t) would be 


Y(t) = (Apt + A,) sint + (Bot + B,) cost, 


provided that sint and cost are not solutions of the homogeneous equation. 


PROBLEMS 


VVVVVVY 


In each of Problems 1 through 12 find the general solution of the given differential equation. 


y” —2y' — 3y = 3e” . y +2y' + 5y =3sin2t 
y” —2y'’ —3y = —3te™ . y’+2y =344sin2r 

y" +9y = te +6 . yy +2y + y= 2e7% 
2y’+3y'+y=074+3sint 8. y”’+y =3sin2t+tcos2t 
ue + wu = cos at, wo x ws, 10. uv” + wpu = COS Wt 
y’ + y' +4y =2sinht Hint: sinht = (e' — e')/2 

y” — y' —2y =cosh2t Hint: cosht = (e' + e~')/2 


0 
11. 
12. 
In each of Problems 13 through 18 find the solution of the given initial value problem. 

y’+y'—2y=2r, yO)=0, yO)=1 

y’+4y=P+43e, yO)=0, y@)=2 

y" —2y +y=te' +4, yO)=1, y@O=1 

y” —2y'—3y =3te%, yO) =1,_y') =0 

y” +4y = 3sin2t, y0)=2, y(O=-1 
18. y’+2y'+5y = 4e™ cos 2r, y0)=1, y’(@0)=0 


In each of Problems 19 through 26: 


(a) Determine a suitable form for Y (t) if the method of undetermined coefficients is to be 
used. 

(b) Use a computer algebra system to find a particular solution of the given equation. 

y +3y = 204+ Pe + sin 3t > 20. y’+y=r(1+sine) 

y” —5y’ + 6y = e' cos 2t + ce (3t +4) sint 

y" +2y' + 2y = 3e7 4 2e cost + 4e"?? sint 

yy” —4y' +4y = 20? + 4te* + ¢ sin 2r 

y"” +4y = 2? sin 2t + (6t + 7) cos 2t 

y” 4 3y! + 2y = e'(t? +1) sin 2t + 3e7 cost + 4e! 

y” +2y' + 5y = 3te cos 2t — 2te~ cost 
Determine the general solution of 


N 
y+ Vy= > a,, Sinmmt, 
m=1 
where A > OandA 4A mz form =1,...,N. 
In many physical problems the nonhomogeneous term may be specified by different for- 
mulas in different time periods. As an example, determine the solution y = @(t) of 


O<t<nz, 


wu” t, 
+y= 7 
a 4 we. t >, 


satisfying the initial conditions y(0) = 0 and y’(0) = 1. Assume that y and y’ are also 
continuous at f = 7. Plot the nonhomogeneous term and the solution as functions of time. 
Hint: First solve the initial value problem for tf < zr; then solve for t > 7, determining the 
constants in the latter solution from the continuity conditions at t = z. 
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>| 29. Follow the instructions in Problem 28 to solve the differential equation 


/ il, 0<t<7/2, 
y"+2y'+5y=| 0 t> n/2 t 
with the initial conditions y(0) = 0 and y’(0) = 0. 


Behavior of Solutions as t + «%. In Problems 30 and 31 we continue the discussion started 
with Problems 38 through 40 of Section 3.5. Consider the differential equation 


ay" + by’ +cy = g(t), (i) 


where a, b, and c are positive. 


30. If Y,(¢) and Y,(¢) are solutions of Eq. (i), show that Y,(¢) — Y,(t) > Oas t > ow. Is this 
result true if b = 0? 

31. If g(t) =d,aconstant, show that every solution of Eq. (i) approaches d/c as t — oo. What 
happens if c = 0? What if b = 0 also? 

32. In this problem we indicate an alternate procsdareaior solving the differential equation 


y” + by’ +cy = (D? + bD + o)y = g(t), (i) 


where b and c are constants, and D denotes differentiation with respect to t. Let r, and r, 
be the zeros of the characteristic polynomial of the corresponding homogeneous equation. 
These roots may be real and different, real and equal, or conjugate complex numbers. 

(a) Verify that Eq. (i) can be written in the factored form 


(D—1,)(D—nr,)y = gh), 


where rr, +r, = —bandr,r, =c. 
(b) Let u = (D —r,)y. Then show that the solution of Eq (i) can be found by solving the 
following two first order equations: 


(D—r,)u = g(t), (D—r,)y = u(t). 


In each of Problems 33 through 36 use the method of Problem 32 to solve the given differential 
equation. 

33. y” —3y' —4y =3e% (see Example 1) 

34. 2y"+3y’+y=1°43sinr (see Problem 7) 

35. y”’+2y’+y=2e" (see Problem 6) 

36. y"+2y’ =3+4sin2t (see Problem 4) 


3.7 Variation of Parameters 


In this section we describe another method of finding a particular solution of a non- 
homogeneous equation. This method, known as is due to 
Lagrange and complements the method of undetermined coefficients rather well. The 
main advantage of variation of parameters is that it is a general method; in principle at 
least, it can be applied to any equation, and it requires no detailed assumptions about 


7R. S. Luthar, “Another Approach to a Standard Differential Equation,’ Two Year College Mathematics Journal 10 
(1979), pp. 200-201; also see D. C. Sandell and F. M. Stein, “Factorization of Operators of Second Order Linear 
Homogeneous Ordinary Differential Equations,” Two Year College Mathematics Journal 8 (1977), pp. 132-141, 
for a more general discussion of factoring operators. 
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EXAMPLE 


1 


the form of the solution. In fact, later in this section we use this method to derive a 
formula for a particular solution of an arbitrary second order linear nonhomogeneous 
differential equation. On the other hand, the method of variation of parameters even- 
tually requires that we evaluate certain integrals involving the nonhomogeneous term 
in the differential equation, and this may present difficulties. Before looking at this 
method in the general case, we illustrate its use in an example. 


Find a particular solution of 
y" +4y = 3esct. (1) 


Observe that this problem does not fall within the scope of the method of un- 
determined coefficients because the nonhomogeneous term g(t) = 3csct involves a 
quotient (rather than a sum or a product) of sint or cos t. Therefore, we need a different 
approach. Observe also that the homogeneous equation corresponding to Eq. (1) is 


y" +4y =0, (2) 
and that the general solution of Eq. (2) is 
y,(t) = c, cos 2t +c, sin 2t. (3) 


The basic idea in the method of variation of parameters is to replace the constants c, 
and c, in Eq. (3) by functions w(t) and u,(t), respectively, and then to determine these 
functions so that the resulting expression 


y =u, (t) cos 2t + u(t) sin 2t (4) 


is a solution of the nonhomogeneous equation (1). 

To determine u, and u, we need to substitute for y from Eq. (4) in Eq. (1). However, 
even without carrying out this substitution, we can anticipate that the result will be a 
single equation involving some combination of u,, u,, and their first two derivatives. 
Since there is only one equation and two unknown functions, we can expect that there 
are many possible choices of u, and uw, that will meet our needs. Alternatively, we 
may be able to impose a second condition of our own choosing, thereby obtaining two 
equations for the two unknown functions u, and u,. We will soon show (following 
Lagrange) that it is possible to choose this second condition in a way that makes the 
computation markedly more efficient. 

Returning now to Eq. (4), we differentiate it and rearrange the terms, thereby 
obtaining 


y’ = —2u,(t) sin 2t + 2u,(t) cos 2t + u)(t) cos 2t + w(t) sin 2¢. (5) 


Keeping in mind the possibility of choosing a second condition on uw, and u,, let us 
require the last two terms on the right side of Eq. (5) to be zero; that is, we require that 


u'(t) cos 2t + u5(t) sin 2t = 0. (6) 
It then follows from Eq. (5) that 
y’ = —2u,(t) sin 2t + 2u,(t) cos 2¢. (7) 
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Although the ultimate effect of the|condition (6) {s not yet clear, at the very least it has 
simplified the expression for y’. Further, by differentiating|Eq. (7)] we obtain 


y” = —4u, (t) cos 2t — 4u,(t) sin2t — 2u/(t) sin 2t + 2u5(t) cos 2t. (8) 


Then, substituting for y and y” in|Eq. (1)|from|Eqs. (4)]and (8), respectively, we find 
that u, and uw, must satisfy 


—2u' (t) sin 2t + 2u5(t) cos 2t = 3csct. (9) 


Summarizing our results to this point, we want to choose uw, and u, so as to satisfy 
Eqs. (6) jand (9). These equations can be viewed as a pair of linear algebraic equations 


for the two unknown quantities uw‘ (t) and w’(t)./Equations (6) |and (9) can be solved in 
fEq. (6) (6) 


various ways. For example, solving for u(t), we have 


£6) = ui () (10) 
PONS TN sin 2t | 
Then, substituting for w,(¢) in Eq. (9) and simplifying, we obtain 
, 3 csc t sin 2t 
ui(t) = = —3cost. (11) 


2 


Further, putting this expression for u‘(t) back in Eq. (10) and using the double angle 
formulas, we find that 
3 cos t cos 2t _ 3(1 — 2sin7r) _ 3 


4(t) = — a t —3sint. 12 
uate) sin 2t 2 sin t gc ia oe) 


Having obtained w(t) and u(t), the next step is to integrate so as to obtain u(t) 
and u(t). The result is 


u(t) = —3sint +c, (13) 
and 


un(t)= 3In|csct cott| + 3cost +c. (14) 


Finally, on substituting these expressions in |Eq. (4)] we have 


y = —3sint cos 2t + 3In|csct — cott|sin 2t + 3 cost sin 2t 


+ c, cos 2t + c, sin 2t, 
or 
y =3sint+ 3In |csct — cott| sin 2t +c, cos 2t + c, sin 2t. (15) 


The terms in Eq. (15) involving the arbitrary constants c, and c, are the general solution 
of the corresponding homogeneous equation, while the remaining terms are a particular 


solution of the nonhomogeneous|equation (1)| Therefore Eq. (15) is the general solution 


ofa. 0) 


In the preceding example the method of variation of parameters worked well in 
determining a particular solution, and hence the general solution, of] Eq. (1)} The next 
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question is whether this method can be applied effectively to an arbitrary equation. 
Therefore we consider 


y” + pit)y’ +aMy = g(t), (16) 


where p, qg, and g are given continuous functions. As a starting point, we assume that 
we know the general solution 


y(t) = cy, ©) + yy (0) (17) 
of the corresponding homogeneous equation 
y" + p@y'+q(y =0. (18) 


This is a major assumption because so far we have shown how to solve Eq. (18) only 
if it has constant coefficients. If Eq. (18) has coefficients that depend on f, then usually 
the methods described in Chapter 5 must be used to obtain y(t). 

The crucial idea, as illustrated in[Example 1 is to replace the constants c, and c, in 
Eq. (17) by functions u(t) and u,(t), respectively; this gives 


y=u,()y,) +4, @)y,(). (19) 


Then we try to determine uw , (t) and w,(t) so that the expression in Eq. (19) is a solution 
of the nonhomogeneous equation (16) rather than the homogeneous equation (18). 
Thus we differentiate Eq. (19), obtaining 


yY=uityO+u,Or@) +u,Oy,0) +u,Oy5(0. (20) 


As in/Example 1, we now set the terms involving u‘(t) and u(t) in Eq. (20) equal to 


zero; that is, we require that 


ui (t)y,(t) + u4(t)yy(t) = 0. (21) 
Then, from Eq. (20), we have 
y =u,()y\) + u,()y,(0). (22) 
Further, by differentiating again, we obtain 
VY =uUOyO Fu OO +uOMO +uOy7O. (23) 


Now we substitute for y, y’, and y” in Eq. (16) from Eqs. (19), (22), and (23), 
respectively. After rearranging the terms in the resulting equation we find that 


u(t)Ly (t) + py) +. 4(t)y,()] 
+u,()[y3 (0) + POZO + ay] 
+ ui yO) + ug(t)y,() = g(t). (24) 


Each of the expressions in square brackets in Eq. (24) is zero because both y, and y, 
are solutions of the homogeneous equation (18). Therefore Eq. (24) reduces to 


ui (t)y;@) + uy (Ny) = g(t). (25) 


Equations (21) and (25) form a system of two linear algebraic equations for the 


derivatives u',(t) and _w5(t) of the unknown functions. They correspond exactly to 
Eqs. (6)|and|(9) in Example 1 
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Theorem 3.7.1 


By solving the system (21), (25) we obtain 


y,(t)g(t) u(t) = y, Oe) 
W(y1.¥2)(t)’ : W(y,,¥2)(t) 


where W (y,,y,) is the Wronskian of y, and y,. Note that division by W is permissible 
since y, and y, are a fundamental set of solutions, and therefore their Wronskian is 
nonzero. By integrating Eqs. (26) we find the desired functions u(t) and u,(t), namely, 


Y2(t) g(t) y, Mg) 


= dt+c,, = : 
Hy) Tow  § Ma) reaje 2 


Finally, substituting from Eq. (27) in Eq. (19) gives the general solution of Eq. (16). 
We state the result as a theorem. 


u(t) = — (26) 


(27) 


If the functions p, g, and g are continuous on an open interval J, and if the func- 
tions y, and y, are linearly independent solutions of the homogeneous |equation (18) 
corresponding to the nonhomogeneous|equation (16), 


y + p@y +q@y =e), 


then a particular solution of|Eq. (16)|is 


(g(t) eS Oso) _ 
Y =— t } 28 
0-90 Fema ttf we svat 
and the general solution is 
y= y,() + cyy(t) + YC), (29) 


as prescribed by|Theorem 3.6.2. 


By examining the expression (28) and reviewing the process by which we derived it, 
we can see that there may be two major difficulties in using the method of variation of 
parameters. As we have mentioned earlier, one is the determination of y,(t) and y,(f), 
a fundamental set of solutions of the accep ened) when the coefficients 
in that equation are not constants. The other possible difficulty is in the evaluation of 
the integrals appearing in Eq. (28). This depends entirely on the nature of the functions 
y,, y>, and g. In using Eq. (28), be sure that the differential equation is exactly in the 
otherwise, the nonhomogeneous term g(t) will not be correctly identified. 

A major advantage of the method of variation of parameters is that Eq. (28) provides 
an expression for the particular solution Y (¢) in terms of an arbitrary forcing function 
g(t). This expression is a good starting point if you wish to investigate the effect of 
variations in the forcing function, or if you wish to analyze the response of a system to 
a number of different forcing functions. 


PROBLEMS 


In each of Problems 1 through 4 use the method of variation of parameters to find a particular 
solution of the given differential equation. Then check your answer by using the method of 
undetermined coefficients. 
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In each of Problems 5 through 12 find the general solution of the given differential equation. In 
Problems 11 and 12 g is an arbitrary continuous function. 


5. y"+y=tant, 0<t<2/2 6. y”+9y = 9sec? 3, 0<t<2/6 
7. y" +4y' +4y =t7e, t>0 8. y"+4y = 3csc2t, 0<t<z2/2 
9. 4y” + y = 2sec(t/2), —n<t<n 10. y"—2y'+y=e/(1+?) 

11. y” —5Sy’ + 6y = g(t) 12. y' +4y =e) 


In each of Problems 13 through 20 verify that the given functions y, and y, satisfy the corre- 
sponding homogeneous equation; then find a particular solution of the given nonhomogeneous 
equation. In Problems 19 and 20 g is an arbitrary continuous function. 


13. Py"—-2y=37-1, t>0; y,(N=P, y,Q =r! 


14..." HO) hy =r". -7 = & yO=RHK wyO=te 

15. ty’ -—(4+ny +y=te", +>0; ¥@Q=14+t, yy) =e 

16. (l—dy"+ty'—y=2t—-Dre", O<t<l; ¥@) =e OS 

17. xy" —3xy’+4y=x7?Inx, x>0; y,@) = x yo(x) = x7 Inx 

18. x?y" + xy’ + (x? — 0.25)y = 3x7? sinx, x > 0; y,@) = x !/? sin x, yo(x) = 


19. (=x) tay —yS eG), O< ae <1 yao, yh)=z 
20. xy” +xy' + (x? —0.25)y= g(x), x >0; y= x !/? sin x, V(x) = 


21. Show that the solution of the initial value problem 


Lily] = y" + py’ + 4(t)y = g(t), V(t) =o. Yo) = Yo (i) 


can be written as y = u(t) + v(t), where u and v are solutions of the two initial value 
problems 


L[u] = 0, u(t) = Yo u' (ty) = Yor (ii) 
Lil=git), vf) =0, v(m) =0, (iii) 


respectively. In other words, the nonhomogeneities in the differential equation and in the 
initial conditions can be dealt with separately. Observe that u is easy to find if a fundamental 
set of solutions of L[u] = 0 is known. 

By choosing the lower limit of integration in Eq. (28) in the text as the initial point f,, show 
that Y(t) becomes 


g(s) ds. 


v= fi V1 6) 9246) Za ul (t)y4(s) 
tg y, (s)y2(s) — J (s) y,(s) 


Show that Y(t) is a solution of the initial value problem 


Ly] = g(t), y(t) = 0, y(t) = 0. 


Thus Y can be identified with v in Problem 21. 
(a) Use the result of Problem 22 to show that the solution of the initial value problem 


y"+y= a(t), y@)=0, y'G) =0 (i) 


y= / sin(t — s)g(s) ds. 


0 


(b) Find the solution of the initial value problem 


y’+y= a(t), y0O)=y, yO)=y. 
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24. 


Use the result of Problem 22 to find the solution of the initial value problem 


L[y] = (D — a)(D — b)y = g(t), yt) =0, y(t) =0, 


where a and Db are real numbers with a F b. 
Use the result of Problem 22 to find the solution of the initial value problem 


Lily] =(D?-20D+ (7+ y)ly=8t), —-W(f)) = 0, -y'(ty) = 0. 


Note that the roots of the characteristic equation are A + ip. 
Use the result of Problem 22 to find the solution of the initial value problem 


Lly]=(D-a)’y= g(t), — y(t) = 0, y(t) = 9, 


where a is any real number. 
By combining the results of Problems 24 through 26, show that the solution of the initial 
value problem 


Lily] =(aD*+bD+c)y=g(t), — y(t) =0, y(t) = 0, 


where a, b, and c are constants, has the form 


y=OO= i K(t — s)g(s) ds. (i) 


0 


The function K depends only on the solutions y, and y, of the corresponding homogeneous 
equation and is independent of the nonhomogeneous term. Once K is determined, all 
nonhomogeneous problems involving the same differential operator L are reduced to the 
evaluation of an integral. Note also that although K depends on both ¢ and s, only the 
combination ¢ — s appears, so K is actually a function of a single variable. Thinking of 
g(t) as the input to the problem and @(t) as the output, it follows from Eq. (i) that the 
output depends on the input over the entire interval from the initial point f) to the current 
value t. The integral in Eq. (i) is called the [convolution jof K and g, and K is referred to 


as the|kernel. | 


The method of reduction of order (Section 3.5) can also be used for the nonhomogeneous 
equation 


y" + p(t)y’ +q(y = g(t), (i) 


provided one solution y, of the corresponding homogeneous equation is known. Let y = 
v(t)y,(t) and show that y satisfies Eq. (i) if v is a solution of 


y,@)v" + y(t) + POY, (O]v' = go). (ii) 


Equation (ii) is a first order linear equation for v’. Solving this equation, integrating the 
result, and then multiplying by y, (¢) lead to the general solution of Eq. (i). 


In each of Problems 29 through 32 use the method outlined in Problem 28 to solve the given 
differential equation. 


29, 
30. 
31. 


ty” —2ty’+2y= 417, t>0; yO) =% 

ty" +7ty +5y=t, t>0; y@) =r 

ty’ -(l+ny'+y= re", t>0; y,(@)=1+t (see Problem 15) 
(—ft)y"+ty’—-y=2(-1?%e", O<t<1; y,(t) =e’ (see Problem 16) 
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3.8 Mechanical and Electrical Vibrations 


One of the reasons that second order linear equations with constant coefficients are 
worth studying is that they serve as mathematical models of some important physical 
processes. Two important areas of application are in the fields of mechanical and 
electrical oscillations. For example, the motion of a mass on a vibrating spring, the 
torsional oscillations of a shaft with a flywheel, the flow of electric current in a simple 
series circuit, and many other physical problems are all described by the solution of an 
initial value problem of the form 


ay"+by'+cey=g(t),  yO=y, y'O)=y. () 


This illustrates a fundamental relationship between mathematics and physics: Many 
physical problems may have the same mathematical model. Thus, once we know 
how to solve the initial value problem (1), it is only necessary to make appropriate 
interpretations of the constants a, b, and c, and the functions y and g, to obtain solutions 
of different physical problems. 

We will study the motion of a mass on a spring in detail because an understanding of 
the behavior of this simple system is the first step in the investigation of more complex 
vibrating systems. Further, the principles involved are common to many problems. 
Consider a mass m hanging on the end of a vertical spring of original length /, as 
shown in Figure 3.8.1. The mass causes an elongation L of the spring in the downward 
(positive) direction. There are two forces acting at the point where the mass is attached 
to the spring; see Figure 3.8.2. The gravitational force, or weight of the mass, acts 
downward and has magnitude mg, where g is the acceleration due to gravity. There is 
also a force F’,, due to the spring, that acts upward. If we assume that the elongation L 
of the spring is small, the spring force is very nearly proportional to L; this is known 


FIGURE 3.8.1 A spring—mass system. 


Fo=-kL 


w=mg 


FIGURE 3.8.2 Force diagram for a spring—mass system. 
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as Hooke’Sllaw. Thus we write F, = —kL, where the constant of proportionality k is 
called the spring constant, and the minus sign is due to the fact that the spring force 
acts in the upward (negative) direction. Since the mass is in equilibrium, the two forces 
balance each other, which means that 


mg —kL=0. (2) 


For a given weight w = mg, one can measure L and then use Eq. (2) to determine k. 
Note that k has the units of force/length. 

In the corresponding dynamic problem we are interested in studying the motion of 
the mass when it is acted on by an external force or is initially displaced. Let u(t), 
measured positive downward, denote the displacement of the mass from its equilibrium 


position at time ft; see|Figure 3.8.1] Then u(r) is related to the forces acting on the mass 
through Newton’s law of motion, 


mu" (t) = f(t), (3) 


where wu” is the acceleration of the mass and f is the net force acting on the mass. 
Observe that both u and f are functions of time. In determining f there are four 
separate forces that must be considered: 


1. The weight w = mg of the mass always acts downward. 


2. The spring force F’, is assumed to be proportional to the total elongation L + u of 
the spring and always acts to restore the spring to its natural position. If L + u > 0, 
then the spring is extended, and the spring force is directed upward. In this case 


F, = —K(L + u). (4) 


On the other hand, if L + u < 0, then the spring is compressed a distance |L + ul, 
and the spring force, which is now directed downward, is given by F, = k|L + ul. 
However, when L + u < 0, it follows that |L +u| = —(L +), so F, is again 
given by Eq. (4). Thus, regardless of the position of the mass, the force exerted by 
the spring is always expressed by Eq. (4). 


3. The damping or resistive force F’, always acts in the direction opposite to the direc- 
tion of motion of the mass. This force may arise from several sources: resistance 
from the air or other medium in which the mass moves, internal energy dissipation 
due to the extension or compression of the spring, friction between the mass and 
the guides (if any) that constrain its motion to one dimension, or a mechanical 
device (dashpot) that imparts a resistive force to the mass. In any case, we assume 
that the resistive force is proportional to the speed |du/dt| of the mass; this is 
usually referred to as viscous damping. If du/dt > 0, then wu is increasing, so the 
mass is moving downward. Then F’, is directed upward and is given by 


F(t) = —yu'(t), (5) 


where y is a positive constant of proportionality known as the damping constant. 
On the other hand, if du/dt < 0, then u is decreasing, the mass is moving upward, 
and F,, is directed downward. In this case, F, = y|u'(t)|; since |u'(t)| = —u'(t), 


8Robert Hooke (1635-1703) was an English scientist with wide-ranging interests. His most important book, 
Micrographia, was published in 1665 and described a variety of microscopical observations. Hooke first published 
his law of elastic behavior in 1676 as an anagram: ceiiinosssttuv; in 1678 he gave the solution ut tensio sic vis, 
which means, roughly, “as the force so is the displacement.” 
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it follows that F(t) is again given by Thus, regardless of the direction of 
motion of the mass, the damping force is always expressed by[Eq. (5)} 

The damping force may be rather complicated and the assumption that it is 
modeled adequately by|Eq. (5)/may be open to question. Some dashpots do behave 
as Eq. (5) states, and if the other sources of dissipation are small, it may be possible 
to neglect them altogether, or to adjust the damping constant y to approximate 
them. An important benefit of the fssumption )& that it leads to a linear (rather 
than a nonlinear) differential equation. In turn, this means that a thorough analysis 
of the system is straightforward, as we will show in this section and the next. 

4. An applied external force F(t) is directed downward or upward as F(t) is positive 
or negative. This could be a force due to the motion of the mount to which the 


spring is attached, or it could be a force applied directly to the mass. Often the 
external force is periodic. 


Taking account of these forces, we can now rewrite| Newton’s law (3) as 


mu" (t) =mg + F(t) + F(t) + F(t) 


= mg —k[L +u(t)] — yu'(t) + F@). (6) 
Since mg — kL = 0 by|Eq. (2) it follows that the equation of motion of the mass is 
mu (t) + yul(t) + ku(t) = FO), (7) 


where the constants m, y, and k are positive. Note that Eq. (7) has the same form as 


It is important to understand that Eq. (7) is only an approximate equation for the 
displacement u(t). In particular, both} Eqs. (4) jand [(5) should be viewed as approxi- 


mations for the spring force and the damping force, respectively. In our derivation we 
have also neglected the mass of the spring in comparison with the mass of the attached 
body. 

The complete formulation of the vibration problem requires that we specify two 
initial conditions, namely, the initial position uv, and the initial velocity vy) of the mass: 


u(0) = up, u'(0) = vy. (8) 
It follows from|Theorem 3.2.1|that these conditions give a mathematical problem 


that has a unique solution. This is consistent with our physical intuition that if the 
mass is set in motion with a given initial displacement and velocity, then its position 
will be determined uniquely at all future times. The position of the mass is given 
(approximately) by the solution of Eq. (7) subject to the prescribed initial conditions (8). 


A mass weighing 4 Ib stretches a spring 2 in. Suppose that the mass is displaced an 
additional 6 in. in the positive direction and then released. The mass is in a medium that 
exerts a viscous resistance of 6 lb when the mass has a velocity of 3 ft/sec. Under the 
assumptions discussed in this section, formulate the initial value problem that governs 
the motion of the mass. 

The required initial value problem consists of the differential equation (7) and initial 
conditions (8), so our task is to determine the various constants that appear in these 
equations. The first step is to choose the units of measurement. Based on the statement 
of the problem, it is natural to use the English rather than the metric system of units. The 
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only time unit mentioned is the second, so we will measure ¢ in seconds. On the other 
hand, both the foot and inch appear in the statement as units of length. It is immaterial 
which one we use, but having made a choice, it is important to be consistent. To be 
definite, let us measure the displacement uw in feet. 

Since nothing is said in the statement of the problem about an external force, we 
assume that F(t) = 0. To determine m note that 


we 4 lb _ 1 Ib-sec? 
g  32ft/se? 8 ft — 


The damping coefficient y is determined from the statement that yu’ is equal to 6 lb 
when wu’ is 3 ft/sec. Therefore 


_ 6 Ib _ lb-sec 
a 3 ft/sec ft —¢ 


The spring constant k is found from the statement that the mass stretches the spring by 
2 in., or by 1/6 ft. Thus 


_ #ib _ 2, lb 
~ 1/6ft ft’ 
Consequently, Eq. (7)|becomes 
gu" + 2u' + 24u = 0, 


8 
or 


u” + 16u’ + 192u = 0. (9) 
The initial conditions are 
u(0)=4, u'(0)=0. (10) 


The second initial condition is implied by the word “released” in the statement of the 
problem, which we interpret to mean that the mass is set in motion with no initial 
velocity. 


Undamped Free Vibrations. If there is no external force, then F (t) = 0 in|Eq. (7) Let 
us also suppose that there is no damping, so that y = 0; this is an idealized configuration 
of the system, seldom (if ever) completely attainable in practice. However, if the actual 
damping is very small, the assumption of no damping may yield satisfactory results 
over short to moderate time intervals. Then the equation of|motion (7)|reduces to 


mu” +ku=0. (11) 
The general solution of Eq. (11) is 
u = ACOS Wt + B sin wt, (12) 
where 
wp =k/m. (13) 


The arbitrary constants A and B can be determined if initial conditions of the}form (8) 
are given. 
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In discussing the solution of|Eq. (11)|it is convenient to rewrite|Eq. (12) in the form 


u = Rcos(wot — 4), (14) 
or 
u = Rcosdcosa@ t+ Rsind sina. (15) 


By comparing Eq. (15) with|Eq. (12),]we find that A, B, R, and 6 are related by the 
equations 


A = Rcos6, B= Rsin6. (16) 
Thus 
R=VA*+B’, tand = B/A. (17) 
In calculating 5 care must be taken to choose the correct quadrant; this can be done by 
checking the signs of cos 6 and sin 6 in Eqs. (16). 
The graph of Eq. (14), or the equivalent|Eq. (12)] for a typical set of initial conditions 
is shown in Figure 3.8.3. The graph is a displaced cosine wave that describes a periodic, 
or simple harmonic, motion of the mass. The period bf the motion is 


20 m\ 1/2 
oer (=) (18) 
Wy k 


The circular frequency @) = ./k/m, measured in radians per unit time, is called the 

ee the vibration. The maximum displacement R of the mass from 
equilibrium is the amplitude|of the motion. The dimensionless parameter 6 is called 
the|phase| or phase angle, and measures the displacement of the wave from its normal 
position corresponding to 5 = 0. 

Note that the motion described by Eq. (14) has a constant amplitude that does not 
diminish with time. This reflects the fact that in the absence of damping there is no 
way for the system to dissipate the energy imparted to it by the initial displacement 
and velocity. Further, for a given mass m and spring constant k, the system always 
vibrates at the same frequency wp), regardless of the initial conditions. However, the 
initial conditions do help to determine the amplitude of the motion. Finally, observe 
from Eq. (18) that T increases as m increases, so larger masses vibrate more slowly. 
On the other hand, T decreases as k increases, which means that stiffer springs cause 
the system to vibrate more rapidly. 


FIGURE 3.8.3. Simple harmonic motion; u = R cos(@pt — 4). 
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EXAMPLE 


2 


Suppose that a mass weighing 10 lb stretches a spring 2 in. If the mass is displaced an 
additional 2 in. and is then set in motion with an initial upward velocity of 1 ft/sec, de- 
termine the position of the mass at any later time. Also determine the period, amplitude, 
and phase of the motion. 

The spring constant is k = 10 lb/2 in. = 60 Ib/ft and the mass is m = w/g = 
10/32 Ib-sec’/ft. Hence the equation of motion reduces to 


u” + 192u = 0, (19) 
and the general solution is 
u = Acos(8V3t) + B sin(8V32). 


The solution satisfying the initial conditions u(0) = 1/6 ft and u’(0) = —1 ft/sec is 


u= = cos(8V31) = = sin(8V3r). (20) 


The natural frequency is a) = V 192 = 13.856 rad/sec, so the period is T = 277/w, 
0.45345 sec. The amplitude R and phase 6 are found from|Eqs. (17)} We have 


R2= = so RX 0.18162 ft. 


~ 


The second offEgs. (17)lyields tan 5 = —/3/4. There are two solutions of this equation, 
one in the second quadrant and one in the fourth. In the present problem cos 6 > O and 
sind < 0, so 6 is in the fourth quadrant, namely, 


§ = —arctan(/3/4)  —0.40864 rad. 


The graph of the solution (20) is shown in Figure 3.8.4. 


R =0.182 U = 0.182 cos(8V¥3 t + 0.409) 


-0.2L 


T =0.453 
ees 


FIGURE 3.8.4 An undamped free vibration; uv” + 192u = 0, u(0) = 1/6, u’(0) = -1. 


Damped Free Vibrations. If we include the effect of damping, the differential equation 
governing the motion of the mass is 


mu’ +yu' +ku=0. (21) 
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We are especially interested in examining the effect of variations in the damping 
coefficient y for given values of the mass m and spring constant k. The roots of the 
corresponding characteristic equation are 


-ytVy>—4km _ iy ( 4km 


riety = 1+ j1-—>]. (22) 


Y 


Depending on the sign of y? — 4km, the solution w has one of the following forms: 


y?—4km >0, u= Ae’! + Bel; (23) 
y>—4km =0, u=(A+ Bre”; (24) 
Ahm 212 
y>—4km <0, u=e’'?"(Acospt+Bsinut), w= any > 0. 
” (25) 


Since m, y, andk are positive, y* — 4km is always less than y. Hence, if y? — 4km > 
0, then the values of r, and r, given by Eq. (22) are negative. If y’ —4km < 0, then 
the values of r, and r, are complex, but with negative real part. Thus, in all cases, 
the solution u tends to zero as t — ov; this occurs regardless of the values of the 
arbitrary constants A and B, that is, regardless of the initial conditions. This confirms 
our intuitive expectation, namely, that damping gradually dissipates the energy initially 
imparted to the system, and consequently the motion dies out with increasing time. 

The most important case is the third one, which occurs when the damping is small. 
If we let A = Rcos6é and B = Rsin6 in Eq. (25), then we obtain 


u = Re~Y"/?" cos(ut — 8). (26) 


The displacement u lies between the curves u = +Re”"/?"; hence it resembles a 
cosine wave whose amplitude decreases as ft increases. A typical example is sketched 
in Figure 3.8.5. The motion is called a damped oscillation, or a damped vibration. The 
amplitude factor R depends on m, y, k, and the initial conditions. 

Although the motion is not periodic, the parameter jz determines the frequency 
with which the mass oscillates back and forth; consequently, jz is called the quasi 
frequency. By comparing jz with the frequency w, of undamped motion, we find that 


1/2 
pe _ km ~ y)'?/2m _ ( y ig 


Wy Jk/m i se ep) 


FIGURE 3.8.5 Damped vibration; u = Re~V'!" cos(uut — 8). 
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EXAMPLE 


3 


The last approximation is valid when y?/4km is small; we refer to this situation as 
“small damping.” Thus, the effect of small damping is to reduce slightly the frequency 
of the oscillation. By analogy witt| Eq. (18)|the quantity 7, = 27/, is called the quasi 
period. It is the time between successive maxima or successive minima of the position 
of the mass, or between successive passages of the mass through its equilibrium position 
while going in the same direction. The relation between 7, and T is given by 


=12 

T 2 2 

Oe a =a Gn © (28) 
T a 4km 8km 


where again the last approximation is valid when y”/4km is small. Thus, small damping 
increases the quasi period. 

LEED oe (28) reinforce the significance of the dimensionless ratio y?/4km. 
It is not the magnitude of y alone that determines whether damping is large or small, 
but the magnitude of y? compared to 4km. When y?/4km is small, then we can neglect 
the effect of damping in calculating the quasi frequency and quasi period of the motion. 
On the other hand, if we want to study the detailed motion of the mass for all time, 
then we can never neglect the damping force, no matter how small. 

As y*/4km increases, the quasi frequency jz decreases and the quasi period T "4 
increases. In fact, 4 — 0 and T, > o as y > 2./km. As indicated by 
and|(25),J the nature of the solution changes as y passes through the value 2V/km. 
This value is known as critical damping, while for larger values of y the motion is said 
to be overdamped. In these cases, given bas. 2nd 2] espetvely, the mass 
creeps back to its equilibrium position, but does not oscillate about it, as for small y. 
Two typical examples of critically damped motion are shown in Figure 3.8.6, and the 


situation is discussed further in]Problems 21 and|22.| 


u(0) =3, uo) =7 
Ce (3 + 2t| et2 


FIGURE 3.8.6 Critically damped motions: wu” + u’ + 0.25u = 0;u = (A+ Bre”. 


The motion of a certain spring—mass system is governed by the differential equation 
u” +0.125u’+u=0, (29) 


where u is measured in feet and ¢ in seconds. If u(0) = 2 and u’(0) = 0, determine the 
position of the mass at any time. Find the quasi frequency and the quasi period, as well 
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as the time at which the mass first passes through its equilibrium position. Also find 
the time t such that |u(t)| < 0.1 forall t > tT. 


The solution of Eq. (29)}is 


55 : 
t+ Bsin 


u =e t/16 c cos 


Ne, 
16 


To satisfy the initial conditions we must choose A = 2 and B = 2//255; hence the 
solution of the initial value problem is 


an og V2, 2 ni) 


16 255 16 
32 / 255 
= sos ag tH cos (= = ) > (30) 


where tand = 1/255, so 6 = 0.06254. The displacement of the mass as a function of 
time is shown in Figure 3.8.7. For the purpose of comparison we also show the motion 
if the damping term is neglected. 


u"+u=0 ie TAN 
u" +0,125 u' tu of uo ie) oa 


ry 


\ 
\ 
\ 
\ 
\ 
\ 
| 


FIGURE 3.8.7 Vibration with small damping (solid curve) and with no damping (dashed 
curve). 


The quasi frequency is p = /255/16 = 0.998 and the quasi period is T,=2n/u= 
6.295 sec. These values differ only slightly from the corresponding values (1 and 27, 
respectively) for the undamped oscillation. This is evident also from the graphs in 
Figure 3.8.7, which rise and fall almost together. The damping coefficient is small 
in this example, only one-sixteenth of the critical value, in fact. Nevertheless, the 


amplitude of the oscillation is reduced rather rapidly. |Figure 3.8.8]shows the graph 
of the solution for 40 < t < 60, together with the graphs of u = +0.1. From the 
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graph it appears that t is about 47.5 and by a more precise calculation we find that 
t = 47.5149 sec. 

To find the time at which the mass first passes through its equilibrium position, we 
refer to Eq. (30) and set /2551/16 — 5 equal to 7/2, the smallest positive zero of the 
cosine function. Then, by solving for t, we obtain 


t= sos (F +9) = 1.637sec. 


2 


= 2 leap | EE 
u ae cos Wit 0.06254 


-0.05 


-0.15 


FIGURE 3.8.8 Solution of Example 3; determination of Tt. 


Electric Circuits. A second example of the occurrence of second order linear differ- 
ential equations with constant coefficients is as a model of the flow of electric current 
in the simple series circuit shown in Figure 3.8.9. The current 7, measured in amperes, 
is a function of time t. The resistance R (ohms), the capacitance C (farads), and the 
inductance L (henrys) are all positive and are assumed to be known constants. The 
impressed voltage EF (volts) is a given function of time. Another physical quantity that 
enters the discussion is the total charge Q (coulombs) on the capacitor at time t. The 
relation between charge Q and current / is 


1 =dOQ/adt. (31) 


Resistance R Capacitance C 


( Inductance L 


Impressed voltage E(t) 


FIGURE 3.8.9 A simple electric circuit. 
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The flow of current in the circuit is governed by Kirchhoff *Phecond law: Ina closed 
circuit, the impressed voltage is equal to the sum of the voltage drops in the rest of the 
circuit. 

According to the elementary laws of electricity, we know that: 


The voltage drop across the resistor is J R. 
The voltage drop across the capacitor is Q/C. 


The voltage drop across the inductor is LdI /dt. 


Hence, by Kirchhoff’s law, 


pe rr+ig=E (32) 
dt Co , 


The units have been chosen so that 1 volt = 1 ohm - 1 ampere = | coulomb/1 farad = 
1 henry - 1 ampere/1 second. 
Substituting for J from|Eq. (31)} we obtain the differential equation 


1 
LO" +RO'+ @O= EO (33) 
for the charge Q. The initial conditions are 


Q(t) = Qo, O'(t)) = I (ty) = 1h. (34) 


Thus we must know the charge on the capacitor and the current in the circuit at some 
initial time fp. 

Alternatively, we can obtain a differential equation for the current J by differentiating 
Eq. (33) with respect to ft, and then substituting for dQ/dt from|Eq. (31) The result is 


LIN + RI + a! = E'(t), (35) 
with the initial conditions 

1G) =Ih3 Gy) =. (36) 
From Eq. (32) it follows that 


_ E(ty) — Rly — (I/C)Qy 
= ; 


Hence Jj is also determined by the initial charge and current, which are physically 
measurable quantities. 

The most important conclusion from this discussion is that the flow of current in 
the circuit is described by an initial value problem of precisely the same form as the 
one that describes the motion of a spring—mass system. This is a good example of 
the unifying role of mathematics: Once you know how to solve second order linear 
equations with constant coefficients, you can interpret the results either in terms of 
mechanical vibrations, electric circuits, or any other physical situation that leads to the 
same problem. 


i, (37) 


°Gustav Kirchhoff (1824-1887), professor at Breslau, Heidelberg, and Berlin, was one of the leading physicists 
of the nineteenth century. He discovered the basic laws of electric circuits about 1845 while still a student at 
K@6nigsberg. He is also famous for fundamental work in electromagnetic absorption and emission and was one of 
the founders of spectroscopy. 
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PROBLEMS _ineach of Problems 1 through 4 determine w 
the form u = R cos(@pt — 4). 


> R, and 6 so as to write the given expression in 


u = 3cos2t+4sin2t 2. u=—cost+V3sint 
u = 4cos 3t — 2 sin3t 4. u=-—2cosat —3sinzt 


A mass weighing 2 Ib stretches a spring 6 in. If the mass is pulled down an additional 3 in. 
and then released, and if there is no damping, determine the position u of the mass at any 
time ¢. Plot u versus ¢. Find the frequency, period, and amplitude of the motion. 

A mass of 100 g stretches a spring 5 cm. If the mass is set in motion from its equilibrium 
position with a downward velocity of 10 cm/sec, and if there is no damping, determine the 
position u of the mass at any time t. When does the mass first return to its equilibrium 
position? 

A mass weighing 3 lb stretches a spring 3 in. If the mass is pushed upward, contracting 
the spring a distance of 1 in., and then set in motion with a downward velocity of 2 ft/sec, 
and if there is no damping, find the position u of the mass at any time f. Determine the 
frequency, period, amplitude, and phase of the motion. 

A series circuit has a capacitor of 0.25 x 107° farad and an inductor of 1 henry. If the initial 
charge on the capacitor is 10~° coulomb and there is no initial current, find the charge Q 
on the capacitor at any time f. 

A mass of 20 g stretches a spring 5 cm. Suppose that the mass is also attached to a 
viscous damper with a damping constant of 400 dyne-sec/cm. If the mass is pulled down an 
additional 2 cm and then released, find its position u at any time f. Plot u versus t. Determine 
the quasi frequency and the quasi period. Determine the ratio of the quasi period to the 
period of the corresponding undamped motion. Also find the time t such that |u(t)| < 0.05 
cm for allt > tT. 

A mass weighing 16 lb stretches a spring 3 in. The mass is attached to a viscous damper 
with a damping constant of 2 lb-sec/ft. If the mass is set in motion from its equilibrium 
position with a downward velocity of 3 in./sec, find its position u at any time ¢. Plot u 
versus t. Determine when the mass first returns to its equilibrium position. Also find the 
time t such that |u(t)| < 0.01 in. for all t > tT. 

A spring is stretched 10 cm by a force of 3 newtons. A mass of 2 kg is hung from the spring 
and is also attached to a viscous damper that exerts a force of 3 newtons when the velocity 
of the mass is 5 m/sec. If the mass is pulled down 5 cm below its equilibrium position and 
given an initial downward velocity of 10 cm/sec, determine its position u at any time f. 
Find the quasi frequency yz and the ratio of jz to the natural frequency of the corresponding 
undamped motion. 

A series circuit has a capacitor of 10> farad, a resistor of 3 x 10° ohms, and an inductor 
of 0.2 henry. The initial charge on the capacitor is 10~° coulomb and there is no initial 
current. Find the charge Q on the capacitor at any time f. 

A certain vibrating system satisfies the equation u” + yu’ + u = 0. Find the value of the 
damping coefficient y for which the quasi period of the damped motion is 50% greater 
than the period of the corresponding undamped motion. 

Show that the period of motion of an undamped vibration of a mass hanging from a vertical 
spring is 27./L/g, where L is the elongation of the spring due to the mass and g is the 
acceleration due to gravity. 

Show that the solution of the initial value problem 


mu" ne yu +ku= 0, u(ty) = Up, u' (ty) — Uo 


can be expressed as the sum u = v + w, where v satisfies the initial conditions v(¢,) = 
Ups V (ty) = 0, w satisfies the initial conditions w(t)) = 0, w’(t)) = ug, and both v and w 
satisfy the same differential equation as uv. This is another instance of superposing solutions 
of simpler problems to obtain the solution of a more general problem. 
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Show that A cos w)f + B sin wt can be written in the form r sin(@)t — 6). Determine r 
and 6 in terms of A and B. If R cos(wpt — 5) = r sin(wpt — @), determine the relationship 
among R, r, 6, and 0. 

A mass weighing 8 lb stretches a spring 1.5 in. The mass is also attached to a damper with 
coefficient y. Determine the value of y for which the system is critically damped; be sure 
to give the units for y. 

If a series circuit has a capacitor of C = 0.8 x 10~° farad and an inductor of L = 0.2 
henry, find the resistance R so that the circuit is critically damped. 

Assume that the system described by the equation mu” + yu' + ku = 0 is either critically 
damped or overdamped. Show that the mass can pass through the equilibrium position at 
most once, regardless of the initial conditions. 

Hint: Determine all possible values of t for which u = 0. 

Assume that the system described by the equation mu” + yu’ + ku = Ois critically damped 
and the initial conditions are u(O) = up, u'(0) = Up: If vy = 0, show that u > 0 ast — oo, 
but that w is never zero. If u, is positive, determine a condition on v, that will assure that 
the mass passes through its equilibrium position after it is released. 

Logarithmic Decrement. (a) For the damped oscillation described by Eq. (26), show 
that the time between successive maxima is T, = 27/. 

(b) Show that the ratio of the displacements at two successive maxima is given by 
exp(y T,,/2m). Observe that this ratio does not depend on which pair of maxima is chosen. 
The natural logarithm of this ratio is called the logarithmic decrement and is denoted by A. 
(c) Show that A = zy/mup. Since m, yu, and A are quantities that can be measured 
easily for a mechanical system, this result provides a convenient and practical method 
for determining the damping constant of the system, which is more difficult to measure 
directly. In particular, for the motion of a vibrating mass in a viscous fluid the damping 
constant depends on the viscosity of the fluid; for simple geometric shapes the form of this 
dependence is known, and the preceding relation allows the determination of the viscosity 
experimentally. This is one of the most accurate ways of determining the viscosity of a gas 
at high pressure. 

Referring to Problem 21, find the logarithmic decrement of the system in Problem 10. 
For the system in Problem 17 suppose that A = 3 and T,, = 0.3 sec. Referring to Problem 
21, determine the value of the damping coefficient y. 

The position of a certain spring—mass system satisfies the initial value problem 


3u" + ku =0, u(0)=2, wu’(O)=v. 


If the period and amplitude of the resulting motion are observed to be z and 3, respectively, 
determine the values of k and v. 
Consider the initial value problem 


u”+yu'+u=O0, u(0)=2, u’(0)=0. 


We wish to explore how long a time interval is required for the solution to become 
“negligible” and how this interval depends on the damping coefficient y. To be more 
precise, let us seek the time t such that |u(t)| < 0.01 for all t > t. Note that critical 
damping for this problem occurs for y = 2. 

(a) Let y = 0.25 and determine T, or at least estimate it fairly accurately from a plot of 
the solution. 


(b) Repeat part (a) for several other values of y in the interval 0 < y < 1.5. Note that t 
steadily decreases as y increases for y in this range. 

(c) Obtain a graph of t versus y by plotting the pairs of values found in parts (a) and (b). 
Is the graph a smooth curve? 

(d) Repeat part (b) for values of y between 1.5 and 2. Show that t continues to de- 
crease until y reaches a certain critical value y), after which t increases. Find y, and the 
corresponding minimum value of t to two decimal places. 
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(e) Another way to proceed is to write the solution of the initial value problem in the 
form (26). Neglect the cosine factor and consider only the exponential factor and the 
amplitude R. Then find an expression for t as a function of y. Compare the approximate 
results obtained in this way with the values determined in parts (a), (b), and (d). 

Consider the initial value problem 


mu” +yu'+ku=0, u(0) = Ug, u'(0) = Yo. 


Assume that y? < 4km. 

(a) Solve the initial value problem. 

(b) Write the solution in the form u(t) = Rexp(—yt/2m) cos(ut — 5). Determine R in 
terms of m, y, k, Ups and Up: 

(c) Investigate the dependence of R on the damping coefficient y for fixed values of the 
other parameters. 

A cubic block of side / and mass density ¢ per unit volume is floating in a fluid of mass 
density , per unit volume, where p, > p. If the block is slightly depressed and then 
released, it oscillates in the vertical direction. Assuming that the viscous damping of the 
fluid and air can be neglected, derive the differential equation of motion and determine the 
period of the motion. 

Hint: Use Archimedes’ principle: An object that is completely or partially submerged in a 
fluid is acted on by an upward (buoyant) force equal to the weight of the displaced fluid. 
The position of a certain undamped spring—mass system satisfies the initial value problem 


u’ +2u=0, u(0)=0, u’(0) =2. 


(a) Find the solution of this initial value problem. 

(b) Plot u versus t and uv’ versus t on the same axes. 

(c) Plot u’ versus u; that is, plot u(t) and u’(t) parametrically with ¢ as the parameter. 
This plot is known as a phase plot and the uu'-plane is called the phase plane. Observe 
that a closed curve in the phase plane corresponds to a periodic solution u(t). What is the 
direction of motion on the phase plot as ¢ increases? 

The position of a certain spring—mass system satisfies the initial value problem 


u"+4tu'+2u=0, u@)=0, w'(0)=2. 


(a) Find the solution of this initial value problem. 

(b) Plot u versus t and uv’ versus t on the same axes. 

(c) Plot u’ versus u in the phase plane (see Problem 28). Identify several corresponding 
points on the curves in parts (b) and (c). What is the direction of motion on the phase plot 
as f increases? 

In the absence of damping the motion of a spring—mass system satisfies the initial value 
problem 


mu” +ku =0, u(0)=a, u'(0)=b. 


(a) Show that the kinetic energy initially imparted to the mass is mb*/2 and that the 
potential energy initially stored in the spring is ka?/2, so that initially the total energy in 
the system is (ka? + mb’) /2. 

(b) Solve the given initial value problem. 

(c) Using the solution in part (b), determine the total energy in the system at any time f. 
Your result should confirm the principle of conservation of energy for this system. 
Suppose that a mass m slides without friction on a horizontal surface. The mass is attached 
to a spring with spring constant k, as shown in| Figure 3.8.10,Jand is also subject to viscous 
air resistance with coefficient y. Show that the displacement u(t) of the mass from its 
equilibrium position satisfies Eq. (21). How does the derivation of the equation of motion 
in this case differ from the derivation given in the text? 
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FIGURE 3.8.10 A spring—mass system. 


32. In the spring—mass system of Problem 31, suppose that the spring force is not given by 
Hooke’s law but instead satisfies the relation 


Fo = —(ku+ eu), 


where k > 0 and € is small but may be of either sign. The spring is called a hardening 
spring if € > 0 and a softening spring if ¢ < 0. Why are these terms appropriate? 

(a) Show that the displacement u(t) of the mass from its equilibrium position satisfies the 
differential equation 


mu" + yu +ku+eu? =0. 
Suppose that the initial conditions are 
u(0)=0, uw’ (0)=1. 


In the remainder of this problem assume that m = 1, k = 1, and y = 0. 

(b) Find u(t) when € = 0 and also determine the amplitude and period of the motion. 

(c) Let € = 0.1. Plot (a numerical approximation to) the solution. Does the motion appear 
to be periodic? Estimate the amplitude and period. 

(d) Repeat part (c) fore = 0.2 ande = 0.3. 

(e) Plot your estimated values of the amplitude A and the period T versus €. Describe the 
way in which A and T, respectively, depend on e. 

(f) Repeat parts (c), (d), and (e) for negative values of €. 
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Consider now the case in which a periodic external force, say F) cos wt with w > 0, is 
applied to a spring—mass system. Then the equation of motion is 


mu” + yu' + ku = F,cosoat. (1) 
First suppose that there is no damping; then Eq. (1) reduces to 
mu” +ku = F,cosat. (2) 
If w) = Vk/m & «, then the general solution of Eq. (2) is 
U =C, COS Wot + Cy SIN@pt + na cos wt. (3) 


The constants c, and c, are determined by the initial conditions. The resulting motion 
is, in general, the sum of two periodic motions of different frequencies (@, and w) and 
amplitudes. There are two particularly interesting cases. 
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Beats. Suppose that the mass is initially at rest, so that u(0) = 0 and u'(0) = 0. Then 
it turns out that the constants c, and c, in| Eq. (3) fare given by 


Fo 
1 noe — 0)’ c, = 0, (4) 
and the solution o Eq. (2)} s 
u= =o =~ (COs wt — COs Wot). (5) 
M(@p — @) 


This is the sum of two periodic functions of different periods but the same amplitude. 

Making use of the trigonometric identities for cos(A + B) with A = (wy + @)t/2 and 
B = (@) — )t/2, we can write Eq. (5) in the form 

2F —o)t + @)t 

=| a eae) | ee) ; 


sin 
m(we =F") 2. 2 


(6) 


If |@) —@| is small, then @)+@ is much greater than |@) — w|. Consequently, 
sin(@, + w)t/2 is a rapidly oscillating function compared to sin(w, — w)t/2. Thus 
the motion is a rapid oscillation with frequency (w, + w)/2, but with a slowly varying 
sinusoidal amplitude 
Fo 5 sin (g oe 
m(@p — w) 2 


This type of motion, possessing a periodic variation of amplitude, exhibits what is called 
a beat| Such a phenomenon occurs in acoustics when two tuning forks of nearly equal 
frequency are sounded simultaneously. In this case the periodic variation of amplitude 
is quite apparent to the unaided ear. In electronics the variation of the amplitude with 


u =2.77778 sin 0.1t 
B= y u =2.77778 sin 0.1 tsin0.9t 


7. 
af 
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FIGURE 3.9.1 A beat; solution of u” + u = 0.5cos0.8t, u(0) = 0, u’(0) = 0; 
u = 2.77778 sin0.1t sin 0.9f. 
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time is called amplitude modulation. The graph of wu as given by|Eq. (6)|in a typical 


case is shown in} Figure 3.9.1 


Resonance. As a second example, consider the case w = Wo; that is, the frequency 
of the forcing function is the same as the natural frequency of the system. Then the 
nonhomogeneous term F, cos wt is a solution of the homogeneous equation. In this 
case the solution of is 


: ae 
U =C, COS@pt +C, SiN wt + 0 + sin Wot. (7) 
2ma 

0 


Because of the term ¢ sin @)t, the solution (7) predicts that the motion will become 
unbounded as t — oo regardless of the values of c, and c,; see Figure 3.9.2 for a 
typical example. Of course, in reality unbounded oscillations do not occur. As soon 
as u becomes large, the mathematical model on ae based is no longer 
valid, since the assumption that the spring force depends linearly on the displacement 
requires that uw be small. If damping is included in the model, the predicted motion 
remains bounded; however, the response to the input function F) cos wt may be quite 
large if the damping is small and w is close to w). This phenomenon is known as 

Resonance can be either good or bad depending on the circumstances. It must be 
taken very seriously in the design of structures, such as buildings or bridges, where it 
can produce instabilities possibly leading to the catastrophic failure of the structure. 
For example, soldiers traditionally break step when crossing a bridge to eliminate the 
periodic force of their marching that could resonate with a natural frequency of the 
bridge. Another example occurred in the design of the high-pressure fuel turbopump for 
the space shuttle main engine. The turbopump was unstable and could not be operated 
over 20,000 rpm as compared to the design speed of 39,000 rpm. This difficulty led 
to a shutdown of the space shuttle program for 6 months at an estimated cost of 


FIGURE 3.9.2 Resonance; solution of u” + u = 0.5cost, u(0) = 0, u’(0) = 0; 
u = 0.25t sint. 
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$500,000/day!2lon the other hand, resonance can be put to good use in the design of 
instruments, such as seismographs, intended to detect weak periodic incoming signals. 


Forced Vibrations with Damping. The motion of the spring—mass system with damp- 
ing and the forcing function F, cos wt can be determined in a straightforward manner, 
although the computations are rather lengthy. The solution of |Eq. (1)}is 


u=c,e"' +c,e' + Rcos(wt — 4), 7, #1, (8) 
where 
F Dre ee 
R=—-, ne meet (9) 
A A A 
and 
i m2(o2 iy + yor. (10) 


In Eq. (8) 7, and r, are the roots of the characteristic equation associated with|Eq. (1)} 
they may be either real and negative or complex conjugates with negative real part. In 
either case, both exp(r,t) and exp(r,t) approach zero as t + oo. Hence, as t > ov, 


u—> U(th= Fo cos(wt — 8). (11) 


m?(o} — oP + yo? 


For this reason u(t) = c,e"!’ + c,e"2' is called the {transient solution] U(t), which 


represents a steady oscillation with the same frequency as the external force, is called 
the|steady-state solution|or the forced response. The transient solution enables us to 
satisfy whatever initial conditions are imposed; with increasing time the energy put into 
the system by the initial displacement and velocity is dissipated through the damping 
force, and the motion then becomes the response of the system to the external force. 
Without damping, the effect of the initial conditions would persist for all time. 

It is interesting to investigate how the amplitude R of the steady-state oscillation 
depends on the frequency w of the external force. For low-frequency excitation, that is, 
as m — 0, it follows from Eqs. (9) and (10) that R > F)/k. At the other extreme, for 
very high-frequency excitation, Eqs. (9) and (10) imply that R + 0 as w — oo. At an 
intermediate value of w the amplitude may have a maximum. To find this maximum 
point, we can differentiate R with respect to w and set the result equal to zero. In this 


way we find that the maximum amplitude occurs when w = ,,,,,, where 


2 2 
Y Y 
Or ax = — ae ws ( - x) (12) 


Note that max < po and that w,,,, is close to w) when y is small. The maximum 
value of R is 


Fo 


_ ~ Fo | y 
TR i 7 T ’ (13) 
Yoov1 = (y7/4mk) Yo 8mk 


'0F Ehrich and D. Childs, “Self-Excited Vibration in High-Performance Turbomachinery,’ Mechanical Engi- 
neering (May 1984), p. 66. 
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given by| Eq. (12)]is imaginary; in this case the maximum value of R occurs for w = 0 
and R is a monotone decreasing function of w. For small y it follows from] Eq. (13)| 
that Ra, = Fo/Y po. Thus, for small y, the maximum response is much larger than the 
amplitude F, of the external force, and the smaller the value of y, the larger the ratio 
R nax/ Fo: Figure 3.9.3 contains some representative graphs of Rk/F) versus w/w, for 
several values of y. 

The phase angle 5 also depends in an interesting way on w. For w near zero, it follows 
from Eqs. (9) and (10) that cos 6 = 1 and sind = 0. Thus 6 = 0, and the response is 
nearly in phase with the excitation, meaning that they rise and fall together, and in 
particular, assume their respective maxima nearly together and their respective minima 
nearly together. For @ = w), we find that cos 5 = 0 and sin é = 1, so 6 = 7/2. In this 
case the response lags behind the excitation by 7/2; that is, the peaks of the response 
occur 7/2 later than the peaks of the excitation, and similarly for the valleys. Finally, 
for w very large, we have cos 5 = —1 and siné = 0. Thus 6 = z, so that the response 
is nearly out of phase with the excitation; this means that the response is minimum 
when the excitation is maximum, and vice versa. 

In Figure 3.9.4 we show the graph of the solution of the initial value problem 


u” +0.125u' + u = 3cos2r, u(0)=2, u'(0)=0. 


where the last iyi imag is an approximation for small y. If y?/2km > 1, then ymax a8 


The graph of the forcing function is also shown for comparison. (The unforced motion of 
this system is shown in Figure 3.8.7.) Observe that the initial transient motion decays 
as t increases, that the amplitude of the steady forced response is approximately 1, 
and that the phase difference between the excitation and response is approximately z. 


RK/F 5 


3 


FIGURE 3.9.3 Forced vibration with damping: amplitude of steady-state response versus 
frequency of driving force; P = y?/ mo. 
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Solution of Forcing function 3 cos 2t 
u" +0.125u' + u =3 cos 2t 
u(0) =2, u(0) =0 


FIGURE 3.9.4 A forced vibration with damping; solution of u” + 0.125u' + u = 3 cos 2t, 
u(O) = 2, u'(0) = 0. 


More precisely, we find that A = V145/4 = 3.0104, so R = Fy)/A = 0.9965. Further, 
cos 6 = —3/A = —0.9965 and sind = 1/4A = 0.08305, so that 6 = 3.0585. Thus the 
calculated values of R and 6 are close to the values estimated from the graph. 


PROBLEMS _ineach of Problems 1 through 4 write the given expression as a product of two trigonometric 


functions of different frequencies. 


cos 9t — cos 7t 2. sin 7t — sin 6t 
cost + cos2mt 4. sin 3t + sin 4t 


A mass weighing 4 lb stretches a spring 1.5 in. The mass is displaced 2 in. in the positive 
direction from its equilibrium position and released with no initial velocity. Assuming that 
there is no damping and that the mass is acted on by an external force of 2 cos 3t Ib, 
formulate the initial value problem describing the motion of the mass. 

A mass of 5 kg stretches a spring 10 cm. The mass is acted on by an external force of 
10 sin(t/2) N (newtons) and moves in a medium that imparts a viscous force of 2 N when 
the speed of the mass is 4 cm/sec. If the mass is set in motion from its equilibrium position 
with an initial velocity of 3 cm/sec, formulate the initial value problem describing the 
motion of the mass. 

(a) Find the solution of Problem 5. 

(b) Plot the graph of the solution. 

(c) If the given external force is replaced by a force 4 sin wt of frequency w, find the value 
of w for which resonance occurs. 

(a) Find the solution of the initial value problem in Problem 6. 

(b) Identify the transient and steady-state parts of the solution. 

(c) Plot the graph of the steady-state solution. 

(d) Ifthe given external force is replaced by a force 2 cos wt of frequency w, find the value 
of w for which the amplitude of the forced response is maximum. 
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13. 


14. 


If an undamped spring—mass system with a mass that weighs 6 Ib and a spring constant 
1 lb/in. is suddenly set in motion at t = 0 by an external force of 4 cos 7t 1b, determine the 
position of the mass at any time and draw a graph of the displacement versus f. 

A mass that weighs 8 lb stretches a spring 6 in. The system is acted on by an external force 
of 8 sin 8¢ lb. If the mass is pulled down 3 in. and then released, determine the position of 
the mass at any time. Determine the first four times at which the velocity of the mass is 
zero. 


A spring is stretched 6 in. by a mass that weighs 8 Ib. The mass is attached to a dashpot 
mechanism that has a damping constant of 0.25 lb-sec/ft and is acted on by an external 


force of 4 cos 2t lb. 

(a) Determine the steady-state response of this system. 

(b) If the given mass is replaced by a mass m, determine the value of m for which the 

amplitude of the steady-state response is maximum. 

A spring—mass system has a spring constant of 3 N/m. A mass of 2 kg is attached to the 

spring and the motion takes place in a viscous fluid that offers a resistance numerically 

equal to the magnitude of the instantaneous velocity. If the system is driven by an external 

force of 3 cos 3t — 2 sin 3t N, determine the steady-state response. Express your answer in 

the form R cos(wt — 4). 

Furnish the details in determining when the steady-state response given by Eq. (11) is 

maximum; that is, show that Orvax and R_,, are given by Eqs. (12) and (13), respectively. 

(a) Show that the phase of the forced response of Eq. (1) satisfies tand = yw/m (we —w’). 

(b) Plot the phase 6 as a function of the forcing frequency w for the forced response of 
“+ 0.125u' cos wt 


u’ +u= F(t), u(0)=0, u’(0) =0, 


Fit, O<t<n, 
F(t) = 4 Fy) —1), u<t<2n, 
0, Qn <t. 


Hint: Treat each time interval separately and match the solutions in the different intervals 
by requiring that u and u’ be continuous functions of f. 

A series circuit has a capacitor of 0.25 x 10~° farad, a resistor of 5 x 10° ohms, and an 
inductor of 1 henry. The initial charge on the capacitor is zero. If a 12-volt battery is 
connected to the circuit and the circuit is closed at t = 0, determine the charge on the 
capacitor at t = 0.001 sec, at t = 0.01 sec, and at any time t. Also determine the limiting 
charge as t > oo. 

Consider a vibrating system described by the initial value problem 


ul + ju’ + 2u =2cosoat, u(0)=0, w’(0) =2. 


(a) Determine the steady-state part of the solution of this problem. 

(b) Find the amplitude A of the steady-state solution in terms of w. 

(c) Plot A versus w. 

(d) Find the maximum value of A and the frequency w for which it occurs. 
Consider the forced but undamped system described by the initial value problem 


u" +u = 3cosart, u(0)=0, w’(0)=0. 


(a) Find the solution u(t) for w ¥ 1. 

(b) Plot the solution u(t) versus t for w = 0.7, w = 0.8, and w = 0.9. Describe how the 
response u(t) changes as varies in this interval. What happens as w takes on values closer 
and closer to 1? Note that the natural frequency of the unforced system is w) = 1. 
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> |19. Consider the vibrating system described by the initial value problem 


u’ +u = 3cosat, u(0)=1, w(0)=1. 


(a) Find the solution for w ¥ 1. 


(b) Plot the solution u(t) versus t for w = 0.7, w = 0.8, and w = 0.9. Compare the results 
with those of Problem 18, that is, describe the effect of the nonzero initial conditions. 

> 20. For the initial value problem in Problem 18 plot u’ versus u for @ = 0.7, @ = 0.8, and 
@ = 0.9; that is, draw the phase plot of the solution for these values of w. Use a ¢ interval 
that is long enough so the phase plot appears as a closed curve. Mark your curve with 
arrows to show the direction in which it is traversed as ¢ increases. 


Problems 21 through 23 deal with the initial value problem 
u” +0.125u’ +u = F(t), u(0)=2, wu'(0)=0. 


In each of these problems: 
(a) Plot the given forcing function F(t) versus ¢ and also plot the solution u(t) versus 
t on the same set of axes. Use a ¢ interval that is long enough so the initial transients 
are substantially eliminated. Observe the relation between the amplitude and phase of the 
forcing term and the amplitude and phase of the response. Note that @) = /k/m = 1. 
(b) Draw the phase plot of the solution, that is, plot u’ versus u. 


21. F(t) = 3cos(0.3t) 
22. F(t) =3cost 
23. F(t) = 3cos3t 


24. A spring—mass system with a hardening spring (Problem 32 of Section 3.8) is acted on by 
a periodic external force. In the absence of damping, suppose that the displacement of the 
mass satisfies the initial value problem 


vvvv 


ul tut tu? = cos at, u(0)=0, wu’(0) =0. 


(a) Let w = 1 and plot a computer-generated solution of the given problem. Does the 
system exhibit a beat? 
(b) Plot the solution for several values of @ between 1/2 and 2. Describe how the solution 
changes as w increases. 

> 25. Suppose that the system of Problem 24 is modified to include a damping term and that the 
resulting initial value problem is 


ul + du’ + ut iu = cosat, u(0)=0, w’(0) =0. 


(a) Plot a computer-generated solution of the given problem for several values of w 
between 1/2 and 2 and estimate the amplitude R of the steady response in each case. 

(b) Using the data from part (a), plot the graph of R versus w. For what frequency w is the 
amplitude greatest? 

(c) Compare the results of parts (a) and (b) with the corresponding results for the linear 
spring. 
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CHAPTER 


4 


Higher Order 
Linear Equations 


The theoretical structure and methods of solution developed in the preceding chapter 
for second order linear equations extend directly to linear equations of third and higher 
order. In this chapter we briefly review this generalization, taking particular note 
of those instances where new phenomena may appear, due to the greater variety of 
situations that can occur for equations of higher order. 


4.1 General Theory of nth Order Linear Equations 


An nth order linear differential equation is an equation of the form 


d"y | d"y | dy 
Pot) ae P,(t) qt vee POF + Pi (@t)y = Git). (1) 
We assume that the functions P),..., P, and G are continuous real-valued functions 


on some interval J: a < t < f, and that P, is nowhere zero in this interval. Then, 
dividing Eq. (1) by P,(t), we obtain 

dq" y dq" 1 y dy 

at OF ToT POG + Pry = 8). (2) 
The linear differential operator ZL of order n defined by Eq. (2) is similar to the second 
order operator introduced in|Chapter 3} The mathematical theory associated with Eq. (2) 
is completely analogous to that for the second order linear equation; for this reason we 
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Theorem 4,1.1 


simply state the results for the nth order problem. The proofs of most of the results are 
also similar to those for the second order equation and are usually left as exercises. 

Since[Eq. (2) involves the nth derivative of y with respect to f, it will, so to speak, 
require n integrations to soled 2) Each of these integrations introduces an arbitrary 
constant. Hence we can expect that, to obtain a unique solution, it is necessary to specify 
n initial conditions, 


Vto) =Yor Wy) =r wees YP) = VO”, (3) 


where f, may be any point in the interval J and yy, yo, . --, ie is any set of prescribed 


real constants. That there does exist such a solution and that it is unique are assured by 
the following existence and uniqueness theorem, which is similar to/Theorem 3.2.1 


If the functions p,, p,,..., P,,, and g are continuous on the open interval J, then 
there exists exactly one solution y = ¢(t) of the differential|equation (2)|that also 
satisfies the initial conditions (3). This solution exists throughout the interval /. 


We will not give a proof of this theorem here. However, if the coefficients p,,..., 
are constants, then we can construct the solution of the initial value] problem (2) 3 


much as in Chapter 3; see Sections 4.2 through 4.4.|Even though we may rere a solution 


in this case, we do not know thatitis unique without the use of Theorem 4.1.1. A proof 
of the theorem can be found in[Ince {Section 3.32) or|Coddington (Chapter 6). 


The Homogeneous Equation. As in the corresponding second order problem, we first 
discuss the homogeneous equation 


Lily] = y™ +p, yO"? +--+ + p,_ Oy’ + p, Oy = 0. (4) 


If the functions y,, y,,..., y,, are solutions of Eq. (4), then it follows by direct com- 
putation that the linear combination 


y=Cy, 0) +ce,y,(0) +--+: +0¢,y,@), (5) 


where c,,...,C,, are arbitrary constants, is also a solution of Eq. (4). It is then natural 
to ask whether every solution of Eq. (4) can be expressed as a linear combination of 
Yys-++5¥,- This will be true if, regardless of the initial conditions (3) that are prescribed, 
it is possible to choose the constants c,,...,c, So that the linear combination (5) 
satisfies the initial conditions. Specifically, for any choice of the point f) in J, and for 
any choice of yo, ee ve we must be able to determine c,,...,c,, So that the 
equations 


€1¥, (fo) +--+ +6, Y, (lo) = Yo 
€1Y1 fq) +--+ + C,Yn ly) = Yo 


(6) 


-1 -1 -1 
Cy Oy) Hoe FEA IE PO) = Yor”? 
are satisfied. Equations (6) can be solved uniquely for the constants c,, ..., c,,, provided 
that the determinant of coefficients is not zero. On the other hand, if the determinant 


of coefficients is zero, then it is always possible to choose values of yo, Wanazed i 
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Theorem 4.1.2 


such that|Eqs. (6) |do not have a solution. Hence a necessary and sufficient condition 


for the existence of a solution of|Eqs. (6) for arbitrary values of yy, yo, .--, ie is 
that the Wronskian 


yy be) ca Yn 


yt V3 ae 


W(y,,--25 9) = (7) 


(n—1) (1) ‘n-1 
1 a) ce yy . 


is not zero at ¢t = 1). Since f) can be any point in the interval /, it is necessary and 
sufficient that W(y,,y,,..., y,,) be nonzero at every point in the interval. Just as for 
the second order linear equation, it can be shown that if y,, y,,..., y, are solutions 
of Eq. (4), then W(y,, y,,..., y,) is either zero for every ¢ in the interval J or else is 


never zero there; see} Problem 20.| Hence we have the following theorem. 


If the functions p,, p,,..., p,, are continuous on the open interval /, if the functions 
Vy» Yos+++5 Y, are solutions off Eq. (4)] and if W(y,, y,,..., y,)(t) #0 for at least 
one point in /, then every solution of|Eq. (4) \can be expressed as a linear combination 


of the solutions y,, y.,..., Vy: 


A set of solutions y,,..., y,, of|Eq. (4)}whose Wronskian is nonzero is referred to 
as a fundamental set of solutions. The existence of a fundamental set of solutions 
can be demonstrated in precisely the same way as for the second order linear equation 


(sed Theorem 3.2.5)}. Since all solutions of[Eq. (4)Jare of the[form (5)] we use the term 


general solution to refer to an arbitrary linear combination of any fundamental set of 
solutions of|Eq. (4) 
The discussion of linear dependence and independence given in|Section 3.3}can also 


be generalized. The functions f,, f,,..., f, are said to be/linearly dependention / if 


there exists a set of constants k,,k,,...,k,,, not all zero, such that 


KA tht: +k Sf, = 0 (8) 


for allt in 7. The functions f,,..., f,, are said to be|linearly independent)\on / if they 
are not linearly dependent there. If y,,..., y,, are solutions of|Eq. (4)} then it can be 
shown that a necessary and sufficient condition for them to be linearly independent is 


that W(y,,..-, Y,)(@9) #0 for some fp in J (see|Problem 25). Hence a fundamental 
Eq. (4) 


set of solutions of is linearly independent, and a linearly independent set of n 
solutions of forms a fundamental set of solutions. 


The Nonhomogeneous Equation. Now consider the nonhomogeneous|equation (2), 


Lly]=y™ +p, Oy? +--+ p, Oy = g(0). 


If Y, and Y, are any two solutions of|Eq. (2)] then it follows immediately from the 
linearity of the operator L that 


LLY, — ¥,Mt) = LIYM®) — LIZ) = g@) — g(t) = 0. 


Hence the difference of any two solutions of the nonhomogeneous |equation (2) |is a 
solution of the homogeneous equation (4)} Since any solution of the homogeneous 
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equation can be expressed as a linear combination of a fundamental set of solutions 
Yys+++s Yq» it follows that any solution of |Eq. (2)\can be written as 


Y=H=Cy OH + ogy) +--+ +¢,9,0 +O), (9) 


where Y is some particular solution of the nonhomogeneous| equation (2).|The linear 
combination (9) is called the general solution of the a larie ee ae 
i rr 


Thus the primary problem is to determine a fundamental set of solu 
of the homogeneous If the coefficients are constants, this is a fairly 
simple problem; it is discussed in the next section. If the coefficients are not constants, 
it is usually necessary to use numerical methods such as those in[Chapter 8 Jor series 
methods similar to those in These tend to become more cumbersome as the 
order of the equation increases. 

The method of reduction of order (Section 3.5)| also applies to nth order linear 
equations. If y, is one solution of Eq. (4), then the substitution y = v(t) y, (1) leads to 
a linear differential equation of order n — 1 for v’ (see| Problem 26]|for the case when 
n = 3). However, if n > 3, the reduced equation is itself at least of second order, and 
only rarely will it be significantly simpler than the original equation. Thus, in practice, 
reduction of order is seldom useful for equations of higher than second order. 


PROBLEMS 


In each of Problems 1 through 6 determine intervals in which solutions are sure to exist. 
1. y +4y '+3y=t 2. ty” + (sint)y” + 3y = cost 
3, t= 1py" ey" + 4t?y =0 4, y+ ty” + ry +ry=Int 
5. «— Dy" + (4+ Dy" +t (tanx)y =0 6. (x7 —4)y4 + x7y”4+9y =0 


mw 


In each of Problems 7 through 10 determine whether the given set of functions is linearly 
dependent or linearly independent. If they are linearly dependent, find a linear relation among 
them. 


7. f®=2-3 fO=P+1, fh) =2°-1 
8 f,@)=2t-3, f,O=27P4+1, FO =3 +8 
9. f@)=2t-3, FO=P4+1, AO=2?-1, A=? +t+1 
10. f@)=2t-3, AM=P4+1, AO=2?-4, A=’? +t+1 


In each of Problems 11 through 16 verify that the given functions are solutions of the differential 
equation, and determine their Wronskian. 


y"”+y' =0; 1, cost, sint 


cost, sint 
a —t 


—y’=0; LX, 
. wy” + x7y"” — Ixy’ + 2y = 0; x, 
Show that W(5, sin? t, cos 2t) = 0 for all t. Can you establish this result without direct 
evaluation of the Wronskian? 


Verify that the differential operator defined by 
Lily] = y + py? +--+ + a, Oy 
is a linear differential operator. That is, show that 


Lic, y, + Cy Vy] = c,Lly,] oF c,L[y,], 
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where y, and y, are n times differentiable functions and c, and c, are arbitrary constants. 
Hence, show that if y,, y,,..., y,, are solutions of L[y] = 0, then the linear combination 
c\y, +--+: +¢,y, is also a solution of L[y] = 0. 
Let the linear differential operator L be defined by 

Llyl = ayy” 4 ay?” ++.-+a,y, 
where Ay 4,,-++,4,, are real constants. 
(a) Find L[t"]. 
(b) Find L[e”’]. 
(c) Determine four solutions of the equation y —5y”+4y =0. Do you think the four 
solutions form a fundamental set of solutions? Why? 


In this problem we show how to generalize Theorem 3.3.2 (Abel’s theorem) to higher order 
equations. We first outline the procedure for the third order equation 


y" + py(t)y” + py(t)y’ + p3(t)y = 0. 
Let y,, y,, and y, be solutions of this equation on an interval /. 
(a) If W = W(),, y,, y3), show that 
yy Vo 3 
W'=| yy V5 y3 
yy’ yy! yy! 
1 2 3 


Hint: The derivative of a 3-by-3 determinant is the sum of three 3-by-3 determinants 


obtained by differentiating the first, second, and third rows, respectively. 
mt mr 


(b) Substitute for y,”, y;", and y;” from the differential equation; multiply the first row by 
P3, the second row by p,, and add these to the last row to obtain 


W' =—p,(t)W. 
(c) Show that 


Wiy,, Vos y3)(t) = cexp l= fn ar| : 


It follows that W is either always zero or nowhere zero on I. 
(d) Generalize this argument to the nth order equation 


y + py? +--+ p,.Oy =0 


with solutions Vyreeea Ve That is, establish Abel’s formula, 


W(y,;--->y,)(t) = cexp |- ; Py (t) ar| ‘ 


for this case. 


In each of Problems 21 through 24 use Abel’s formula (Problem 20) to find the Wronskian of a 
fundamental set of solutions of the given differential equation. 


21. 
23, 


25. 


yg" Oy —y = 3y=0 22. yY+y=0 
ty” 4 2y" = y’ +ty= 0 IA. ty ate ty” 4 y" = Ay =0 
The purpose of this problem is to show that if W(y,,..., y,,)(4g) #0 for some fy in an 
interval J, then y,,..., y,, are linearly independent on /, and if they are linearly independent 
and solutions of 

Ly] = y™ + py? +--+ 2, Oy =0 (i) 


on J, then W(y,,..., y,,) is nowhere zero in I. 
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(a) Suppose that W(y,,..., ¥,,)(g) # 0, and suppose that 
cy, @)+---+¢,y,0) =0 (ii) 


for all t in J. By writing the equations corresponding to the first n — 1 derivatives of Eq. (ii) 
at f), show that c, = --- = c, = 0. Therefore, y,,..., y,, are linearly independent. 

(b) Suppose that y,,...,y, are linearly independent solutions of Eq. (i). If 
W()y,,--++ ¥,,) Uo) = O for some f,, show that there is a nonzero solution of Eq. (i) satisfying 


0° 
the initial conditions 


y(t) = y' (ty) =o = yo Ge) =0. 


Since y = 0 is a solution of this initial value problem, the uniqueness part of Theorem 
4.1.1 yields a contradiction. Thus W is never zero. 
Show that if y, is a solution of 


mt 


y" +p, @)y" + p, Oy + p,Oy = 0, 


then the substitution y = y, (¢)v(t) leads to the following second order equation for v: 
yy” + By, + Pyy)v" + By! + 2p, y, + Pyy,)v' = 0. 


In each of Problems 27 and 28 use the method of reduction of order (Problem 26) to solve the 
given differential equation. 

27. (2—ty’” + 2t—3)y"—ty +y=0, ¢ <2; ose 

28. P(t+3)y"— 31 +2)y" +61 +ny -6y=0, t>0; yM=P", y= 


4.2 Homogeneous Equations with Constant Coefficients 


Consider the nth order linear homogeneous differential equation 
Lly] = ayy + ayy") +++» +a, 19’ +4,y = 0, (1) 


where a, d,,...,q, are real constants. From our knowledge of second order linear 
equations with constant coefficients it is natural to anticipate that y = e” is a solution 
of Eq. (1) for suitable values of r. Indeed, 


L[e”™] = e (agr" + ae +---+a, r+a,)=e"Z(r) (2) 
for all r, where 


Z(r) Sagr" tay" +++ +a, +a, (3) 


For those values of r for which Z(r) = 0, it follows that L[e”’] = 0 and y = e” isa 


solution of Eq. (1). The polynomial Z(r) is called the characteristic polynomial] and 
the equation Z(r) = 0 is the|characteristic equation|of the differential equation (1). 
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A polynomial of degree n has n zerosttkay Ij Ty,+++,T,, 80me of which may be equal; 
hence we can write the characteristic polynomial in the form 
Zr) =a, —7 jr Hm)> =7,). (4) 


Real and Unequal Roots. If the roots of the characteristic equation are real and no 
two are equal, then we have n distinct solutions e”!’, e”2',..., e’»" of Eq. (1)J If these 
functions are linearly independent, then the general solution of|Eq. (1) jis 

y=c,el +c,e2' +---+e,e7", (5) 


One way to establish the linear independence of e”1', e”2', ..., e’»" is to evaluate their 


Wronskian determinant. Another way is outlined in [Problem 40. 


Find the general solution of 


yi" + y" —Ty" — y' + by =0. 6) 
Also find the solution that satisfies the initial conditions 
y(0) = 1, y (0) =0, y"(0) = -2, y"0)=-1 (7) 
and plot its graph. 
Assuming that y = e’’, we must determine r by solving the polynomial equation 
r+r—Tr —r+6=0. (8) 
The roots of this equation are r, = 1, r, = —1, r, = 2, and r, = —3. Therefore the 
general solution of Eq. (6) is 
y=ce'+c,e "4 ee ne (9) 
The initial conditions (7) require that c,,..., c, satisfy the four equations 
ce, +c, C3 c= |, 
€;—-& +2e,— 3e,= 0, (10) 
c, +e, +4e, 9c, = —2, 
c,—€,+ 8c, —27¢, = —1. 
By solving this system of four linear algebraic equations, we find that 
ce, = 11/8, c, = 5/12, c, = —2/3, c, = —1/8. 
Therefore the solution of the initial value problem is 
y= pel + 3e7 ier! te. (11) 


The graph of the solution is shown in| Figure 4.2.1. 


"an important question in mathematics for more than 200 years was whether every polynomial equation has 
at least one root. The affirmative answer to this question, the fundamental theorem of algebra, was given by 
Carl Friedrich Gauss in his doctoral dissertation in 1799, although his proof does not meet modern standards of 
rigor. Several other proofs have been discovered since, including three by Gauss himself. Today, students often 
meet the fundamental theorem of algebra in a first course on complex variables, where it can be established as a 
consequence of some of the basic properties of complex analytic functions. 
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FIGURE 4.2.1 Solution of the initial value problem of Example 1. 


As[Example 1|illustrates, the procedure for solving an nth order linear differential 
equation with constant coefficients depends on finding the roots of a corresponding 
nth degree polynomial equation. If initial conditions are prescribed, then a system 
of n linear algebraic equations must be solved to determine the proper values of the 
constants c,,...,¢,. While each of these tasks becomes much more complicated as n 
increases, they can often be handled without difficulty with a calculator or computer. 

For third and fourth degree polynomials there are formulasanalogous to the formula 
for quadratic equations but more complicated, that give exact expressions for the roots. 
Root-finding algorithms are readily available on calculators and computers. Sometimes 
they are included in the differential equation solver, so that the process of factoring 
the characteristic polynomial is hidden and the solution of the differential equation is 
produced automatically. 

If you are faced with the need to factor the characteristic polynomial by hand, here 
is one result that is sometimes helpful. Suppose that the polynomial 


agr" tar" | +---+a, +a, -—0 (12) 


has integer coefficients. If r = p/q is arational root, where p and g have no common 
factors, then p must be a factor of a, and g must be a factor of a,. For example, in 
[E. (8)he factors of a, are +1 and the factors of a, are +1, +2, +3, and +6. Thus, the 
only possible rational roots of this equation are +1, +2, +3, and +6. By testing these 
possible roots, we find that 1, —1, 2, and —3 are actual roots. In this case there are no 
other roots, since the polynomial is of fourth degree. If some of the roots are irrational 
or complex, as is usually the case, then this process will not find them, but at least the 
degree of the polynomial can be reduced by dividing out the factors corresponding to 
the rational roots. 

If the roots of the characteristic equation are real and different, we have seen that the 


general] solution (5)}is simply a sum of exponential functions. For large values of t the 


The method for solving the cubic equation was apparently discovered by Scipione dal Ferro (1465-1526) about 
1500, although it was first published in 1545 by Girolamo Cardano (1501-1576) in his Ars Magna. This book also 
contains a method for solving quartic equations that Cardano attributes to his pupil Ludovico Ferrari (1522-1565). 
The question of whether analogous formulas exist for the roots of higher degree equations remained open for more 
than two centuries, until in 1826 Niels Abel showed that no general solution formulas can exist for polynomial 
equations of degree five or higher. A more general theory was developed by Evariste Galois (1811-1832) in 1831, 
but unfortunately it did not become widely known for several decades. 


4.2 Homogeneous Equations with Constant Coefficients 217 


EXAMPLE 


2 


solution will be dominated by the term corresponding to the algebraically largest root. 
If this root is positive, then solutions will become exponentially unbounded, while if it 
is negative, then solutions will tend exponentially to zero. Finally, if the largest root is 
zero, then solutions will approach a nonzero constant as t becomes large. Of course, for 
certain initial conditions the coefficient of the otherwise dominant term will be zero; 
then the nature of the solution for large t is determined by the next largest root. 


Complex Roots. If the characteristic equation has complex roots, they must occur in 
conjugate pairs, A + ij, since the coefficients a), ...,a,, are real numbers. Provided 
that none of the roots is repeated, the general solution of is still of the form (4).| 
However, just as for the second order equation (Section 3.4), we can replace the 
complex-valued solutions e“t'’ and e“~'" by the real-valued solutions 


e* cos ut, e™ sin pt (13) 


obtained as the real and imaginary parts of e**'”””. Thus, even though some of the 


roots of the characteristic equation are complex, it is still possible to express the general 
solution of|Eq. (1) las a linear combination of real-valued solutions. 


Find the general solution of 
y*-y=0. (14) 
Also find the solution that satisfies the initial conditions 
y(0) = 7/2, y (0) = -4, y"(0) = 5/2, y"0)=-2 (15) 


and draw its graph. 
Substituting e”’ for y, we find that the characteristic equation is 


fala? —)e +i1y=0. 
Therefore the roots are r = 1, —1,i, —i, and the general solution of Eq. (14) is 
y=ce'+c,e'+c,cost +c, sint. 
If we impose the initial conditions (15), we find that 
c, = 9, c, = 3, c, = 1/2, c=]; 
thus the solution of the given initial value problem is 
y=3e'+ 5 cost —sint. (16) 

The graph of this solution is shown at ete 2 

Observe that the initial conditions (15) cause the coefficient c, of the exponentially 


growing term in the general solution to be zero. Therefore this term is absent in the 
solution (16), which describes an exponential decay to a steady oscillation, a Piene| 


4.2.2 shows. However, if the initial conditions are changed slightly, then c, is likely to 


be nonzero and the nature of the solution changes enormously. For example, if the first 
three initial conditions remain the same, but the value of y’” (0) is changed from —2 to 
—15/8, then the solution of the initial value problem becomes 


5 —t 


_ lit, 9 1 ig 
y= ye + He) +5 c0st — sini. (17) 
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The coefficients in|Eq. (17)|differ only slightly from those in|Eq. (16),|but the expo- 


nentially growing term, even with the relatively small coefficient of 1/32, completely 
dominates the solution by the time ¢ is larger than about 4 or 5. This is clearly seen in 


Figure 4.2.3, which shows the graphs of the two solutions (16) and (17). 


NB ODoa « 


FIGURE 4.2.2 A plot of the solution (16). FIGURE 4.2.3 Plots of the solutions (16) 
(light curve) and (17) (heavy curve). 


Repeated Roots. If the roots of the characteristic equation are not distinct, that is, if 
some of the roots are repeated, then the{ solution (5)|is clearly not the general solution 
of Recall that if r, is a repeated root for the second order linear equation 
ayy +a,y’ +a,y = 0, then the two linearly independent solutions are e”!’ and te’. 
For an equation of order n, if a root of Z(r) = 0, say r = r,, has multiplicity s (where 
s <n), then 


gv. te, $a, vice Oe (18) 


are corresponding solutions of|Eq. (1) 


If a complex root 4+ ij is repeated s times, the complex conjugate A — ip is 
also repeated s times. Corresponding to these 2s complex-valued solutions, we can 
find 2s real-valued solutions by noting that the real and imaginary parts of e@t'", 


terior | t8~le@t! are also linearly independent solutions: 
e* cos ut, e™ sin pt, te” cos ut, te sin pt, 
., f° te cos pt, t® 1e” sin pt. 


Hence the general solution of|Eq. (1) can always be expressed as a linear combination 
of n real-valued solutions. Consider the following example. 


Find the general solution of 
y’ 4+2y"+y=0. (19) 
The characteristic equation is 
M4rtla(r?+1r? +1) =0. 
The roots are r = i, i, —i, —i, and the general solution of Eq. (19) is 


y =c, cost + c, sint + c,t cost + c,t sint. 
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In determining the roots of the characteristic equation it may be necessary to compute 
the cube roots, or fourth roots, or even higher roots of a (possibly complex) number. This 


can usually be done most conveniently by using Euler’s formula e'’ = cost +i sint 
and the algebraic laws given i This is illustrated in the following example. 


Find the general solution of 
EXAMPLE iv 
4 y +y=0. (20) 


The characteristic equation is 
Pel =) 


To solve the equation we must compute the fourth roots of —1. Now —1, thought of as 
a complex number, is —1 + Oj. It has magnitude 1 and polar angle zr. Thus 


—l=cosx +isina =e’. 
Moreover, the angle is determined only up to a multiple of 277. Thus 
—~1 =cos(7 + 2mm) +i sin(a + 2mm) = eT"), 


where m is zero or any positive or negative integer. Thus 
(-1)/4 = ef @/447/2) = cos (= —) + isin (= =) 
4 2 4 2 
The four fourth roots of —1 are obtained by setting m = 0, 1, 2, and 3; they are 
1+i —1+i —l-i 1-i 
V2” V2 V2” V2 - 
It is easy to verify that for any other value of m we obtain one of these four roots. 


For example, corresponding to m = 4, we obtain (1 + i)/./2. The general solution of 
Eq. (20) is 


t t t t 
y = el? (<, 00s + + c, sin =) te t/V2 (<.008 + esi =). (21) 


In conclusion, we note that the problem of finding all the roots of a polynomial 
equation may not be entirely straightforward, even with computer assistance. For 
instance, it may be difficult to determine whether two roots are equal, or merely very 
close together. Recall that the form of the general solution is different in these two cases. 

If the constants a), d,,..., 4, in| Eq. (1)| are complex numbers, the solution of Eq. 

[hs still of thelform (4)} In this case, however, the roots of the characteristic equation 
are, in general, complex numbers, and it is no longer true that the complex conjugate 
of a root is also a root. The corresponding solutions are complex-valued. 


PROB LEMS In each of Problems 1 through 6 express the given complex number in the form R(cos6 + 
isin@) = Re’’. 
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In each of Problems 7 through 10 follow the procedure illustrated in Example 4 to determine 
the indicated roots of the given complex number. 

7. U8 8. (l—i)!? 

Gg 1" 10. [2(cos 2/3 +isinz/3)]”” 


In each of Problems 11 through 28 find the general solution of the given differential equation. 


11. y"—y"’-y+y=0 12: y" —3y" +3y' —y =0 

13. 2y” —4y" —2y' +4y =0 14. y”—4y"+4y" =0 

15. y*+y=0 16. 

tj, y= 39 oy =yS=0 18. 

19. y= By" By" = Sy" + 2y =0 20. 

21. yY"+8y" + l6oy =0 22. 

23. y” —S5y"+3y'+y=0 24. y" + 5y"+6y’+2y=0 

25. 18y"” +21ly"+14y'+4y =0 > 26. y —Ty” + 6y" + 30y’ — 36y =0 
27. 12y+431y"+ T5y"+ 37y’+5y =0 & 28. y+ 6y + 17y"” 4+ 22y’ + 14y =0 


In each of Problems 29 through 36 find the solution of the given initial value problem and plot 
its graph. How does the solution behave as tf > 00? 


29. y"+y'=0; y0)=0, y@=1, y"O)=2 

30. y¥+y=0; yO=0, yYO@=0, y’O=-1, ¥”O)=0 

31. y —4y"" + 4y" =0; y=-1, y¥=2, yd=0, y"=0 

32, yo my" Ey —y =O; y0)=2, yO=-1, yO)=-2 

33. 2y¥ — y'” — 9y" 4 4y’ + 4y = 0; y(0)=—-2, y()=0, y"() =-2, 
y”"(0) =0 

34. 4y"”4+ y'+5y =0; y(0)=2, yOrx=I1, y’0O)=-1 

35. 6y” +5y"+ y' =0; y(0)=-2, y(@O)=2, y"0)=0 

36. y” + 6y” + 17y” +22y’ 4+ 14y = 0; y@0)=1, y(@)=-2, y’(0)=0, 
y"(0) = 3 

37. Show that the general solution of y'Y — y = 0 can be written as 


y =c, cost +c, sint +c, cosht + c, sinht. 


Determine the solution satisfying the initial conditions y(0) = 0, y’(0) = 0, y’(0) = 1, 
y”’ (0) = 1. Why is it convenient to use the solutions cosh ¢ and sinh ¢ rather than e’ and 
ee? 

. Consider the equation y'Y — y = 0. 

(a) Use Abel’s formula [Problem 20(d) of Section 4.1] to find the Wronskian of a funda- 
mental set of solutions of the given equation. 

(b) Determine the Wronskian of the solutions e’, e~’, cos f, and sint. 

(c) Determine the Wronskian of the solutions cosh tf, sinh tf, cost, and sint. 

. Consider the spring—mass system, shown in[Figure 4.2.4,] consisting of two unit masses 
suspended from springs with spring constants 3 and 2, respectively. Assume that there is 
no damping in the system. 

(a) Show that the displacements u, and uw, of the masses from their respective equilibrium 
positions satisfy the equations 


ui +5u, = 2u,, us + 2u, = 2u,. (i) 


(b) Solve the first of Eqs. (i) for wu, and substitute into the second equation, thereby 
obtaining the following fourth order equation for u,: 


ul + Tull + 6u, = 0. (ii) 


Find the general solution of Eq. (ii). 
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FIGURE 4.2.4 A two degree of freedom spring—mass system. 


(c) Suppose that the initial conditions are 
u,(0) = 1, u'(0) = 0, u,(0) = 2, u,(0) = 0. (iii) 


Use the first of Eqs. (i) and the initial conditions (iii) to obtain values for u{(0) and u‘"(0). 
Then show that the solution of Eq. (ii) that satisfies the four initial conditions on uw, is 
u,(t) = cos t. Show that the corresponding solution uw, is u,(t) = 2 cost. 

(d) Now suppose that the initial conditions are 


1 


u,0)=—-2, ui(0)=0, u,0)=1, u5(0)=0. (iv) 


Proceed as in part (c) to show that the corresponding solutions are u(t) = —2 cos J6t 
and u,(t) = cos J6t. 

(e) Observe that the solutions obtained in parts (c) and (d) describe two distinct modes of 
vibration. In the first, the frequency of the motion is 1, and the two masses move in phase, 
both moving up or down together. The second motion has frequency /6, and the masses 
move out of phase with each other, one moving down while the other is moving up and 
vice versa. For other initial conditions, the motion of the masses is a combination of these 
two modes. 


In this problem we outline one way to show that ifr,,..., 7, are all real and different, then 
e’1',..., e'»’ are linearly independent on —00 < t < 00. To do this, we consider the linear 
relation 
hak rt n 
cel +--+ +c,e' =0, —-0 <t<o (i) 


and show that all the constants are zero. 
(a) Multiply Eq. (i) by e~"!' and differentiate with respect to rt, thereby obtaining 


6 (r, _ ret" Be. geal a a _ ren =0. 
(b) Multiply the result of part (a) by e~ "27"? and differentiate with respect to ¢ to obtain 
0,7; —1,)(r, — rete +e bor, —r), reat =0. 
(c) Continue the procedure from parts (a) and (b), eventually obtaining 


-r_)t 
C10, — Typ GO, - r evn "Vi = (0), 
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Hence c, = 0 and therefore 
fe t 
ce +--+ e,_ ee =0, 


(d) Repeat the preceding argument to show that c 
C,_7 = +++ =, =0. Thus the functions e”1’ 


‘n—| = 9. Ina similar way it follows that 
,...,e' are linearly independent. 
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A particular solution Y of the nonhomogeneous nth order linear equation with constant 
coefficients 


Lily] = ay” + ay” fore ee +a,y = g(t) (1) 


can be obtained by the method of undetermined coefficients, provided that g(t) is of an 
appropriate form. While the method of undetermined coefficients is not as general as 
the method of variation of parameters described in the next section, it is usually much 
easier to use when applicable. 

Just as for the second order linear equation, when the constant coefficient linear 
differential operator L is applied to a polynomial Apt” + Ae past A, al 
exponential function e®’, a sine function sin Br, or a cosine function cos fr, the result 
is a polynomial, an exponential function, or a linear combination of sine and cosine 
functions, respectively. Hence, if g(t) is a sum of polynomials, exponentials, sines, 
and cosines, or products of such functions, we can expect that it is possible to find 
Y(t) by choosing a suitable combination of polynomials, exponentials, and so forth, 
multiplied by a number of undetermined constants. The constants are then determined 
so that Eq. (1) is satisfied. 

The main difference in using this method for higher order equations stems from the 
fact that roots of the characteristic polynomial equation may have multiplicity greater 
than 2. Consequently, terms proposed for the nonhomogeneous part of the solution 
may need to be multiplied by higher powers of t to make them different from terms in 
the solution of the corresponding homogeneous equation. 


Find the general solution of 
ye _ 3y” + 3y’ — y _ Ae. (2) 


The characteristic polynomial for the homogeneous equation corresponding to 
Eq. (2) is 


re —3r?+4+3r-1=(7—-D)*, 
so the general solution of the homogeneous equation is 
y,(t) =c,e' +e,te’ + ere. (3) 


To find a particular solution Y(t) of Eq. (2), we start by assuming that Y(t) = Ae’. 
However, since e’, te’, and t7e’ are all solutions of the homogeneous equation, we 
must multiply this initial choice by t°. Thus our final assumption is that Y(t) = Arte’, 
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EXAMPLE 
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where A is an undetermined coefficient. To find the correct value for A, we differentiate 
Y (t) three times, substitute for y and its derivatives in| Eq. (2),}and collect terms in the 
resulting equation. In this way we obtain 


6Ae' = 4e’. 
Thus A = z and the particular solution is 
Y(t) =3re'. (4) 


The general solution of|Eq. (2) is the sum of y,(t) from|Eq. (3) and Y(t) from Eq. (4). 


Find a particular solution of the equation 
y + 2y” + y =3sint —Scost. (5) 


The general solution of the homogeneous equation was found in} Example 3} of 
namely, 


y,(t) =c, cost +c, sint + c,t cost + cyt sint, (6) 


corresponding to the roots r = i,i, —i, and —i of the characteristic equation. Our initial 
assumption for a particular solution is Y(t) = A sint + B cost, but we must multiply 
this choice by ft” to make it different from all solutions of the homogeneous equation. 
Thus our final assumption is 


Y(t) = At? sint + Bt’ cost. 


Next, we differentiate Y (t) four times, substitute into the differential equation (4), and 
collect terms, obtaining finally 


—8A sint — 8B cost = 3sint — 5cost. 
Thus A = —3, B= 3, and the particular solution of Eq. (4) is 


Y(t) = —30 sint + 31° cost. (7) 


If g(t) is a sum of several terms, it is often easier in practice to compute separately 
the particular solution corresponding to each term in g(t). As for the second order 
equation, the particular solution of the complete problem is the sum of the particular 
solutions of the individual component problems. This is illustrated in the following 
example. 


Find a particular solution of 
y” —4y’ =t4+3cost+e”. (8) 


First we solve the homogeneous equation. The characteristic equation is r? — 4r = 0, 
and the roots are 0, +2; hence 


y(t) =c, + ce” + Bee 
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We can write a particular solution of|Eq. (8)/as the sum of particular solutions of the 


differential equations 
y"—4y'=t,  y"—4y’=3cost, yy" —4y' =e. 


Our initial choice for a particular solution Y(t) of the first equation is Apt + A,, but 
since a constant is a solution of the homogeneous equation, we multiply by t. Thus 
Y(t) =1t(Aot + Aj). 
For the second equation we choose 
Y,(t) = Bcost + Csint, 


and there is no need to modify this initial choice since cos ¢ and sin ¢ are not solutions 
of the homogeneous equation. Finally, for the third equation, since e~~" is a solution of 
the homogeneous equation, we assume that 


¥,@ =f. 


The constants are determined by substituting into the individual differential equations; 
they are Ay) = —i, A, =0, B=0,C = —2, and FE = z Hence a particular solution 


of |Eq. (8)}is 


Yi) = —it = 2 sint + ite, (9) 


The amount of algebra required to calculate the coefficients may be quite substantial 
for higher order equations, especially if the nonhomogeneous term is even moderately 
complicated. A computer algebra system can be extremely helpful in executing these 
algebraic calculations. 

The method of undetermined coefficients can be used whenever it is possible to 
guess the correct form for Y(t). However, this is usually impossible for differential 
equations not having constant coefficients, or for nonhomogeneous terms other than 
the type described previously. For more complicated problems we can use the method 
of variation of parameters, which is discussed in the next section. 


PROBLEMS _iIneachofProblems 1 through 8 determine the general solution of the given differential equation. 


yy" y +y=2e' +3 2. y¥ —y = 3t+cost 

y ty +y +y=et4+4t 4. y” —y' =2sint 

yY —4 a 6. y’ +2y” +y =3+cos2t 
yoty"= 8. y+ y” =sin2t 


In each of Problems 9 through 12 find the solution of the given initial value problem. Then plot 
a graph of the solution. 


y" +4y' =, y0)=y'0)=0, y'O)=1 

yY 42y" 4 y = 3t4+4, y0)=y@O)=0, yO=y"O=1 
y"—3y"4+2y'=t+e, yO=1, yYO=-t, y"O=-3 
yl pO" 4-9” 4 8y' = y= 12sint—e™, y(0) =3, y’() =0, 
y"O)=-1, y"@)=2 


vvvyv 
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In each of Problems 13 through 18 determine a suitable form for Y (t) if the method of undeter- 
mined coefficients is to be used. Do not evaluate the constants. 

13. y”—2y"+y' =P 4 2¢e! 14. y”—y'’=te'+2cost 

15. y” —2y"+y=e'4+sint 16. y +4y”" = sin2t+ te’ +4 

17. yY—y"-y"+y =P +44 ¢sint 

18. y 4+2y" +4 2y” = 3e' + 2te* +e sint 


19. Consider the nonhomogeneous nth order linear differential equation 
ay” + age feet a,y — g(t), 
where dy, ..., 4a, are constants. Verify that if g(t) is of the form 
t 
oe (byt cee +b), 


then the substitution y = e’u(t) reduces the preceding equation to the form 


kyu +k +--+ +k uw = bot +--+, 


where ky,...,k, are constants. Determine k, and k, in terms of the a’s and a. Thus 
the problem of determining a particular solution of the original equation is reduced to 
the simpler problem of determining a particular solution of an equation with constant 
coefficients and a polynomial for the nonhomogeneous term. 


Method of Annihilators. In Problems 20 through 22 we consider another way of arriving 
at the proper form of Y(t) for use in the method of undetermined coefficients. The procedure 
is based on the observation that exponential, polynomial, or sinusoidal terms (or sums and 
products of such terms) can be viewed as solutions of certain linear homogeneous differential 
equations with constant coefficients. It is convenient to use the symbol D for d/dt. Then, 
for example, e~' is a solution of (D + 1)y = 0; the differential operator D+ 1 is said to 
annihilate, or to be an annihilator of, e~'. Similarly, D* + 4is an annihilator of sin 2f or cos 2r, 
(D — 3)? = D* — 6D +9 is an annihilator of e* or te*’, and so forth. 


20. Show that linear differential operators with constant coefficients obey the commutative 
law, that is, 


(D—a)(D—b)f =(D—b)\(D—a)f 


for any twice differentiable function f and any constants a and b. The result extends at 
once to any finite number of factors. 
21. Consider the problem of finding the form of the particular solution Y(t) of 


(D — 2)7(D + 1)¥ = 3e” — te“, (i) 


where the left side of the equation is written in a form corresponding to the factorization 
of the characteristic polynomial. 

(a) Show that D — 2 and (D + 1)’, respectively, are annihilators of the terms on the right 
side of Eq. (i), and that the combined operator (D — 2)(D + 1) annihilates both terms on 
the right side of Eq. (i) simultaneously. 

(b) Apply the operator (D — 2)(D + 1) to Eq. (i) and use the result of Problem 20 to 


obtain 
(D — 2)*(D + 1)°Y =0. (ii) 
Thus Y is a solution of the homogeneous equation (ii). By solving Eq. (ii), show that 
Y(t) = ee + Gite” + ere + are 
+ te" + Cie? + tre, (iii) 


where c,,..., C, are constants, as yet undetermined. 
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(c) Observe that_e””, te’, t7e”', and e~' are solutions of the homogeneous equation 


corresponding to}Eq. (i)f hence these terms are not useful in solving the nonhomogeneous 
equation. Therefore, choose c,, C,, c,, and c, to be zero in|Eq. (iii)} so that 


YQ) =c4Pe" +egte +c,t7e7. (iv) 


This is the form of the particular solution Y of Eq. (i). |The values of the coefficients c,, c¢, 
and c, can be found by substituting from Eq. (iv) in the differential equation (i). 


Summary. Suppose that 
L(D)y = g(t), (i) 


where L(D) is a linear differential operator with constant coefficients, and g(t) is a sum or 
product of exponential, polynomial, or sinusoidal terms. To find the form of the particular 
solution of Eq. (i), you can proceed as follows. 


(a) Find a differential operator H(D) with constant coefficients that annihilates g(t), that 


is, an operator such that H(D)g(t) = 0. 
(b) Apply H(D) to Eq. (i), obtaining 


H(D)L(D)y = 9, (ii) 
which is a homogeneous equation of higher order. 
(c) Solve Eq. (ii). 
(d) Eliminate from the solution found in step (c) the terms that also appear in the solution 


of L(D)y = 0. The remaining terms constitute the correct form of the particular solution 
of Eq. (1). 


22. Use the method of annihilators to find the form of the particular solution Y(t) for each of 
the equations in Problems 13 through 18. Do not evaluate the coefficients. 


4.4 The Method of Variation of Parameters 


The method of variation of parameters for determining a particular solution of the 
nonhomogeneous nth order linear differential equation 


Lly] = y + py"? +--+ + p,_, Oy + p,Oy = a) (1) 


is a direct extension of the method for the second order differential equation (see Section 
As before, to use the method of variation of parameters, it is first necessary to 
solve the corresponding homogeneous differential equation. In general, this may be 
difficult unless the coefficients are constants. However, the method of variation of 
parameters is still more general than the method of undetermined coefficients in that it 
leads to an expression for the particular solution for any continuous function g, whereas 
the method of undetermined coefficients is restricted in practice to a limited class of 
functions g. 

Suppose then that we know a fundamental set of solutions y,, y,,..., y,, of the 
homogeneous equation. Then the general solution of the homogeneous equation is 


y(t) = cy, 0) + y(t) +--+ + ¢,y, (0). (2) 
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The method of variation of parameters for determining a particular solution of Eq. (1) 
rests on the possibility of determining n functions u,,u,,...,u,, Such that Y(f) is 0 
the form 


Y@) =u,@)y,) +u,(@)y,@) +--+ +4, Oy, ©). (3) 


Since we have n functions to determine, we will have to specify n conditions. One of 
these is clearly that Y satisfy|Eq. (1)| The other n — 1 conditions are chosen so as to 
make the calculations as simple as possible. Since we can hardly expect a simplification 


in determining Y if we must solve high order differential equations for u,,...,u,,, it 
is natural to impose conditions to suppress the terms that lead to higher derivatives of 
u,,...,U,,. From Eq. (3) we obtain 

Y’ = (u,y, tuny,+---+4u,y,) + Uy, tugy, +--+ +uhy,) (4) 


where we have omitted the independent variable t on which each function in Eq. (4) 
depends. Thus the first condition that we impose is that 


UY, TUgy, +++ +Uu,y, = 0. (5) 
Continuing this process in a similar manner through n — | derivatives of Y gives 
YO = py + uy ta y™, m=0,1,2,...,.n-1, (6) 
and the following n — 1| conditions on the functions u,,..., u,,: 


yer? + bye D4. tly) =0, m=1,2,...,.n-1. (D 
The nth derivative of Y is 
y” _ Gay” + er + u, ye) + Ga + ee + ul y@), (8) 


Finally, we impose the condition that Y must be a solution of|Eq. (1)} On substituting 
for the derivatives of Y from Eqs. (6) and (8), collecting terms, and making use of the 
fact that L[y,] =0, i =1,2,...,n, we obtain 


i =| ss 
wy baby bee buy) = 8. (9) 
Equation (9), coupled with the n — 1 equations (7), gives n simultaneous linear non- 
homogeneous algebraic equations for u',, v5, ..., ui: 
Y My + Yqly + +++ + YM = 0, 
Leal Posh if ask 
YUy + YzUy as Yr, = 9, 
yi tyjuyt---+yru', =0, (10) 


i = 
yeu te tye ul, =z. 


The system (10) is a linear algebraic system for the unknown quantities u),..., u'). 
By solving this system and then integrating the resulting expressions, you can obtain 
the coefficients u,,...,u,,. A sufficient condition for the existence of a solution of the 
system of equations (10) is that the determinant of coefficients is nonzero for each value 
of t. However, the determinant of coefficients is precisely W(y,, y,,..., y,,), and it is 
nowhere zero since y,,..., y,, are linearly independent solutions of the homogeneous 
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EXAMPLE 


1 


equation. Hence it is possible to determine wu’, ...,u',. Using Cramer’s rule, we find 
that the solution of the system of|equations (10)|is 
t)W_(t 
ut) = FO MnO m=1,2,...,n. (11) 
Wit) 
Here W(t) = W()y,,y>,---, y,)(¢) and W,, is the determinant obtained from W by 
replacing the mth column by the column (0, 0, ..., 0, 1). With this notation a particular 
solution of|Eq. (1)|is given by 
g(s)W,, (8) 
Y(t) = t — ds, 12 
O= Yom f wey (12) 


% 


where f, is arbitrary. While the procedure is straightforward, the algebraic computations 
involved in determining Y(t) from Eq. (12) become more and more complicated as n 
increases. In some cases the calculations may be simplified to some extent by using 


Abel’s identity (Problem 20 of Section 4.1), 
W(t) =W(,--->y,)(t) = cexp - i p(t) ar| . 


The constant c can be determined by evaluating W at some convenient point. 


Given that y,(t) =e’, y,(t) = te’, and y,(t) =e“ are solutions of the homogeneous 
equation corresponding to 
y” —y"—-y+y=e(t), (13) 


determine a particular solution of Eq. (13) in terms of an integral. 
We use Eq. (12). First, we have 


t t —t 


e te e 
W(t) = Wee',te’,e ")(t) =| e (t+ le’ —e! 
é (t + 2)e’ e! 


Factoring e’ from each of the first two columns and e~‘ from the third column, we 
obtain 


1 t 1 
W(t)=e'| 1 t+1 —l 
1 t+2 1 


Then, by subtracting the first row from the second and third rows, we have 


1 t 1 
W(t)=e'| 0 1 —2 
0 2 0 


Finally, evaluating the latter determinant by minors associated with the first column, 
we find that 


W(t) = 4e'. 


4.4 The Method of Variation of Parameters 229 


PROBLEMS 


vvvyv 


Next, 
0 te’ e! 
W(t) =| 0 (t + le’ —e@! 
1 (t + 2)e’ e! 


Using minors associated with the first column, we obtain 


t —t 


te e 
W(t) = (t+ De! _,t |= —2t—-1. 
In a similar way 
e 0 e! ol at 
W(t) =| e 0 —e =~ e —e! | = 
e 1 e! 
and 
e te’ 0 Z as 
W(t) =| e° t+De' Of|= =e, 
3( ) i ae i 1 e (t a5 Ie | 


Substituting these results in Eq. (12)| we have 


t een [ee t t 2s 
Y(t) = e! / g(s)( : 2s) ds 4 te! i 8(8)(2) Ay gs / g(sje de 
t 4e* - 4e° fy de 


0 0 


1 


= i/ {e“[-1 + 2@¢—s)] +e-"™} g(s) ds. 
% 


In each of Problems | through 6 use the method of variation of parameters to determine the 
general solution of the given differential equation. 


mw 


1. y+ y' =tant, 
3. fl 7 = . +y' =sect, —m/2<t<2/2 
5S. y"—y"+y'—y=e“sint t 2y"+y =sint 


In each of Problems 7 and 8 find the general solution of the given differential equation. Leave 
your answer in terms of one or more integrals. 


7. y"—y"+y'—y=sect, —m/2<t<7/2 
$8 y —y =cscet, 


In each of Problems 9 through 12 find the solution of the given initial value problem. Then plot 
a graph of the solution. 


9. y"”+y' =sect, y0O)=2, yO=rIl, y0)=-2 

10. y” +2y"4+ y =sint, y0)=2, y(@0)=0, y(0)=-1, y”"O=1 
ll. y"—y"+y'—y=sect, y0)=2, y@O=-l1, y"O=1 

12. y”—y’'=csct, y(w/2)=2, y(r/2)=1, y'(r/2)=-1 


13. Given that x, x”, and 1/x are solutions of the homogeneous equation corresponding to 


xy” egy" _ 2xy’ 4+ 2y — 2x4, x> 0, 


determine a particular solution. 
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Find a formula involving integrals for a particular solution of the differential equation 
y"—y" +y'—y = a(t). 
Find a formula involving integrals for a particular solution of the differential equation 
y"—y =). 


Hint: The functions sint, cost, sinht, and cosht form a fundamental set of solutions of 
the homogeneous equation. 
Find a formula involving integrals for a particular solution of the differential equation 


y” —3y" +3y' —y = g(t). 


If g(t) = te’, determine Y(t). 
Find a formula involving integrals for a particular solution of the differential equation 


3m 


xy 3x7” + 6xy' — 6y = g(x), x >0. 


Hint: Verify that x, x”, and x? are solutions of the homogeneous equation. 
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Series Solutions 
of Second Order 
Linear Equations 


Finding the general solution of a linear differential equation rests on determining a 
fundamental set of solutions of the homogeneous equation. So far, we have given a 
systematic procedure for constructing fundamental solutions only if the equation has 
constant coefficients. To deal with the much larger class of equations having variable 
coefficients it is necessary to extend our search for solutions beyond the familiar 
elementary functions of calculus. The principal tool that we need is the representation 
of a given function by a power series. The basic idea is similar to that in the method of 
undetermined coefficients: We assume that the solutions of a given differential equation 
have power series expansions, and then we attempt to determine the coefficients so as 
to satisfy the differential equation. 


5.1 Review of Power Series 


In this chapter we discuss the use of power series to construct fundamental sets of 
solutions of second order linear differential equations whose coefficients are functions 
of the independent variable. We begin by summarizing very briefly the pertinent results 
about power series that we need. Readers who are familiar with power series may go 
on to[Section 5.2,|Those who need more details than are presented here should consult 
a book on calculus. 
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1. 
2. 
3. 
EXAMPLE 
1 
4. 
5. 


[e,2) 
A power series )° a, (x — X,)" is said to converge at a point x if 


n=0 
m 
lim ) a (x —x,)" 
m—> oo nl 0) 
n=0 


exists for that x. The series certainly converges for x = xy; it may converge for all 


x, or it may converge for some values of x and not for others. 
loo 
The series )° a, (x — x9)" is said to converge absolutely at a point x if the series 


n=0 
[e.) lo) 
> la,@ — 29)" = > lagllz — x9!" 
n=0 


n=0 
converges. It can be shown that if the series converges absolutely, then the series 
also converges; however, the converse is not necessarily true. 


One of the most useful tests for the absolute convergence of a power series is the 
ratio test. If a, 4 0, and if for a fixed value of x 


Gn4+) 


= |x — x,| lim 


= L\|x —Xpl, 
noo a, (x — Xo) noo 


n 


then the power series converges absolutely at that value of x if |x — x9| < 1/L, 
and diverges if |x — xy| > 1/L. If |x — x9| = 1/L, the test is inconclusive. 


For which values of x does the power series 


CO 
» (=1)" 4 = 2)" 
n=1 
converge? 
To test for convergence we use the ratio test. We have 
—] n+2 1 a) n+l 1 
CD ca Ne) Sie eo 
n—> 00 1" ne = 2" n—>00 


According to statement 3 the series converges absolutely for |x — 2| < 1, or 1 < 
x < 3, and diverges for |x — 2| > 1. The values of x corresponding to |x — 2| = 1 
are x = | and x = 3. The series diverges for each of these values of x since the 
nth term of the series does not approach zero as n — oo. 


loo} 
If the power series )° a,(x — x9)” converges at x = x,, it converges absolutely 


n=0 

for |x — xX | < |x, — xq|; and if it diverges at x = x,, it diverges for |x — x| > 
|x; — Xp]. 

There is a nonnegative number p, called the such that 
[e,@) 

>) a, (x — x9)” converges absolutely for |x — x9| < p and diverges for |x — x9| > 
n=0 

p. For a series that converges only at x,, we define p to be zero; for a series that 
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converges for all x, we say that ¢ is infinite. If > 0, then the interval |x — x9| < p 


is called the interval of convergence; it is indicated by the hatched 


lines in Figure 


5.1.1. The series may either converge or diverge when |x — x9| = p. 


Series 


Series Series 
—, ——|——. converges ——>}— — 
diverges absolutely diverges 

Xo- p Xq Xo tp x 


< Series may ie 


converge or diverge 


FIGURE 5.1.1 The interval of convergence of a power series. 


Determine the radius of convergence of the power series 


EXAMPLE 5 (e +1)" 
2 ee 
se n2" 
We apply the ratio test: 
eh 72" eae n _ lett 
im | —————__ ———_| = —— lim 
n>oo | (n + 1 Pa (x + 1)” 2 noon+ — 2 


Thus the series converges absolutely for |x + 1| < 2, or —3 < x < 1, and diverges 
for |x + 1| > 2. The radius of convergence of the power series is p = 2. Finally, 
we check the endpoints of the interval of convergence. At x = 1 the series becomes 


the harmonic series 


oi 
a 


n=1 


which diverges. At x = —3 we have 
Soa ae vil)" 


which converges, but does not converge absolutely. The series is said to converge 


conditionally at x = —3. To summarize, the given power series 


converges for 


—3 <x < 1, and diverges otherwise. It converges absolutely for —3 < x < 1, and 


has a radius of convergence 2. 


If z a,, (xX — X,)" and > b,(x — Xo)" converge to f(x) and g(x), respectively, 


for Ix - — eas <p,p>Q0, hen the following are true for |x — x,| < 
6. The series can be added or subtracted termwise and 


fx) £e@) =>, £b,)@ — x)". 
n=0 


p. 
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7. 


10. 


The series can be formally multiplied and 


f(x)g(x) =| doa, — x)" || 9b, & — x)" | = De, — x9)", 
n=0 n=0 n=0 
where c, = a,b, +a,b,_,+--+-+4,bo. Further, if g(x.) 4 0, the series can be 
formally divided and 


fx) _ = yn 
eo Dat ie 


In most cases the coefficients d, can be most easily obtained by equating coeffi- 
cients in the equivalent relation 


> Lea) = 3 Cex) om DAE =a) 
n=0 n=0 n=0 
= > (» AD, -~ | & — Xo) 
n=0 \k=0 


Also, in the case of division, the radius of convergence of the resulting power series 
may be less than p. 


The function f is continuous and has derivatives of all orders for |x — x9| < p. 


Further, f’, f”,...can be computed by differentiating the series termwise; that is, 
f'@) =a, + 2a,(x — x.) +--- + na, “or coe 
CO 
= Sona, — ce eer 
n=1 
i‘ @= 2a, + 6a,(% —%q) +--+ +na(n— la, @ - “jr ee 


= Yona = ie = aes 
n=2 


and so forth, and each of the series converges absolutely for |x — x,| < p. 
The value of a, is given by 


_f OG.) 


i n! 


The series is called the TayloL! series for the function f about x = xp. 


If > a,@—x,)" = >) b.@—x,)" for each x, then a, = 6, for n=0,1, 
n=0 n=0 


CO 
2,3,.... In particular, if 7 a,(x — x9)” =0 for each x, then ay =a, =---= 
=0 


'Brook Taylor (1685-1731) was the leading English mathematician in the generation following Newton. In 1715 
he published a general statement of the expansion theorem that is named for him, a result that is fundamental in 
all branches of analysis. He was also one of the founders of the calculus of finite differences, and was the first to 
recognize the existence of singular solutions of differential equations. 
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EXAMPLE 


3 


EXAMPLE 


4 


A function f that has a Taylor series expansion about x = x, 


loo} n 
f (%) : 
OD ay ) 
with a radius of convergence p > 0, is said to be| analytic pt x = x). According to 
statements 6 and 7, if f and g are analytic at x), then f + g, f - g, and f/g [provided 
that g(x.) 4 0] are analytic at x = Xp. 


Shift of Index of Summation. The index of summation in an infinite series is adummy 
parameter just as the integration variable in a definite integral is a dummy variable. 
Thus it is immaterial which letter is used for the index of summation. For example, 
3 2. ee 
! — . 


i 
“9 = CS! 


Just as we make changes of the variable of integration in a definite integral, we find 
it convenient to make changes of summation indices in calculating series solutions of 
differential equations. We illustrate by several examples how to shift the summation 
index. 


[e,2) 
Write )° a,x” as a series whose first term corresponds to n = 0 rather than n = 2. 
n=2 
Let m =n — 2; thenn = m +2 andn = 2 corresponds to m = 0. Hence 


[e,@) [o,@) 

> Ce os ge (1) 

n=2 m=0 
By writing out the first few terms of each of these series, you can verify that they 
contain precisely the same terms. Finally, in the series on the right side of Eq. (1), we 
can replace the dummy index m by n, obtaining 


[oe) [oe 

n_ n+2 
) a,x = ) AnyoX (2) 
n=2 n=0 


In effect, we have shifted the index upward by 2, and compensated by starting to count 
at a level 2 lower than originally. 


Write the series 


[o.e) 


Yoa + 2)(n + La, (x — x9)" (3) 


n=2 


as a series whose generic term involves (x — x,)" rather than (x — ie 


Again, we shift the index by 2 so that n is replaced by n + 2 and start counting 2 
lower. We obtain 


Son + 4)(n + 3), 49% = Xo)". (4) 


n=0 


You can readily verify that the terms in the series (3) and (4) are exactly the same. 
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EXAMPLE 


5 


EXAMPLE 


6 


Write the expression 


xy etna! (5) 
n=0 


as a series whose generic term involves x’*”. 


First take the x7 inside the summation, obtaining 


3 (r+ Has, (6) 


n=0 


Next, shift the index down by 1 and start counting 1 higher. Thus 


CO CO 
(r+ nae = 2 (rtn— hy ae (7) 
n=0 n=1 
Again, you can easily verify that the two series in Eq. (7) are identical, and that both 
are exactly the same as the expression (5). 


Assume that 
CO CO 


ar = paces (8) 


n=1 n=0 


for all x, and determine what this implies about the coefficients a,,. 

We want to usd statement 10 to equate corresponding coefficients in the two series. 
In order to do this, we must first rewrite Eq. (8) so that the series display the same 
power of x in their generic terms. For instance, in the series on the left side of Eq. (8), 
we can replace n by n + | and start counting 1 lower. Thus Eq. (8) becomes 


CO CO 

s (n+ 9 ree a = aw (9) 

n=0 n=0 
According to|statement 10 }we conclude that 

(n+ 1a.) =4,, n=0,1,2,3,... 
or 
a 
a4, = 7a n=0,1,2,3,... (10) 
n 


Hence, choosing successive values of n in Eq. (10), we have 
a a a a 
= persis eee) 2 _ “0 
a, = 4), a Be a3 


and so forth. In general, 


a= REVI ces (11) 


n 1? 


Thus the relation (8) determines all the following coefficients in terms of a,. Finally, 
using the coefficients given by Eq. (11), we obtain 


[o.e) [o.e) 


n 
ax"=a Cae 
> 4, = a = % , 


n=0 n=0 


where we have followed the usual convention that 0! = 1. 
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PROBLEMS _iIneach of Problems 1 through 8 determine the radius of convergence of the given power series. 


S (—1)"n?(x +2)" 


n=1 3” 


In each of Problems 9 through 16 determine the Taylor series about the point x, for the given 
function. Also determine the radius of convergence of the series. 


9. 
1d) 


13. 


15: 16. 


17. Given that y = }° nx”, compute y’ and y” and write out the first four terms of each series 
n=0 
as well as the coefficient of x” in the general term. 


lo} 
Given that y= )° a,x", compute y’ and y” and write out the first four terms of each 
n=0 
series as well as the coefficient of x” in the general term. Show that if y” = y, then the 
coefficients a) and a, are arbitrary, and determine a, and a, in terms of a, and a,. Show 
that a,,, =a,/(nt+2)(n+ 1),n =0, 1, 2,3,.... 


In each of Problems 19 and 20 verify the given equation. 


19. Va(x- i= > a,_,(x — 1)" 


n=0 n=1 


CO lo e) [o.e) 
k oi k 
20. De tet + 2 ay =a,+ 2 G1 + a,_,)x 


In each of Problems 21 through 27 rewrite the given expression as a sum whose generic term 
involves x”. 


[o.e) [o.e) 
21. Sn—1a,x"” 2. ex 
n=2 n=0 


[o.e) Co loc) 
23. x Dna,x""' + > a,x" 24. (1—x?) Vi n(n— 1a,x" 
n=1 k=0 n=2 
fo.<) 


foe) [o.<) [o.e) 
25. > m(m— a,x"? +x PD ka” 26. > naa +x > ax" 


m=2 n=1 n=0 


oe) Co 
x n(n Ya,x"? + a,x" 
n=2 n=0 
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28. Determine the a, so that the equation 


lo, @) 


CO 
) na, x"! +2 ) a,x" =0 


n=1 n=0 


ioe) 
is satisfied. Try to identify the function represented by the series )° a,x”. 
n=0 


5.2 Series Solutions near an Ordinary Point, Part | 


In[Chapter 3}we described methods of solving second order linear differential equations 
with constant coefficients. We now consider methods of solving second order linear 
equations when the coefficients are functions of the independent variable. In this 
chapter we will denote the independent variable by x. It is sufficient to consider the 
homogeneous equation 


Pot + a2) + Ry <0 (1) 
Ode ar ae ee 


since the procedure for the corresponding nonhomogeneous equation is similar. 
A wide class of problems in mathematical physics leads to equations of the form (1) 
having polynomial coefficients; for example, the Bessel equation 


x7y"" +xy’ + (x? = v’)y — 0, 
where v is a constant, and the Legendre equation 


(1 —x*)y” — 2xy’ +a(a + 1)y =0, 


where @ is a constant. For this reason, as well as to simplify the algebraic computations, 
we primarily consider the case in which the functions P, Q, and R are polynomials. 
However, as we will see, the method of solution is also applicable when P, Q, and R 
are general analytic functions. 

For the present, then, suppose that P, Q, and R are polynomials, and that they have 
no common factors. Suppose also that we wish to solve Eq. (1) in the neighborhood 
of a point x). The solution of Eq. (1) in an interval containing x, is closely associated 
with the behavior of P in that interval. 

A point x, such that P(x)) 4 0 is called 4 Ca P is continuous, 
it follows that there is an interval about x, in which P(x) 1s never zero. In that interval 
we can divide Eq. (1) by P(x) to obtain 


y” + p(x)y' + q(x)y = 0, (2) 


where p(x) = Q(x)/P(x) and g(x) = R(x)/P(x) are continuous functions. Hence, 
according to the existence and uniqueness there exists in that interval a 
unique solution of Eq. (1) that also satisfies the initial conditions y(x)) = Yo, y'(X9) = 
yo for arbitrary values of y, and yj. In this and the following section we discuss the 
solution of Eq. (1) in the neighborhood of an ordinary point. 


On the other hand, if P(x,) = 0, then x, is called a | singular point |of Eq. (1). In 


this case at least one of Q(x,) and R(x) is not zero. Consequently, at least one of the 
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coefficients p and q in| Eq. (2) becomes unbounded as x — xp, and therefore Theorem 
[3.2.1 does not apply in this case. [Sections 5.4 through 5.8|deal with finding solutions 
of Eq. (1) in the neighborhood of a singular point. 

We now take up the problem of solving in the neighborhood of an ordinary 
point x9. We look for solutions of the form 


YHA +4,(X— Xp) +e $a, — x)" ++ = Da, — 4)", (3) 
=0 


and assume that the series converges in the interval |x — x)| < p for some p > 0. 
While at first sight it may appear unattractive to seek a solution in the form of a power 
series, this is actually a convenient and useful form for a solution. Within their intervals 
of convergence power series behave very much like polynomials and are easy to 
manipulate both analytically and numerically. Indeed, even if we can obtain a solution 
in terms of elementary functions, such as exponential or trigonometric functions, we 
are likely to need a power series or some equivalent expression if we want to evaluate 
them numerically or to plot their graphs. 

The most practical way to determine the coefficients a, is to substitute the series 
(3) and its derivatives for y, y’, and y” in[Eq. (1).|The following examples illustrate 
this process. The operations, such as differentiation, that are involved in the procedure 
are justified so long as we stay within the interval of convergence. The differential 
equations in these examples are also of considerable importance in their own right. 


Find a series solution of the equation 
y"+y=0, —00 <x < 00. (4) 


As we know, two linearly independent solutions of this equation are sin x and cos x, so 
series methods are not needed to solve this equation. However, this example illustrates 
the use of power series in a relatively simple case. For Eq. (4), P(x) = 1, Q(x) = 0, 
and R(x) = 1; hence every point is an ordinary point. 

We look for a solution in the form of a power series about x, = 0, 


CO 
2 
y =a, +a,x+a,x bee tax"™$.-=) ad's (5) 


and assume that the series converges in some interval |x| < p. 
Differentiating term by term yields 


le.) 
yl =a,+2a,x+---+na, x"! +-+-= ya (6) 
n=1 
Co 
y” =2a,+---+n(n- lax coe Yona = ies". (7) 
n=2 


Substituting the series (5) and (7) for y and y” in Eq. (4) gives 


Co Co 


Sinn — Das + yaa =0. 


n=2 n=0 
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To combine the two series we need to rewrite at least one of them so that both series 
display the same generic term. Thus, in the first sum, we shift the index of summation 
by replacing n by n + 2 and starting the sum at 0 rather than 2. We obtain 


So t2)(n + Ya, ox" + Yo a,x" = 0 
n=0 n=0 
or 


YS“ [a +2)(n + Da, +a, ]x" = 0. 
=0 


For this equation to be satisfied for all x, the coefficient of each power of x must be 
zero; hence, we conclude that 


(n+2)(n+ 1)a,,, +a, =9, n=0,1,2,3,.... (8) 


Equation (8) is referred to as ajrecurrence relation The successive coefficients can 
be evaluated one by one by writing the recurrence relation first for n = 0, then for 
n = 1, and so forth. In this example Eq. (8) relates each coefficient to the second one 
before it. Thus the even-numbered coefficients (ay, a), a4, ...) and the odd-numbered 
ones (4,, 4,45, ...) are determined separately. For the even-numbered coefficients we 
have 


a a eS 
7 2-1 2! 4.3 A! 6-5 6! 
These results suggest that in general, if n = 2k, then 
_ Cb 


On = Gon = “apy G0” k= 1,2, 360s (9) 


We can prove Eq. (9) by mathematical induction. First observe that it is true fork = 1. 
Next, assume that it is true for an arbitrary value of k and consider the case k + 1. We 
have 


Arp _ 1) _ (1 
Qk+22Qk+1) Qk+DQK+DOO!° Ok+2!1" 


Hence Eq. (9) is also true for k + 1 and consequently it is true for all positive integers k. 
Similarly, for the odd-numbered coefficients 


5x42 


pee yee ge, 
2-3 3! 5-4 5! 7-6 7! 
and in general, ifn = 2k + 1, thed2] 
(-1)* 
a k=1,2,3,.... (10) 


ni Ann 44 _ (2k Ae prev 
Substituting these coefficients into}Eq. (5),) we have 


a a a a 
y=a,+a,x 02 bate OAs M8 


2! 3! 4! 5! 


The result given in Eq. (10) and other similar formulas in this chapter can be proved by an induction argument 
resembling the one just given for Eq. (9). We assume that the results are plausible and omit the inductive argument 
hereafter. 
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etched (“D"dp 2n 4 (—D"a, x2rtta 
' (Qn)! ' (Qn +1)! 
< | x4 | | Gly 2n | 

4) 2 a Gm 

ta |x x ee Bebe Sai yntl 

' 3! (OS! (2n +1)! 

ae DY on OT a 
=D Oni DS oa (11) 


Now that we have formally obtained two series solutions of we can test them 
for convergence. Using the ratio test, itis easy to show that each of the series in Eq. (11) 
converges for all x, and this justifies retroactively all the steps used in obtaining the 
solutions. Indeed, we recognize that the first series in Eq. (11) is exactly the Taylor 
series for cos x about x = 0 and the second is the Taylor series for sinx about x = 0. 
Thus, as expected, we obtain the solution y = a) cos x + a, sinx. 

Notice that no conditions are imposed on ay and a,; hence they are arbitrary. From 
[Eqs. (5)|and| (6) |we see that y and y’ evaluated at x = 0 are a, and a,, respectively. 
Since the initial conditions y(0) and y’(0) can be chosen arbitrarily, it follows that A 
and a, should be arbitrary until specific initial conditions are stated. 

Figures 5.2.1 and 5.2.2 bhow how the partial sums of the series in Eq. (11) ap- 
proximate cos x and sinx. As the number of terms increases, the interval over which 
the approximation is satisfactory becomes longer, and for each x in this interval the 
accuracy of the approximation improves. However, you should always remember that 
a truncated power series provides only a local approximation of the solution in a 
neighborhood of the initial point x = 0; it cannot adequately represent the solution for 
large |x|. 


¥4 p=! mee Male Dads m=z 


pon fee einer gene 


FIGURE 5.2.1 Polynomial approximations to cos x. The value of n is the degree of the 
approximating polynomial. 
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a fas Wao a aw ect 


\ y =sin x 
a ee \ | 
n=3 n=7 ne=11 n=15 n=19 


FIGURE 5.2.2. Polynomial approximations to sinx. The value of n is the degree of the 
approximating polynomial. 


In e knew from the start that sin x and cos x form a fundamental set of 
solutions of However, if we had not known this and had simply solved|Eq. (4)] 
using series methods, we would still have obtained the Bolution (11) In recognition of 
the fact that the rena auton ben occurs in applications we might decide 

Eq. (11) 


to give the two solutions of|Eq. (11)|special names; perhaps, 


[o,@) y” es [o,@) (-1)” a 
C(x) = on x? ; SO =) aap re 


n=0 n=0 


Then we might ask what properties these functions have. For instance, it follows 
at once from the series expansions that C(0) = 1, S(O) = 0, C(—x) = C(x), and 
S(—x) = —S(x). It is also easy to show that 


Se) = C@), CG) ==—s@). 


Moreover, by calculating with the infinite serie we can show that the functions C (x) 
and S(x) have all the usual analytical and algebraic properties of the cosine and sine 
functions, respectively. 

Although you probably first saw the sine and cosine functions defined in a more 
elementary manner in terms of right triangles, it is interesting that these functions can 
be defined as solutions of a certain simple second order linear differential equation. 
To be precise, the function sinx can be defined as the unique solution of the initial 
value problem y” + y = 0, y(0) = 0, y’(0) = 1; similarly, cos x can be defined as the 
unique solution of the initial value problem y” + y = 0, y(0) = 1, y’(0) = 0. Many 
other functions that are important in mathematical physics are also defined as solutions 
of certain initial value problems. For most of these functions there is no simpler or 
more elementary way to approach them. 


3Such an analysis is given in Section 24 of K. Knopp, Theory and Applications of Infinite Series (New York: 
Hafner, 1951). 
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Find a series solution in powers of x of Airy’ equation 


y" —xy =0, —00 <x <0. (12) 


For this equation P(x) = 1, Q(x) = 0, and R(x) = —x; hence every point is an 
ordinary point. We assume that 


y= 57 a,x", (13) 


n=0 


and that the series converges in some interval |x| < p. The series for y” is given by 
Eq. (7); as explained in the preceding example, we can rewrite it as 


oe) 


y= on 420 + Na, 4x". (14) 


n=0 


Substituting the series (13) and (14) for y and y” in Eq. (12), we obtain 


CO CO CO 
Yo (n$2)(n + Va, ox" =x a,x" = a,x". (15) 
n=0 n=0 


n=0 


Next, we shift the index of summation in the series on the right side of this equation by 
replacing n by n — | and starting the summation at | rather than zero. Thus we have 


oe) 


2+ la, + ) (n+ 2) + 1a, ox" = Dia, 4x”. 


n=1 n=1 


Again, for this equation to be satisfied for all x it is necessary that the coefficients of 
like powers of x be equal; hence a, = 0, and we obtain the recurrence relation 


(n+2)(n+ l)a,,,=4,_, for We 12 Sy ces (16) 

Since a, ,5 is given in terms of a,_,, the a’s are determined in steps of three. Thus 
a, determines a,, which in turn determines a,,...; a, determines a,, which in turn 
determines a,,...; and a, determines a;, which in turn determines a,,.... Since 
a, = 0, we immediately conclude that a, = ag = a,, =--- = 0. 

For the sequence dy, 3, dg, d),... we setn = 1, 4, 7, 10, ... in the recurrence rela- 
tion: 

a a a a a 
a,=—%, ag = 3_ = u : dy = 6 wu pants 
2-3 5:6 2-3-5-6 8-9 2-3-5-6-8-9 


For this sequence of coefficients it is convenient to write a formula for a,,,n = 


1,2,3,.... The preceding results suggest the general formula 
may 
a3, = ’ n=1,2,.... 
2-3-5-6---(3n — 4)Gn — 3)GBn — 1)(n) 

For the sequence a, 4,47, dj ),..., we set n = 2,5,8, 11,... in the recurrence 

relation: 
a, ay a, a, ay 
=, a= — 7 a = => pores 
68 gdh OO 6.4 Sengeg “Ged 3d 6.760410 


‘Sir George Airy (1801-1892), an English astronomer and mathematician, was director of the Greenwich Observa- 
tory from 1835 to 1881. One reason Airy’s equation is of interest is that for x negative the solutions are oscillatory, 
similar to trigonometric functions, and for x positive they are monotonic, similar to hyperbolic functions. Can 
you explain why it is reasonable to expect such behavior? 
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In the same way as before we find that 


Qxn41 = “1 ; n=1,2,3,.... 
saa 3-4-6-7---(3n — 3)Gn — 2)(3n)(3n + 1) 
The general solution of Airy’s equation is 
Pe x6 xan 
= feiss i ee 
«| 9.8 2395506 "2 Gea(Qn=1)Gn) 
x4 x7 xontl 
td,|x- pares Pees 
: 3-4 3-4-6-7 3-4---3n)Gn4+ 1) 
oe) 3n oo 3n+1 
x x 
= 14 : 
«| S| "4 E Sa | 


(17) 


Having obtained these two series solutions, we can now investigate their convergence. 
Because of the rapid growth of the denominators of the terms in the series (17), we 
might expect these series to have a large radius of convergence. Indeed, it is easy to 
use the ratio test to show that both these series converge for all x; {Problem 20] 

Assuming for the moment that the series do converge for all x, let y, and y, denote 
the functions defined by the expressions in the first and second sets of brackets, 
respectively, in Eq. (17). Then, by first choosing a) = 1, a, = 0 and then a, = 0,a, = 
1, it follows that y, and y, are individually solutions offEq. @2)] Notice that y, satisfies 
the initial conditions y, (0) = 1, y,(0) = 0 and that y, satisfies the initial conditions 
y,(0) = 0, y5(0) = 1. Thus W(y,, y,)(0) = 1 £0, and consequently y, and y, are 
linearly independent. Hence the general solution of Airy’s equation is 


y =4y,(*) +4,y,(x), —00 <x <O. 


In|Figures 5.2.3 jand respectively, we show the graphs of the solutions y, and 


yy of Airy’s equation, as well as graphs of several partial sums of the two series in 
Eq. (17). Again, the partial sums provide local approximations to the solutions in a 
neighborhood of the origin. While the quality of the approximation improves as the 
number of terms increases, no polynomial can adequately represent y, and y, for large 
|x|. A practical way to estimate the interval in which a given partial sum is reasonably 
accurate is to compare the graphs of that partial sum and the next one, obtained by 
including one more term. As soon as the graphs begin to separate noticeably, one can 
be confident that the original partial sum is no longer accurate. For example, in Figure 
[5.2.3 ]the graphs for n = 24 and n = 27 begin to separate at about x = —9/2. Thus, 
beyond this point, the partial sum of degree 24 is worthless as an approximation to the 
solution. 

Observe that both y, and y, are monotone for x > 0 and oscillatory for x < 0. 
One can also see from the figures that the oscillations are not uniform, but decay in 
amplitude and increase in frequency as the distance from the origin increases. In contrast 
tof Example 1] the solutions y, and y, of Airy’s equation are not elementary functions 
that you have already encountered in calculus. However, because of their importance 
in some physical applications, these functions have been extensively studied and their 
properties are well known to applied mathematicians and scientists. 
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n=45 33° 21 9 3 2b 


FIGURE 5.2.3 Polynomial approximations to the solution y, (x) of Airy’s equation. The value 
of n is the degree of the approximating polynomial. 


FIGURE 5.2.4 Polynomial approximations to the solution y, (x) of Airy’s equation. The value 
of n is the degree of the approximating polynomial. 


Find a solution of Airy’s equation in powers of x — 1. 
The point x = 1 is an ordinary point of] Eq. (12)| and thus we look for a solution of 
the form 


where we assume that the series converges in some interval |x — 1| < p. Then 


oe) 


[e,@) 
y= Yona, (x — "1 = Son t Da, —)", 
n=0 


n=1 
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and 
y= Sats — la, (x - 1"? = He +2)(n+ Ia,4.(¢ — 1)". 
n=2 n=0 
Substituting for y and y” in|Eq. (12)} we obtain 
se +2) (e+ Dayo = 1)” =25.6G — 1)". (18) 
n=0 n=0 


Now to equate the coefficients of like powers of (x — 1) we must express x, the 
coefficient of y inJEq. (12),Jin powers of x — 1; that is, we write x = 1 + (x — 1). Note 
that this is precisely the Taylor series for x about x = 1. Then Eq. (18) takes the form 


[o.e) 


Yia +2)(n + Da, ,.( — 1)" =[1+@— D] Soa, ae 
n=0 n=0 
= oa, -1)"+ Yoa,@— yn. 
n=0 n=0 


Shifting the index of summation in the second series on the right gives 


Sint 2)(n + Vay ye — 1)" = Yo a,(e— "+ Yo a,_,@ — )". 
n=1 


n=0 n=0 
Equating coefficients of like powers of x — 1, we obtain 
2d) =), 
(3 - 2)a, =a, +4, 
(4-3)a,=a,+4,, 
(5 -4)a;=a,+4,, 


The general recurrence relation is 


@t2)e lays =a, +d, for n> 1. (19) 
Solving for the first few coefficients a, in terms of a, and a,, we find that 
Fie as gh OO ag, cg Og ge 
a ’ 5 ’ Lo T = T ] 5 T = T . 
2 6 6 12 12 24 12 20 20 30 = 120 


(x-1 @-18 G@-1* @-19 
y = ay 1 { | i | t ae 
2 6 24 30 


‘| Gaya 2 OO a (20) 
ray 6 12 120 ' 
In general, when the recurrence relation has more than two terms, as in Eq. (19), 

the determination of a formula for a, in terms ay and a, will be fairly complicated, if 

not impossible. In this example such a formula is not readily apparent. Lacking such a 


formula, we cannot test the two series in Eq. (20) for convergence by direct methods 
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such as the ratio test. However, even without knowing the formula for a, we shall see 
in[Section 5.3 |that it is possible to establish that the series in| Eq. (20) converge for all 
x, and further define functions y, and y, that are linearly independent solutions of the 


Airyjequation (12)! Thus 
Le ay ¥3(X) oF a,y4(X) 


is the general solution of Airy’s equation for —co < x < ©. 


It is worth emphasizing, as we saw in| Example 3) that if we look for a solution of 
Eq. (1)|of the form y = }° a,(x — x9)”, then the coefficients P(x), Q(x), and R(x) 


n= 
in|Eq. (1)|must also be fe in powers of x — x. Alternatively, we can make the 


change of variable x — x) = f, obtaining a new differential equation for y as a function 
[e,@) 
of t, and then look for solutions of this new equation of the form x a,t". When we 
=0 
have finished the calculations, we replace t by x — x, (see Problem 19). 


In[Examples 2 ]and[3]we have found two sets of solutions of Airy’s equation. The 
functions y, and y, defined by the series infEq. (17) re linearly independent solutions 
of for all x, and this is also true for the functions y, and y, defined by the 
series in|Eq. (20). According to the general theory of second order linear equations 
each of the first two functions can be expressed as a linear combination of the latter two 
functions and vice versa—a result that is certainly not obvious from an examination of 
the series alone. 

Finally, we emphasize that it is not particularly important if, as in Example 3, we are 
unable to determine the general coefficient a, in terms of a) and a,. What is essential 
is that we can determine as many coefficients as we want. Thus we can find as many 
terms in the two series solutions as we want, even if we cannot determine the general 
term. While the task of calculating several coefficients in a power series solution is 
not difficult, it can be tedious. A symbolic manipulation package can be very helpful 
here; some are able to find a specified number of terms in a power series solution in 
response to a single command. With a suitable graphics package one can also produce 
plots such as those shown in the figures in this section. 


PROBLEMS 


In each of Problems | through 14 solve the given differential equation by means of a power 
series about the given point x,. Find the recurrence relation; also find the first four terms in each 
of two linearly independent solutions (unless the series terminates sooner). If possible, find the 
general term in each solution. 


2. y"—xy’—y =0, X) =0 
4. y"+kx*y =0, x) =0, k aconstant 


y y 
y” + xy’ +2y =0, 


"— 4x 
(1—x)y"+xy’—y =0, 
2y" +(x 4+ 1l)y’+3y =0, 
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In each of Problems 15 through 18: 
(a) Find the first five nonzero terms in the solution of the given initial value problem. 
(b) Plot the four-term and the five-term approximations to the solution on the same axes. 
(c) From the plot in part (b) estimate the interval in which the four-term approximation is 
reasonably accurate. 
y” —xy'’-—y =0, y(0)=2, y'0)=1; see Problem 2 
(2+x7)y” — xy’ +4y =0, y(0)=—1, y(0)=3; — see Problem 6 
y” +xy'+2y =0, y(0)=4, y’'@0)=-1; see Problem 7 
(l—x)y”+xy’—-y =0, y(0)=—3, y(0)=2; see Problem 12 
By making the change of variable x — | = ¢ and assuming that y is a power series in f, 
find two linearly independent series solutions of 


y"+(x—1)’y' +? - Dy =0 


in powers of x — 1. Show that you obtain the same result directly by assuming that y is a 
Taylor series in powers of x — 1 and also expressing the coefficient x” — 1 in powers of 
x— 1. 

Show directly, using the ratio test, that the two series solutions of Airy’s equation about 
x = 0 converge for all x; see Eq. (17) of the text. 

The Hermite Equation. The equation 


y” —2xy’+ray =0, —00 <x < OO, 


where A is a constant, is known as the Hermit equation. It is an important equation in 
mathematical physics. 

(a) Find the first four terms in each of two linearly independent solutions about x = 0. 
(b) Observe that if A is a nonnegative even integer, then one or the other of the series 
solutions terminates and becomes a polynomial. Find the polynomial solutions for 7 = 0, 
2, 4, 6, 8, and 10. Note that each polynomial is determined only up to a multiplicative 
constant. 

(c) The Hermite polynomial H,,(x) is defined as the polynomial solution of the Hermite 
equation with 4 = 2n for which the coefficient of x” is 2”. Find H)(x),..., H;(x). 


Consider the initial value problem y’ = 1 — y*, y(0) =0. 

(a) Show that y = sinx is the solution of this initial value problem. 

(b) Look for a solution of the initial value problem in the form of a power series about 
x = 0. Find the coefficients up to the term in x? in this series. 


In each of Problems 23 through 28 plot several partial sums in a series solution of the given 
initial value problem about x = 0, thereby obtaining graphs analogous to those in Figures 5.2.1 
through 5.2.4. 

23. y"—xy’-y=0, y()=1, y'@)=0; see Problem 2 

24. (24x7)y"” — xy’ +4y =0, y(0)=1, y'(0)=0; see Problem 6 

25. y’+xy'+2y=0, y(0)=0, yO) =1; see Problem 7 

26. (4—x7)y”+2y =0, y(0)=0, yO =1; see Problem 10 

27. y"+x?y =0, y(0)=1, y’0)=0; see Problem 4 

28. (L—x)y"”+ xy’ —2y =0, y0)=0, y(@O=1 


SCharles Hermite (1822-1901) was an influential French analyst and algebraist. He introduced the Hermite 
functions in 1864, and showed in 1873 that e is a transcendental number (that is, e is not a root of any polynomial 
equation with rational coefficients). His name is also associated with Hermitian matrices (see Section 7.3), some 
of whose properties he discovered. 
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5.3 Series Solutions near an Ordinary Point, Part II 


In the preceding section we considered the problem of finding solutions of 
P(x)y" + O(x)y' + R(x)y = 0, () 


where P, Q, and R are polynomials, in the neighborhood of an ordinary point x). 
Assuming that Eq. (1) does have a solution y = ¢(x), and that ¢ has a Taylor series 


[e,2) 
y=) =) 0 a,@—%)", (2) 
n=0 
which converges for |x — X9| < p, where p > 0, we found that the a, can be determined 
by directly substituting the series (2) for y in Eq. (1). 

Let us now consider how we might justify the statement that if x, is an ordinary point 
of Eq. (1), then there exist solutions of the form (2). We also consider the question of 
the radius of convergence of such a series. In doing this we are led to a generalization 
of the definition of an ordinary point. 

Suppose, then, that there is a solution of Eq. (1) of the form (2). By differentiating 
Eq. (2) m times and setting x equal to x, it follows that 


mia, = $"” (x9). 


Hence, to compute a, in the series (2), we must show that we can determine 6” (x9) 
forn = 0,1, 2,... from the differential equation (1). 

Suppose that y = @(x) is a solution of Eq. (1) satisfying the initial conditions 
V(X) = Yo» YX) = Yo. Then ay = yp and a, = yo. If we are solely interested in 
finding a solution of Eq. (1) without specifying any initial conditions, then a) and a, 
remain arbitrary. To determine g” (xp) and the corresponding a, forn = 2,3,..., we 
turn to Eq. (1). Since ¢ is a solution of Eq. (1), we have 


P(x)b" (x) + O(x)G'(x) + RX)G(x) = 0. 


For the interval about x, for which P is nonvanishing we can write this equation in the 


form 

b" (x) = —p(x)b'(x) — g(x) o(), (3) 
where p(x) = Q(x)/P(x) and g(x) = R(x)/P(x). Setting x equal to x, in Eq. (3) 
gives 


$" (xo) — —P (Xo) (x9) = q (Xo) P (XQ). 
Hence a, is given by 
2!a, = $" (xo) = —P(Xo)a, _ q(Xp)ap- (4) 


To determine a, we differentiate Eq. (3) and then set x equal to x), obtaining 


3!a, = $'"(X9) = —Lpo" + (p' +. 4)6' +46). 
x=Xq 


= —2!p(Xp)a, _ [p' (x9) + q(Xq) la, _ @ yay (5) 


Substituting for a, from Eq. (4) gives a, in terms of a, and ay. Since P, Q, and R are 
polynomials and P(x,)) 4 0, all of the derivatives of p and q exist at x). Hence, we can 
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continue to differentiate|Eq. (3) indefinitely, determining after each differentiation the 
successive coefficients a,,a,,... by setting x equal to xp. 

Notice that the important property that we used in determining the a, was that 
we could compute infinitely many derivatives of the functions p and q. It might seem 
reasonable to relax our assumption that the functions p and q are ratios of polynomials, 
and simply require that they be infinitely differentiable in the neighborhood of x). 
Unfortunately, this condition is too weak to ensure that we can prove the convergence 
of the resulting series expansion for y = @(x). What is needed is to assume that the 
functions p and qg are analytic at xy; that is, they have Taylor series expansions that 
converge to them in some interval about the point x): 


P(X) = Pot Pye —Xq) +6 + P(E — Hp)" +0 = Dp, @—%)", O 
n=0 

q(&) = 4g + 4% —%p) + °° +9, —%)" +---= oa, — Hy OD 
n=0 


With this idea in mind we can generalize the definitions of an ordinary point and 


a singular point of |Eq. (1)| as follows: If the functions p = Q/P and q = R/P are 
analytic at x), then the point x, is said to be anjordmary point jf the differential 
equation (1);| otherwise, it is ajsingular point. 


Now let us turn to the question of the interval of convergence of the series solution. 
One possibility is actually to compute the series solution for each problem and then 
to apply one of the tests for convergence of an infinite series to determine its radius 
of convergence. However, the question can be answered at once for a wide class of 
problems by the following theorem. 


If xp is an ordinary point of the differential equation (1), 
P(x)y" + Q(x)y’ + Rx)y = 0, 


that is, if p= Q/P and q = R/P are analytic at x), then the general solution of 
Eq. (1) is 


y =) / 4,0 — x9)" = apy (x) + a,y,(2), (8) 
n=0 


where a, and a, are arbitrary, and y, and y, are linearly independent series solutions 
that are analytic at x). Further, the radius of convergence for each of the series 
solutions y, and y, is at least as large as the minimum of the radii of convergence of 
the series for p and q. 


Notice from the form of the series solution that y, (x) = 1 + b,(x — re +.---and 
yy(x) = (% — Xp) + €, (x xy + +++. Hence y, is the solution satisfying the initial 
conditions y, (x9) = 1, yj (Xo) = 0, and y, is the solution satisfying the initial conditions 
V(X) = 9, Yo (%q) = 1. Also note that while the calculation of the coefficients by 
successively differentiating the differential equation is excellent in theory, it is usually 
not a practical computational procedure. Rather, one should substitute the|series (2)}for 
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1 


EXAMPLE 


2 


y in the differential equation (1)] and determine the coefficients so that the differential 
equation is satisfied, as in the examples in the preceding section. 

We will not prove this theorem, which in a slightly more general form is due to 
Fuchst@]what is important for our purposes is that there is a series solution of the 
form (2), and that the radius of convergence of the series solution cannot be less than 
the smaller of the radii of convergence of the series for p and g; hence we need only 
determine these. 

This can be done in one of two ways. Again, one possibility is simply to compute the 
power series for p and q, and then to determine the radii of convergence by using one 
of the convergence tests for infinite series. However, there is an easier way when P, 
Q, and R are polynomials. It is shown in the theory of functions of a complex variable 
that the ratio of two polynomials, say Q/P, has a convergent power series expansion 
about a point x = x, if P(x,) 4 0. Further, if we assume that any factors common to 
Q and P have been canceled, then the radius of convergence of the power series for 
Q/P about the point x, is precisely the distance from x, to the nearest zero of P. In 
determining this distance we must remember that P(x) = 0 may have complex roots, 
and these must also be considered. 


What is the radius of convergence of the Taylor series for (1 + x’)! about x = 0? 
One way to proceed is to find the Taylor series in question, namely, 


1 
1+ 5 = 1 x2 + x7 5 oes | Lye" de ene, 
Xx 


Then it can be verified by the ratio test that o = 1. Another approach is to note that 
the zeros of 1 + x” are x = +i. Since the distance from 0 to i or to —i in the complex 
plane is 1, the radius of convergence of the power series about x = 0 is 1. 


What is the radius of convergence of the Taylor series for (x” — 2x + 2)~! about x = 0? 
About x = 1? 
First notice that 


x? —2x+2=0 


has solutions x = 1 +i. The distance from x = 0 to either x = 1+iorx =1—iin 
the complex plane is 2; hence the radius of convergence of the Taylor series expansion 


oe) 
> a,x" about x = 0 is V2. 
n=0 
The distance from x = 1 to either x = 1 +i or x = 1 —i is 1; hence the radius of 


CO 
convergence of the Taylor series expansion }° b, (x — 1)" about x = 1 is 1. 
n=0 


Immanuel Lazarus Fuchs (1833-1902) was a student and later a professor at the University of Berlin. He proved 
the result of [Theorem 5.3.1]in 1866. His most important research was on singular points of linear differential 


equations. He recognized the significance of regular singular points |(Section 5.4)| and equations whose only 
singularities, including the point at infinity, are regular singular points are known as Fuchsian equations. 
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EXAMPLE 
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EXAMPLE 
[5 


According to|Theorem 5.3.1]the series solutions of the Airy equation in Examples 
[2|and]3 of the preceding section | onverge for all values of x and x — 1, respectively, 


since in each problem P(x) = | and hence is never zero. 

A series solution may converge for a wider range of x than indicated by Theorem 
5.3.1,]so the theorem actually gives only a lower bound on the radius of convergence 
of the series solution. This is illustrated by the Legendre polynomial solution of the 
Legendre equation given in the next example. 


Determine a lower bound for the radius of convergence of series solutions about x = 0 
for the Legendre equation 


(1 —x*)y” — xy’ +a(a + 1)y =0, 


where a is a constant. 
Note that P(x) = 1 — x’, Q(x) = —2x, and R(x) = a(a + 1) are polynomials, 
and that the zeros of P, namely, x = +1, are a distance 1 from x = 0. Hence a series 
CO 


solution of the form }° a,x" converges for |x| < 1 at least, and possibly for larger 


n=0 
values of x. Indeed, it can be shown that if a is a positive integer, one of the series 
solutions terminates after a finite number of terms and hence converges not just for 
|x| < 1 but for all x. For example, if a = 1, the polynomial solution is y = x. See 


Problems 22 through 29 fat the end of this section for a more complete discussion of 


the Legendre equation. 


Determine a lower bound for the radius of convergence of series solutions of the 
differential equation 


(1+ x7)y"” +2xy' +4x7y =0 (9) 
about the point x = 0; about the point x = —5. 


Again P, Q, and R are polynomials, and . has zeros at x = +/. The distance in the 

complex plane from 0 to +i is 1, and from — 5 + to ti is ,/1+ ; = /5/2. Hence in the 
[e,@) 

first case the series )) a,x” converges at least for |x| < 1, and in the second case the 
n=0 


lo) 
series )) b, (x + 5)" converges at least for |x + 5| eal 5/ 2, 
n=0 
An interesting observation that we can make about Eq. (9) follows from Theorems 


[3.2.1 Jand| 5.3.1] Suppose that initial conditions y(0) = Yo and y’(0) = yo are given. 


Since 1 + x? £0 for all x, we know from|Theorem 3.2.1]that there exists a unique 


solution of the initial value problem on —oo < x < oo. On the other hand, Theorem 
CO 
5.3. 1|only guarantees a series solution of the form p a,x" (with ay = yo, a, = Yo) 


=0 
for —1 <x < 1. The unique solution on the interval —co <x < 00 may not have a 


power series about x = 0 that converges for all x. 


Can we determine a series solution about x = 0 for the differential equation 
y” + (sinx)y’ + (1+ x?)y =0 


and if so, what is the radius of convergence? 
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For this differential equation, p(x) = sinx andq(x) = 1+ x. Recall from calculus 
that sin x has a Taylor series expansion about x = 0 that converges for all x. Further, g 
also has a Taylor series expansion about x = 0, namely, g(x) = 1+ x’, that converges 

CO 
for all x. Thus there is a series solution of the form y = )°) a,x" with a) and a, 


n=0 
arbitrary, and the series converges for all x. 


PROBLEMS 


In each of Problems 1 through 4 determine $” (x)), 6” (xq), and oY (Xo) for the given point x, if 
y = ¢(x) is a solution of the given initial value problem. 


1. y"+xy’+y=0; y()=1, y'(0)=0 

2. y” + (sinx)y’ + (cos x)y = 0; y()=0, y(O=1 

3. x?y”+(1+x)y’ +3Unx)y = 0; yd)=2, yd)=0 
4, y"+x7y'+(sinx)y=0; yO)=a, y'O)=a, 


In each of Problems 5 through 8 determine a lower bound for the radius of convergence of series 
solutions about each given point x, for the given differential equation. 


y" +4y' + 6xy = 0; 720, 2,24 
(x? — 2x — 3)y"” + xy’ +4y =0; Xp =4. x = 4 
(1 +x3)y” + 4xy’+ y =0; Xj =0, x, =2 

Xy=l 


o=90 


Determine a lower bound for the radius of convergence of series solutions about the given 
x, for each of the differential equations in Problems | through 14 of Section 5.2. 


The Chebyshev Equation. The Chebyshev—differential equation is 


(1 — x?)y” ay =0, 


where a is a constant. 

(a) Determine two linearly independent solutions in powers of x for |x| < 1. 

(b) Show that if a is a nonnegative integer n, then there is a polynomial solution of degree 
n. These polynomials, when properly normalized, are called the Chebyshev polynomials. 
They are very useful in problems requiring a polynomial approximation to a function 
defined on —1 < x < 1. 

(c) Find a polynomial solution for each of the cases a = n = 0, 1, 2, and 3. 


For each of the differential equations in Problems 11 through 14 find the first four nonzero terms 
in each of two linearly independent power series solutions about the origin. What do you expect 
the radius of convergence to be for each solution? 


ll. y"” + (sinx)y =0 12. ety" +xy =0 

13. (cosx)y” + xy’ -—2y =0 14. e*y”+In(l+.x)y’-—xy =0 

15. Suppose that you are told that x and x” are solutions of a differential equation P(x)y" + 
Q(x)y' + R(x)y =0. Can you say whether the point x = 0 is an ordinary point or a 
singular point? 
Hint: Use Theorem 3.2.1, and note the values of x and x” at x = 0. 


"Pafnuty L. Chebyshev (1821-1894), professor at Petersburg University for 35 years and the most influential 
nineteenth century Russian mathematician, founded the so-called “Petersburg school,” which produced a long line 
of distinguished mathematicians. His study of Chebyshev polynomials began about 1854 as part of an investigation 
of the approximation of functions by polynomials. Chebyshev is also known for his work in number theory and 
probability. 
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First Order Equations. The series methods discussed in this section are directly applicable 

to the first order linear differential equation P(x)y’ + Q(x)y = 0 at a point Xq, if the function 

p = Q/P has a Taylor series expansion about that point. Such a point is called an ordinary 
foe) 


point, and further, the radius of convergence of the series y = )° a, (x — X,)" is at least as large 


as the radius of convergence of the series for Q/P. In each of Problems 16 through 21 solve the 
given differential equation by a series in powers of x and verify that ay is arbitrary in each case. 
Problems 20 and 21 involve nonhomogeneous differential equations to which series methods 
can be easily extended. Where possible, compare the series solution with the solution obtained 
by using the methods of Chapter 2. 


16. y—y=0 17. y'-—xy=0 

18. y =e" y, three terms only 19. (l-x)y'=y 

20. y-y=x? 21. y’txy=1+x 

The Legendre Equation. Problems 22 through 29 deal with the iependel® bquation 
(1 — x?)y” — 2xy’ +a(a+ ly =0. 


As indicated in Example 3, the point x = 0 is an ordinary point of this equation, and the distance 
from the origin to the nearest zero of P(x) = 1 — x? is 1. Hence the radius of convergence of 
series solutions about x = 0 is at least 1. Also notice that it is necessary to consider only 
a > —1 because if a < —1, then the substitution a = —(1+y) where y > 0 leads to the 
Legendre equation (1 — x”)y" —2xy'’ +y(y + l)y =0. 


22. Show that two linearly independent solutions of the Legendre equation for |x| < 1 are 


¥@)=1+ > 0-D” 


m=1 
a(a —2)(a@—4)---(a—2m+2)(a+ l)(a+3)---(a+2m—1) ,,, 
. (2m)! =o 


y,(%) =x-+ > (-1)" 


m=1 


e (a — 1)\(a —3)---(a—2m+1)(a+2)(@ PAY: (Ott Amt) amt 
(2m +1)! : 
Show that, if @ is zero or a positive even integer 2n, the series solution y, reduces to a 
polynomial of degree 2n containing only even powers of x. Find the polynomials corre- 
sponding to a = 0, 2, and 4. Show that, if w is a positive odd integer 2n + 1, the series 
solution y, reduces to a polynomial of degree 2n + 1 containing only odd powers of x. 
Find the polynomials corresponding to a = 1, 3, and 5. 
The Legendre polynomial P, (x) is defined as the polynomial solution of the Legendre 
equation with a = n that also satisfies the condition P (1) = 1. 
(a) Using the results of Problem 23, find the Legendre polynomials P(x), ..., P5(x). 
(b) Plot the graphs of P)(x),..., P;(x) for-I <x <1. 
(c) Find the zeros of P)(x),..., P;(x). 
25. It can be shown that the general formula for P (x) is 


[n/2] 
_1 3 (—1)* (2n — 2k)! ek 
ki(n — k)\(n — 2k)! 


3 


k=0 


8 Adrien-Marie Legendre (1752-1833) held various positions in the French Académie des Sciences from 1783 
onward. His primary work was in the fields of elliptic functions and number theory. The Legendre functions, 
solutions of Legendre’s equation, first appeared in 1784 in his study of the attraction of spheroids. 
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where [7/2] denotes the greatest integer less than or equal to n/2. By observing the form 
of P(x) for n even and n odd, show that P (—1) = (—1)". 

26. The Legendre polynomials play an important role in mathematical physics. For example, in 
solving Laplace’s equation (the potential equation) in spherical coordinates we encounter 
the equation 


d’F dF 
ue + cote (9) t+n(n+ 1)F(g) = 0, 0<9g<QZ, 
dp dg 


where n is a positive integer. Show that the change of variable x = cos g leads to the 
Legendre equation with a = n for y = f(x) = F(arccos x). 
27. Show that for n = 0, 1, 2, 3 the corresponding Legendre polynomial is given by 


n 


d 
= (x? — 1)". 
Xx 


This formula, known as Rodrigues’ (1794-1851) formula, is true for all positive integers n. 
28. Show that the Legendre equation can also be written as 
[(1 — x*)y']’ = —a(a + Dy. 


Then it follows that [(1—.x?)P/(x)! =—n(n +P (x) and [(1—x°)P) (x) = 
—m(m + 1)P_(x). By multiplying the first equation by P,, (x) and the second equation by 
P(x), and then integrating by parts, show that 


1 
/ P(x)P, (x) dx =0 if ném. 
-1 


This property of the Legendre polynomials is known as the orthogonality property. If 
m = n, it can be shown that the value of the preceding integral is 2/(2n + 1). 
29. Given a polynomial f of degree n, it is possible to express f as a linear combination of 


eae See 


f(x) = > 4, P(x). 


k=0 


Using the result of Problem 28, show that 


a, = ae f(x) P(x) dx. 


5.4 Regular Singular Points 


In this section we will consider the equation 


P(x)y” + O(x)y’ + R(x)y =0 (1) 


in the neighborhood of a singular point x,. Recall that if the functions P, Q, and R are 
polynomials having no common factors, the singular points of Eq. (1) are the points 
for which P(x) = 0. 
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Determine the singular points and ordinary points of the Bessel equation of order v 

x?y" + xy! + @? — vy = 0. (2) 

The point x = 0 is a singular point since P(x) = x? is zero there. All other points 
are ordinary points of Eq. (2). 


Determine the singular points and ordinary points of the Legendre equation 


(1 —x?)y” — 2xy’ +a(a + l)y =0, (3) 


where @ is a constant. 
The singular points are the zeros of P(x) = 1 — x”, namely, the points x = +1. All 
other points are ordinary points. 


Unfortunately, if we attempt to use the methods of the preceding two sections to 
ov er Oke the neighborhood of a singular point x), we find that these methods 
fail. This is because the solution offEq. (Djis often not analytic at x), and consequently 
cannot be represented by a Taylor series in powers of x — x. Instead, we must use a 
more general series expansion. 

Since the singular points of a differential equation are usually few in number, we 
might ask whether we can simply ignore them, especially since we already know how 
to construct solutions about ordinary points. However, this is not feasible because the 
singular points determine the principal features of the solution to a much larger extent 
than one might at first suspect. In the neighborhood of a singular point the solution 
often becomes large in magnitude or experiences rapid changes in magnitude. Thus 
the behavior of a physical system modeled by a differential equation frequently is most 
interesting in the neighborhood of a singular point. Often geometrical singularities 
in a physical problem, such as corners or sharp edges, lead to singular points in the 
corresponding differential equation. Thus, while at first we might want to avoid the 
few points where a differential equation is singular, it is precisely at these points that 
it is necessary to study the solution most carefully. 

As an alternative to analytical methods, one can consider the use of numerical 
methods, which are discussed in| Chapter 8] However, these methods are ill-suited for 
the study of solutions near a singular point. Thus, even if one adopts a numerical 
approach, it is advantageous to combine it with the analytical methods of this chapter 
in order to examine the behavior of solutions near singular points. 

Without any additional information about the behavior of Q/P and R/P in the 
neighborhood of the singular point, it is impossible to describe the behavior of the 
solutions of tna X = Xp. It may be that there are two linearly independent 
solutions of |Eq. (1) |that remain bounded as x — x, or there may be only one with 
the other becoming unbounded as x — xy, or they may both become unbounded as 
X —> Xo. To illustrate these possibilities consider the following examples. 


The differential equation 
xy" —2y =0 (4) 


has a singular point at x = 0. It can be easily verified by direct substitution that 
y,@) = x? and y,(x) = 1/x are linearly independent solutions of Eq. (4) for x > 0 or 
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x <0. Thus in any interval not containing the origin the general solution of Eq. (4) is 
y= Ga + ae The only solution of Eq. (4) that is bounded as x — Ois y = Gar 
Indeed, this solution is analytic at the origin even though if Eq. (4) is put in the 
standard form, y” — (2/x*)y = 0, the function g(x) = —2/x? is not analytic at x = 0, 
and| Theorem 5.3.1] is not applicable. On the other hand, notice that the solution 


y (x) =x" does not have a Taylor series expansion about the origin (is not analytic 
at x = 0); therefore, the method o would fail in this case. 


The differential equation 


x’y"” — Ixy’ +2y =0 (5) 


also has a singular point at x = 0. It can be verified that y, (x) = x and y,(x) = x? are 


linearly independent solutions of Eq. (5), and both are analytic at x = 0. Nevertheless, 
it is still not proper to pose an initial value problem with initial conditions at x = 0. It is 
impossible to satisfy arbitrary initial conditions at x = 0, since any linear combination 
of x and x? is zero at x = 0. 


It is also possible to construct a differential equation with a singular point x, such that 
every (nonzero) solution of the differential equation becomes unbounded as x —> Xp. 
Even if[Eq. (1)|does not have a solution that remains bounded as x — Xp, it is often 
important to determine how the solutions of behave as x — Xp); for example, 
does y — oo in the same manner as (x — x,) ~~ or |x — ar, or in some other 
manner? 

Our goal is to extend the method already developed for solving|Eq. (1)] near an 
ordinary point so that it also applies to the neighborhood of a singular point x). To do 
this in a reasonably simple manner, it is necessary to restrict ourselves to cases in which 
the singularities in the functions Q/P and R/P at x = x, are not too severe, that is, 
to what we might call “weak singularities.” At this point it is not clear exactly what is 
an acceptable singularity. However, as we develop the method of solution you will see 
that the appropriate conditions (see also[Section 5.7, Problem 21} to distinguish “weak 


singularities” are 


OO) 22. 
a G2) P(x) is finite (6) 
and 
lim (x — x po is finite (7) 
x$%p 0” P(x) . 


This means that the singularity in Q/P can be no worse than (x — ii) and the 
singularity in R/P can be no worse than (x — me Such a point is called gael 
For more general functions than polynomials, x, is aregular 
singular point of[Eq. (1) jif it is a singular point, and if bot 


2 ad Ga 
P(x) P(x) 


(8) 


(x = Xo) 


°The functions given in Eq. (8) may not be defined at x,, in which case their values at x) are to be assigned as 


their limits as x > Xp. 
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have convergent Taylor series about x9, that is, if the functions in Eq. (8) are analytic 


at x = X,.|Equations (6) and|(7) imply that this will be the case when P, Q, and R are 


polynomials. Any singular point of |Eq. (1)| that is not a regular singular point is called 


anfirregular singular point)of Eq. (1), 
In the following sections we discuss how to solve] Eq. (1) fin the neighborhood of 


a regular singular point. A discussion of the solutions of differential equations in the 
neighborhood of irregular singular points is more complicated and may be found in 
more advanced books. 


In|Example 2 we observed that the singular points of the Legendre equation 


(1 —x7)y” —2xy’ +a(at+ ly =0 


are x = +1. Determine whether these singular points are regular or irregular singular 
points. 

We consider the point x = 1 first and also observe that on dividing by 1 — x the 
coefficients of y’ and y are —2x/(1 — x’) and a(a@ + 1) /A- es respectively. Thus 
we calculate 


—2. — 1)(-2 2. 
rae ae A a 
x>1 1 x2 x>1(1—x)(1+ 2%) x>l1l4+x 
and 
saq@t1)  . (w—1)’a(a +1) 
lim (x — 1)* ————— = lim 
x>1 1- x2 x>l (l-—x)Ud+4%) 
. &—-1)(Caj\@ +1) 
= lim = 0. 
x>1 1+x 


Since these limits are finite, the point x = 1 is a regular singular point. It can be shown 
in a similar manner that x = —1 is also a regular singular point. 


Determine the singular points of the differential equation 


2x (x — 2)?y"” + 3xy' + (x —2)y =0 


and classify them as regular or irregular. 
Dividing the differential equation by 2x (x — 2)”, we have 


Ww 3 bg 1 = 
“Sq@-a° ° iG@—=D° 


y 0, 


so p(x) = O(x)/P(x) = 3/2(x — 2)? and q(x) = R(x)/P(x) = 1/2x(x — 2). The 
singular points are x = 0 and x = 2. Consider x = 0. We have 


3 
lim xp(x) = lim x ————_~ = 0, 
x>0 PC ) x0 2(x _ ay 


- 9 _ tim ¥2 _ 
pag q(x) =e 2x (x — 2) i 
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PROBLEMS 


Since these limits are finite, x = 0 is a regular singular point. For x = 2 we have 
3 


lim(x — 2 = lim(x — 2)———~. = lim ——_ 
ee 0 =) 392.10 = 2)" 


so the limit does not exist; hence x = 2 is an irregular singular point. 


Determine the singular points of 


2 
(« — =) y” + (cosx)y’ + (sinx)y =0 


and classify them as regular or irregular. 
The only singular point is x = 2/2. To study it we consider the functions 


( ~) pox) = (x ~) Q(x) _ cosx 


a) 2) PQ) x—x/2 
and 
(x — 7) g(x) a (« — my" Re = sinx. 
2 2/7 P(x) 
Starting from the Taylor series for cos x about x = 1/2, we find that 
cos x _@- wy Grey | 
x—x/2. | 3! 5! 7 


which converges for all x. Similarly, sinx is analytic at x = 2/2. Therefore, we 
conclude that /2 is a regular singular point for this equation. 


In each of Problems 1 through 18 find all singular points of the given equation and determine 
whether each one is regular or irregular. 


. xy” +(1—x)y’+xy =0 2. x*(1—x)?y” + 2xy’+4y =0 

. e(l—x)y"” + (x — 2)y' —3xy =0 4, x°(1—x*)y”+ 2/x)y' +4y =0 
(l—x*)’y” +x. —x)y’+(1+x)y =0 

. x?y" + xy’ + (x? — v)y = 0, Bessel equation 

: (x +3)y” —2xy’ + (1—x”)y =0 

. alae yy’ 4 =a 7 y S20 ey 0 

. @429 6 =r" 436 —Dy —2e 4 Dy =0 

. xB-—x)y”+ (44+ ly’ -2y=0 
(x? +x —2)y”+ (x4 ly’ +2y =0 . xy” + ey’ + Bcosx)y =0 
y” + Un |x|)y’ + 3xy =0 . x’y” + 2(e* — ly’ + (e* cosx)y =0 

. xy” —3(sinx)y’ + (1+ x7)y =0 . xy” + y'+ (cotx)y =0 
(sinx)y” +xy’+4y =0 . (xsinx)y” +3y'+xy =0 


In each of Problems 19 and 20 show that the point x = 0 is a regular singular point. In each 


[o.e) 

problem try to find solutions of the form )° a,x”. Show that there is only one nonzero solution 
n=0 

of this form in Problem 19 and that there are no nonzero solutions of this form in Problem 20. 


Thus in neither case can the general solution be found in this manner. This is typical of equations 
with singular points. 


19. 2xy"+3y’+xy =0 20. 2x?y"+3xy’-(1+x)y =0 
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. Singularities at Infinity. The definitions of an ordinary point and a regular singular point 
given in the preceding sections apply only if the point x, is finite. In more advanced work 
in differential equations it is often necessary to discuss the point at infinity. This is done by 
making the change of variable € = 1/x and studying the resulting equation at § = 0. Show 
that for the differential equation P(x)y” + Q(x)y’ + R(x)y = 0 the point at infinity is an 
ordinary point if 


1 jo" ead R(L/é) 
7 and aI 
P(1/§) § g & P(1/é) 

have Taylor series expansions about = 0. Show also that the point at infinity is a regular 


singular point if at least one of the above functions does not have a Taylor series expansion, 
but both 


g [=o ead rr R(/§) 


P(1/é) &>P(1/€) 


do have such expansions. 


é & 


In each of Problems 22 through 27 use the results of Problem 21 to determine whether the point 
at infinity is an ordinary point, a regular singular point, or an irregular singular point of the given 
differential equation. 


2. 23. x’y"+xy'-—4y =0 
24. Legendre equation 

25. x?y”+xy' + (x2 -—v?)y =0, Bessel equation 

26. y” —2xy’+aAy=0, Hermite equation 

27. y"—xy =0, Airy equation 


5.5 Euler Equations 


The simplest example of a differential equation having a regular singular point is the 
Euler equation) or the equidimensional equation, 
Lly] =x°y" taxy' + py =0, () 


where a@ and # are real constants. It is easy to show that x = 0 is a regular singular 
point of Eq. (1). Because the solution of the Euler equation is typical of the solutions 
of all differential equations with a regular singular point, it is worthwhile considering 
this equation in detail before discussing the more general problem. 

In any interval not including the origin, Eq. (1) has a general solution of the form 
y =c,y, (x) +c, y,(x), where y, and y, are linearly independent. For convenience we 
first consider the interval x > 0, extending our results later to the interval x < 0. First, 
we note that (x")’ = rx’! and (x")” = r(r — 1)x’~. Hence, if we assume that Eq. (1) 
has a solution of the form 


Paes (2) 
then we obtain 
L[x"] = x7 (x")’ + ax(x")! + Bx" 
=x'[r(r—1)+ar+ B]. (3) 
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EXAMPLE 


1 


If r is a root of the quadratic equation 
Fir)=rir—-Il+ear+6=0, (4) 
then L[x"] is zero, and y = x’ is a solution of|Eq. (1)| The roots of Eq. (4) are 


—(a—1)+V(a—1)* — 48 
5 : 


(5) 


and F(r) = (r —r,)(r —r,). As for second order linear equations with constant co- 
efficients, it is necessary to consider separately the cases in which the roots are real 
and different, real but equal, and complex conjugates. Indeed, the entire discussion in 


this section is similar to the treatment of second order linear equations with constant 
coefficients in|Chapter 3}with e’” replaced by x’; see also|/Problem 23 
Real, Distinct Roots. If F(r) = 0 has real roots r, andr,, withr, # r,, then y,(x) = 


x’! and y,(x) = x’2 are solutions of|Eq. (1)} Since W(x"!, x’2) = (r, — pire is 
nonvanishing for r, #r, and x > 0, it follows that the general solution of|Eq. (1)jis 


hyly= 


y= ex! ix 2, x >0. (6) 


Note that if r is not a rational number, then x" is defined by x” = e”™*. 


Solve 
2x*y" + 3xy’-y =0, x>0. (7) 
Substituting y = x” in Eq. (7) gives 
x’ [2r(r —1) +37 —l =x" 2r?+r—1) =x"2Qr—-D(ir+)=0. 
Hence r, = 5 and r, = —1, so the general solution of Eq. (7) is 


y=ox'?P text, x >0. (8) 


Equal Roots. If the roots r, and r, are equal, then we obtain only one solution 
y,(x) =x"! of the assumed form. A second solution can be obtained by the method 
of reduction of order, but for the purpose of our future discussion we consider an 
alternative method. Since r, = r,, it follows that F(r) = (r — ae Thus in this case 
not only does F(r,) = 0 but also F e = 0. This suggests differentiating| Eq. (3) with 
respect to r and then setting r equal to r,. Differentiating [Eq. (3) jwith respect tor gives 


Pag. Day 
5p = ke FOL 


Substituting for F(r), interchanging differentiation with respect to x and with respect 
to r, and noting that 0(x")/dr = x” Inx, we obtain 
L{x" Inx] = (r —17,)?x" Inx +20 —7,)x". (9) 
The right side of Eq. (9) is zero for r = r,; consequently, 
y,(4) =x"! nx, x>0 (10) 
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EXAMPLE 


2 


is a second solution of]Eq. (1)] It is easy to show that W(x"!, x" Inx) = x7"1-! Hence 
x"! and x"! In x are linearly independent for x > 0, and the general solution of |Eq. (1) ks 


y= (6, +o xix", x > 0. (11) 


Solve 
xy" + 5xy’+4y =0, x>0. (12) 
Substituting y = x’ in Eq. (12) gives 
x ir —1)4+5r +4] =2'0?4+4r +4 =0. 
Hence r, = r, = —2, and 


y= oe +, Iinx); x >0. (13) 


Complex Roots. Finally, suppose that the roots r, and r, are complex conjugates, say, 
r, =A+ipandr, = —ip, with w 4 0. We must now explain what is meant by x” 
when r is complex. Remembering that 


x! = erlnx (14) 


when x > 0 and r is real, we can use this equation to define x" when r is complex. 
Then 


yh tin = eA tip) Inx AInx im Inx A ip inx 


=e =x e 


= x*[cos(uInx) +i sin(wInx)], x>0. (15) 


With this definition of x’ for complex values of r, it can be verified that the usual laws 
of algebra and the differential calculus hold, and hence x”! and x’? are indeed solutions 


of|Eq. (1)| The general solution of |Eq. (1) lis 

y= ae + ee (16) 
The disadvantage of this expression is that the functions x**"” and x*~'” are complex- 
valued. Recall that we had a similar situation for the second order differential equation 
with constant coefficients when the roots of the characteristic equation were complex. 


In the same way as we did then we observe that the real and imaginary parts of x**", 
namely, 


x* cos(u In x) and x* sin(u In x), (17) 
are also solutions of|Eq. (1)] A straightforward calculation shows that 
Wx’ cos(w1nx), x* sin(u Inx)] = is men 


Hence these solutions are also linearly independent for x > 0, and the general solution 
of|Eq. (1) lis 


y= oe cos(u Inx) + On sin(w ln x), x > 0. (18) 
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Solve 
EXAMPLE 


3 xy" +xy'+y=0. (19) 
Substituting y = x’ in Eq. (19) gives 
vir? -l+trth =x’? +1) =0. 
Hence r = +i, and the general solution is 


y =c,cos(Inx) + c, sin(In x), x >0. (20) 


Now let us consider the qualitative behavior of the solutions of near the 
singular point x = 0. This depends entirely on the nature of the exponents r, and r,. 
First, if r is real and positive, then x” — 0 as x tends to zero through positive values. 
On the other hand, ifr is real and negative, then x” becomes unbounded, while ifr = 0, 
then x” = 1. These possibilities are shown in Figure 5.5.1 for various values of r. If r 
is complex, then a typical solution is x* cos( In x). This function becomes unbounded 
or approaches zero if A is negative or positive, respectively, and also oscillates more 
and more rapidly as x — 0. This behavior is shown in [Figures 5.5.2 Jand [5.5.3 |for 
selected values of A and yu. If A = 0, the oscillation is of constant amplitude. Finally, if 
there are repeated roots, then one solution is of the form x” In x, which tends to zero if 
r > 0 and becomes unbounded if r < 0. An example of each case is shown in Figure 

The extension of the solutions of Eq. (1)]into the interval x < 0 can be carried out in 
a relatively straightforward manner. The difficulty lies in understanding what is meant 
by x” when x is negative and r is not an integer; similarly, In x has not been defined for 
x <0. The solutions of the Euler equation that we have given for x > 0 can be shown 


to be valid for x < 0, but in general they are complex-valued. Thus in}Example 1}the 
solution x'/? is imaginary for x <0. 


0.5 1 1.5 


FIGURE 5.5.1 Solutions of an Euler equation; real roots. 
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y 
2 y =x 4 cos(5 In x) 
| | [ed 
0.125 0.25 0.375 0.5 Xx 
-2 


FIGURE 5.5.2 Solution of an Euler equation; FIGURE 5.5.3 Solution of an Euler equa- 
complex roots with negative real part. tion; complex roots with positive real part. 


FIGURE 5.5.4 Solutions of an Euler equation; repeated roots. 


It is always possible to obtain real-valued solutions of the Euler|equation (1) jn the 
interval x < 0 by making the following change of variable. Let x = —&, where € > 0, 


and let y = u(&). Then we have 


dy dudé du d’y df du\dé du 
Se a 
Thus for x < 0, takes the form 
EO Gin E>0 (22) 
dé dé 
But hag is exactly the problem that we have just solved; from|Eqs. (6)] [1] and|(18)| 
we have 
c,€") +c” 
u(§)= 4 (c, +c, In é)g" (23) 


c,&* cos(u Ing) + c,€* sin(uIné), 


depending on whether the zeros of F(r) = r(r — 1) + ar + £ are real and different, 
real and equal, or complex conjugates. To obtain u in terms of x we replace € by —x 
in Egs. (23). 

We can combine the results for x > 0 and x < 0 by recalling that |x| = x when 
x > 0 and that |x| = —x when x < 0. Thus we need only replace x by |x| in[Eqs. (6) 
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Theorem 5.5.1 


PROBLEMS 


VVVY 


and} (18) |to obtain real-valued solutions valid in any interval not containing the 


origin (also see [Problems 30 jand 31). These results are summarized in the following 


theorem. 
The general solution of the Eulerjequation (1) 


ay +axy’ aL By = 0, 


in any interval not containing the origin is determined by the roots r, and r, of the 
equation 


F@)=r¢—-l)+er+p=0. 


If the roots are real and different, then 


LT al 


y =C,|x|" + cy |x|'2. (24) 


If the roots are real and equal, then 
y = (€, + e)In|x[)|x1". (25) 
If the roots are complex, then 
Ve bal ey cos(y In |x|) +c, sin(u In |x|)], (26) 


where r,,7, =A Lip. 


The solutions of an Euler equation of the form 
(x —X9)’y" + a(x — x)y’ + By =0 (27) 


are similar to those given in Theorem 5.5.1. If one looks for solutions of the form 
y = (x —x,)’, then the general solution is given by either Eq. (24), (25), or (26) with 
x replaced by x — xy. Alternatively, we can reduce Eq. (27) to the form of by 
making the change of independent variable t = x — xp. 

The situation for a general second order differential equation with a regular singular 
point is analogous to that for an Euler equation. We consider that problem in the next 
section. 


In each of Problems | through 12 determine the general solution of the given differential equation 
that is valid in any interval not including the singular point. 
. x?y” + 4xy'+2y =0 . (x +1) y"4 3(« + ly'+ 0.75y =0 
. xy" +3xy'+5y =0 
: . («—D?y"” +8 — Dy’ + Ly =0 
. xy” + b6xy’—y=0 8. 2x7y” —4xy’+6y =0 
. xy” —S5xy'+9y =0 10. (x —2)°y" + 5(x — 2)y’ + 8y =0 
. xy" +2xy'’+4y =0 12. x?y” —4xy’+4y =0 


In each of Problems 13 through 16 find the solution of the given initial value problem. Plot the 
graph of the solution and describe how the solution behaves as x — 0. 


13. 2x7y’+ xy’ —3y =0, yD=1, yd=4 

14. 4x7y"+ 8xy’+ 17y =0, yd)=2, ywd)=-3 
15. xy” —3xy'+4y =0, y(-D=2, y(C-l=3 
16. xy" +3xy'+5y =0, yA=1, yd)=-l 
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Find all values of a for which all solutions of x7y” + axy’ + (5/2)y = 0 approach zero 
asx —> 0. 

Find all values of 6 for which all solutions of x y” + By = 0 approach zero as x > 0. 
Find y so that the solution of the initial value problem x7y" — 2y = 0, y(1) = 1, y'() = y 
is bounded as x > 0. 

Find all values of a for which all solutions of x7y” + axy’ + (5/2)y = 0 approach zero 
as X —> 0d. 

Consider the Euler equation x?” + axy’ + By = 0. Find conditions on @ and £ so that 
(a) All solutions approach zero as x — 0. 

(b) All solutions are bounded as x — 0. 

(c) All solutions approach zero as x — oo. 

(d) All solutions are bounded as x — oo. 

(e) All solutions are bounded both as x — O and as x — oo. 

Using the method of reduction of order, show that if r, is a repeated root of r(r — 1) + 
ar + 6 =0, then x" and x" In x are solutions of x7y” + axy’ + By = 0 for x > 0. 
Transformation to a Constant Coefficient Equation. The Euler equation x”y” + 
axy’ + By =0 can be reduced to an equation with constant coefficients by a change 
of the independent variable. Let x = e*, or z = Inx, and consider only the interval x > 0. 
(a) Show that 


x? dz 


(b) Show that the Euler equation becomes 


d’y dy 
x + (a are + By =0. 


dz 
Letting ry and ry denote the roots of r? ++ (a — 1)r + B = 0, show that 
(c) Ifr, and r, are real and different, then 
y= eer + c,e'% — Ce" + 05x"2, 
(d) Ifr, andr, are real and equal, then 
yH(c, +e,z)e = (c, +e, Inx)x". 
(e) Ifr, and r, are complex conjugates, r, = A + ij, then 
i ele; cos(z) + C, sin(z)] = w16, cos(wIn x) +c, sin( In x)]. 
In each of Problems 24 through 29 use the method of Problem 23 to solve the given equation 
for x > 0. 
24. xy” —2y =0 25. x’y” —3xy'+4y =Inx 
26. x?y”+7xy’ +5y =x a7, x? y" = Ixy’ + 2y = 3x? + 2Inx 
28. x?y” +xy' +4y = sin(Inx) 29. 3x7y"”4 12xy’ + 9y =0 
30. Show that if L[y] = x?y” + axy’ + By, then 
L{(—x)"] = (—x)' F(r) 


for all x < 0, where F(r) = r(r — 1) + ar + B. Hence conclude that if r, 4 r, are roots 
of F(r) = 0, then linearly independent solutions of L[y] = 0 for x <0 are (—x)"! and 
(—x)"2. 

Suppose that x"! and x’? are solutions of an Euler equation for x > 0, where r, # r,, and 
r, is an integer. According to Eq. (24) the general solution in any interval not containing 
the origin is y = c,|x|"! +c,|x|’2. Show that the general solution can also be written as 
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yHkx1 +k, |x|’. 
Hint: Show by a proper choice of constants that the expressions are identical for x > 0, 


and by a different choice of constants that they are identical for x < 0. 


5.6 Series Solutions near a Regular Singular Point, Part | 


We now consider the question of solving the general second order linear equation 
P(x)y” + Q(x)y' + R@)y =0 (1) 


in the neighborhood of a regular singular point x = x). For convenience we assume 
that x) = 0. If x) 4 0, the equation can be transformed into one for which the regular 
singular point is at the origin by letting x — x, equal t. 

The fact that x = 0 is a regular singular point of Eq. (1) means that x O(x)/P(x) = 
xp(x) and x?R(x)/P(x) — x7q(x) have finite limits as x — 0, and are analytic at 
x = 0. Thus they have convergent power series expansions of the form 


lo) lo) 
wo= yee, «dns ax, (2) 
n=0 n=0 
on some interval |x| < p about the origin, where p > 0. To make the quantities xp(x) 


and xq (x) appear in Eq. (1), it is convenient to divide Eq. (1) by P(x) and then to 
multiply by x’, obtaining 


xy" + x[xp(x)ly’ + bx?) ly = 0, (3) 
or 
x?y" +x(py + Pix tee + px” + )y’ 
GyfQe te +E + )y =o. (4) 


If all of the coefficients p, and q,, are zero except possibly 


_ XxO(x) _ x°R(x) 
Poe PG ©) 
then Eq. (4) reduces to the Euler equation 
xy" + poxy’ + ayy = 0, (6) 


which was discussed in the preceding section. In general, of course, some of the p,, 
and q,,n = 1, are not zero. However, the essential character of solutions of Eq. (4) is 
identical to that of solutions of the Euler equation (6). The presence of the terms p,x + 
s+ px" +++. and q,x +---+4,x" +--+ merely complicates the calculations. 

We restrict our discussion primarily to the interval x > 0. The interval x < 0 can be 
treated, just as for the Euler equation, by making the change of variable x = —& and 
then solving the resulting equation for € > 0. 
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EXAMPLE 


1 


Since the coefficients in]Eq. (4)|are “Euler coefficients” times power series, it is 
natural to seek solutions in the form of “Euler solutions” times power series. Thus we 
assume that 


oe) [oe] 
pe et CP Be aa OF a ) a,x" = ) aa, (7) 
n=0 n=0 


where a, # 0. In other words, r is the exponent of the first term in the series and ay is 
its coefficient. As part of the solution we have to determine: 


1. The values of r for which|Eq. (1) {has a solution of the form (7). 
2. The recurrence relation for the coefficients a,,. 


CO 
3. The radius of convergence of the series }° a,x". 

n=0 

The general theory is due to Frobeniud!2hnd is fairly complicated. Rather than trying 

to present this theory we simply assume in this and the next two sections that there 
does exist a solution of the stated form. In particular, we assume that any power series 
in an expression for a solution has a nonzero radius of convergence, and concentrate 
on showing how to determine the coefficients in such a series. To illustrate the method 
of Frobenius we first consider an example. 


Solve the differential equation 
2x7y" — xy’ +(1+x)y =0. (8) 


It is easy to show that x = 0 is a regular singular point of Eq. (8). Further, xp(x) = 
—1/2 and x?g(x) = (1+ x)/2. Thus Dy = —1/2, dg = 1/2, Gg, = 1/2, and all other 
p’sand q’s are zero. Then, from|Eq. (6)j the Euler equation corresponding to Eq. (8) is 

2x7y"—xy’'+y=0. (9) 


To solve Eq. (8) we assume that there is a solution of the form (7). Then y’ and y” 
are given by 


y= Soa, wij (10) 
n=0 
and 
y= Ya, (rtn)(r tn—1)x"t*™?, (11) 
n=0 


By substituting the expressions for y, y’, and y” in Eq. (8) we obtain 


2x7y" —xy' + (14+x)y= AG +n)(r +n —1)x"*™ 
n=0 


oo 00 ed 
_ Soa, (r+ n)x’*" ae yaa +4 yaa (12) 
n=0 n=0 n=0 


10Rerdinand Georg Frobenius (1849-1917) was (like Fuchs) a student and eventually a professor at the University 
of Berlin. He showed how to construct series solutions about regular singular points in 1874. His most distinguished 
work, however, was in algebra where he was one of the foremost early developers of group theory. 
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Cc 
The last term in|Eq. (12) |can be written as )> Ce ele so by combining the terms in 
n=1 


Eq. (12) }we obtain 


2x7y" —xy' + (14+x)y= aglar(@ — 1) —r + 1)]x" 


+ (2G +n)¢+n-)-O+n)4 lla, +4,_)x"*" =0. (13) 


n=1 


If Eq. (13) is to be satisfied for all x, the coefficient of each power of x in Eq. (13) must 
be zero. From the coefficient of x’ we obtain, since a, 4 0, 


ar(r —1) —r +1 =2r?-3r +1 =(r—ND2r—-1) =0. (14) 


Equation (14) is called the|indicial equation |for |Eq. (8)| Note that it is exactly the 
equation (9) 


polynomial equation we would obtain for the Eulerjequation (9) associated with Eq. (8). 
The roots of the indicial equation are 


r,=1, S12. (15) 
These values of r are called the|exponents at the singularity|for the regular sin- 


gular point x = 0. They determine the qualitative behavior of the| solution (7)|in the 
neighborhood of the singular point. 

Now we return to Eq. (13) and set the coefficient of x 
the relation 


"™ equal to zero. This gives 


[27 +n)\(r+n—1)—-(r+n)+1]Ja,+a,_,=90 (16) 
or 
a1 
— 
‘ Vr ny =3 an) +1 
eae n>. (17) 


fe +n) — 120 +2) — 1)’ 


For each root r, and r, of the indicial equation we use the recurrence relation (17) to 


determine a set of coefficients a,,a,,.... For r =r, = 1, Eq. (17) becomes 
ay_1 
a, = ——__—__, n>. 
a (2n+ 1)n 

Thus 

a9 

i ae Pe 
a, a 
a, = 


RO (Seo 
and 
a, a 


73 («5-70 -2-3) 


In general we have 


(-1)” 
a, = Qo; 
j-5.73 Ont ial 


n> 1. (18) 
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Hence, if we omit the constant multiplier a), one solution of| Eq. (8)}is 


(oe) (-1)"x" 
— 1 } ’ 0. 19 
y,@) ‘| SaaS an oo 
To determine the radius of convergence of the series in Eq. (19) we use the ratio test: 
n+1 
lim | = ul 
n> 0o ax" n>oo (2n 4 3)(n + 1) 


for all x. Thus the series converges for all x. 


Corresponding to the second root r = r, = 5, we proceed similarly. From] Eq. (17) 
we have 


a a 


a, = ue I = = " n= 1. 
2n(n — 5) n(2n — 1) 
Hence 
q, 
0 
ceri 
al Ao 
a, = — 5 
: 223. (<2) 23) 
a 
a,= Oe 0 


3-5 (1-2-3) -3-5)’ 
and in general 
(—1)" 
Ee 
nl[1-3-5---Qn—1)] 
Again omitting the constant multiplier a), we obtain the second solution 


oO (—1)"x" 
— 114 
y_(x) =x eS al x>0. (21) 


n> 1. (20) 


n=1 
As before, we can show that the series in Eq. (21) converges for all x. Since the leading 


terms in the series solutions y, and y, are x and a, respectively, it follows that the 
solutions are linearly independent. Hence the general solution of |Eq. (8)}is 


y =C,y,(X) + CyY2), x>0. 


The preceding example illustrates that if x = 0 is a regular singular point, then 
sometimes there are two solutions of the [form (7) jin the neighborhood of this point. 
Similarly, if there is a regular singular point at x = x,, then there may be two solutions 
of the form 


t= (a 2 ae =X)" (22) 


n=0 


that are valid near x = x). However, just as an Euler equation may not have two 
solutions of the form y = x”, so a more general equation with a regular singular point 
may not have two solutions of the|form (7)|or (22). In particular, we show in the next 


section that if the roots r, and r, of the indicial equation are equal, or differ by an 
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integer, then the second solution normally has a more complicated structure. In all 
cases, though, it is possible to find at least one solution of the form Jor|2294 if r; 
and r, differ by an integer, this solution corresponds to the larger value of r. If there is 
only one such solution, then the second solution involves a logarithmic term, just as for 
the Euler equation when the roots of the characteristic equation are equal. The method 
of reduction of order or some other procedure can be invoked to determine the second 


solution in such cases. This is discussed in Sections 5.7 hnd|5.8,| 

If the roots of the indicial equation are complex, then they cannot be equal or differ 
by an integer, so there are always two solutions of thelfoom CDfor 22h Of course, these 
solutions are complex-valued functions of x. However, as for the Euler equation, it is 
possible to obtain real-valued solutions by taking the real and imaginary parts of the 
complex solutions. 

Finally, we mention a practical point. If P, Q, and R are polynomials, it is often 
much better to work directly with[Eq. (1)]than with] Eq. (3).|This avoids the necessity 
of expressing x Q(x)/P(x) and x° R(x)/P (x) as power series. For example, it is more 
convenient to consider the equation 


x(_+x)y”’+2y’+xy =0 
than to write it in the form 
Df 2x / x 


| —0 
ion “hee 


which would entail expanding 2x /(1 + x) and — /(1 + x) in power series. 


PROBLEMS 


In each of Problems 1| through 10 show that the given differential equation has a regular singular 
point at x = 0. Determine the indicial equation, the recurrence relation, and the roots of the 
indicial equation. Find the series solution (x > 0) corresponding to the larger root. If the roots 
are unequal and do not differ by an integer, find the series solution corresponding to the smaller 
root also. 


Qxy"+y'+xy=0 2. xy" + xy’ +(x? — g)y =0 
3. xy" + 4. xy"+y-y= 


5. 3x-y’+2xy’+x-y =0 6. x-y”’+xy' +(x -2)y =0 
7. xy +(U-—x)y -y=0 8. 2x°y' +3xy + Qx°-Dy=0 
9. x?y"—x(x+3)y’+ (4+ 3)y =0 10. xy" +(x? + ty =0 


11. The Legendre equation of order a is 


d—- x7)y" —2xy'+a(a+ ly =0. 


The solution of this equation near the ordinary point x = 0 was discussed in Problems 22 
and 23 of Section 5.3. In Example 5 of Section 5.4 it was shown that x = +1 are regular 
singular points. Determine the indicial equation and its roots for the point x = 1. Find a 
series solution in powers of x — | for x —1> 0. 

Hint: Write 1 + x = 2+ (x — 1) and x = 1+ (x — 1). Alternatively, make the change of 
variable x — 1 = ¢ and determine a series solution in powers of f. 

The Chebyshev equation is 


(l—x?)y"” —xy'’+a7y =0, 


where @ is a constant; see Problem 10 of Section 5.3. 

(a) Show that x = | and x = —1 are regular singular points, and find the exponents at 
each of these singularities. 

(b) Find two linearly independent solutions about x = 1. 
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The Laguerrd! differential equation is 


x)y' +ay =0. 


Show that x = 0 is a regular singular point. Determine the indicial equation, its roots, the 
recurrence relation, and one solution (x > 0). Show that if 4 = m, a positive integer, this 
solution reduces to a polynomial. When properly normalized this polynomial is known as 
the Laguerre polynomial, Ly (X)- 

The Bessel equation of order zero is 


xy" + xy +x7y =0. 


Show that x = 0 is a regular singular point; that the roots of the indicial equation are 
r, =f» =; and that one solution for x > 0 is 


fore) (—1)"x?" 
Je) = 14 = Pn)? 


n=1 


Show that the series converges for all x. The function J, is known as the Bessel function 
of the first kind of order zero. 
Referring to Problem 14, use the method of reduction of order to show that the second 
solution of the Bessel equation of order zero contains a logarithmic term. 
Hint: If y,(x) = Jy(x)v(), then 

dx 


Vy (x) = ice) | xe 


Find the first term in the series expansion of 1 /x[J, (x)/. 
The Bessel equation of order one is 


xy" + xy’ + (x? — Dy =0. 


(a) Show that x = 0 is a regular singular point; that the roots of the indicial equation are 
r, = 1 andr, = —1; and that one solution for x > 0 is 


x (—1)"x?" 
J (x)= : 
i¢ ) 2 2 (n+ 1tnt2 


Show that the series converges for all x. The function J, is known as the Bessel function 
of the first kind of order one. 
(b) Show that it is impossible to determine a second solution of the form 


foe) 
x! ) bx", x >0. 
n=0 


5.7 Series Solutions near a Regular Singular Point, Part II 


Now let us consider the general problem of determining a solution of the equation 


Lly] = x*y” + xixp(x)ly’ + [x?g(x)ly = 0, (1) 


‘Edmond Nicolas Laguerre (1834-1886), a French geometer and analyst, studied the polynomials named for 
him about 1879. 


5.7. Series Solutions near a Regular Singular Point, Part II 273 


where 
CO CO 
xp) = 0px", ae) = 0 a,x", (2) 
n=0 n=0 


and both series converge in an interval |x| < p for some p > 0. The point x = Ois a 
regular singular point, and the corresponding Euler equation is 


xy" + poxy’ + qoy = 0. (3) 
We seek a solution of |Eq. (1)|for x > 0 and assume that it has the form 
[e,@) [e,2) 
y = o(r, x) = re = an (4) 
n=0 n=0 


where a) 4 0, and we have written y = ¢(r, x) to emphasize that @ depends on r as 
well as x. It follows that 


y=) Canege y=) C4Hese-par. © 


n=0 n=0 
Then, substituting from Eqs. (2), (4), and (5) in|Eq. (1)}gives 


arr — 1)x" ta,(r + Wrx't! te ta(r+nyrtn—1)x'™+--- 
(Po pix p...4 Dx f +++) 
x [dgrx" + a,(r + Dg ee a,(r+n)x" +--+] 
(qg tax +-:-+4,x" +++) 
x (dyx" 4 a,x t pees ta x’? 4...) =0. 


Multiplying the infinite series together and then collecting terms, we obtain 
r+1 


a)F(r)x" + [a,F(r +1) +a)(pyr + 9,) 1x 
+ {a,F(r +2) + ay(por + 4y) + al) + D+ 4,]}x" 

eee Fr pn) +a,(p tg) +a, D+ g4) 
a,_j[py¢ +n —1)+q,]""™ +--- =0, 


+2 


or in a more compact form, 


L{@\(r, x) = ag F (r)x" 


ee) n—1 
+4 FO +n)a, + alo +OPy~ +d, al px" =0, © 
n=1 k=0 


where 
F(r)=r(r—1)+ por +4%- (7) 


For Eq. (6) to be satisfied identically the coefficient of each power of x must be zero. 
Since a) 40, the term involving x” yields the equation F(r) = 0. This equation 
is called the| indicial equation; note that it is exactly the equation we would obtain 
in looking for solutions y = x’ of the Euler equation (3). Let us denote the roots of 
the indicial equation by r, and r, with r, = r, if the roots are real. If the roots are 
complex, the designation of the roots is immaterial. Only for these values of r can we 
expect to find solutions of|Eq. (1) of the form (4). The roots r, and r, are called the 
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exponents at the singularity; |they determine the qualitative nature of the solution in 


the neighborhood of the singular point. 


Setting the coefficient of x”*” infEq. (6) equal to zero gives the[recurrence relation] 
n—1 

For +n)a,+) al +Py~+% 1 =9, 21. (8) 
k=0 


Equation (8) shows that, in general, a, depends on the value of r and all the pre- 
ceding coefficients a),a,,...,d,,_,- It also shows that we can successively sea 
d,,d5,...,d,,.-..in terms of a, and the coefficients in the series for xp(x) and x -9 (x) 
provided that F a +1),F(r+2),...,F(@+n),... are not zero. The only values of 
r for which F(r) = 0 are r =r, nod r=Pp; since r, =p, it follows that r, +n is 
not equal to r, or r, forn = 1. Consequently, F(r, +n) 4 0 forn = 1. Hence we can 
always determine one solution offEq. (jin the|form form (4) namely, 


y,@) =x"! [ + Soc , sO. (9) 
n=1 


Here we have introduced the notation a, (r,) to indicate that a, has been determined 
from Eq. (8) with r = r,. To specify the arbitrary constant in the solution we have 
taken a, to be I. 

If r, is not equal to r,, andr, — r, is not a positive integer, then r, + n is not equal 
to r, for any value of n = 1; hence F(r, +n) # 0, and we can also obtain a second 
solution 


yo (x) = x" [ + » ete | ; x > 0. (10) 
n=1 


Just as for the series solutions about ordinary points discussed in|Section 5.3, the 
series in Eqs. (9) ane (10) converge at least in the interval |x| < o where the series for 
both oo (x) and x 24 (x) COUVerEe: Within their radii of convergence, the power series 


1+ 3 a, (r,)x" and 1 + > a,,(r,)x" define functions that are analytic at x = 0. Thus 


n= 

the smeulat behavior, if there is any, of the solutions y, and y, is due to the factors x"! 
and x’2 that multiply these two analytic functions. Next, to obtain real-valued solutions 
for x < 0, we can make the substitution x = —& with € > 0. As we might expect from 
our discussion of the Euler equation, it turns out that we need only replace x”! in 
Eq. (9) and x’? in Eq. (10) by |x|"! and |x|’2, respectively. Finally, note that if r, and r, 
are complex numbers, then they are necessarily complex conjugates andr, Ar, + N. 
Thus, in this case we can always find two series solutions of hor however, they 
are complex-valued functions of x. Real-valued solutions can be obtained by taking 
the real and imaginary parts of the complex-valued solutions. The exceptional cases in 
which r, =r, orr, —r, = N, where N is a positive integer, require more discussion 
and will be considered later in this section. 

It is important to realize that r, and r,, the exponents at the singular point, are easy 
to find and that they determine the qualitative behavior of the solutions. To calculate r, 
and r, it is only necessary to solve the quadratic indicial equation 


rr —1)+ por +4 =9, (11) 


5.7. Series Solutions near a Regular Singular Point, Part II 275 


EXAMPLE 


1 


whose coefficients are given by 
Po = lim xp), qg = Him x°q(x). (12) 


Note that these are exactly the limits that must be evaluated in order to classify the 
singularity as a regular singular point; thus they have usually been determined at an 
earlier stage of the investigation. 

Further, if x = 0 is a regular singular point of the equation 


P(x)y" + O(x)y’ + R(x)y = 0, (13) 


where the functions P, Q, and R are polynomials, then xp(x) = xQ(x)/P(x) and 
x7q(x) = x7R(x)/ P(x). Thus 


4 Q(x) a >R(x 
Py pay 6 0 ER Bay: a4) 


Finally, the radii of convergence for the series in| Eqs. (9) jand are at least equal to 


the distance from the origin to the nearest zero of P other than x = 0 itself. 


Discuss the nature of the solutions of the equation 


2x1 +x)y"+B+x)y’—xy =0 


near the singular points. 

This equation is of the form (13) with P(x) = 2x(1+ x), Q(x) =3+x,and R(x) = 
—x. The points x = 0 and x = —1 are the only singular points. The point x = 0 is a 
regular singular point, since 


. x 34+%x 3 
lim x = lim x —_——_ = -, 
x20 P(x) x30 2x(14+x) 2 

R a 
ime Si 
x30 =P(x) x70 = 2x(1+ x) 


Further, from Eq. (14), py = 3 and q, = 0. Thus the indicial equation is r(r — 1) + 
sr = 0, and the roots are r, = 0, r, = — i Since these roots are not equal and do not 


differ by an integer, there are two linearly independent solutions of the form 


yx) =14+ > 0a,O)x" andy, (x) = |x|? [ + Sabo 
n=1 


n=1 


for 0 < |x| < p. A lower bound for the radius of convergence of each series is 1, 
the distance from x = 0 to x = —1, the other zero of P(x). Note that the solution 
y, is bounded as x — 0, indeed is analytic there, and that the second solution y, is 
unbounded as x —> 0. 
The point x = —1 is also a regular singular point, since 
+1) 
meri Sig eg, 
x>-1 P(x) sl 2x(1 +x) 
RG). a, GEIYE) 
— im O——_ = 
P(x) x 3-1 2x(14+.x) 


lim (@ + 1 
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In this case py = —1, gy = 0, so the indicial equation is r(r — 1) —r = 0. The roots 
of the indicial equation are r, = 2 and r, = 0. Corresponding to the larger root there 
is a solution of the form 


CO 
y (x) = (x + 1) [ de yoa, (2)(x + n" 
n=1 
The series converges at least for |x + 1| < 1 and y, is an analytic function there. Since 
the two roots differ by a positive integer, there may or may not be a second solution of 
the form 


CO 
2) =1+ > 4, O@ +1). 
n=1 
We cannot say more without further analysis. 
Observe that no complicated calculations were required to discover the information 
about the solutions presented in this example. All that was needed was to evaluate a 
few limits and solve two quadratic equations. 


We now consider the cases in which the roots of the indicial equation are equal, or 
differ by a positive integer, r, — r, = N. As we have shown earlier, there is always one 
solution of the|form (9)|corresponding to the larger root r, of the indicial equation. By 
analogy with the Euler equation, we might expect that ifr, = r,, then the second solu- 
tion contains a logarithmic term. This may also be true if the roots differ by an integer. 


Equal Roots. The method of finding the second solution is essentially the same as 
the one we used in finding the second solution of the Euler equation (see 
when the roots of the indicial equation were equal. We consider r to be a continuous 
variable and determine a, as a function of r by solving the recurrencefrelation (8)} For 


this choice of a, (r) forn = 1,)Eq. (6)|reduces to 
L{@\(r, x) = ay F(r)x" = ag(r — Hye (15) 
since r, is a repeated root of F(r). Setting r = r, in Eq. (15), we find that L[¢](r,, x) = 
0; hence, as we already know, y, (x) given by} Eq. (9) |is one solution of|Eq. (1)} But 
more important, it also follows from Eq. (15), just as for the Euler equation, that 
ag ee 
| (1.9) =a Br — 7)", 


=r| 


al(r — hee Inx + 2(r —r,)x"] 


= 0. (16) 


r=r| 


Hence, a second solution of|Eq. (1)}is 


dd(r, x) 0 ‘ ies . 
eacea| 


or n=1 


y2(x) = 


r=r, 


(x"1 Inx) [. + Sacre" +x" sae 


n=1 


[o.e) 


= y,(x)Inx +x" aoe, x>0, (17) 


n=1 
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Theorem 5.7.1 


where aj (r,) denotes da, /dr evaluated at r = r,. 

It may turn out that it is difficult to determine a, (r) as a function of r from the 
recurrence relation (8) nd then to differentiate the resulting expression with respect 
to r. An alternative is simply to assume that y has the form of that is, 


y=y,@)Inx +x" as x > 0, (18) 


n=1 


where y,(x) has already been found. The coefficients b, are calculated, as usual, by 
substituting into the differential equation, collecting terms, and setting the coefficient 
of each power of x equal to zero. A third possibility is to use the method of reduction 
of order to find y,(x) once y, (x) is known. 


Roots Differing by an Integer. For this case the derivation of the second solution is 
considerably more complicated and will not be given here. The form of this solution 
is stated in Eq. (24) in the following theorem. The coefficients c, (r,) in|Eq. (24)| are 
given by 


d 
C, (1) = a —r,)a,(r)] _, i] ial een (19) 


9: 


where a,,(r) is determined from the recurrence relation (8) with a) = 1. Further, the 
coefficient a in}Eq. (24)}is 


a= lim(r —r,)a,(r). (20) 


rr, 


If ay, (75) is finite, then a = 0 and there is no logarithmic term in y,. A full derivation 
of the formulas (19), (20) may be found in| Coddington (Chapter 4). 
In practice the best way to determine whether a is zero in the second solution is 


simply to try to compute the a,, corresponding to the root r, and to see whether it is 
possible to determine a,,(r,). If so, there is no further problem. If not, we must use the 


form (24)|with a ¥ 0. 


When r, —r, = N, there are again three ways to find a second solution. First, we 
can calculate a and c,(r,) directly by substituting a SCENE) y infeg 
Second, we can calculate c,(r,) and a of Es. 20}osin the formulas (19) and (20). If 
this is the planned procedure, then in calculating the solution corresponding tor = r, be 


sure to obtain the general formula for a, (r) rather than just a, (r,). The third alternative 
is to use the method of reduction of order. 


Consider the differential equation (1), 
xy" + x[xp(a)ly’ + [x7q@)ly = 0, 


where x = Ois a regular singular point. Then xp(x) and x7q(x) are analytic at x = 0 
with convergent power series expansions 


lo) lee) 
MS ty, ae) = pa 


n=0 n=0 
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PROBLEMS 


for |x| < p, where p > 0 is the minimum of the radii of convergence of the power 
series for xp(x) and xq (x). Let r, and r, be the roots of the indicial equation 


F(r)=r(r —1)+ por +4) = 9, 


with r,; =r, if r, and r, are real. Then in either of the intervals —p < x < 0 or 
0 < x < p, there exists a solution of the form 


yr) = |x|" [ + Secs" (21) 
n=1 


where the dq, (r,) are given by the recurrence elation (8) |with dy) = landr =r,. 
Ifr, —r, is not zero or a positive integer, then in either of the intervals —p < x < 0 
or 0 < x < p, there exists a second linearly independent solution of the form 


yy (x) = |x|2 [ + oa, ow] , (22) 
n=1 


The a, (r,) are also determined by the recurrence|relation (8)|with ay) = 1 andr =r). 
The power series in Eqs. (21) and (22) converge at least for |x| < p. 
If r, = r,, then the second solution is 


ye) — 9 Gilet 8 20). (23) 


n—l 


Ifr, —r, = N, a positive integer, then 


ype) = ay, (x) In |x] + [x] [ + Sar (24) 
n—l 


The coefficients a,(r,), b,(r,), ¢,(7>), and the constant a can be determined by 
substituting the form of the series solutions for y in{Eq. (D} The constant a may turn 
out to be zero, in which case there is no logarithmic term in the solution (24). Each of 
the series in Eqs. (23) and (24) converges at least for |x| < p and defines a function 
that is analytic in some neighborhood of x = 0. 


In each of Problems 1 through 12 find all the regular singular points of the given differential 
equation. Determine the indicial equation and the exponents at the singularity for each regular 
singular point. 


. xy” + 2xy'+ bey =0 . xy” —x(24+x)y' + (24+x7)y =0 
. x(x — Ly” + 6x?y’ +3y =0 . y’+4xy'+6y =0 

. x’y"” + 3(sinx)y’ —2y =0 . 2x(x+2)y"+ y'—xy=0 

; xy" +4(x+sinx)y’ +y=0 . (x +1) y” + 3(x? — Dy’ +3y =0 


. Pd —x)y”—-(+x)y' +2xy =0 
(x — 2)?(x +2)y" + 2xy’ +3(x —2)y =0 


(4 —x?)y” + 2xy’ + 3y =0 
. x(x +3) y" — 2(x + 3)y’— xy = 0 


In each of Problems 13 through 17: 


(a) Show that x = 0 is a regular singular point of the given differential equation. 
(b) Find the exponents at the singular point x = 0. 
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20. 


(c) Find the first three nonzero terms in each of two linearly independent solutions about 
x=0. 


xy"+y'’-y=0 


. xy” + 2xy' + 6e*y =0; see Problem 1 
. x(x — 1)y"” + 6x7y’ +3y = 0; see Problem 3 


. x7y” + (sinx)y’ — (cosx)y =0 


Show that 
(Inx)y" + $y’ +y =0 


has a regular singular point at x = 1. Determine the roots of the indicial equation at x = 1. 
[o.e) 


Determine the first three nonzero terms in the series }~ a, (x — 1) 
n=0 
larger root. Take x — 1 > 0. What would you expect the radius of convergence of the series 


to be? 
In several problems in mathematical physics (for example, the Schrodinger equation for a 
hydrogen atom) it is necessary to study the differential equation 


x(1—x)y" +[y —-(l+a+ £)xly’ — apy =0, (i) 


where a, 6, and y are constants. This equation is known as the hypergeometric equation. 
(a) Show that x = 0 is a regular singular point, and that the roots of the indicial equation 
are 0 and 1 —y. 

(b) Show that x = | is a regular singular point, and that the roots of the indicial equation 
are 0 and y — a — B. 

(c) Assuming that 1 — y is not a positive integer, show that in the neighborhood of x = 0 
one solution of (i) is 


™ corresponding to the 


1 1 
ob at VBB+) 2, 
yl! yy +1)2! 
What would you expect the radius of convergence of this series to be? 


(d) Assuming that 1 — y is notan integer or zero, show that a second solution for0 < x < 1 
is 


y,@)=1+ 


@=y¥+DG-7+)) . 
(2—y)l1! 


ya=a-" [ ot 


de eer | 
2—y)GB—y)2! 
(e) Show that the point at infinity is a regular singular point, and that the roots of the 


indicial equation are a and 6. See Problem 21 of Section 5.4. 
Consider the differential equation 


xy” +axy' + By =0, 


where a and f are real constants and a + 0. 


(a) Show that x = 0 is an irregular singular point. 
[o.e) 


(b) By attempting to determine a solution of the form )~ aa, show that the indicial 
equation for r is linear, and consequently there is only one feud solution of the assumed 
form. 

(c) Show that if B/aw = —1,0,1,2,..., then the formal series solution terminates and 
therefore is an actual solution. For other values of 6 /a show that the formal series solution 
has a zero radius of convergence, and so does not represent an actual solution in any 
interval. 
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21. Consider the differential equation 
a : 
ye # y+ Fy =0, (i) 
Xx x 


where a #0 and 6 ¥ 0 are real numbers, and s and f are positive integers that for the 
moment are arbitrary. 

(a) Show that ifs > 1 or t > 2, then the point x = 0 is an irregular singular point. 

(b) Try to find a solution of Eq. (i) of the form 


foe) 
y= Sar, x>0. (i1) 

n=0 
Show that if s = 2 and t = 2, then there is only one possible value of r for which there is 
a formal solution of Eq. (i) of the form (ii). 
(c) Show that if s = 1 and t = 3, then there are no solutions of Eq. (i) of the form (ii). 
(d) Show that the maximum values of s and t for which the indicial equation is quadratic 
in r [and hence we can hope to find two solutions of the form (ii)] are s = 1 and ¢t = 2. 
These are precisely the conditions that distinguish a “weak singularity,” or a regular singular 
point, from an irregular singular point, as we defined them in Section 5.4. 


As a note of caution we should point out that while it is sometimes possible to obtain a formal 
series solution of the form (ii) at an irregular singular point, the series may not have a positive 
radius of convergence. See Problem 20 for an example. 


5.8 Bessel’s Equation 


In this section we consider three special cases of Bessel’s!2lequation, 
xy" + xy" +? — v*)y =0, (1) 


where v is a constant, which illustrate the theory discussed in|Section 5.7.|It is easy to 
show that x = 0 is a regular singular point. For simplicity we consider only the case 
x > 0. 


Bessel Equation of Order Zero. This example illustrates the situation in which the 
roots of the indicial equation are equal. Setting v = 0 in Eq. (1) gives 


Lly] = x?y" + xy’ +x?y =0. (2) 


Substituting 


y =O(7,x) = agx" + Do a,x", (3) 


n=1 


'2Friedrich Wilhelm Bessel (1784 -1846) embarked on a career in business as a youth, but soon became interested 
in astronomy and mathematics. He was appointed director of the observatory at K6nigsberg in 1810 and held 
this position until his death. His study of planetary perturbations led him in 1824 to make the first systematic 
analysis of the solutions, known as Bessel functions, of Eq. (1). He is also famous for making the first accurate 
determination (1838) of the distance from the earth to a star. 
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we obtain 
LI¢](r, x) = Soa, Lr +nyj(r +n — 1) + (r Snye™ Ae Soe 
n=0 rar 


=a, —D+rkh’ +al¢+Dr+ C4 ie 


+> fale tmetn-)+¢r+n)) +a," =0. 4) 
n=2 


The roots of the indicial equation F(r) =r(r —1)+r=0 are r, = 0 and r, = 0; 
hence we have the case of equal roots. The recurrence relation is 
a,_4(r a,_4(r 
a, (r) = n—26 ) = nak 7 n > 2. (5) 
(r+n)\rtn—1)+(r+n) (r +n) 
To determine y,(x) we set r equal to 0. Then from Eq. (4) it follows that for the 
coefficient of x’! to be zero we must choose a, = 0. Hence from Eq. (5), a, = a; = 


a, =--- = 0. Further, 


a,(0)=—a,_,(0)/n’, n=2,4,6,8,..., 
or letting n = 2m, we obtain 


ay, (0) = —a,,,_,(0)/(2m)?, m= 1,2,3,.... 


Thus 
i) i) Ay 
a,(0) = ~ 52” a,(0) = 32” a,(0) _ ~ 98(3 .2)2’ 
and, in general, 
(—1)"ap 
a,_ (0) = ———_,, m= 1,2,3,.... 6 
2m ( ) 2?" (m!)? ( ) 
Hence 
lore) Ciy"s 
y, (x) = ay fey ol x >0. (7) 


The function in brackets is known as the Bessel function of the first kind of order 


zero and is denoted by J,(x). It follows from|Theorem 5.7.1|that the series converges 
for all x, and that J, is analytic at x = 0. Some of the important properties of J are 
discussed in the problems. [Figure 5.8.1|shows the graphs of y = Jj(x) and some of 
the partial sums of the series (7). 

To determine y,(x) we will calculate a’ (0). The alternative procedure in which we 
simply substitute the [form (23) of Section 5.7 in[Eq. (2)]and then determine the b,, 
is discussed in[Problem 10.]First we note from the coefficient of x’! in Eq. (4) that 
(r+ 1)7a,(r) = 0. It follows that not only does a,(0) = 0 but also a, (0) = 0. It is 
easy to deduce from the recurrence relation (5) that a,(0) = a5(0) = --- = a},,,;(0) = 
--+ = 0; hence we need only compute a ,. (0),m = 1, 2,3,.... From Eq. (5) we have 


dy, (r) = —ay,_(r)/(r + 2m)’, m =1,2,3,.... 
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n=4 n=8 n=12 n=16 n=20 


\ y=J of) 


eo unesG an =10 m4 mete 


FIGURE 5.8.1 Polynomial approximations to J)(x). The value of n is the degree of the 
approximating polynomial. 


By solving this recurrence relation we obtain 


(“Dap 


Aan(") = (r +2)°(r +4)? «+. (7 + 2m — 2)? (7 + 2m)?’ 


m=1,2,3,.... (8) 


The computation of a;,,,(r) can be carried out most conveniently by noting that if 


f(x) = (x — P(x — a, )P2 (x — 015)3 x — Pn, 


and if x is not equal toa,,a@,,...,q@,,, then 
@) _ B, \ Bb, | | p, 
= T [ete oy . 
f(x) X—-Q, X—aQ, xa, 


Applying this result to a,,, (r) from Eq. (8) we find that 


BAF) 1 1 1 
m ==2 Pees : 
Ay» (1) r+2 r+4 r+2m 


and, setting r equal to 0, we obtain 


om (0) = —2 ae fe (0) 
Am a 3 T 4 1 T i Qo Fi 
Substituting for a,,, (0) from] Eq. (6)j and letting 
H — 1 | i | ! | | ! (9) 
mm T 2 T 3 T T m ’ 
we obtain, finally, 
(—1)"ay 


as, (0) = —H 


m 92m Om ty?” m=1,2,3,.... 
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The second solution of the Bessel equation of order zero is found by setting a) = | 


and substituting for y, (x) and a, (0) = b,,, (0) in|Eg. (23) of Section 5.7. We obtain 


oo a agin 2 ae = 
y2(x) = Jg(x)Inx + >> nay? i a0. (10) 


m=1 


Instead of y,, the second solution is usually taken to be a certain linear combination 
of J, and y,. It is known as the Bessel function of the second kind of order zero and is 
denoted by Y). Following Copson (Chapter 12), we define! 


2 
Ya) = may (vy — In2)Jo(x)]. (1) 


Here y is a constant, known as the Euler-Mascheroni (1750-1800) constant; it is 
defined by the equation 


y = lim (A, — Inn) = 0.5772. (12) 
Substituting for y, (x) in Eq. (11), we obtain 


2 (ee) —]| m+1 py 
Yy(x) = = (v +n =) o+>> See .  x>0 (13) 


m=1 


The general solution of the Bessel equation of order zero for x > O is 
y =C,Jy(x) +c, ¥y(x). 


Note that J)(x) — las x — Oand that Y)(x) has a logarithmic singularity at x = 0; 
that is, ¥)(x) behaves as (2/7) Inx when x — 0 through positive values. Thus if we 
are interested in solutions of Bessel’s equation of order zero that are finite at the origin, 
which is often the case, we must discard Y). The graphs of the functions Jj and Y, are 
shown in Figure 5.8.2. 

It is interesting to note from Figure 5.8.2 that for x large both J,(x) and Y)(x) are 
oscillatory. Such a behavior might be anticipated from the original equation; indeed it 


FIGURE 5.8.2 The Bessel functions of order zero. 


Other authors use other definitions for Y,. The present choice for Y, is also known as the Weber (1842-1913) 
function. 
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is true for the solutions of the Bessel equation of order v. If we divide|Eq. (1) by x7, 
we obtain 


For x very large it is reasonable to suspect that the terms (1/x)y’ and (v?/x")y are 
small and hence can be neglected. If this is true, then the Bessel equation of order v 
can be approximated by 


y” + y = 0. 
The solutions of this equation are sin x and cos x; thus we might anticipate that the 
solutions of Bessel’s equation for large x are similar to linear combinations of sin x 
and cos x. This is correct insofar as the Bessel functions are oscillatory; however, it is 
only partly correct. For x large the functions J) and Yj) also decay as x increases; thus 
the equation y” + y = 0 does not provide an adequate approximation to the Bessel 


equation for large x, and a more delicate analysis is required. In fact, it is possible to 
show that 


2 \12 
Jy(x) = | — cos |x — a as x > OO, (14) 
? UX 4 


and that 


1/2 
TAC a ee ee ie eee, (15) 
0 UX 4 


These asymptotic approximations, as x — oo, are actually very good. For example, 
Figure 5.8.3 shows that the asymptotic approximation (14) to J)(x) is reasonably 
accurate for all x > 1. Thus to approximate J,(x) over the entire range from zero to 


infinity, one can use two or three terms of the} series (7) for x < 1 and the asymptotic 


approximation (14) for x > 1. 


Asymptotic approximation: y = (2/x)!? cos(x- 2/4) 


y =] (x) 
ra 


FIGURE 5.8.3 Asymptotic approximation to Jp(x). 
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Bessel Equation of Order One-Half. This example illustrates the situation in which 
the roots of the indicial equation differ by a positive integer, but there is no logarithmic 
term in the second solution. Setting v = ‘ in lq. (1)|gives 


Lily] = x°y" +.xy' + (x? —4)y =0. (16) 
If we substitute the series (3) | or y = d(r, x), we obtain 
Ligle.x) = >o[@+ayr+a-D4+¢+0)- Fax + lax? 
n=0 n=0 


= (r* — 5 )ayx" + [(r 1)= Al aa 


+) {le +2 - g]a, +4,_9}27" =0. (17) 
n=2 
The roots of the indicial equation are r,; = 5, ry = —5; hence the roots differ by an 


integer. The recurrence relation is 
[~ +n)’ —j]q,=—-a, 5, 22 (18) 


! we find from the coefficient of x”*! in Eq. (17) 


Corresponding to the larger rootr, = 5 


that a, = 0. Hence, from Eq. (18), a, =a, = = 4,4, = = 0. Further, for 
1 
r= om 
fn=2 2,4, 6 
a, = ae n=2,4,6..., 
or letting n = 2m, we obtain 
a 
ds een m = 1,2,3,.... 
” 2m(2m + 1) 
By solving this recurrence relation we find that 
ae a0 
M3 4 By 
and, in general, 
—1)"a 
a, 2 Ne m=1,2,3,.... 
m  Qm+1)! 
Hence, taking a) = 1, we obtain 
( Rie 2m “ip (= iy» 2m+1 
yojax at +e" oe a TEES x (19) 


The power series in Eq. (19) is precisely the Taylor series for sin x; hence one solution 
of the Bessel equation of order one-half is x~'/? sin x. The Bessel function of the first 


kind of order one-half, Jijy is defined as (2/m)'"y,. Thus 


9 \'2 
Iya) = (=) sinx,  x>0. (20) 
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Corresponding to the root r, = —5 it is possible that we may have difficulty in 
computing a, since N =r, —r, = 1. However, from|Eq. (17)|for r = —} the coef- 
ficients of x” and x’*! are both zero regardless of the choice of a, and a ,- Hence ay 


and a, can be chosen arbitrarily. From the recurrence} relation (18)|we obtain a set of 


even-numbered coefficients corresponding to a, and a set of odd-numbered coefficients 
corresponding to a,. Thus no logarithmic term is needed to obtain a second solution in 


this case. It is left as an exercise to show that, for r = — 5, 
—1)"a —1)" 
eae ) o. Pe a ia nO. 
e (2n)! u (2n+1)! 
Hence 


n=0 n=0 


COS X sin x 


== ye ye? x >0. (21) 


(= 1)"x 2n (i 1)"x 2n+1 
yo Sa la Se (2n)! ae (2n +1)! | 


The constant a, simply introduces a multiple of y, (x). The second linearly independent 
solution of the Bessel equation of order one-half is usually taken to be the solution for 
which a, = (2/m)!/? and a, = 0. It is denoted by J_ 1/2" Then 


4 \ 1/2 
J_} 2 (*) = (=) COS X, x > 0. (22) 


The general cel y =F, (4) +6,J_1/9(X). 

By comparing | Eqs. (20), (20) jand (22) with[Eqs. (14) hnd (15)] )}we see that, except for a 
phase shift of 2/4, the functions J_, wae Ji aa (OE) J, and Yo, respectively, for 
large x. The graphs of J, . and J_,/, are anoint in Figure 5. 8. 4. 


FIGURE 5.8.4 The Bessel functions J, p and J_, 2" 
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Bessel Equation of Order One. This example illustrates the situation in which the 
roots of the indicial equation differ by a positive integer and the second solution 
involves a logarithmic term. Setting v = 1 in|Eq. (1) |gives 

Lly] = xy" +xy' + @? — Dy =0. (23) 


If we substitute the] series (3)|for y = o(r, x) and collect terms as in the preceding 
cases, we obtain 


LI@\(r, x) = ay(r? — Dx" +a,[¢ + 1)? — Ux"! 


[e,@) 
+) {lr +n)? — Ya, +4,_p}x"™" =0. (24) 
n=2 
The roots of the indicial equation are r, = 1 and r, = —1. The recurrence relation is 
[@ +n)’ — 1]a,(r) = —a,_,(r), n> 2. (25) 


Corresponding to the larger root r = 1 the recurrence relation becomes 


a) 
a, = —-———_ n=2,3,4,.... 
‘ (n + 2)n 


We also find from the coefficient of x’*! in Eq. (24) that a, = 0; hence from the 


recurrence relation a, = a, = --- = 0. For even values of n, let n = 2m; then 


a, ay, _ 
ame ane m=1,2,3,.... 


Ann, — — 9 ? 
(2m + 2)(2m) 2°(m + 1)m 
By solving this recurrence relation we obtain 
(—1)"ay 
Aon = 2m - 
2°" (m + 1)!m! 


The Bessel function of the first kind of order one, denoted by J,, is obtained by choosing 
a, = 1/2. Hence 


m =1,2,3,.... (26) 


se lore) (1% 
J (x) = 27 
1@) 2 4 Fe Gm + Tm en) 


The series converges absolutely for all x, so the function J, is analytic everywhere. 
In determining a second solution of Bessel’s equation of order one, we illustrate the 
method of direct substitution. The calculation of the general term in Eq. (28) below is 


rather complicated, but the first few coefficients can be found fairly easily. According 
tcftheoren 37 1Ive assume that 
CO 
y (x) = aJ,(x) Inx 4g [t+ Se ‘ x >0. (28) 
n=1 


Computing y}(x), y} (x), substituting in Eq. (23), and making use of the fact that J, is 
a solution of Eq. (23) give 


2ax I(x) + Y“[(n — Dn = 2c, + (n= De, — 1x"! + Doe, x"*1 =0, (29) 
n=0 n=0 
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where cy = 1. Substituting for J, (x) from|Eq. (27) shifting the indices of summation 
in the two series, and carrying out several steps of algebra give 


Ci [0-c, Colx Soin? ~~ Ienay + ¢,_,]x" 
n=2 


_ we C1)" 2m + 1x 
=e E ! > 2?" (m + 1)!m! [ (30) 


m=1 


From Eq. (30) we observe first that c,; = 0, and a = —cy = —1. Further, since there 
are only odd powers of x on the right, the coefficient of each even power of x on the 
left must be zero. Thus, since c, = 0, we have c, = c; = --- = 0. Corresponding to 
the odd powers of x we obtain the recurrence relation [let n = 2m + 1 in the series on 
the left side of Eq. (30)] 


_ CE)" 2m +1) 


2 
[(2m + 1) ~ Neom-2 + om = a2 Gm tytmt m=1,2,3,... : (31) 


When we set m = 1 in Eq. (31), we obtain 


(3° — ley +c, = (-1)3/(2? - 23). 


Notice that c, can be selected arbitrarily, and then this equation determines c,. Also 
notice that in the equation for the coefficient of x, c, appeared multiplied by 0, and 
that equation was used to determine a. That c, is arbitrary is not surprising, since c, 


[e.@) 
is the coefficient of x in the expression x~'[1 + 7 c,x"]. Consequently, c, simply 


n=1 
generates a multiple of J,, and y, is only determined up to an additive multiple of J,. 
In accord with the usual practice we choose c, = 1 /2?. Then we obtain 


= 55|5*!|= za |(+2)*| 


(—1) 


It is possible to show that the solution of the recurrence relation (31) is 


= oe la 2 = A, -\) 


= ; m=1,2,... 
sa 2" m'\(m — 1)! 
with the understanding that H, = 0. Thus 
1 Sy (LC, Pe) 
x) = —J,(x)Inx 4 1 7 ee a | x>0. (32 
Yo(x) = — F(x) =| » ai (32) 


The calculation of y,(x) using the alternative procedure [see|Eqs. (19)]and 
of Section 5.7] in which we determine the c,,(r,) is slightly easier. In particular the 
latter procedure yields the general formula for c,,, without the necessity of solving a 
recurrence relation of the form (31) (seq Problem 11). In this regard the reader may 
also wish to compare the calculations of the second solution of Bessel’s equation of 


order zero in the text and in|Problem 10 
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The second solution of Eq. (23)| the Bessel function of the second kind of order 
one, Y,, is usually taken to be a certain linear combination of J, and y,. Following 
Copson (Chapter 12), Y, is defined as 


2 
Y,(x) = a yo(x) + (vy — In2)J,(x)], (33) 
where y is defined in|Eq. (12)| The general solution of |Eq. (23)|for x > 0 is 
y=c,J,(x) + c,¥, (x). 


Notice that while J, is analytic at x = 0, the second solution Y, becomes unbounded in 
the same manner as |/x as x — 0. The graphs of J, and Y, are shown in Figure 5.8.5. 


FIGURE 5.8.5 The Bessel functions J, and Y,. 


PROBLEMS _ineach of Problems 1 through 4 show that the given differential equation has a regular singular 
point at x = 0, and determine two linearly independent solutions for x > 0. 
lL. x’y”+2xy’+ xy =0 2. x*y"4+3xy'+(1+x)y =0 
. xy +xy +2xy =0 4. 
5. Find two linearly independent solutions of the Bessel equation of order 3, 


xy" + xy! + (x? 2)y = 0, x>0. 


6. Show that the Bessel equation of order one-half, 
xy" + xy! +(x? — Dy =0, x>0, 
can be reduced to the equation 
v’+v=0 


by the change of dependent variable y = x~!/ 


-1/2 


v(x). From this conclude that y,(x) = 
x—!/? cos x and yy (x) = x sin x are solutions of the Bessel equation of order one-half. 

7. Show directly that the series for J,(x), Eq. (7), converges absolutely for all x. 

8. Show directly that the series for J, (x), Eq. (27), converges absolutely for all x and that 
Jj(x) = —J, (2). 
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9. 


10. 


11. 


Consider the Bessel equation of order v, 


if 


xy + xy’ + (x? — v’) =0, x >0. 

Take v real and greater than zero. 

(a) Show that x = 0 is a regular singular point, and that the roots of the indicial equation 
are v and —v. 

(b) Corresponding to the larger root v, show that one solution is 


eee 3 (-1" a‘ 
y,@) =x [+S oe Se ey |: 


m=1 


(c) If 2v is not an integer, show that a second solution is 


— oO (-1)” xX \ 2m 
Y(x) = x LS oe eo |: 


m=1 


Note that y,(x) + Oas x — 0, and that y,(x) is unbounded as x — 0. 

(d) Verify by direct methods that the power series in the expressions for y, (x) and y,(x) 
converge absolutely for all x. Also verify that y, is a solution provided only that v is not 
an integer. 

In this section we showed that one solution of Bessel’s equation of order zero, 


Dectt 


Lily] = x’y" +xy' +x’y =0, 


is Jy, where J)(x) is given by Eq. (7) with a, = 1. According to Theorem 5.7.1 a second 


solution has the form (x > 0) 


CO 
yo (x) = Jg(x) Inx + > b,x". 


n=1 
(a) Show that 


co 


Llyg](x) = Dona — 1)b,x" + Do nb, x" + D7 b,x"? + 2x Jh(x). (i) 


n=2 n=1 n=1 
(b) Substituting the series representation for J)(x) in Eq. (i), show that 


(—1)"2nx2" 
27" (n!)? 


lo.e) foe) 
b,x +2bx? +S > (nb, +b, _y)x" = -2 >> (ii) 


n=3 n=1 


(c) Note that only even powers of x appear on the right side of Eq. (ii). Show that 
b, =--- =0,b, = 1/27(1!)’, and that 


(2n)*b, +b —2(—1)"(2n) /27" (n!)’, n=2,3,4,.... 


2n 2n-2 = 


Deduce that 


1 1 1 1 1 
b,=-=a=5(14+- d b= 1 : 
4 PA ( + ;) all 6 ~ 524262 ( tat 7) 


The general solution of the recurrence relation is b,,, = (— il H,/ a (n!)?. Substituting 
for b, in the expression for y, (x) we obtain the solution given in Eq. (10). 

Find a second solution of Bessel’s equation of order one by computing the c, (r,) and a 
of Eq. (24) of Section 5.7 according to the formulas (19) and (20) of that section. Some 
guidelines along the way of this calculation are the following. First, use Eq. (24) of this 
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REFERENCES 


section to show that a,(—1) and a,(—1) are 0. Then show that c,(-1) = 0 and, from the 


recurrence relation, that c,(—1) = 0 forn = 3,5, .... Finally, use Eq. (25) to show that 
—1)” 
Fon, (r) = 2 a 2 2 
(r+ 1) +3)°---@ +2m — 1)°*(r+2m +4 1) 
form = 1,2,3,..., and calculate 


Co, (—D = (-D)"* (A, + H,,_,)/27"m\(m — 1). 


m 


12. By asuitable change of variables it is sometimes possible to transform another differential 
equation into a Bessel equation. For example, show that a solution of 


xy" + (a? BPx? + 4 — v°B?)y =0, x>0O 


is given by y = a? f (ax*) where f &) is a solution of the Bessel equation of order v. 
13. Using the result of Problem 12 show that the general solution of the Airy equation 


y" —xy =0, x>0 


isy= x le, f, Gix?) + éfGiz)l where f, (&) and f,(&) are linearly independent 
solutions of the Bessel equation of order one-third. 

14, It can be shown that J) has infinitely many zeros for x > 0. In particular, the first three 
zeros are approximately 2.405, 5.520, and 8.653 (see Figure 5.8.1). Let hj» FHL Bes 
denote the zeros of J); it follows that 


1, x=0, 


wop={g TET 


Verify that y = Jy (A;*x) satisfies the differential equation 
" 1 / 2 
y +-—y +A;y =0, x >0. 
x 
Hence show that 
1 
[ XI (A; X) IgA jx) dx =0 if A, F hj. 


This important property of J)(A,x), known as the orthogonality property, is useful in 
solving boundary value problems. 

Hint: Write the differential equation for J)(A,x). Multiply it by x J, (A;x) and subtract it 
from x Jj (A,x) times the differential equation for J, (A;x). Then integrate from 0 to 1. 
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CHAPTER 


6 


The Laplace 
Transform 


Many practical engineering problems involve mechanical or electrical systems acted on 
by discontinuous or impulsive forcing terms. For such problems the methods described 
in[Chapter 3]are often rather awkward to use. Another method that is especially well 
suited to these problems, although useful much more generally, is based on the Laplace 
transform. In this chapter we describe how this important method works, emphasizing 
problems typical of those arising in engineering applications. 


6.1 Definition of the Laplace Transform 


Among the tools that are very useful for solving linear differential equations are integral 
transforms. An integral transform is a relation of the form 


B 
F(s)= / K(s,t)f @ dt, (1) 


where K(s,t) is a given function, called the kernel of the transformation, and the 
limits of integration a and f are also given. It is possible that a = —oo or B = ~, 
or both. The relation (1) transforms the function f into another function F’,, which is 
called the transform of f. The general idea in using an integral transform to solve a 
differential equation is as follows: Use the relation (1) to transform a problem for an 
unknown function f into a simpler problem for F’, then solve this simpler problem to 
find F,, and finally recover the desired function f from its transform F’. This last step 
is known as “inverting the transform.” 
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EXAMPLE 


1 


EXAMPLE 


2 


There are several integral transforms that_are useful in applied mathematics, but 
in this chapter we consider only the Laplace transform. This transform is defined in 
the following way. Let f(t) be given for t > 0, and suppose that f satisfies certain 
conditions to be stated a little later. Then the Laplace transform of f, which we will 
denote by £{ f (t)} or by F(s), is defined by the equation 


cir) = Fo) = | e™ f(t) dt. (2) 


The Laplace transform makes use of the kernel K (s, t) = e~*’. Since the solutions of 
linear differential equations with constant coefficients are based on the exponential 
function, the Laplace transform is particularly useful for such equations. 

Since the Laplace transform is defined by an integral over the range from zero to 
infinity, it is useful to review some basic facts about such integrals. In the first place, 
an integral over an unbounded interval is called A emery err and is defined 


as a limit of integrals over finite intervals; thus 


[o-e) A 
if f(t) ar= jim f f(t) dt, (3) 


where A is a positive real number. If the integral from a to A exists for each A > a, 
and if the limit as A — oo exists, then the improper integral is said to] converge |to 
that limiting value. Otherwise the integral is said to|diverge] or to fail to exist. The 
following examples illustrate both possibilities. 


Let f(t) =e, t > 0, where c is areal nonzero constant. Then 


co A et A 
e* dt = lim et dt = lim — 
0 A>oo Jo A>coo C 0 


t 
= lim —(e4 — 1). 
A>ooc 


It follows that the improper integral converges if c < 0, and diverges if c > 0. Ifc = 0, 
the integrand f(t) is the constant function with value 1, and the integral again diverges. 


Let f(t) = 1/t,t > 1. Then 


(ee) A 
i ed = lim id = lim Ind. 
1 


t A>oo J} t A>0o 


Since Jim In A = oo, the improper integral diverges. 
—>0o 


'The Laplace transform is named for the eminent French mathematician P. S. Laplace, who studied the relation (2) 
in 1782. However, the techniques described in this chapter were not developed until a century or more later. They 
are due mainly to Oliver Heaviside (1850-1925), an innovative but unconventional English electrical engineer, 
who made significant contributions to the development and application of electromagnetic theory. 
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EXAMPLE 


3 


Let f(t) =t'?, t => 1, where p is a real constant and p # 1; the case p = 1 was 
considered in Example 2. Then 


les) A l 
i t ? dt = lim PP dp lo —— (Ar? 1), 
1 


A>oo Jy A>oo | — Pp 


CO 
As A> oo, Al? > Oif p > 1, but A!” => oo if p < 1. Hence t ? dt con- 
1 
verges for p > 1, but (incorporating the result of|Example 2) diverges for p < 1. These 
CO 


results are analogous to those for the infinite series ye nP, 


n=1 


[e,@) 

Before discussing the possible existence of f @) dt, itis helpful to define certain 
terms. A function f is said to be|piecewise continuousjon an interval a < 1 < f if the 
interval can be partitioned by a finite number of points w = 1, < t; <--- <t, = B so 
that 


1. f is continuous on each open subinterval t,_, < ft <t,. 


2. f approaches a finite limit as the endpoints of each subinterval are approached 
from within the subinterval. 


In other words, f is piecewise continuous ona < t < # if it is continuous there except 
for a finite number of jump discontinuities. If f is piecewise continuous ona <t < B 
for every 8 > a, then f is said to be piecewise continuous ont > a. An example of a 
piecewise continuous function is shown in Figure 6.1.1. 

If f is piecewise continuous on the interval a < t < A, then it can be shown that 


[ ‘ f(t) dt exists. Hence, if f is piecewise continuous fort > a, then f i‘ f(t) dt exists 
for each A > a. However, piecewise continuity is not enough to ae convergence 
of the improper integral f{ * f(t) dt, as the preceding examples show. 

If f cannot be integrated easily in terms of elementary functions, the definition of 


convergence of f . f(t) dt may be difficult to apply. Frequently, the most convenient 


way to test the convergence or divergence of an improper integral is by the following 
comparison theorem, which is analogous to a similar theorem for infinite series. 


FIGURE 6.1.1 A piecewise continuous function. 
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Theorem 6.1.1 


Theorem 6.1.2 


If f is piecewise continuous fort > a, if | f(t)| < g(t) whent > M for some positive 
CO [o.@) 
constant M, and if if g(t) dt converges, then f f(t) dt also converges. On 


the other hand, if f(t) > g(t) > 0 for t > M, and if [> so dt diverges, then 
f _ f(t) dt also diverges. 


The proof of this result from the calculus will not be given here. It is made plausible, 
however, by comparing the areas represented by f, i g(t) dt and rp ~ | f (t)| dt. The 


functions most useful for comparison purposes are e“ and t~”, which were considered 
iofExampes Pana 

We now return to a consideration of the Laplace transform L{ f(t)} or F'(s), which 
is defined by [Eq. (2)| whenever this improper integral converges. In general, the pa- 
rameter s may be complex, but for our discussion we need consider only real values 
of s. The foregoing discussion of integrals indicates that the Laplace transform F of a 
function f exists if f satisfies certain conditions, such as those stated in the following 
theorem. 


Suppose that 


1. f is piecewise continuous on the interval 0 < t < A for any positive A. 


2. |f(t)| < Ke“ whent > M. In this inequality K, a, and M are real constants, K 
and M necessarily positive. 


Then the Laplace transform £{ f (t)} = F(s), defined by|Eq. (2)] exists for s > a. 


To establish this theorem it is necessary to show only that the integral in |Eq. (2) 
converges for s > a. Splitting the improper integral into two parts, we have 


0° M ee 
: e' f(t) dt = 1 e' f(t) dt + if e f(t) dt. (4) 
0 0 7 


The first integral on the right side of Eq. (4) exists by hypothesis (1) of the theorem; 
hence the existence of F(s) depends on the convergence of the second integral. By 
hypothesis (2) we have, fort > M, 


le" f(t)| < Ke et = kee’, 


and thus, by Theorem 6.1.1, F'(s) exists provided that f elas)" ay converges. Refer- 


ring to Example 1 with c replaced by a — s, we see that this latter integral converges 
when a — s < 0, which establishes Theorem 6.1.2. 

Unless the contrary is specifically stated, in this chapter we deal only with functions 
satisfying the conditions of Theorem 6.1.2. Such functions are described as piecewise 
continuous, and of exponential order as t — oo. The Laplace transforms of some 
important elementary functions are given in the following examples. 
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EXAMPLE 


4 


EXAMPLE 


5 


EXAMPLE 


6 


Let f(t) = 1,¢ > 0. Then 


oa 1 
ci) = f e“'dt=-, s>0. 
0 Ss 


Let f(t) =e", t > 0. Then 
Lie} =) et ett dt =H e Sat dt 


0 0 


s—a 


Let f(t) = sinat, t > 0. Then 
L{sinat} = F(s) = / e *' sin at dt, s>0. 
0 
Since 


A 
F(s) = lim e “sin at dt, 
A>oco Jo 


Ag pA 
i e “cos at dt 
0 4/0 


1 s f*% _. 
= e "cos at dt. 
0 


a a 


upon integrating by parts we obtain 


F(s) = lim 


A second integration by parts then yields 


1 52 [oe 
F=--5 e “sin at dt 
a 0 


a 

1 e 
SS) 

a a 


Hence, solving for F(s), we have 


a 
F(s) = —=—S, s>0. 
e+e 


Now let us suppose that f, and f, are two functions whose Laplace transforms exist 
for s > a, ands > a,, respectively. Then, for s greater than the maximum of a, and a,, 


Llc f,) +ef,()} = [ ee, fi) +e frlt)] dt 


=a, ee" f(t) ar+e, [ ee" 0) 06 
0 0 
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hence 


LLG H; (t) + Cf, (t)} = ce L{f, (t)} + cj L{ f,(t)}. (5) 


Equation (5) is a statement of the fact that the Laplace transform is a linear operator. 
This property is of paramount importance, and we make frequent use of it later. 


PROBLEMS ineach of Problems 1 through 4 sketch the graph of the given function. In each case determine 
whether f is continuous, piecewise continuous, or neither on the interval 0 < ¢ < 3. 


O<t<l 

fO= l<t<2 2. f= 
2=f=3 
O<t<l 

fO= l<t<2 4. f(t)= 
3-f, 2.2 t= 3 


Find the Laplace transform of each of the following functions: 
(a) t 
(b) 
(c) t", where n is a positive integer 
6. Find the Laplace transform of f(t) = cos at, where a is a real constant. 


Recall that cosh bt = (e% + e~”)/2 and sinh bt = (e” — e~')/2. In each of Problems 7 
through 10 find the Laplace transform of the given function; a and b are real constants. 


7. cosh bt 8. sinh bt 
9. e coshbt 10. e® sinh bt 


In each of Problems 11 through 14 recall that cos bt = (ec 4 e!') 12 and sinbt = (e!”" — 
e~'’') /2i. Assuming that the necessary elementary integration formulas extend to this case, find 
the Laplace transform of the given function; a and b are real constants. 


11. sinbt 12. cosbt 
13. e“ sin bt 14. e cos bt 


In each of Problems 15 through 20, using integration by parts, find the Laplace transform of the 
given function; 7 is a positive integer and a is a real constant. 

15. te” 16. tsinat 17. tcoshat 

18. "0" 19. f sinat 20. 1° sinh at 


In each of Problems 21 through 24 determine whether the given integral converges or diverges. 


CO [oe 

21. / (¢?7+1)7! at 2. f te dt 
0 0 
CO 


CO 
a | te! dt 24, / e' cost dt 
1 0 


25. Suppose that f and f’ are continuous for ¢ > 0, and of exponential order as t > oo. Show 
by integration by parts that if F(s) = L{f(t)}, then lim F(s) = 0. The result is actually 
sO 
true under less restrictive conditions, such as those of Theorem 6.1.2. 


The Gamma Function. The gamma function is denoted by '(p) and is defined by the 
integral 


T(p+)= (ae dx. (i) 
0 
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27. 


The integral converges as x — oo for all p. For p <0 it is also improper because the 
integrand becomes unbounded as x — 0. However, the integral can be shown to converge 
atx = O for p > —1. 

(a) Show that for p > 0 


P(p + 1) = p(p). 
(b) Show that (1) = 1. 
(c) If pis a positive integer n, show that 


T(in+1)=n!. 


Since I'(p) is also defined when p is not an integer, this function provides an extension of 
the factorial function to nonintegral values of the independent variable. Note that it is also 
consistent to define 0! = 1. 

(d) Show that for p > 0 


P(p + 1)\(p+2)---(p+n—1)=V(p+n)/T(p). 


Thus ['(p) can be determined for all positive values of p if '(p) is known in a single 
interval of unit length, say, 0 < p < 1. It is possible to show that (3) = /7. Find r@) 
and T(42), 

Consider the Laplace transform of t”, where p > —1. 

(a) Referring to Problem 26, show that 


lo.) 1 [oe] 
L{t?} =i et ¢P dt = =| e *x? dx 
0 s 0 


=T(p+1)/s?*', s>0. 
(b) Let p be a positive integer n in (a); show that 
L{t") =n! /s""!, s>0. 
(c) Show that 
i") Co 
Ley = e* dx, s>O0 


hence 


(d) Show that 
Lit} = ./n/2s7, s>0. 


6.2 Solution of Initial Value Problems 


In this section we show how the Laplace transform can be used to solve initial value 
problems for linear differential equations with constant coefficients. The usefulness of 
the Laplace transform in this connection rests primarily on the fact that the transform 
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Theorem 6.2.1 


Corollary 6.2.2 


of f’ is related in a simple way to the transform of f. The relationship is expressed in 
the following theorem. 


Suppose that f is continuous and f’ is piecewise continuous on any interval 
0 <t < A. Suppose further that there exist constants K,a, and M such that | f (t)| < 
Ke" fort > M. Then L{ f’(t)} exists for s > a, and moreover 


L{f'()} = sL{fO}— FO). () 


To prove this theorem we consider the integral 


A 
; ee f(t) dt. 
0 


If f’ has points of discontinuity in the interval 0 < t < A, let them be denoted by 
t,,t,,...,t,. Then we can write this integral as 


A ty t A 
/ e" f'(t) a= | ee" f'(t) a+ fer arte [ e' f'(t) dt. 
0 0 t t 


1 n 


Integrating each term on the right by parts yields 


A ty t A 
/ ep dt=e" FO] +e" FO]? +. +e" FO) 
0 a th 


tq t A 
sl f ero drt [ero arte [ e f(t) a, 
0 t t 


1 n 
Since f is continuous, the contributions of the integrated terms at ¢,, f,,..., f,, cancel. 
Combining the integrals gives 
A 


A 
[ etroaaesa-fO+s [ev reoar 
0 0 


—sA 


As A > ow, e *“ f(A) + 0 whenever s > a. Hence, for s > a, 


L{f'O} = sL{f@} — FO), 


which establishes the theorem. 

If f’ and f” satisfy the same conditions that are imposed on f and /’, respectively, 
in Theorem 6.2.1, then it follows that the Laplace transform of f” also exists for s > a 
and is given by 


LE" O} = s-LL FO} — sf O) — f'O). (2) 


Indeed, provided the function f and its derivatives satisfy suitable conditions, an 
expression for the transform of the nth derivative f’ can be derived by successive 
applications of this theorem. The result is given in the following corollary. 


Suppose that the functions f, f’,..., f~ are continuous, and that f” is piecewise 
continuous on any interval 0 < t < A. Suppose further that there exist constants K, a, 


6.2 Solution of Initial Value Problems 301 


and M such that | f (t)| < Ke”, | f'())| < Ke”,...,|f ?@| < Ke" fort > M. 
Then L{ f(t)} exists for s > a and is given by 
LF O} = s"L{FO}—s" FO) —---— sf" 2@—- FEO. GB) 


We now show how the Laplace transform can be used to solve initial value problems. 
It is most useful for problems involving nonhomogeneous differential equations, as we 
will demonstrate in later sections of this chapter. However, we begin by looking at some 
homogeneous equations, which are a bit simpler. For example, consider the differential 
equation 


y"—y'-2y=0 (4) 
and the initial conditions 
y(0) = 1, y'(0) =0. (5) 
This problem is easily solved by the methods of The characteristic 
equation is 
rPor-2=(r-2)(r+1)=0, (6) 
and consequently the general solution of Eq. (4) is 
y=ce'+ tse, (7) 
To satisfy the initial conditions (5) we must have c, + c, = 1 and —c, + 2c, = 0; 
hence c, = 5 and c, = i, so that the solution of the initial value problem (4) and (5) is 
y=) = 3e% + be%, (8) 


Now let us solve the same problem by using the Laplace transform. To do this we must 
assume that the problem has a solution y = ¢(t), which with its first two derivatives 
satisfies the conditions of Corollary 6.2.2. Then, taking the Laplace transform of the 
differential equation (4), we obtain 


L{y"} — L{y’} — 2L{y} = 0, (9) 


where we have used the linearity of the transform to write the transform of a sum as the 
sum of the separate transforms. Upon using the corollary to express L{y”} and L{y’} 
in terms of £{y}, we find that Eq. (9) becomes 


s*L£{y} — sy) — y'O) — [sL{y} — yO)] — 2L{y} = 0, 


or 
(s* —s —2)¥(s) + (1 — s)y(0) — yO) =0, (10) 
where Y(s) = L{y}. Substituting for y(0) and y’(0) in Eq. (10) from the initial condi- 
tions (5), and then solving for Y(s), we obtain 
—1 _ s—1 
foas-2 G=2641)° 
We have thus obtained an expression for the Laplace transform Y(s) of the solution 


y = ¢(t) of the given initial value problem. To determine the function @ we must find 
the function whose Laplace transform is Y(s), as given by Eq. (11). 


ro= (1) 
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This can be done most easily by expanding the right side of|Eq. (11)|in partial 
fractions. Thus we write 
s—l _ a2 b _ a(s +1) + d(s — 2) (12) 
GHGs) £22 S21"  wepaeEth. * 
where the coefficients a and b are to be determined. By equating numerators of the 
second and fourth members of Eq. (12), we obtain 


s—l=a(s+1)+bD(s —2), 


Y(s) = 


an equation that must hold for all s. In particular, if we set s = 2, then it follows that 


a= i. Similarly, if we set s = —1, then we find that b = . By substituting these 
values for a and b, respectively, we have 
1/3 2/3 
Y(s) = —~ : 13 
(s) aaa 2 a (13) 


Finally, if we use the result of Example 5 of Section 6.1, it follows that fe" has the 
transform i(s =o) similarly, ze! has the transform £(s +1)7!. Hence, by the 
linearity of the Laplace transform, 


y= ot) = 36" + 5a" 


has the transform (13) and is therefore the solution of the initial value}problem (4) 


Of course, this is the same solution that we obtained earlier. 
The same procedure can be applied to the general second order linear equation with 
constant coefficients, 


ay’ + by'+cy = f(#). (14) 


Assuming that the solution y = @(f) satisfies the conditions of \Corollary 6.2.2 for 


n = 2, we can take the transform of Eq. (14) and thereby obtain 


als°Y (s) — sy(0) — y’()] + bs¥(s) — y(0)] + c¥ (s) = F(s), (15) 
where F'(s) is the transform of f(t). By solving Eq. (15) for Y(s) we find that 
Y(s)= (as ae ee (0) | a (16) 
as“ +bs+c as’ +bs+c 


The problem is then solved, provided that we can find the function y = $(¢) whose 
transform is Y(s). 

Even at this early stage of our discussion we can point out some of the essential 
features of the transform method. In the first place, the transform Y (s) of the unknown 
function y = ¢(¢) is found by solving an algebraic equation rather than a differential 
equation,|Eq. (10) rather than|Eq. (4)} or in general Eq. (15) rather than Eq. (14). This is 
the key to the usefulness of Laplace transforms for solving linear, constant coefficient, 
ordinary differential equations—the problem is reduced from a differential equation to 
an algebraic one. Next, the solution satisfying given initial conditions is automatically 
found, so that the task of determining appropriate values for the arbitrary constants in 
the general solution does not arise. Further, as indicated in Eq. (15), nonhomogeneous 
equations are handled in exactly the same way as homogeneous ones; it is not necessary 
to solve the corresponding homogeneous equation first. Finally, the method can be 
applied in the same way to higher order equations, as long as we assume that the 
solution satisfies the conditions of the corollary for the appropriate value of n. 
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Observe that the polynomial as” + bs + c in the denominator on the right side of 
Ea Che precisely the characteristic polynomial associated with Eq. (14). Since the 
use of a partial fraction expansion of Y(s) to determine #(f) requires us to factor this 
polynomial, the use of Laplace transforms does not avoid the necessity of finding roots 
of the characteristic equation. For equations of higher than second order this may be a 
difficult algebraic problem, particularly if the roots are irrational or complex. 

The main difficulty that occurs in solving initial value problems by the transform 
technique lies in the problem of determining the function y = (ft) corresponding to 
the transform Y(s). This problem is known as the inversion problem for the Laplace 
transform; ¢(t) is called the inverse transform corresponding to Y (s), and the process 
of finding ¢(t) from Y (s) is known as inverting the transform. We also use the notation 
L~'{¥ (s)} to denote the inverse transform of Y(s). There is a general formula for the 
inverse Laplace transform, but its use requires a knowledge of the theory of functions 
of a complex variable, and we do not consider it in this book. However, it is still 
possible to develop many important properties of the Laplace transform, and to solve 
many interesting problems, without the use of complex variables. 

In solving the initial ie eR we did not consider the question of 
whether there _may be functions other than the one given by [Eq. (8)]that also have 
the transform] (13)} In fact, it can be shown that if f is a continuous function with 
the Laplace transform F’, then there is no other continuous function having the same 
transform. In other words, there is essentially a one-to-one correspondence between 
functions and their Laplace transforms. This fact suggests the compilation of a table, 
such as[Table 6.2. 1| giving the transforms of functions frequently encountered, and 
vice versa. The entries in the second column of (Table 6.2.1 Jare the transforms of those 
in the first column. Perhaps more important, the functions in the first column are the 
inverse transforms of those in the second column. Thus, for example, if the transform 
of the solution of a differential equation is known, the solution itself can often be found 
merely by looking it up in the table. Some of the entries in|Table 6.2.1 have been used 
as examples, or appear as problems in [Section 6.1] while others will be developed 
later in the chapter. The third column of the table indicates where the derivation of the 
given transforms may be found. While| Table 6.2.1|is sufficient for the examples and 
problems in this book, much larger tables are also available (see the list of references at 
the end of the chapter). Transforms and inverse transforms can also be readily obtained 
electronically by using a computer algebra system. 

Frequently, a Laplace transform F'(s) is expressible as a sum of several terms, 


F(s) = F\(s) + Rls) +++ + F,(8). (17) 
Suppose that f;(¢) = LMF, (S)},.- A0O= LO'F (s)}. Then the function 
fO=f,0O4+-°4+40 


has the Laplace transform F'(s). By the uniqueness property stated previously there is 
no other continuous function f having the same transform. Thus 


LON F(s)}= LONE (s)} +--+. + LF (s)}: (18) 


that is, the inverse Laplace transform is also a linear operator. 

In many problems it is convenient to make use of this property by decomposing a 
given transform into a sum of functions whose inverse transforms are already known 
or can be found in the table. Partial fraction expansions are particularly useful in this 
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TABLE 6.2.1 Elementary Laplace Transforms 


f)=LMF(s))} F(s) = Lf} Notes 
1 
1.1 -, s>0O Sec. 6.1; Ex. 4 
Ss 
at 1 
2.e ; s>a Sec. 6.1; Ex. 5 
s—a 
| 
3.t"; n= positive integer asciae s>0O Sec. 6.1; Prob. 27 
Ss 
T 1 
4.1?, p>—l (P+) 0 Sec. 6.1; Prob. 27 
gPtl 
: a 
5. sin at 5 = s>0 Sec. 6.1; Ex. 6 
s +a 
6. cos at 7 7 a3 s>0O Sec. 6.1; Prob. 6 
s +a 
7. sinh at 7 = ae s>la| Sec. 6.1; Prob. 8 
Soa 
8. coshat 3 7 as s > lal Sec. 6.1; Prob. 7 
Soa 
ae o* b 
9. e sin bt —— s>a Sec. 6.1; Prob. 13 
(s—a)°- +b 
s—a 
10. e“ cos bt a s>a Sec. 6.1; Prob. 14 
(s—a)° +b 
| 
11. t"e“, n = positive integer a s>a Sec. 6.1; Prob. 18 
(s a a)"* 
ge 
12. u(t) ; s>0 Sec. 6.3 
Ss 
13. u(t) f(t — c) e “F(s) Sec. 6.3 
14.e" f@ F(s —c) Sec. 6.3 
1 Ss 
15. f(ct) a (-) , ed Sec. 6.3: Prob. 19 
Cc c 
iE 
16. f f(t —t)g(t) dt F(s)G(s) Sec. 6.6 
17. 6(t —c) ee” Sec. 6.5 
18. fj s"F(s) —s" | f()—---— f™ PO) Sec. 6.2 
19. (—t)" f(t) F™(s) Sec. 6.2; Prob. 28 
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EXAMPLE 


1 


EXAMPLE 


2 


connection, and a general result covering many cases is given in|Problem 38] Other 
useful properties of Laplace transforms are derived later in this chapter. 


As further illustrations of the technique of solving initial value problems by means of 
the Laplace transform and partial fraction expansions, consider the following examples. 


Find the solution of the differential equation 
y+ y =sin2t, (19) 
satisfying the initial conditions 
y(0) = 2, y(0) =1. (20) 


We assume that this initial value problem has a solution y = @(t), which with its 
first two derivatives satisfies the conditions of|Corollary 6.2.2| Then, taking the Laplace 
transform of the differential equation, we have 


s°¥(s) — sy) — y'(0) + Y(s) = 2/(s? + 4), 


where the transform of sin 2t has been obtained from|line 5 of Table 6.2.1} Substituting 


for y(0) and y’(0) from the initial conditions and solving for Y(s), we obtain 


_ 2s? +57 +85 +6 


Y(s) = : 21 
(s* + 1)(s* +4) i 
Using partial fractions we can write Y (s) in the form 
as+b cs+d__ (as +b)(s* +4) + (cs +.d)(s? +1) 
Y()=3 or = ; 5 : (22) 
sot l  s*+4 (s* + 1)(s° + 4) 


By expanding the numerator on the right side of Eq. (22) and equating it to the numerator 
in Eq. (21) we find that 


2s? +97 +85 +6= (atc)s? + (b+d)s* + (4a+c)s + (4b +d) 


for all s. Then, comparing coefficients of like powers of s, we have 
a+c=2, b+d=1, 
4a+c=8, 4b+d=6. 


Consequently, a = 2,c =0,b = 2, and d = — <, from which it follows that 


2s 5/3 2/3 
1 a ee 
sotl s*+Il s*+4 
From lines 5 and|6 of Table 6.2.1{ the solution of the given initial value problem is 


y = O(t) = 2cost + 3 sint — } sin2. (24) 


(23) 


Find the solution of the initial value problem 


y¥—y=0, (25) 


y(O) = 0, yO) =1, y"(0) =0, y"(0) =0. (26) 
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In this problem we need to assume that the solution y = @(t) satisfies the conditions 
of|Corollary 6.2.2) for n = 4. The Laplace transform of the differential] equation (25) |is 
s*¥(s) — s*y@) — s*y'(0) — sy"(0) — y'"@) — Y(s) =0. 


Then, using the initial}conditions (26)| and solving for Y (s), we have 


2 


Y(s) = . 27 
=a (27) 
A partial fraction expansion of Y (s) is 
as+b cs+d 
Y sS)= } ’ 
(s) gal onan 
and it follows that 
(as + b)(s? + 1) + (cs + d)(s* — 1) =s* (28) 


for all s. By setting s = 1 and s = —1, respectively, in Eq. (28) we obtain the pair of 
equations 


Aa+b)=1, 2(-at+b)=1, 


and therefore a = 0 andb = ‘. If we set s = 0 in Eq. (28), then b —d =0,sod = 5. 
Finally, equating the coefficients of the cubic terms on each side of Eq. (28), we find 
that a +c =0,soc = 0. Thus 

1/2 1/2 
se-1 s?41° 


and from lines 7 and |5 of Table 6.2.1) the solution of the initial value] problem (25), 


(26) is 


Y(s) = (29) 


sinht + sint 
y=Oo(t)= a (30) 


The most important elementary applications of the Laplace transform are in the 
study of mechanical vibrations and in the analysis of electric circuits; the governing 


equations were derived in|Section 3.8] A vibrating spring—mass system has the equation 
of motion 


du 
m—z +y— +ku = F(t), (31) 


where m is the mass, y the damping coefficient, k the spring constant, and F(t) 
the applied external force. The equation describing an electric circuit containing an 
inductance L, a resistance R, and a capacitance C (an LRC circuit) is 

| 


2 
ae g Rie 
dt* dt 
where Q(t) is the charge on the capacitor and E(t) is the applied voltage. In terms of 
the current J (t) = dQ(t)/dt we can differentiate Eq. (32) and write 


at dl 1, _4E (33) 
dt dt C dt.” 


Suitable initial conditions on u, Q, or J must also be prescribed. 


= 0 = FO), (32) 


L 
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We have noted previously in SEER ou SOD) the spring—mass system 
an. 6D (3) for the electric circuit are identical mathematically, differing only 
in the interpretation of the constants and variables appearing in them. There are other 
physical problems that also lead to the same differential equation. Thus, once the 
mathematical problem is solved, its solution can be interpreted in terms of whichever 
corresponding physical problem is of immediate interest. 

In the problem lists following this and other sections in this chapter are numerous 
initial value problems for second order linear differential equations with constant 
coefficients. Many can be interpreted as models of particular physical systems, but 
usually we do not point this out explicitly. 


PROBLEMS _iIneach of Problems 1 through 10 find the inverse Laplace transform of the given function. 


3 4 
44 " G—D3 
2 35 
s?4+35—4 =e =6 
2s +2 2s —3 


sy? +2545 "52-4 


1. 


2s +1 : 857 — 49 +12 
s? —254+2 , s(s? +4) 


1 — 2s 2s —3 
ar rare Ue ea 
so+4s4+5 s°+25+ 10 


In each of Problems 11 through 23 use the Laplace transform to solve the given initial value 
problem. 


y" — y' —6y =0; yO=1, yO=-1 
y" +3y' +2y =0; 
y” —2y’ + 2y = 0; 
yay pay 0 
y” —2y’ a 2y = 0; 
Ww * 


y™ = 4y" + 6y" = 4y' + y = 0; y0)=0, yYO=Hl, yO=0, y"O=1 
y" = y= 0: yO)=1, y@O=0, yO=1, y"O)=0 

y* —4y =0; yO=1, yO=0, y"O)=-2, y"(0)=0 

y"’+a"y =cos2t, w £4; y0)=1, y(0)=0 

y"” —2y'’+2y =cost; y(0)=1, y’@0)=0 

y =2y e2yee(; y0)=0, y(@O)=1 

y4+2y + y =4e7; y(0)=2, y(0)=-1 


In each of Problems 24 through 26 find the Laplace transform Y(s) = £{y} of the solution of 
the given initial value problem. A method of determining the inverse transform is developed in 
Section 6.3. 


0<t<z, 
I<t<@; 


yO)=1, yO=0 


24. y"+4y= 


0<t <1, 
1l<t<ow; 


y@)=0, y@)=0 


25. yty=| f 
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26. 


27. 


t, 0<t<l, 
1, l<t<w; 


y(0)=0, yO)=0 


y+ay=| 


The Laplace transforms of certain functions can be found conveniently from their Taylor 
series expansions. 
(a) Using the Taylor series for sin f, 


oo 4)" pent 
sint = a ae lee , 
“4 (@n+1)! 
and assuming that the Laplace transform of this series can be computed term by term, 
verify that 


1 
L{sint} = : 
{sin t} 2a 


_ (sin t)/t, t #0, 
ro={ 1, t=0. 


Find the Taylor series for f about t = 0. Assuming that the Laplace transform of this 
function can be computed term by term, verify that 


L{f (t)} = arctan(1/s), s>l. 


(c) The Bessel function of the first kind of order zero J, has the Taylor series (see 
Section 5.8) 


oo n,2n 
(—1)"t 
J,(t) = ———;. 
06 ) ye 27" (n!)? 
Assuming that the following Laplace transforms can be computed term by term, verify that 
L{Jy(O} = (9? +7”, 51, 


and 


LiWip=as eo, s>0. 


Problems 28 through 36 are concerned with differentiation of the Laplace transform. 


28. 


Let 
F(s)= [ e' f(t) dt. 
0 


It is possible to show that as long as f satisfies the conditions of Theorem 6.1.2, it is 
legitimate to differentiate under the integral sign with respect to the parameter s when 
S>a. 

(a) Show that F’(s) = L{—-tf (1)}. 

(b) Show that F(s) = £L{(—1)" f (1)}; hence differentiating the Laplace transform cor- 
responds to multiplying the original function by —t. 


In each of Problems 29 through 34 use the result of Problem 28 to find the Laplace transform of 
the given function; a and b are real numbers and n is a positive integer. 


29. 
31. 
33. 
35. 


te’ 30. 1° sin bt 
rt” 32 rt” et! 
te” sin bt 34. te” cos bt 
Consider Bessel’s equation of order zero 

ty"+y'+ty =0. 
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38. 


Recall from Section 5.4 that t = 0 is a regular singular point for this equation, and therefore 
solutions may become unbounded as t — 0. However, let us try to determine whether there 
are any solutions that remain finite at f = 0 and have finite derivatives there. Assuming that 
there is such a solution y = ¢(f), let Y(s) = L{p(t)}. 

(a) Show that Y(s) satisfies 


(1+s7)¥’(s) + sY(s) =0. 


(b) Show that Y(s) = c(1 + s7)7!/?, where c is an arbitrary constant. 
(c) Expanding (1 + s?)~!/? in a binomial series valid for s > 1 and assuming that it is 
permissible to take the inverse transform term by term, show that 


CO 7__4)n42n 
aigyes We =c3,(0, 


2 2 
op 2" (n!) 


where Jj is the Bessel function of the first kind of order zero. Note that J,(0) = 1, and that 
Jo has finite derivatives of all orders at t = 0. It was shown in Section 5.8 that the second 
solution of this equation becomes unbounded as t — 0. 

For each of the following initial value problems use the results of Problem 28 to find the 
differential equation satisfied by Y(s) = L{P(t)}, where y = @(f) is the solution of the 
given initial value problem. 

(a) y"—ty=0; y(0)=1, y’(0) =0 (Airy’s equation) 

(b) (1—?*)y” —2ty’+a(a+1)y=0; y(0)=0,  y'(0) =1 (Legendre’s equation) 
Note that the differential equation for Y(s) is of first order in part (a), but of second order 
in part (b). This is due to the fact that ¢ appears at most to the first power in the equation 
of part (a), whereas it appears to the second power in that of part (b). This illustrates that 
the Laplace transform is not often useful in solving differential equations with variable 
coefficients, unless all the coefficients are at most linear functions of the independent 
variable. 


t 
B= / f(t) dt. 
0 
If G(s) and F's) are the Laplace transforms of g(t) and f(t), respectively, show that 
G(s) = F(s)/s. 


In this problem we show how a general partial fraction expansion can be used to calculate 
many inverse Laplace transforms. Suppose that 


F(s) = P(s)/Q(s), 


where Q(s) is a polynomial of degree n with distinct zeros r,,...,7,, and P(s) is a 
polynomial of degree less than n. In this case it is possible to show that P(s)/Q(s) has a 
partial fraction expansion of the form 


P(s) A, A, : 
— coe bt F (i) 
Q(s) Sr, s—r, 
where the coefficients A,,..., A,, must be determined. 
(a) Show that 
A, = P(r,)/O'(r,), k=1,...,n. (ii) 


Hint: One way to do this is to multiply Eq. (i) by s — r, and then to take the limitas s > r,. 
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(b) Show that 


_ = PO) 4 te 
re T= 2 ogy (iii) 


6.3 Step Functions 


EXAMPLE 


1 


In|Section 6.2 we outlined the general procedure involved in solving initial value 


problems by means of the Laplace transform. Some of the most interesting elemen- 
tary applications of the transform method occur in the solution of linear differential 
equations with discontinuous or impulsive forcing functions. Equations of this type 
frequently arise in the analysis of the flow of current in electric circuits or the vibra- 
tions of mechanical systems. In this section and the following ones we develop some 
additional properties of the Laplace transform that are useful in the solution of such 
problems. Unless a specific statement is made to the contrary, all functions appearing 
below will be assumed to be piecewise continuous and of exponential order, so that 
their Laplace transforms exist, at least for s sufficiently large. 

To deal effectively with functions having jump discontinuities, it is very helpful to 


introduce a function known as the|unit step function,|or Heaviside function. This 


function will be denoted by w_, and is defined by 


u(t) = | 0, PO ecg, (1) 


1, t>c, 


The graph of y = w(t) is shown in Figure 6.3.1. The step can also be negative. For 
instance, Figure 6.3.2 shows the graph y = | — u(t). 


FIGURE 6.3.1 Graph of y = u,(¢). FIGURE 6.3.2. Graph of 
y=1-—u,(). 


Sketch the graph of y = h(t), where 
h(t) =u,(@) —u,,@), t>0. 
From the definition of w(t) in Eq. (1) we have 


0-—0=0, O<t<Z, 
A(t)=%{1—-0=1, mu <t<2z, 
1-—1=0, 20 <t<o. 
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Thus the equation y = A(t) has the graph shown in Figure 6.3.3. This function can be 
thought of as a rectangular pulse. 


FIGURE 6.3.3 Graph of y = u,(t) — u,, (¢). 


The Laplace transform of u. is easily determined: 


cu.) = [ eu) a= f e dt 
0 . 


= , s>0. (2) 
For a given function f, defined for t > 0, we will often want to consider the related 


function g defined by 


t<c, 


0, 
y=a={ fa-o), pee, 


which represents a translation of f a distance c in the positive ¢ direction; see Figure 
6.3.4. In terms of the unit step function we can write g(t) in the convenient form 


gt) =u. Of —c). 


The unit step function is particularly important in transform use because of the fol- 
lowing relation between the transform of f(t) and that of its translation u .(t) f(t — c). 


f(0) 


(a) 


FIGURE 6.3.4 A translation of the given function. (a) y = f(t); (6) y =u. ft —c). 


Theorem 6.3.1 If F(s) = L{f (O} exists for s > a => 0, and if c is a positive constant, then 
Llu Ofte —o} =e WL{fO} =e SF), See (3) 


312 


Chapter 6. The Laplace Transform 


EXAMPLE 


2 


Conversely, if f(t) = C~'{F(s)}, then 
u(t) f(t —¢c) =L7'{e“ F(s)}. (4) 


Theorem 6.3.1 simply states that the translation of f(t) a distance c in the positive t 
direction corresponds to the multiplication of F(s) by e~“. To prove Theorem 6.3.1 it 
is sufficient to compute the transform of u(t) f(t — c): 


Liu (f(t —¢)} = i e“u.(t) f(t —c) dt 
0 


=[ 'se-0 dt. 


Introducing a new integration variable € = t — c, we have 


cu,ore-oy= fo etorperdesee [et pends 
0 0 
=e “F(s). 
Thus|Eq. (3)]is established; Eq. (4) follows by taking the inverse transform of both 
sides of Eq. (3). 
A simple example of this theorem occurs if we take f(t) = 1. Recalling that £{1} = 
1/s, we immediately have from|Eq. (3)|that £{u.(t)} = e /s. This result agrees with 


that of Eq. (2)| Examples 2 andj3 jIlustrate further how Theorem 6.3.1 can be used in 
the calculation of transforms and inverse transforms. 


If the function f is defined by 


f= sin tf, 0<t<z7/4, 
~ | sint + cos(t — 7/4), t>7/4, 


find £{ f (t)}. The graph of y = f(t) is shown in|Figure 6.3.5. 
Note that f(t) = sint + g(t), where 


g(t) = 2 — 1/4), : a7 
Thus 
g(t) =u, 4(t) cos(t — 7/4), 
and 


L{f()} = L{sint} + Liu, )4(t) cos(t — 2 /4)} 


= L{sint} + e~7*/4L{cos t}. 


Introducing the transforms of sin t and cos t, we obtain 


1 sr Ss (e077 
L{f()} = =— te m4# > = 
sot] so+] sot] 
You should compare this method with the calculation of L{f(t)} directly from the 
definition. 
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y =sin t + Uzj(t)cos(t - 7) 


FIGURE 6.3.5 Graph of the function in Example 2. 


Find the inverse transform of 
EXAMPLE l—es 


3 F(s) = —=— 
s 
From the linearity of the inverse transform we have 
-1 fl -1J¢ iis 
PO =LNFOM RL GPL 


=t—u(t)(t — 2). 


The function f may also be written as 


t, O<t <2, 


ro={ 5 p=. 


The following theorem contains another very useful property of Laplace transforms 
that is somewhat analogous to that given in Theorem 6.3.1. 


Theorem 6.3.2 If F(s) = £{f(t)} exists for s > a > 0, and if c is a constant, then 


Lie" f(t)} = F(s —c), s>acte. (5) 
Conversely, if f(t) = £~'{F(s)}, then 
etf@O=L° {FG —-o)}. (6) 


According to Theorem 6.3.2, multiplication of f(t) by e results in a translation of 
the transform F'(s) a distance c in the positive s direction, and conversely. The proof 
of this theorem requires merely the evaluation of L{e“ f (t)}. Thus 


Life" f(t} = i e"& (d= / e S— F(t) dt 
0 0 
= F(s—c), 
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which is|Eq. (5)} The restriction s > a + c follows from the observation that, according 
to hypothesis Gi) off Theorem 6.1.2] | f (t)| < Ke“; hence |e“ f (t)| < Ke“*". Equa- 


tion (6) follows by taking the inverse transform of|Eq. (5)} and the proof is complete. 
The principal application of Theorem 6.3.2 is in the evaluation of certain inverse 


transforms, as illustrated by Example 4. 


Find the inverse transform of 
1 


s?—4s4+5° 
By completing the square in the denominator we can write 


G(s) = 


G(s) = F(s — 2), 


G=ty 1” 


where F(s) = (s? + 1)7!. Since L-'{F(s)} = sint, it follows from Theorem 6.3.2 
that 


g(t) = Lo'{G(s)} = e* sint. 


The results of this section are often useful in solving differential equations, partic- 
ularly those having discontinuous forcing functions. The next section is devoted to 
examples illustrating this fact. 


PROBLEMS 


In each of Problems 1 through 6 sketch the graph of the given function on the interval t > 0. 
1. u,(t) + 2u,(t) — 6u,(t) 2. (t — 3)u,(t) — (t — 2)u, (0) 
3. f(t—m)u,(t), where f(t) =2° 4. f(t—3)u,(t), where f(t) = sint 
5. f(t —lu,@), where f(t) = 2t 
6. f(t)=C— Iu, — 20 —2)u,) + @¢ — 3)u,@ 


In each of Problems 7 through 12 find the Laplace transform of the given function. 


t<2 
t>2 


0, t<l 
r? —2t+2, t>1 


7. f= Ce 


8. f(t) = 


0, t<7 
9. fH= t—7, a<t<2n 10. f(t) =u,(@) + 2u,(t) — 6u, (0) 
0, t>2n 


Il. f(t) =(@—3)u,(@) — ¢ — 2)u,( 12. f(t)=t—u,Oe—1), t>0 
In each of Problems 13 through 18 find the inverse Laplace transform of the given function. 


3! i es 
—_ 14. F(s) = ~———_— 
(s — 2)4 (s) se ts—2 


(5 —1 —2s 2 —25 
ss 16. F(s)= te 
so —2s+2 so —4 


(s — 2)e* 
s? —45 43 


13. F(s)= 


15. F(s)= 


17. F(s)= 18. F(s)= 
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19. Suppose that F(s) = L{ f(t)} exists for s > a > 0. 
(a) Show that if c is a positive constant, then 


1 S 
Lif(ct)} = =F (*), 
fol Cc 
(b) Show that if k is a positive constant, then 
1 t 
L-'{F(ks)} = —f{-—). 
iran !s(*) 
(c) Show that if a and b are constants with a > 0, then 


1 t 
LF (as + b)} = —e"" f ({): 
a a 
In each of Problems 20 through 23 use the results of Problem 19 to find the inverse Laplace 
transform of the given function. 


n+l 


20. F(s)= 


girl 


1 


2. FQ) =—— 
G2 ise s 


In each of Problems 24 through 27 find the Laplace transform of the given function. In Problem 
27 assume that term-by-term integration of the infinite series is permissible. 


; 0<t<l 
0O<t<1 _ 1<t<2 
t>1 coer ; 2<t<3 

; t>3 


24. f(t) = . 


2n+1 


26. f(t)=1—u,(t) +++ +0, — uy,,,0 =14+ DOD ‘a, 
k=1 


27. f@)=1+ se (—1)*u, (1). See Figure 6.3.6. 
k=1 


FIGURE 6.3.6 A square wave. 


28. Let f satisfy f(t+ 7) = f(t) for all t > 0 and for some fixed positive number T; /f is 
said to be periodic with period T on 0 < f < oo. Show that 


T 
/ e"' f(t) dt 
Lif} = a a 


—e 
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In each of Problems 29 through 32, use the result of Problem 28 to find the Laplace transform 
of the given function. 


1, 0<t <1, 1, O0<t <1, 
ss 10-4 5 Lopes, a0 oe io 8 


ft +2) = f@. f@+2) = Ff. 
Compare with Problem 27. See Figure 6.3.7. 


ya 


FIGURE 6.3.7 A square wave. 


31. f(t) =t, 0<t <1; 32. f(t) =sint, O<t<zZ; 
fE+D= fO. fG@+7) = fl). 
See Figure 6.3.8. See Figure 6.3.9. 


2a 3a 


FIGURE 6.3.8 A sawtooth wave. FIGURE 6.3.9 A rectified sine wave. 


(a) If f(t) =1—u,(), find L{f(t)}; compare with Problem 24. Sketch the graph of 
y=f@). ; 
(b) Let g(t) = f Sf &) dé, where the function f is defined in part (a). Sketch the graph 
of y = g(t) and find L{g(t)}. 
(c) Let h(t) = g(t) — u, (t)g(¢ — 1), where g is defined in part (b). Sketch the graph of 
y = A(t) and find L{h(t)}. 

. Consider the function p defined by 


t, 0<t <1, 


p= | oy tere. Per =Po: 


(a) Sketch the graph of y = p(t). 
(b) Find L{p(t)} by noting that p is the periodic extension of the function / in Prob- 
lem 33(c) and then using the result of Problem 28. 
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(c) Find £{p(t)} by noting that 


P(t) =) f(t) dt, 


where f is the function in Problem 30, and then using Theorem 6.2.1. 


6.4 Differential Equations with Discontinuous Forcing Functions 


EXAMPLE 


1 


In this section we turn our attention to some examples in which the nonhomogeneous 
term, or forcing function, is discontinuous. 


Find the solution of the differential equation 


2y”+y' +2y = g(t), (1) 
where 
1, 5 <t < 20, 
8(t) =u; (t) — Un (t) = 0, O<t<5 and ¢>20. 2) 


Assume that the initial conditions are 


yO) = 90, y'(0) =0. (3) 


This problem governs the charge on the capacitor in a simple electric circuit with 
a unit voltage pulse for 5 < t < 20. Alternatively, y may represent the response of a 
damped oscillator subject to the applied force g(t). 

The Laplace transform of Eq. (1) is 


2s?¥(s) — 2sy(0) — 2y'(0) + sY(s) — yO) + 2Y(s) = L{us(t)} — L{uy9(t)} 


= (e759 — 6-205) 15, 


Introducing the initial values (3) and solving for Y(s), we obtain 


5s __ 220s 
VO SOF eed) ” 
To find y = ¢(f) it is convenient to write Y(s) as 
Y(s) =(@* —e™)H(s), (5) 
where 
H(s) = 1/s(Qs? +5 +2). (6) 


Then, if h(t) = C~'{H(s)}, we have 
y = (1) =u, (t)h(t — 5) — Ugg (t)h(t — 20). (7) 
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Observe that we have used/Theorem 6.3.1]to write the inverse transforms of e~>* H(s) 


and e~*°’ H(s), respectively. Finally, to determine h(t) we use the partial fraction 
expansion of H(s): 


iia (8) 
s) = -+ ————_.. 
s 2s? +5+2 
Upon determining the coefficients we find that a = 5, b=-—l,andc= —5. Thus 
1/2 st+4 
H(s) = — — ———— 
s 25° +s +2 
1/2 (1\ (s+4)+4 
= 5 1\2 4. 15? 9) 
(s+ a) + 


so that, by referring to lines 9 and|10 of Table 6.2.1| we obtain 


h(t) = 4 — bfe"4 cos(V15 1/4) + (V15/15)e~"/4 sin(V15t/4)]. (10) 
In} Figure 6.4.1 |the graph of y = @(t) from} Eqs. (7) jand (10) shows that the solution 


consists of three distinct parts. For 0 < t < 5 the differential equation is 
2y"+y'+2y=0 (11) 


and the initial conditions are given by|Eq. (3)} Since the initial conditions impart no 
energy to the system, and since there is no external forcing, the system remains at rest; 


that is, y = 0 for 0 < t < 5. This can be confirmed by solving Eq. (11) subject to the 
initial} conditions (3)} In particular, evaluating the solution and its derivative at t = 5, 
or more precisely, as t approaches 5 from below, we have 
y5) =0, y'(5) =0. (12) 
Once t > 5, the differential equation becomes 
2y”+y+2y=1, (13) 


whose solution is the sum of a constant (the response to the constant forcing function) 
and a damped oscillation (the solution of the corresponding homogeneous equation). 
The plot in|Figure 6.4.1] shows this behavior clearly for the interval 5 < t < 20. An 
expression for this portion of the solution can be found by solving the differential 
equation (13) subject to the initial conditions (12). Finally, for t > 20 the differential 
equation becomes Eq. (11) again, and the initial conditions are obtained by evaluating 
the solution of Eqs. (13), (12) and its derivative at t = 20. These values are 


y(20) = 0.50162, y’(20) = 0.01125. (14) 


The initial value problem (11), (14) contains no external forcing, so its solution is a 
damped oscillation about y = 0, as can be seen in|Figure 6.4.1 
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ya 
0.8 |- 


0.6 | 


0.4 


FIGURE 6.4.1 Solution of the initial value problem]}(1), (2), (3). 


While it may be helpful to visualize the solution shown in Figure 6.4.1 as composed 
of solutions of three separate initial value problems in three separate intervals, it is 
somewhat tedious to find the solution by solving these separate problems. Laplace 
transform methods provide a much more convenient and elegant approach to this 
problem and to others having discontinuous forcing functions. 


The effect of the discontinuity in the forcing function can be seen if we examine the 
solution @(t) of [Example 1|more closely. According to the existence and uniqueness 
EERIE solution ¢ and its first two derivatives are continuous except possibly 
at the points t = 5 and t = 20 where g is discontinuous. This can also be seen at once 
from{Eq, (7) One can also show by direct computation from| Eq. (7)|that @ and ¢’ are 
continuous even at tf = 5 and t = 20. However, if we calculate ¢”, we find that 


lim $"(t) =0, lim $"(t) = 1/2. 
t>5— t>5+ 


Consequently, ”(t) has a jump of 1/2 at t = 5. In a similar way one can show that 
¢"(t) has a jump of —1/2 at t = 20. Thus the jump in the forcing term g(r) at these 
points is balanced by a corresponding jump in the highest order term 2y” on the left 
side of the equation. 

Consider now the general second order linear equation 


y” + plt)y’+q(t)y = g(t), (15) 


where p and qg are continuous on some interval a < t < 6, but g is only piecewise 
continuous there. If y = w(t) is a solution of Eq. (15), then y and w’ are continuous 
ona <t < B,but w” has jump discontinuities at the same points as g. Similar remarks 
apply to higher order equations; the highest derivative of the solution appearing in the 
differential equation has jump discontinuities at the same points as the forcing function, 
but the solution itself and its lower derivatives are continuous even at those points. 
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Describe the qualitative nature of the solution of the initial value problem 


y” +4y = g(t), (16) 
y(0) =0, y 0) =0, (17) 
where 
0, 0<t <5, 
g(t)= (t —5)/5, 5<t< 10, (18) 
1, t > 10, 


and then find the solution. 

In this example the forcing function has the graph shown in Figure 6.4.2 and is 
known as ramp loading. It is relatively easy to identify the general form of the solution. 
For ¢ < 5 the solution is simply y = 0. On the other hand, for t > 10 the solution has 
the form 


y =c,cos2t +c, sin2t + 1/4. (19) 


The constant 1/4 is a particular solution of the nonhomogeneous equation while the 
other two terms are the general solution of the corresponding homogeneous equation. 
Thus the solution (19) is a simple harmonic oscillation about y = 1/4. Similarly, in 
the intermediate range 5 < t < 10, the solution is an oscillation about a certain linear 
function. In an engineering context, for example, we might be interested in knowing 
the amplitude of the eventual steady oscillation. 


FIGURE 6.4.2 Ramp loading; y = g(t) from Eq. (18). 


To solve the problem it is convenient to write 
8(t) = [Us()(t — 5) — wy (t)(t — 10)]/5, (20) 


as you may verify. Then we take the Laplace transform of the differential equation and 
use the initial conditions, thereby obtaining 


(s* + 4)¥(s) = (e7* — e7')/557, 
or 
Y(s) = (e-* —e"')H(s)/5, (21) 
where 


H(s) = 1/s*(s? +4). (22) 
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Thus the solution of the initial value problem|(16), (17), (18) iis 


y = O(t) = [u,()A(t — 5) — u, (tht — 10)1/5, (23) 
where h(t) is the inverse transform of H(s). The partial fraction expansion of H(s) is 
1/4 1/4 
H(s) = —- - =— 24 
=a (24) 
and it then follows from lines 3 and|5 of Table 6.2.1|that 
A(t) = $f — gsin2t. (25) 


The graph of y = ¢(f) is shown in Figure 6.4.3. Observe that it has the qualitative form 
that we indicated earlier. To find the amplitude of the eventual steady oscillation it is suf- 
ficient to locate one of the maximum or minimum points for t > 10. Setting the deriva- 
tive of the solution (23) equal to zero, we find that the first maximum is located approxi- 
mately at (10.642, 0.2979), so the amplitude of the oscillation is approximately 0.0479. 


FIGURE 6.4.3 Solution of the initial value problem|(16), (17), (18). 


Note that in this example the forcing function g is continuous but g’ is discontinuous 
at tf =5 and t = 10. It follows that the solution ¢ and its first two derivatives are 
continuous everywhere, but @” has discontinuities at t = 5 and at t = 10 that match 
the discontinuities in g’ at those points. 


PROBLEMS _ineach of Problems 1 through 13 find the solution of the given initial value problem. Draw the 
SS graphs of the solution and of the forcing function; explain how they are related. 


1, O0<t<a2/2 


Pl. Wt+y= fo); y0)=0, yO=]; ro={ 0 


w/2<t<0o 


>} 2. y"4+2y'+2y=A(t); yO)=0, y'(0)=1:; no =| ly ete en 


0, O<t<wmandt > 27 
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y” +4y =sint — uw, (t) sin(t — 27); y(0)=0, y’(0)=0 
y” +4y = sint + uw, (t) sin(t — 2); y(0)=0, y(0)=0 


y+ 3y' + 2y = FO); y@)=0, y’'@)=0; i= 


y'+3y'+2y=u,();  y0)=0, y'@)=1 
y’+y=u,, (0); y@0)=1, y@)=0 
y"+y'+$y=t—u,,Ot—2/2);  yO)=0, y')=0 


y"+y=80; yO=0, yO= «=| oe 


t>6 
” / Si _ , _— hi _ sint, O<t<z 

yty+ay=gt); yO) =0, yO) = 0; «=| 0, pee 

y" +4y =u, (t) — v5, (0); y@)=0, y@)=0 

y" —y =u, @) —u,(); y(0)=0, y(@)=0, y"@)=0, y”"@)=0 

y™ +5y" +4y = 1-4; y@)=0, y@)=0, yO)=0, y"O)=0 


. Find an expression involving u(t) for a function f that ramps up from zero at t = f, to 


the value h att = t) +k. 


. Find an expression involving u(t) for a function g that ramps up from zero at t = f, to the 


value h at t = tf), + k and then ramps back down to zero at t = f) + 2k. 


. Acertain spring—mass system satisfies the initial value problem 


ul + fu +u=kg(t), u(0)=0, wu’(0)=0, 


where g(t) = U3 /9(t) = Us)9(t) and k > 0 is a parameter. 

(a) Sketch the graph of g(t). Observe that it is a pulse of unit magnitude extending over 
one time unit. 

(b) Solve the initial value problem. 

(c) Plot the solution for k = 1/2, k = 1, and k = 2. Describe the principal features of the 
solution and how they depend on k. 

(d) Find, to two decimal places, the smallest value of k for which the solution u(t) reaches 
the value 2. 

(e) Suppose k = 2. Find the time t after which |u(t)| < 0.1 for all t > tT. 


. Modify the problem in Example 2 in the text by replacing the given forcing function g(t) 


by 
FM = lus) — 5) — us, (¢ —5 — k)]/k. 


(a) Sketch the graph of f(t) and describe how it depends on k. For what value of k is f(t) 
identical to g(t) in the example? 
(b) Solve the initial value problem 


y"+4y = f(t), y(0)=0, y'(0)=0. 


(c) The solution in part (b) depends on k, but for sufficiently large ¢ the solution is always 
a simple harmonic oscillation about y = 1/4. Try to decide how the amplitude of this 
eventual oscillation depends on k. Then confirm your conclusion by plotting the solution 
for a few different values of k. 


. Consider the initial value problem 


y+5y+4y=f,0,  yO)=0, y'O)=0, 
where 
no={ 1/2k, 4—-k<t<4+k 
ke 10, O0<t<4-—k and t>4+k 


and 0 <k <4. 
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(a) Sketch the graph of f,(t). Observe that the area under the graph is independent of k. 
If f,(¢) represents a force, this means that the product of the magnitude of the force and 
the time interval during which it acts does not depend on k. 

(b) Write f,(t) in terms of the unit step function and then solve the given initial value 
problem. 

(c) Plot the solution for k = 2,k = 1, andk 5. Describe how the solution depends on k. 


Resonance and Beats. In Section 3.9 we observed that an undamped harmonic oscillator 
(such as a spring—mass system), with a sinusoidal forcing term experiences resonance if the 
frequency of the forcing term is the same as the natural frequency. If the forcing frequency is 
slightly different from the natural frequency, then the system exhibits a beat. In Problems 19 
through 23 we explore the effect of some nonsinusoidal periodic forcing functions. 


P| 19. Consider the initial value problem 


y’+y= fF), y(0)=0, yO) =09, 


f) =ugt) +2 (-D*u,, (0. 
k=1 


(a) Draw the graph of f(t) on an interval such as 0 < t < 67. 
(b) Find the solution of the initial value problem. 
(c) Let n = 15 and plot the graph of the solution for 0 < t < 60. Describe the solution 
and explain why it behaves as it does. 
(d) Investigate how the solution changes as n increases. What happens as n — 00? 
P| 20. Consider the initial value problem 


y" +0.1y' +y = fq), y0)=0, yO)=09, 


where f(t) is the same as in Problem 19. 
(a) Plot the graph of the solution. Use a large enough value of n and a long enough tf- 
interval so that the transient part of the solution has become negligible and the steady state 
is clearly shown. 
(b) Estimate the amplitude and frequency of the steady-state part of the solution. 
(c) Compare the results of part (b) with those from Section 3.9 for a sinusoidally forced 
oscillator. 

P| 21. Consider the initial value problem 


y"+y= a(t), y(0)=0, yO) =0, 


n 


g(t) = ug(t)+ Yo (-Dku,, (0. 


k=1 


(a) Draw the graph of g(t) on an interval such as 0 < ¢ < 677. Compare the graph with 
that of f(t) in Problem 19(a). 
(b) Find the solution of the initial value problem. 
(c) Let n = 15 and plot the graph of the solution for 0 < t < 60. Describe the solution 
and explain why it behaves as it does. Compare it with the solution of Problem 19. 
(d) Investigate how the solution changes as n increases. What happens as n — 00? 

P| 22. Consider the initial value problem 


y" +0,1y' + y= 2@), y@)=0, y’@)=0, 


where g(f) is the same as in Problem 21. 
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(a) Plot the graph of the solution. Use a large enough value of n and a long enough 
t-interval so that the transient part of the solution has become negligible and the steady 
state is clearly shown. 
(b) Estimate the amplitude and frequency of the steady-state part of the solution. 
(c) Compare the results of part (b) with those from Problem 20 and from Section 3.9 for 
a sinusoidally forced oscillator. 

. Consider the initial value problem 


y+y=h(t), y(0) =0, yO) =0, 


where 

fO=4 +2) 0 CD yO. 

k=l 

Observe that this problem is identical to Problem 19 except that the frequency of the forcing 
term has been increased somewhat. 
(a) Find the solution of this initial value problem. 
(b) Let m > 33 and plot the solution for 0 < t < 90 or longer. Your plot should show a 
clearly recognizable beat. 
(c) From the graph in part (b) estimate the “slow period” and the “fast period” for this 
oscillator. 
(d) For a sinusoidally forced oscillator in Section 3.9 it was shown that the “slow fre- 
quency“ is given by |w — @,)|/2, where qy is the natural frequency of the system and w is 
the forcing frequency. Similarly the “fast frequency” is (w + @,)/2. Use these expressions 
to calculate the “fast period” and the “slow period” for the oscillator in this problem. How 
well do the results compare with your estimates from part (c)? 


6.5 Impulse Functions 


In some applications it is necessary to deal with phenomena of an impulsive nature, for 
example, voltages or forces of large magnitude that act over very short time intervals. 
Such problems often lead to differential equations of the form 


ay” + by’ + cy = g(t), (1) 


where g(r) is large during a short interval t, — tT < tf < ft) + T and is otherwise zero. 
The integral / (tr), defined by 


fy+t 
I(T) =) g(t) dt, (2) 
fy—T 
or, since g(t) = 0 outside of the interval (4) — T, fy + T), 
I(t) =i g(t) dt, (3) 


is a measure of the strength of the forcing function. In a mechanical system, where 
g(t) is a force, 7(t) is the total impulse of the force g(t) over the time interval 
(t) — T, t) + T). Similarly, if y is the current in an electric circuit and g(r) is the time 
derivative of the voltage, then / (t) represents the total voltage impressed on the circuit 
during the interval (f) — T, fy + T). 
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In particular, let us suppose that f) is zero, and that g(t) is given by 


_ _ 1/2t, —TtT <t <T, 
ei) = 4,0) = | 0, t<—-t or t>tT, “) 


where T is a small positive constant (see Figure 6.5.1). According to| Eq. (2) or| (3) jit 


follows immediately that in this case / (t) = 1 independent of the value of tT, as long as 
t # 0. Now let us idealize the forcing function d, by prescribing it to act over shorter 
and shorter time intervals; that is, we require that t — 0, as indicated in Figure 6.5.2. 
As a result of this limiting operation we obtain 


lim d_(t) =0, t#0. (5) 
Further, since /(t) = 1 for each t ¥ 0, it follows that 
lim I(t) = 1. (6) 


Equations (5) and (6) can be used to define an idealized unit impulse function 6, which 
imparts an impulse of magnitude one at f = 0, but is zero for all values of ¢ other than 
zero. That is, the “function” 6 is defined to have the properties 


6(t) = 0, t £0; (7) 


[so Hear (8) 


(oe) 


t 


FIGURE 6.5.2 Graphs of y = d_(t) ast — 0. 
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There is no ordinary function of the kind studied in elementary calculus that satisfies 


both of|Eqs. (7) and|(8)| The “function” 6, defined by those equations, is an example of 
what are known as generalized functions and is usually called the Dira@delta function} 
Since 6(t) corresponds to a unit impulse at ¢ = 0, a unit impulse at an arbitrary point 


t = t, is given by 4(t — t)). From|Egs. (7)|and|(8) lit follows that 


b(t —t)) = 0, t# ty; (9) 
c d(t—t)) dt =1. (10) 


The delta function does not satisfy the conditions of/Theorem 6.1.2] but its Laplace 


transform can nevertheless be formally defined. Since 5(t) is defined as the limit of 
d_(t) as t — 0, it is natural to define the Laplace transform of 6 as a similar limit of 
the transform of d_. In particular, we will assume that 4, > 0, and define L{5(t — tp)} 
by the equation 


L{5(t —t))} = lim Lid. @ =a}. (11) 
To evaluate the limit in Eq. (11) we first observe that if t < t), which must eventually 


be the case as t — 0, then tf) — t > 0. Since d_(t — f)) is nonzero only in the interval 
from f, — T to fy + T, we have 


Ld =i)) = / ed. (i= 1,) dt 
0 


fy +t 
= / e"d_(t —t)) dt. 
t, 


(mt 


Substituting for d_(t — t,) from|Eq. (4), we obtain 


POP. 1 _.jt=tote 
L{d(t —t)} = i l ee dt= er ae 
1 St, ST —ST 
“a ee 
or 
Lld.¢—t)}= maT oo, (12) 


The quotient (sinh st)/st is indeterminate as tT — 0, but its limit can be evaluated by 
L’ Hospital’s rule. We obtain 


. sinhst _ scoshst 
lim = lim ———— = 1. 
t>0) ST t>0 AY 
Then from Eq. (11) it follows that 
L{5(t —t))} = e *0, (13) 


*Paul A. M. Dirac ( 1902-1984), English mathematical physicist, received his Ph.D. from Cambridge in 1926 and 
was professor of mathematics there until 1969. He was awarded the Nobel prize in 1933 (with Erwin Schrédinger) 
for fundamental work in quantum mechanics. His most celebrated result was the relativistic equation for the 
electron, published in 1928. From this equation he predicted the existence of an “‘anti-electron,” or positron, which 
was first observed in 1932. Following his retirement from Cambridge, Dirac moved to the United States and held 
a research professorship at Florida State University. 
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Equation (13)|defines £{5(t — 1,)} for any t) > 0. We extend this result, to allow f, to 
be zero, by letting t) — 0 on the right side of |Eq. (13); thus 


L{d(t)} = tim e™*9 =1. (14) 
0” 


In a similar way it is possible to define the integral of the product of the delta function 
and any continuous function f. We have 


i b(t —t)) f@) dt = tim f d_(t —t)) f(t) dt. (15) 
Using the definition (4) of d_(t) and the mean value theorem for integrals, we find that 
loo) 1 {+t 
/ d(t —t)) f(t) dt = — f(t) dt 
2a 2t tg-t 
1 * * 
geen ee, 
T 
where tf, — T < t* <t) +. Hence, t* — t, as t — 0, and it follows from Eq. (15) 
that 
/ b(t —t)) f(t) dt = f(t). (16) 


It is often convenient to introduce the delta function when working with impulse 
problems, and to operate formally on it as though it were a function of the ordinary 
kind. This is illustrated in the example below. It is important to realize, however, that the 
ultimate justification of such procedures must rest on a careful analysis of the limiting 
operations involved. Such a rigorous mathematical theory has been developed, but we 
do not discuss it here. 


Find the solution of the initial value problem 


EXAMPLE rns 
1 2y" + y+ 2y = 4(t —5), (17) 
y(0) =0, y'(0) =0. (18) 

This initial value problem arises from the study of the same electrical circuit or me- 

chanical oscillator as in [Example 1 of Section 6.4] The only difference is in the forcing 


term. 
To solve the given problem we take the Laplace transform of the differential equation 
and use the initial conditions, obtaining 


(Qs? +s+2Y~)=e.” 


Thus 
—5s —5s 1 


Y(s) = (19) 


Isrts+2 2 (s+47+?. 


By|Theorem 6.3.2]or from] line 9 of Table 6.2.1 


1 —_ 
i = 4 et! gin VIS 4, (20) 
ere] ve : 
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Hence, by| Theorem 6.3.1) we have 
y = LY (S)} = Fg us(e "4 sin 8 (= 5); (21) 


which is the formal solution of the given problem. It is also possible to write y in the 
form 
0, t <5, 


= ae . 22) 
y Fae @ 5/4 sin YS (¢ — 5), t>5. ( 


The graph of Eq. (22) is shown in Figure 6.5.3. Since the initial conditions at t = 0 
are homogeneous, and there is no external excitation until t = 5, there is no response 
in the interval 0 < t <5. The impulse at t = 5 produces a decaying oscillation that 
persists indefinitely. The response is continuous at t = 5 despite the singularity in the 
forcing function at that point. However, the first derivative of the solution has a jump 
discontinuity at tf = 5 and the second derivative has an infinite discontinuity there. 


This is required by the differential equation (17)] since a singularity on one side of the 
equation must be balanced by a corresponding singularity on the other side. 


ya 
0.3 |- 


0.2 - 


FIGURE 6.5.3 Solution of the initial value|problem (17), (18) 


In each of Problems 1 through 12 find the solution of the given initial value problem and draw 
its graph. 


2y' + 2y = d(t— 1); yO =1, yO=0 

4y = 5(t —m) — S(t — 2m); y(0)=0, y’(0)=0 

y” +3y' + 2y = d(t —5) + uy9 (0); y(0) =0, yO) =1/2 
y” — y = —206(t — 3); y0)=1, y'@)=0 

y” + 2y' + 3y =sint + d(t — 37); y(0)=0, y(0)=0 
y" +4y = d(t — 4m); y(0)=1/2, y'@)=0 

y" + y = &(t — 2m) cost; y(0)=0, y’@0)=1 

y" +4y = 26(t — 1/4); y(0)=0, y@)=0 


1. 
2. 
3. 
4. 
. 
6. 
7. 
8. 
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Plo yt+yH U,g(t) + 38(t — 30/2) — up, (1); y(0)=0, y’(0)=0 

. 2y"+y' + 4y = d(t — 1/6) sint; y(0)=0, y’@)=0 
y” +2y' + 2y =cost + d(t — 1/2); y(0)=0, y’(0)=0 
y¥-y=d¢-1); yO)=0, yO=0, y"0)=0, y”"O)=0 


. Consider again the system in Example | in the text in which an oscillation is excited by 
a unit impulse at t = 5. Suppose that it is desired to bring the system to rest again after 
exactly one cycle, that is, when the response first returns to equilibrium moving in the 
positive direction. 

(a) Determine the impulse k5(¢ — f)) that should be applied to the system in order to 
accomplish this objective. Note that k is the magnitude of the impulse and f, is the time of 
its application. 

(b) Solve the resulting initial value problem and plot its solution to confirm that it behaves 
in the specified manner. 

>| 14. Consider the initial value problem 


vVvvyv 


y’ +yy +y=d¢-1), y@)=0, y’(0)=0, 


where y is the damping coefficient (or resistance). 
(a) Letty = 5. Find the solution of the initial value problem and plot its graph. 
(b) Find the time ft, at which the solution attains its maximum value. Also find the 
maximum value y, of the solution. 
(c) Lety = 7 and repeat parts (a) and (b). 
(d) Determine how tf, and y, vary as y decreases. What are the values of t, and y, when 
y =0? 
P| 15. Consider the initial value problem 


y’+yy' +y =kdt — 1), y(0)=0, y’(0)=0, 


where k is the magnitude of an impulse at t = | and y is the damping coefficient (or 
resistance). 
(a) Lety = 5. Find the value of k for which the response has a peak value of 2; call this 
value k,. 
(b) Repeat part (a) for y = 7. 
(c) Determine how k, varies as y decreases. What is the value of k, when y = 0? 

>| 16. Consider the initial value problem 


yt+y=f,0, y0)=0, y’'(0)=0, 


where f(t) = [uy_, (0) — ug,,(0)1/2k with 0 < k <1. 
(a) Find the solution y = ¢(t, k) of the initial value problem. 
(b) Calculate lim o(t, k) from the solution found in part (a). 


(c) Observe that lim f,(t) = 6(t — 4). Find the solution ¢)(¢) of the given initial value 
problem with f, (t) replaced by 5(¢ — 4). Is it true that )(¢) = lim o(, k)? 

(d) Plot A(t, 1/2), O(¢, 1/4), and ¢)(t) on the same axes. Describe the relation between 
o(t, k) and ,(t). 


Problems 17 through 22 deal with the effect of a sequence of impulses on an undamped oscillator. 
Suppose that 


yt+y=fO, y0)=0, y'(0)=0. 


For each of the following choices for f(t): 


(a) Try to predict the nature of the solution without solving the problem. 
(b) Test your prediction by finding the solution and drawing its graph. 
(c) Determine what happens after the sequence of impulses ends. 
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20 20 
ft) = > b(t — kz) P18. fi) = C1 3¢ — kx) 
k=1 k=1 


20 


20 
f(t) = > 6(t — kn/2) > 20. f(t) = C1) 6 — ka/2) 
k=1 k=1 


fO= > 8[t — (2k — 1)z] > 22. f= x (15 —11k/4) 
k=1 k=1 


. The position of a certain lightly damped oscillator satisfies the initial value problem 


20 
y" +0.1y +y = Yo(-DM 18 — kx), y)=0, y’(0) =0. 
k=1 


Observe that, except for the damping term, this problem is the same as Problem 18. 
(a) Try to predict the nature of the solution without solving the problem. 
(b) Test your prediction by finding the solution and drawing its graph. 
(c) Determine what happens after the sequence of impulses ends. 
. Proceed as in Problem 23 for the oscillator satisfying 


15 
y" +0.1y +y = >> dle — 2k — 1x], y(0)=0, y(0)=0. 
k=1 


Observe that, except for the damping term, this problem is the same as Problem 21. 
(a) By the method of variation of parameters show that the solution of the initial value 
problem 


y" + 2y'+2y = f(t); y(0) =0, y(0)=0 


y= / e-"-® f(r) sin(t — t) dt. 
0 


(b) Show that if f(t) = 6(t — zr), then the solution of part (a) reduces to 


y=u,(the"™ sin(t — 7). 


(c) Use a Laplace transform to solve the given initial value problem with f(t) = d(¢ — 7) 
and confirm that the solution agrees with the result of part (b). 


6.6 The Convolution Integral 


Sometimes it is possible to identify a Laplace transform H (s) as the product of two other 
transforms F(s) and G(s), the latter transforms corresponding to known functions f 
and g, respectively. In this event, we might anticipate that H(s) would be the transform 
of the product of f and g. However, this is not the case; in other words, the Laplace 
transform cannot be commuted with ordinary multiplication. On the other hand, if an 
appropriately defined “generalized product” is introduced, then the situation changes, 
as stated in the following theorem. 
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Theorem 6.6.1 If F(s) = £{f(t)} and G(s) = L{g(t)} both exist for s > a > 0, then 
H(s) = F(s)G(s) = L{h()}, s>a, (1) 


where 
ny = [ fener = [ i(OgG —t)dz. (2) 
0 0 


The function hf is known as the convolution of f and g; the integrals in Eq. (2) are 
known as convolution integrals. 


The equality of the two integrals in Eq. (2) follows by making the change of variable 
t — t = & inthe first integral. Before giving the proof of this theorem let us make some 
observations about the convolution integral. According to this theorem, the transform 
of the convolution of two functions, rather than the transform of their ordinary product, 
is given by the product of the separate transforms. It is conventional to emphasize that 
the convolution integral can be thought of as a “generalized product” by writing 


A(t) = (f *g)(). (3) 


In particular, the notation (f * g)(t) serves to indicate the first integral appearing in 
Eq. (2). 

The convolution f * g has many of the properties of ordinary multiplication. For 
example, it is relatively simple to show that 


fxg=aexf (commutative law) (4) 

fee, +aJ=fra,t+f*e, (distributive law) (5) 
(f xg)*xh= f x (g xh) (associative law) (6) 
f*«0=0x f =0. (7) 


The proofs of these properties are left to the reader. However, there are other properties 
of ordinary multiplication that the convolution integral does not have. For example, it 
is not true in general that f + 1 is equal to f. To see this, note that 


enn= | fi -tde= f f(t —t)dt. 
0 0 


If, for example, f(t) = cost, then 


f 


(fx DO= / cos(t — t)dt = —sin(t — T) ~ 
0 t= 
= —sin0+sint 
= sint. 


Clearly, (f * 1)(t) ~ f(t). Similarly, it may not be true that f « f is nonnegative. See 
for an example. 

Convolution integrals arise in various applications in which the behavior of the 
system at time ¢ depends not only on its state at time f, but on its past history as well. 
Systems of this kind are sometimes called hereditary systems and occur in such diverse 
fields as neutron transport, viscoelasticity, and population dynamics. 
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Turning now to the proof of Theorem 6.6.1, we note first that if 
F(s)= [ etrevas 
and 
Ge) = fo eeondn, 
then 
F(s)G(s) = [trea [em etnan. (8) 


Since the integrand of the first integral does not depend on the integration variable of 
the second, we can write F'(s)G(s) as an iterated integral, 


F(s)G(s) = i, g(n)dn / e E+” £(E) dé. (9) 


0 


This expression can be put into a more convenient form by introducing new variables 
of integration. First let € = t — n, for fixed 7. Then the integral with respect to € in 
Eq. (9) is transformed into one with respect to f; hence 


F(s)G(s) = [soar fre — n) dt. (10) 
Next let 7 = T; then Eq. (10) becomes 

F(s)G(s) = [ g(t) dt [ e "f(t —T) dt. (11) 
The integral on the right side of Eq. (11) is carried out over the shaded wedge-shaped 


region extending to infinity in the ft-plane shown in Figure 6.6.1. Assuming that the 
order of integration can be reversed, we finally obtain 


F(s)G(s) =f e* ar | f(t —t)g(t) dt, (12) 
0 


0 


FIGURE 6.6.1 Region of integration in F(s)G(s). 
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EXAMPLE 


1 


EXAMPLE 


2 


or 
F(s)G(s) = [tno dt 
0 


= L{h(t)}, (13) 
where /(t) is defined by| Eq. (2) This completes the proof of Theorem 6.6.1. 


Find the inverse transform of 
a 


7 s?(s? + a) ; 
It is convenient to think of H(s) as the product of s? and a / (s? + a), which, 

according to lines 3 and|5 of Table 6.2.1], are the transforms of t and sin at, respectively. 

Hence, by|Theorem 6.6.1] the inverse transform of H(s) is 

at — sinat 


no = [ (t —t)sinatdt = — (15) 
0 


a 


H(s) (14) 


You can verify that the same result is obtained if /(t) is written in the alternate form 


t 
n= [ Tt sina(t — t) dt, 
0 


which confirms |Eq. (2)|in this case. Of course, /(t) can also be found by expanding 
H(s) in partial fractions. 


Find the solution of the initial value problem 


y’ +4y = g(t), (16) 


yO) = 3, y(0)=-1. (17) 


By taking the Laplace transform of the differential equation and using the initial 
conditions, we obtain 


s°Y¥(s) —3s +1+4Y(s) = G(s), 
or 
3s —1 G(s) 
+4 s*44 
Observe that the first and second terms on the right side of Eq. (18) contain the 


dependence of Y(s) on the initial conditions and forcing function, respectively. It is 
convenient to write Y(s) in the form 


(O26 (19) 
s)= } S). 
a4 Beta 2d 


Then, using lines 5 and|6 of Table 6.2.1] and/Theorem 6.6.1}, we obtain 
t 


y = 3cos2r — }sin2r + if sin 2(t — t)g(t) dt. (20) 


Y(s) = (18) 
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If a specific forcing function g is given, then the integral in|Eq. (20)}can be evaluated 
(by numerical means, if necessary). 


Example 2|illustrates the power of the convolution integral as a tool for writing 
the solution of an initial value problem in terms of an integral. In fact, it is possible 


to proceed in much the same way in more general problems. Consider the problem 
consisting of the differential equation 


ay" + by’ +cy = g(t), (21) 


where a, b, and c are real constants and g is a given function, together with the initial 
conditions 


yO)=y, yO)=y. (22) 


The transform approach yields some important insights concerning the structure of the 
solution of any problem of this type. 

The initial value problem (21), (22) is often referred to as an input-output problem. 
The coefficients a, b, and c describe the properties of some physical system, and g(t) is 
the input to the system. The values y, and yo describe the initial state, and the solution 
y is the output at time f. 

By taking the Laplace transform of Eq. (21) and using the initial conditions (22), we 
obtain 


(as? + bs +c)Y(s) — (as + b) yy — ayo = G(s). 


If we let 
as + b)y, + ayy G(s 
a maa + = ia ae - 
then we can write 
Y(s) = O(s) + W(s). (24) 
Consequently, 
y=OO+VO), (25) 


where $(t) = L7'{(s)} and w(t) = L7!{W(s)}. Observe that y = $(r) is a solution 
of the initial value problem 


ay” + by’+cy =0, y0)=y, yO)=y, (26) 


obtained from Eqs. (21) and (22) by setting g(t) equal to zero. Similarly, y = w(f) is 
the solution of 


ay" +by'+cy = g(t), y(0)=0, y(0)=0, (27) 
in which the initial values y, and yo are each replaced by zero. 

Once specific values of a, b, and c are given, we can find ¢(t) = L-'N®(s)} by using 
Table 6.2.1| possibly in conjunction with a translation or a partial fraction expansion. 
To find w(t) = L~'{W(s)} it is convenient to write Y(s) as 

V(s) = A(s)G(s), (28) 
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where H(s) = (as? + bs +c)~!. The function H is known as the transfer functior! 
and depends only on the properties of the system under consideration; that is, H(s) is 
determined entirely by the coefficients a, b, and c. On the other hand, G(s) depends 
only on the external excitation g(t) that is applied to the system. By the convolution 
theorem we can write 


w(t) =Lo'{H(s)G(s)} = i A(t — t)g(t) dt, (29) 
¢ 


where h(t) = £-'{H(s)}, and g(t) is the given forcing function. 

To obtain a better understanding of the significance of h(t), we consider the case 
in which G(s) = 1; consequently, g(t) = 6(t) and Y(s) = H(s). This means that 
y = h(t) is the solution of the initial value problem 


ay” + by’ + cy = 6(t), y(0)=0, yO) =0, (30) 
obtained from] Eq. (27) |by replacing g(t) by d(t). Thus A(t) is the response of the 


system to a unit impulse applied at t = 0, and it is natural to call h(t) the impulse 
response of the system. Equation (29) then says that y(t) is the convolution of the 
impulse response and the forcing function. 

Referring to[Example 2] we note that in that case the transfer function is H(s) = 
1/(s? + 4), and the impulse response is A(t) = (sin 2t)/2. Also, the first two terms on 
the right side of Eq, (20) fonstitute the function ¢(t), the solution of the corresponding 
homogeneous equation that satisfies the given initial conditions. 


PROBLEMS 


1. Establish the commutative, distributive, and associative properties of the convolution 
integral. 
(a) fxg=exf 
(b) fx(g,+a)=frea, tf * 
(c) f x(g#h) =(f *g)*h 

2. Find an example different from the one in the text showing that (f « 1)(t) need not be 
equal to f(t). 

3. Show, by means of the example f(t) = sint, that f « f is not necessarily nonnegative. 


In each of Problems 4 through 7 find the Laplace transform of the given function. 


t t 
4. f(t) =| (t —t)* cos2tdt 5. f(t) =f e~ "9 sin t dt 
0 0 


6. fo= | (t—t)e’ dt 7. ro= | sin(t — T)cost dt 
0 0 


In each of Problems 8 through 11 find the inverse Laplace transform of the given function by 
using the convolution theorem. 
—— F@)=—— a 
s'(s° +1) (s + 1)(s* + 4) 
1 G(s) 


10. F(s)= ll. F(s)= 
acs (s + 1)?(s7 +4) (s) st] 


8. F(s)= 


>This terminology arises from the fact that H(s) is the ratio of the transforms of the output and the input of the 
problem (27). 
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In each of Problems 12 through 19 express the solution of the given initial value problem in 
terms of a convolution integral. 


12; 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


22, 


y’+oy=g(t); yO=0, yO=1 

y” + 2y' + 2y =sinat; y(0)=0, y’(0)=0 

4y"” + 4y' + I7y = g(t); y(0)=0, y0)=0 
yt+ty'+3?y=1-u,(0); yO)=1, yO=-1 

y" +4y' + 4y = g(t); y()=2, y'(0)=-3 

y” +3y' + 2y =cosat; y(0)=1, y’@0)=0 

yY —~y= g(t); y0)=0, y@)=0, y"O0)=0, y”@)=0 

y” + 5y"” +4y = g(t); y(0)=1, y(0)=0, y"O)=0, y"(0)=0 
Consider the equation 


w+ f k(t — E)6(8) dé = FO, 


in which f and k are known functions, and @ is to be determined. Since the unknown 
function ¢ appears under an integral sign, the given equation is called an integral equation; 
in particular, it belongs to a class of integral equations known as Volterra integral equations. 
Take the Laplace transform of the given integral equation and obtain an expression for 
L{o(t)} in terms of the transforms L{ f(t)} and L{k(t)} of the given functions f and k. 
The inverse transform of £{¢(t)} is the solution of the original integral equation. 


. Consider the Volterra integral equation (see Problem 20) 


p(t) +f (t — €)@(€) dé = sin2r. 
0 


(a) Show that if wu is a function such that u(t) = ¢(t), then 
u(t) + u(t) — tu’(0) — u(0) = sin2r. 
(b) Show that the given integral equation is equivalent to the initial value problem 
u(t) + u(t) = sin 2r; u(0)=0, w’(0) =0. 


(c) Solve the given integral equation by using the Laplace transform. 
(d) Solve the initial value problem of part (b) and verify that the solution is the same as 
that obtained in part (c). 
The Tautochrone. A problem of interest in the history of mathematics 1s that of finding 
the tautochrone—the curve down which a particle will slide freely under gravity alone, 
reaching the bottom in the same time regardless of its starting point on the curve. This 
problem arose in the construction of a clock pendulum whose period is independent of 
the amplitude of its motion. The tautochrone was found by Christian Huygens (1629- 
1695) in 1673 by geometrical methods, and later by Leibniz and Jakob Bernoulli using 
analytical arguments. Bernoulli’s solution (in 1690) was one of the first occasions on which 
a differential equation was explicitly solved. 

The geometrical configuration is shown in [Figure 6.6.2. The starting point P(a, b) is 
joined to the terminal point (0, 0) by the arc C. Arc length s is measured from the origin, 
and f(y) denotes the rate of change of s with respect to y: 


ds dx \? a 
roo= $=[14($) | : (i) 


Then it follows from the principle of conservation of energy that the time T(b) required 
for a particle to slide from P to the origin is 


> f0) 


T(b) = 
V2g Jo Vb-y 


dy. (ii) 
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FIGURE 6.6.2 The tautochrone. 


(a) Assume that T(b) = T), a constant, for each b. By taking the Laplace transform of 
Eq. (ii) in this case and using the convolution theorem, show that 


2g Ty ee 
F(s) =,/——; 
(s) uk (iii) 
then show that 
2g 1 : 
fW=4)—— =: (iv) 
m /y 
Hint: See} Problem 27 of Section 6.1. 
(b) Combining Eqs. (1) and (iv), show that 
dx 2a—y 
— = (v) 
dy y 
where a@ = gTy /n’. 
(c) Use the substitution y = 2a sin? (0 /2) to solve Eq. (v), and show that 
x=a(O+sin@), y =a(1 —cos@). (vi) 


Equations (vi) can be identified as parametric equations of a cycloid. Thus the tautochrone 
is an arc of a cycloid. 
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Systems of First 
Order Linear 
Equations 


There are many physical problems that involve a number of separate elements linked 
together in some manner. For example, electrical networks have this character, as 
do some problems in mechanics or in other fields. In these and similar cases the 
corresponding mathematical problem consists of a system of two or more differential 
equations, which can always be written as first order equations. In this chapter we focus 
on systems of first order Jinear equations, utilizing some of the elementary aspects of 
linear algebra to unify the presentation. 


7.1 Introduction 


Systems of simultaneous ordinary differential equations arise naturally in problems 
involving several dependent variables, each of which is a function of a single inde- 
pendent variable. We will denote the independent variable by f, and let x,,x,,x;,... 
represent dependent variables that are functions of t. Differentiation with respect to ¢ 
will be denoted by a prime. 

For example, consider the spring—mass system in [Figure 7.1.1] The two masses 
move on a frictionless surface under the influence of external forces F(t) and F,(t), 
and they are also constrained by the three springs whose constants are k,, k,, and k,, 


339 


340 


Chapter 7. Systems of First Order Linear Equations 


respectively. Using arguments similar to those in|Section 3.8] we find the following 
equations for the coordinates x, and x, of the two masses: 


as, 
i az =k, —%,)—kyx, + FO 
= —(k, +k,)x, + kx, + F,(), 
dk (1) 
My a kX — ky (x, — x,) + F(t) 


II 


hint, = (hy: + Kg) ky fF 0), 


A derivation of Eqs. (1) is outlined in|Problem 17 


FIGURE 7.1.1 A two degrees of freedom spring—mass system. 


Next, consider the parallel LRC circuit shown in Figure 7.1.2. Let V be the voltage 
drop across the capacitor and / the current through the inductor. Then, referring to 
and to Problem 18/of this section, we can show that the voltage and current 
are described by the system of equations 

dI 
dt 
dV I V 


dt C RC’ 


where L is the inductance, C the capacitance, and R the resistance. 

As a final example, we mention the predator—prey problem, one of the fundamental 
problems of mathematical ecology, which is discussed in more detail in[Section 9.5] 
Let H(t) and P(t) denote the populations at time ¢ of two species, one of which (P) 
preys on the other (H). For example, P(t) and H(t) may be the number of foxes and 
rabbits, respectively, in a woods, or the number of bass and redear (which are eaten by 
bass) in a pond. Without the prey the predators will decrease, and without the predator 


’ 


V 
L 
(2) 


FIGURE 7.1.2 A parallel LRC circuit. 
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the prey will increase. A mathematical model showing how an ecological balance can 
be maintained when both are present was proposed about 1925 by Lotka and Volterra. 
The model consists of the system of differential equations 


dH/dt = a,H — b, HP, 


(3) 
dP/dt = —a,P +b, HP, 


known as the predator—prey equations. In Eqs. (3) the coefficient a, is the birth rate 
of the population H; similarly, a, is the death rate of the population P. The HP terms 
in the two equations model the interaction of the two populations. The number of 
encounters between predator and prey is assumed to be proportional to the product of 
the populations. Since any such encounter tends to be good for the predator and bad 
for the prey, the sign of the HP term is negative in the first equation and positive in the 
second. The coefficients b, and b, are the coefficients of interaction between predator 
and prey. 

Another reason for the importance of systems of first order equations is that equations 
of higher order can always be transformed into such systems. This is usually required if 
a numerical approach is planned, because almost all codes for generating approximate 
numerical solutions of differential equations are written for systems of first order 
equations. The following example illustrates how easy it is to make the transformation. 


The motion of a certain spring—mass system (see}Example 3 of Section 3.8) is described 


EXAMPLE by the second order differential equation 
1 u” +0.125u' +u =0. (4) 


Rewrite this equation as a system of first order equations. 
Let x, =u and x, =u’. Then it follows that x; = x,. Further, u” = x}. Then, by 
substituting for u, u’, and u” in Eq. (4), we obtain 


x, +0.125x, +x, =0. 


Thus x, and x, satisfy the following system of two first order differential equations: 


xX, =X, 
(5) 
Xq = —x, — 0.125x, 
The general equation of motion of a spring—mass system, 
mu’ +yu'+ku = F(t), (6) 


can be transformed to a system of first order equations in the same manner. If we let 
x, =uand x, = uw’, and proceed as in Example 1, we quickly obtain the system 


eo 
X5 = —(k/m)x, — (y/m)x, + F(t)/m. 
To transform an arbitrary nth order equation 


y™ = F(t, y,y',..., yy") (8) 


(7) 
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into a system of n first order equations we extend the method of}Example 1} by 


introducing the variables x,,x,,..., x, defined by 
= =F GH. acts 25 ye), (9) 
It then follows immediately that 
i Sie, 
ic 
Ky Xa, 
2 3 (10) 
ar a Xx 
and from Eq. (8) 
1 =P Cate (11) 
Equations (10) and (11) are a special case of the more general system 
Ee oe aoe ene ee 
x5 = F(t, x,,X5,...,X.), 
2 2 1° %2 n (12) 
a = F(t, X1,%5,...,%,). 


In a similar way the system|(1)|can be reduced to a system of four first order equations 
of the form (12), while the|systems (2)]and|(3)Jare already in this form. In fact, systems 
of the form (12) include almost all cases of interest, so much of the more advanced 
theory of differential equations is devoted to such systems. 

The system (12) is said to have asolution jon the interval J: a <t < f if there exists 
a set of n functions 


xX, =O), %=O(t), ---, x, =6,(0), (13) 


that are differentiable at all points in the interval J and that satisfy the system of 
equations (12) at all points in this interval. In addition to the given system of differential 
equations there may also be given initial conditions of the form 


HOISe DU )Se,. ay. SSE, (14) 


where f, is a specified value of ¢ in J, and a. —— os are prescribed numbers. The 
differential equations (12) and initial conditions (14) together form an initial value 
problem. 

A solution (13) can be viewed as a set of parametric equations in an n-dimensional 
space. For a given value of t, Eqs. (13) give values for the coordinates x,,...,x,, of a 
point in the space. As t changes, the coordinates in general also change. The collection 
of points corresponding to a < t < 6 forma curve in the space. It is often helpful to 
think of the curve as the trajectory or path of a particle moving in accordance with the 
system of differential equations (12). The initial conditions (14) determine the starting 
point of the moving particle. 

The following conditions on F,, F,,..., F,, which are easily checked in specific 
problems, are sufficient to assure that the initial value problem (12), (14) has a unique 
solution.[Theorem 7.1.1]is analogous to[Theorem 2.4. the existence and uniqueness 


theorem for a single first order equation. 
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Theorem 7.1.1 


Theorem 7.1.2 


Let each of the functions F,,...,/, and the partial derivatives 0F,/dx,,..., 
CG) Oy (GP Sy ee ay OP. yreraceny CO)! Chay (oP. ee be continuous in a region R of £X)Xy °° i 
space defined by a <t < B, a, <x, < B,,...,a, <x, < B,, and let the point 
(Cea ie bee x) be in R. Then there is an interval |t — f)| < A in which there 
exists a unique solution x, = ¢,(f),...,x, =@,(t)_of the system of differential 
equations|(12)} that also satisfies the initial conditions (14). 


The proof of this theorem can be constructed by generalizing the argument in Section 
but we do not give it here. However, note that in the hypotheses of the theorem 
nothing is said about the partial derivatives of F,,..., F, with respect to the inde- 
pendent variable t. Also, in the conclusion, the length 2h of the interval in which the 
solution exists is not specified exactly, and in some cases may be very short. Finally, the 
same result can be established on the basis of somewhat weaker, but more complicated 
hypotheses, so the theorem as stated is not the most general one known, and the given 


conditions are sufficient, but not necessary, for the conclusion to hold. 
If each of the functions F,,..., F, in| Eqs. (12)jis a linear function of the dependent 


variables x,,...,x,,, then the system of equations is said to be linear: otherwise, it is 
[nonfinear. Thus the most general system of n first order linear equations has the form 
x} = Pi, (x, es Pi,O)X, + g,(t), 
f 
Xp = Po, (t)x, +++ + Py, (x, + 820), 
2 21 1 2 2 (15) 
a = Py CX, ec Pry (t)x, _ 8, (t). 
If each of the functions g(t), ..., g,,(¢) is zero for all ¢ in the interval /, then the system 


(15) is said to be otherwise, it is[{nonhomogeneous] Observe that the 
systems (1) land (2) f e both linear, but the system| (3) is nonlinear. The/system (1) 
is nonhomogeneous unless F, (t) = F,(¢) = 0, while the|system (2))is homogeneous. 


For the linear system (15) the existence and_uniqueness theorem is simpler and also 
has a stronger conclusion. It is analogous to|Theorems 2.4.1 |and}3.2. 1) 


If the functions p,,, Py>,--+s Pan> &j>+++> 8, ave Continuous on an open interval 
I: a <t < f, then there exists a unique solution x, = ¢,(t),...,x, = @,(¢) of the 
system (15) that also satisfies the initial] conditions (14)] where f) is any point in [ 
and be ..., x9 are any prescribed numbers. Moreover, the solution exists throughout 


n 
the interval J. 


Note that in contrast to the situation for a nonlinear system the existence and unique- 
ness of the solution of a linear system are guaranteed throughout the interval in which the 
hypotheses are satisfied. Furthermore, for a linear system the initial values x sees x 
at f = f, are completely arbitrary, whereas in the nonlinear case the initial point must 
lie in the region R defined in Theorem 7.1.1. 


The rest of this chapter is devoted to systems of linear first order equations (nonlinear 
systems are included in the discussion in|Chapters 8 and 9), Our presentation makes 


use of matrix notation and assumes that you have some familiarity with the properties 
of matrices. The basic facts about matrices are summarized in|Sections 7.2 and 7 3fnd 


some more advanced material is reviewed as needed in later sections. 
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PROBLEMS in each of Problems 1 through 4 transform the given equation into a system of first order 


equations. 


u” +0.5u' + 2u =0 2. u” +0.5u' + 2u = 3 sint 

ru" +tu' + (t? —0.25)u =0 4. wu” —u=0 

Consider the initial value problem u” + p(t)u' + q(t)u = g(t), u(O) = uy, u'(O) = up. 
Transform this problem into an initial value problem for two first order equations. 

Reduce the system (1) to a system of first order equations of the form (12). 

Systems of first order equations can sometimes be transformed into a single equation of 
higher order. Consider the system 


ae pF ces = 
X) = —2x, +X, Xy =X, — 2X. 


(a) Solve the first equation for x, and substitute into the second equation, thereby obtaining 
a second order equation for x,. Solve this equation for x, and then determine x, also. 

(b) Find the solution of the given system that also satisfies the initial conditions x, (0) = 2, 
x,(0) = 3. 

(c) Sketch the curve, for t > 0, given parametrically by the expressions for x, and x, 
obtained in part (b). 


In each of Problems 8 through 12 proceed as in Problem 7 to transform the given system into a 


single equation of second order. Then find x 


, and x, that also satisfy the given initial conditions. 


Finally, sketch the graph of the solution in the x,x,-plane for t > 0. 


8. 
10. 


12. 


14. 


15: 


16. 


x, = 3x, — 2x, x, (0) = 3 9. x; = 1.25x, +0.75x,, x,(0) = —2 
x4 = 2x, _ 2X5, x, (0) = 5 x5 = 0.75x, + 1.25x,, X,(0) =1 
xX, =X, — 2%, x,(0) = —1 < ky = 2x, x,(0) =3 
x5 = 3x, — 4x, X,(0) = 2 XS 2s x,(0) = 4 
x, = —0.5x, + 2x,, x,(0) = —2 
x5 = —2x, —0.5x,, x,(0) = 2 
Transform Eqs. (2) for the parallel circuit into a single second order equation. 
Show that if a,,, a), 4), and a,, are constants with a,, and a,, not both zero, and if the 
functions g, and g, are differentiable, then the initial value problem 
Xj = 4%, +4,.%,+8,(0), x, (0) i 
xh =X, +4yx,+8,(1),  x,(0) = x9 
can be transformed into an initial value problem for a single second order equation. Can 
the same procedure be carried out if a,,,..., @,, are functions of t? 
Consider the linear homogeneous system 
x= Pi, (t)x + Py )y, 
y’ = py, (t)x + pylt)y. 


Show that if x = x,(¢), y = y,(t) and x = x,(t), y = y,(¢) are two solutions of the given 
system, then x = c,x,(¢) +¢,x,(t), y = c,y, (t) + Cy, (2) is also a solution for any con- 
stants c, and c,. This is the principle of superposition. 

Let x =x,(t), y= y,(¢) and x = x,(t), y = y,(t) be any two solutions of the linear 
nonhomogeneous system 


x’ = py (tx + Py(t)y + 8, (4), 
y’ —t Py (O)X oF Py (t)y 7 g(t). 
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Show that x = x, (¢) — x,(¢), y = y,(t) — y(t) is a solution of the corresponding homo- 
geneous system. 

17. Equations (1) can be derived by drawing a free-body diagram showing the forces acting on 
each mass. Figure 7.1.34 shows the situation when the displacements x, and x, of the two 
masses are both positive (to the right) and x, > x,. Then springs 1 and 2 are elongated and 
spring 3 is compressed, giving rise to forces as shown in Figure 7.1.3b. Use Newton’s law 
(F = ma) to derive Eqs. (1). 


(a) 
— Bi | | —— 
k(X> - X) inj k3X) 


FIGURE 7.1.3 (a) The displacements x, and x, are both positive. (b) The free-body diagram 
for the spring—mass system. 


Electric Circuits. The theory of electric circuits, such as that shown in Figure 7.1.2, consisting 
of inductors, resistors, and capacitors, is based on Kirchhoff’s laws: (1) The net flow of current 
through each node (or junction) is zero, (2) the net voltage drop around each closed loop is 
zero. In addition to Kirchhoff’s laws we also have the relation between the current J in amperes 
through each circuit element and the voltage drop V in volts across the element; namely, 


V=RI, R = resistance in ohms; 
dV ‘ . 
C a =f. C = capacitance in farads-+ 
dl . : 
L ae = V, L = inductance in henrys. 


Kirchhoff’s laws and the current—voltage relation for each circuit element provide a system of 
algebraic and differential equations from which the voltage and current throughout the circuit 
can be determined. Problems 18 through 20 illustrate the procedure just described. 


18. Consider the circuit shown in Figure 7.1.2. Let 7,, [,, and J, be the current through 
the capacitor, resistor, and inductor, respectively. Likewise, let Vie Vox and V, be the 
corresponding voltage drops. The arrows denote the arbitrarily chosen directions in which 
currents and voltage drops will be taken to be positive. 

(a) Applying Kirchhoff’s second law to the upper loop in the circuit, show that 


V,—-V,=0. (i) 
In a similar way, show that 
Y=, =0. (ii) 


“Actual capacitors typically have capacitances measured in microfarads. We use farad as the unit for numerical 
convenience. 
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(b) Applying Kirchhoff’s first law to either node in the circuit, show that 
I,+1,+1,=0. (iii) 
(c) Use the current-voltage relation through each element in the circuit to obtain the 
equations 
CV, = J, V, = RI, Li = Vx. (iv) 


(d) Eliminate V,, V;, /,, and /, among Eqs. (1) through (iv) to obtain 


V. 
CV; =-1,- ra LL =Vj; (v) 


Observe that if we omit the subscripts in Eqs. (v), then we have the system (2) of the text. 

19. Consider the circuit shown in Figure 7.1.4. Use the method outlined in Problem 18 to show 
that the current J through the inductor and the voltage V across the capacitor satisfy the 
system of differential equations 


ae I-V av oy V 
dt , dt , 
R =1lohm 
L=l1h 
R =2 ohms ay 
ad 
C == farad 


FIGURE 7.1.4 The circuit in Problem 19. 


20. Consider the circuit shown in Figure 7.1.5. Use the method outlined in Problem 18 to show 
that the current J through the inductor and the voltage V across the capacitor satisfy the 
system of differential equations 


FIGURE 7.1.5 The circuit in Problem 20. 


21. Consider the two interconnected tanks shown in Figure 7.1.6. Tank | initially contains 


30 gal of water and 25 oz of salt, while Tank 2 initially contains 20 gal of water and 15 oz 
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1.5 gal/min 1 gal/min 


—- <x 


1 oz/gal ~~ y 3 02/gal 


3 gal/min 
Q,(t) oz salt = Oo) OzScl 
30 gal water 20 gal water 
<_< Ooo = —_-— 
Tank 1 Tank 2 


2.5 gal/min 


FIGURE 7.1.6 Two interconnected tanks (Problem 21). 


of salt. Water containing 1 oz/gal of salt flows into Tank 1 at a rate of 1.5 gal/min. The 
mixture flows from Tank | to Tank 2 at a rate of 3 gal/min. Water containing 3 oz/gal of salt 
also flows into Tank 2 at a rate of 1 gal/min (from the outside). The mixture drains from 
Tank 2 at a rate of 4 gal/min, of which some flows back into Tank 1 at a rate of 1.5 gal/min, 
while the remainder leaves the system. 

(a) Let Q,(t) and Q,(t), respectively, be the amount of salt in each tank at time t. Write 
down differential equations and initial conditions that model the flow process. Observe that 
the system of differential equations is nonhomogeneous. 

(b) Find the values of Q, and Q, for which the system is in equilibrium, that is, does not 


change with time. Let Qf and Q* be the equilibrium values. Can you predict which tank 
will approach its equilibrium state more rapidly? 

(c) Letx, = Q(t) — OF and x, = Q,(t) — Qs. Determine an initial value problem for 
x, and x,. Observe that the system of equations for x, and x, is homogeneous. 

Consider two interconnected tanks similar to those in Figure 7.1.6. Tank 1 initially contains 
60 gal of water and Q° oz of salt, while Tank 2 initially contains 100 gal of water and Q$ 
oz of salt. Water containing q, 0z/gal of salt flows into Tank | at a rate of 3 gal/min. The 
mixture in Tank 1| flows out at a rate of 4 gal/min, of which half flows into Tank 2 while 
the remainder leaves the system. Water containing q, 0z/gal of salt also flows into Tank 2 
from the outside at the rate of | gal/min. The mixture in Tank 2 leaves the tank at a rate of 
3 gal/min, of which | gal/min flows back into Tank 1, while the rest leaves the system. 

(a) Draw a diagram that depicts the flow process described above. Let Q(t) and Q,(t), 
respectively, be the amount of salt in each tank at time ft. Write down differential equations 
and initial conditions for Q, and Q, that model the flow process. 


(b) Find the equilibrium values Of and of in terms of the concentrations g, and q,. 

(c) Is it possible (by adjusting g, and g,) to obtain Qf = 60 and QF = 50 as an equilib- 
rium state? 

(d) Describe which equilibrium states are possible for this system for various values of q, 
and q,. 
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7.2 Review of Matrices 


For both theoretical and computational reasons it is advisable to bring to bear some 
of the results of matrix theory! on the initial value problem for a system of linear 
differential equations. For reference purposes this section and the next are devoted to 
a brief summary of the facts that will be needed later. More details can be found in any 
elementary book on linear algebra. We assume, however, that you are familiar with 
determinants and how to evaluate them. 

We designate matrices by boldfaced capitals A, B, C, ..., occasionally using bold- 
faced Greek capitals ®, W, .... A matrix A consists of a rectangular array of numbers, 
or elements, arranged in m rows and n columns, that is, 


Gy yg Ay 
a (Gh eae a 
21 22 2. 
A= ; : jon (1) 
Aint And aie Ginn 


We speak of A as an m x n matrix. Although later in the chapter we will often assume 
that the elements of certain matrices are real numbers, in this section we assume that 
the elements of matrices may be complex numbers. The element lying in the ith row 
and jth column is designated by a, 7 the first subscript identifying its row and the 
second its column. Sometimes the notation (a;;) is used to denote the matrix whose 
generic element is ai; ;- 


Associated with each matrix A is the matrix A’, known as the transpose of A, and 
obtained from A by interchanging the rows and columns of A. Thus, if A = (4;,)» 


then A’ = (a;;)- Also, we will denote by a;; the complex conjugate of a;;, and by A 
the matrix obtained from A by replacing each element a;; by its conjugate a;;. The 
matrix A is called the conjugate of A. It will also be necessary to consider the transpose 


of the conjugate matrix A’ . This matrix is called the adjoint pf A and will be denoted 
by A*. 
For example, let 


Then 


ca 4 —3i 
ee 


The properties of matrices were first extensively explored in 1858 in a paper by the English algebraist Arthur 
Cayley (1821-1895), although the word matrix was introduced by his good friend James Sylvester (1814-1897) 
in 1850. Cayley did some of his best mathematical work while practicing law from 1849 to 1863; he then became 
professor of mathematics at Cambridge, a position he held for the rest of his life. After Cayley’s groundbreaking 
work, the development of matrix theory proceeded rapidly, with significant contributions by Charles Hermite, 
Georg Frobenius, and Camille Jordan, among others. 
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We are particularly interested in two somewhat special kinds of matrices: square 
matrices, which have the same number of rows and columns, that is, m =n; and 
vectors (or column vectors), which can be thought of as n x 1 matrices, or matrices 
having only one column. Square matrices having n rows and n columns are said to 
be of order n. We denote (column) vectors by boldfaced lowercase letters, x, y, &, 
mn, .... The transpose x’ of ann x 1 column vector is a 1 x n row vector, that is, 
the matrix consisting of one row whose elements are the same as the elements in the 
corresponding positions of x. 


Properties of Matrices. 

1. Equality. Two m x n matrices A and B are said to be equal if all corresponding 
elements are equal, that is, ifa,, = b,, for eachi and j. 

2. Zero. The symbol 0 will be used to denote the matrix (or vector), each of whose 
elements is zero. 

3. Addition. The sum of two m x n matrices A and B is defined as the matrix 
obtained by adding corresponding elements: 


With this definition it follows that matrix addition is commutative and associative, so 
that 
A+B=B-+A, A+ (B+C)=(A+B)+C. (3) 


4. Multiplication by a Number. The product of a matrix A by a complex number 
a is defined as follows: 


aA = a(a;;) = (aa;;). (4) 
The distributive laws 
a(A + B) = aA + oB, (a+ BP)A=aA+ BA (5) 


are satisfied for this type of multiplication. In particular, the negative of A, denoted by 
—A, is defined by 


—A = (—-1)A. (6) 
5. Subtraction. The difference A — B of two m x n matrices is defined by 
A-—B=A-+(-B). (7) 
Thus 
A-B= (a;,) — 0;)) = Gj; —b;;), (8) 


which is similar to Eq. (2). 

6. Multiplication. The product AB of two matrices is defined whenever the number 
of columns of the first factor is the same as the number of rows in the second. If A and 
B are m x n and n xr matrices, respectively, then the product C = AB is anm xr 
matrix. The element in the ith row and jth column of C is found by multiplying each 
element of the ith row of A by the corresponding element of the jth column of B and 
then adding the resulting products. Symbolically, 


6) = Drag by: (9) 
k=1 
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By direct calculation it can be shown that matrix multiplication satisfies the associative 
law 


(AB)C = A(BC) (10) 
and the distributive law 
A(B+ C) = AB+ AC. (11) 


However, in general, matrix multiplication is not commutative. For both products AB 
and BA to exist and to be of the same size, it is necessary that A and B be square 
matrices of the same order. Even in that case the two products are usually unequal, so 
that, in general 


AB “BA. (12) 


To illustrate the multiplication of matrices, and also the fact that matrix multiplication 
is not necessarily commutative, consider the matrices 


1 -2 1 2 1 -l 
A=1|0 2 —-l1], B=]1 -1 0 
2 1 1 2 -l 1 
From the definition of multiplication given in|Eq. (9)/we have 
2—2+2 1+2-1 14+0+1 
AB= |0+2-2 0-2+1 0+0-1 
4+142 2-1 2+0+1 
2 2 0 
={0 -1 -l 
a 0 -1 
Similarly, we find that 
0 -—3 0 
BA=|{1 —4 2 
4 —-5 4 


Clearly, AB 4 BA. 


7. Multiplication of Vectors. Matrix multiplication also applies as a special case 
if the matrices A and B are 1 x 1 and n x | row and column vectors, respectively. 
Denoting these vectors by x’ and y we have 


x y= yp (13) 
i=1 


This is the extension to n dimensions of the familiar dot product from physics and 
calculus. The result of Eq. (13) is a (complex) number, and it follows directly from 
Eq. (13) that 


x’'y=y’x, x’ (y+z)=x’y+x'’z, = (ax)’'y=a(x'y) =x’ (ay). (14) 
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There is another vector product that is also defined for any two vectors having the 
same number of components. This product, denoted by (x, y), is called the scalar or 


and is defined by 
Gy= > xy (15) 
i=l 
The scalar product is also a (complex) number, and by comparing |Eqs. (13)| and 
(15) we see that 
(x,y) =x'y. (16) 


Thus, if all of the elements of y are real, then the two products|(13)}and (15) are 
identical. From Eq. (15) it follows that 


(x, y) = (y, x), (x,y +z) = (x,y) + (x, 2), 
(ax, y) = a(x, y), (x, ay) = a(x, y). 


(17) 


Note that even if the vector x has elements with nonzero imaginary parts, the scalar 
product of x with itself yields a nonnegative real number, 


oa ae alg! (18) 
i=1 


The nonnegative quantity (x,x)/*, often denoted by ||x||, is called the length, or 
magnitude, of x. If (x, y) = 0, then the two vectors x and y are said to be[orthogonal. | 
For example, the unit vectors i, j, k of three-dimensional vector geometry form an 
orthogonal set. On the other hand, if some of the elements of x are not real, then the 
matrix product 


(x, x) = 


n 
i=1 


1/2 


x’x= Di ae (19) 
i=l 
may not be a real number. 
For example, let 
i 2-1 
x=[ -—2 |, y= i 
1+i 3 


Then 
x"y = (2-1) + (-2)@0 
(x,y) = (2 +i) + (—-2)(-i) + (1 +1)3) = 24+ 7, 
ex Gey +0 +iP a=34u, 
(x, x) = (@)(-1) + (-2)(-2) + d+ )0 —-1) =7. 
8. Identity. The multiplicative identity, or simply the identity matrix I, is given by 


LO oe 6 


(1+1)(3) =4+ 3i, 


) 
es 


I= (20) 
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From the definition of matrix multiplication we have 
AI=IA=A (21) 


for any (square) matrix A. Hence the commutative law does hold for square matrices 
if one of the matrices is the identity. 

9. Inverse. The matrix A is said to be nonsingular or invertible if there is another 
matrix B such that AB = I and BA = I, where I is the identity. If there is such a B, it 
can be shown that there is only one. It is called the multiplicative inverse, or simply 
the inverse, of A, and we write B = A~!. Then 


AAT=ATA=L. (22) 


Matrices that do not have an inverse are called singular or noninvertible. 

There are various ways to compute A~! from A, assuming that it exists. One way 
involves the use of determinants. Associated with each element a,, of a given matrix is 
the minor M,,, which is the determinant of the matrix obtained by deleting the ith row 
and jth column of the original matrix, that is, the row and column containing a; ,. Also 
associated with each element a;; is the cofactor C;, defined by the equation 


C.= (ly (23) 
If B = A“!, then it can be shown that the general element bij is given by 


ee 24 
i det A’ e4) 


While Eq. (24) is not an efficient way ko calculate A~', it does suggest a condition 
that A must satisfy for it to have an inverse. In fact, the condition is both necessary and 
sufficient: A is nonsingular if and only if det A 4 0. If det A = 0, then A is singular. 

Another and usually better way to compute A~! is by means of elementary row 
operations. There are three such operations: 


1. Interchange of two rows. 
2. Multiplication of a row by a nonzero scalar. 


3. Addition of any multiple of one row to another row. 


Any nonsingular matrix A can be transformed into the identity I by a systematic 
sequence of these operations. It is possible to show that if the same sequence of 
operations is then performed on I, it is transformed into A~!. The transformation of a 
matrix by a sequence of elementary row operations is referred to as row reduction or 
Gaussian elimination. The following example illustrates the calculation of an inverse 
matrix in this way. 


3For large n the number of multiplications required to evaluate A~! by Eq. (24) is proportional to n!. If one uses 
more efficient methods, such as the row reduction procedure described later, the number of multiplications is 
proportional only to n>. Even for small values of n (such as n = 4), determinants are not an economical tool in 
calculating inverses, and row reduction methods are preferred. 
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EXAMPLE 


2 


Find the inverse of 


1 -1l -l 
A=]3 -l 2 
2 2 3 


The matrix A can be transformed into I by the following sequence of operations. 
The result of each step appears below the statement. 


(a) Obtain zeros in the off-diagonal positions in the first column by adding (—3) 
times the first row to the second row and adding (—2) times the first row to the 


third row. 
1 -1 -1 
0 2 5 
0 4 5 


(b) Obtain a 1 in the diagonal position in the second column by multiplying the 
second row by 5. 


bof <4 

5 
0 1 3 
0 4 = 5 


(c) Obtain zeros in the off-diagonal positions in the second column by adding the 
second row to the first row and adding (—4) times the second row to the third 


row. 
3 
1 0 5 
5 
0 1 5 
0 0 —5 
(d) Obtain a 1 in the diagonal position in the third column by multiplying the third 
row by (— z). 
3 
LO & 
5 
O 1 5 
0 0 1 


(e) Obtain zeros in the off-diagonal positions in the third column by adding (—3) 
times the third row to the first row and adding —3) times the third row to the 
second row. 


1 
0 
0 


oro 


0 
0 
1 


If we perform the same sequence of operations in the same order on I, we obtain the 
following sequence of matrices: 


j=) 
So 


1 0 1 
0 O;. —3 
0 1 Z 


or 
ONE 
= 
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1 1 i 1 nt 3 
~ 2 2 0 2 2 0 10 10 10 
3 1 _3 1 1 enti 1 
~ 2 2 a 2 2 0]. 2 2 2 
4 2 I 4 2 I 

4-2 1 a “3 &§ 7% 


The last of these matrices is A~', a result that can be verified by direct multiplication 
with the original matrix A. 


This example is made slightly simpler by the fact that the original matrix A had a 1 
in the upper left corner (a,, = 1). If this is not the case, then the first step is to produce 
a | there by multiplying the first row by 1/a,,, as long as a,, 4 0. If a,, = 0, then the 
first row must be interchanged with some other row to bring a nonzero element into 
the upper left position before proceeding. 


Matrix Functions. We sometimes need to consider vectors or matrices whose ele- 
ments are functions of a real variable t. We write 


x, (t) a(t) +++ a(t) 
x)=] : |], A(t) = > |, (25) 
Xn (t) rl (t) — Ann (t) 


respectively. 

The matrix A(t) is said to be continuous at ¢ = f) or on an interval a <t < f if 
each element of A is a continuous function at the given point or on the given interval. 
Similarly, A(t) is said to be differentiable if each of its elements is differentiable, and 


its derivative dA/dt is defined by 
dA (da, 
= ( : ) 5; (26) 


dt dt 


that is, each element of dA/dt is the derivative of the corresponding element of A. In 
the same way the integral of a matrix function is defined as 


b b 
i A(t) dt = (/ a; ;(t) ar) ‘ (27) 
sin t t 
ad ( 1 cos ’ : 


1, _ [cost 1 . _(2 ap 
aw =( 0 a ; anar=(? 0 ). 


Many of the rules of elementary calculus extend easily to matrix functions; in particular, 


For example, if 


then 


A 

<A) = co where C is a constant matrix; (28) 
d dA dB 

A+B)= | : 2 
at ) dt dt en) 

d dB dA 

—(AB) = A— + —B. 

at ) dt a dt oy 
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PROBLEMS 


In |Eqs. (28)| and} (30) jcare must be taken in each term to avoid interchanging the 
order of multiplication. The definitions expressed by|Eqs. (26) jand|(27) also apply as 


special cases to vectors. 


(a) 2A+B 
(c) AB 


ae 
ae 


(a) A—2B 
(c) AB 


—2 1 2 
. fA= 1 0 -—3]}]andB= 
2 -l 1 = 


(a) AT 


(a) (AB)C = A(BC) 
(c) A(B+C) = AB+AC 


3 
0 |, find 
2 


(b) A—4B 
(d) BA 


3 
a) find 


(b) 3A+B 
(d) BA 


(b) B? 
(d) (A+B)" 


(c) A* 


, verify that 2(A + B) = 2A + 2B. 
2 


0 


) , verify that 
—1 


(b) (A+B) +C=A+4+(B+C) 


. Prove each of the following laws of matrix algebra: 


(a) A+B=B+A 
(c) a(A+B) =aA+aB 
(ce) A(BC) = (AB)C 


2 —1+i 
. ifx= 3i and y = 2 , find 
1l-i 3-i 


(a) x’y 
(c) (x,y) 


(b) A+ (B+C) =(A+B)+C 
(d) (a+ B)A=aA+ BA 
(f) A(B+C) = AB+AC 


(b) y’y 
(d) (y,y) 
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1—2i 2 
9. Ifx= i andy = | 3—i ], show that 
2 1+2i 
(a) xy =y’x (b) (x,y) = (y, x) 


In each of Problems 10 through 19 either compute the inverse of the given matrix, or else show 
that it is singular. 


10. 


1 
2 
3 


1 

=1 
1 

—2 


( 
G 
a 
( 
th 


. Prove that if there are two matrices B and C such that AB = I and AC = I, then B= C. 
This shows that a matrix A can have only one inverse. 


2e* 
. A(t) = and B(t) = 


(a) A+3B (b) AB 
(c) dA/dt (d) A(t) dt 
0 


In each of Problems 22 through 24 verify that the given vector satisfies the given differential 
equation. 


,_ {3 -2 _ (4)\ 2 
22. x a6 ee x= (5)¢ 

—_— 2 —l1 1 t = 1 t 1 t 
23. ae “a+ ide. x=(j)¢ +2(1) 1 
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In each of Problems 25 and 26 verify that the given matrix satisfies the given differential 
equation. 


i 1 1 _ et et 
25. W =( =) W, wo= (os Sr) 


1 -] 4 e et et 
26. W =] 3 2 -1)W, Wt) =| —-4e -e-*% 2 
2 1 -l —e —e e! 


7.3 Systems of Linear Algebraic Equations; Linear 
Independence, Eigenvalues, Eigenvectors 


In this section we review some results from linear algebra that are important for the 
solution of systems of linear differential equations. Some of these results are easily 
proved and others are not; since we are interested simply in summarizing some useful 
information in compact form, we give no indication of proofs in either case. All the 
results in this section depend on some basic facts about the solution of systems of linear 
algebraic equations. 


Systems of Linear Algebraic Equations. A set of n simultaneous linear algebraic 
equations inn variables, 


Ay XT AyyX) +++ +44, X, = Oy, 
(1) 
G1 %1 ae) one Qan*n = bs 
can be written as 
Ax = b, (2) 


where the n x n matrix A and the vector b are given, and the components of x are 
to be determined. If b = 0, the system is said to bellhomogeneons,joiheewise, it is 
If the coefficient matrix A is nonsingular, that is, if det A is not zero, then there is a 


unique solution of the system (2). Since A is nonsingular, A~' exists, and the solution 
can be found by multiplying each side of Eq. (2) on the left by A~'; thus 


x=A7'b. (3) 


In particular, the homogeneous problem Ax = 0, corresponding to b = 0 in Eq. (2), 
has only the trivial solution x = 0. 

On the other hand, if A is singular, that is, if det A is zero, then solutions of Eq. (2) 
either do not exist, or do exist but are not unique. Since A is singular, A! does not 
exist, so Eq. (3) is no longer valid. The homogeneous system 


Ax = 0 (4) 
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has (infinitely many) nonzero solutions in addition to the trivial solution. The situation 
for the nonhomogeneous|system (2)/is more complicated. This system has no solution 
unless the vector b satisfies a certain further condition. This condition is that 


(b, y) =0, (5) 


for all vectors y satisfying A*y = 0, where A* is the adjoint of A. If condition (5) is 
met, then the|system (2)|has (infinitely many) solutions. Each of these solutions has 
the form 


x= x +, (6) 


where x is a particular solution of Eq. (2), and & is any solution of the homogeneous 
system (4)! Note the resemblance between Eq. (6) and the solution of a nonhomoge- 


neous linear differential equation. The proofs of some of the preceding statements are 
outlined in|/Problems 25 through 29 


The results in the preceding paragraph are important as a means of classifying the 
solutions of linear systems. However, for solving particular systems it is generally best 
to use row reduction to transform the system into a much simpler one from which the 
solution(s), if there are any, can be written down easily. To do this efficiently we can 
form the augmented matrix 


a, <1 a, | dy 
A|b=] : : |: (7) 


any aoe Gan | b, 


by adjoining the vector b to the coefficient matrix A as an additional column. The 
dashed line replaces the equals sign and is said to partition the augmented matrix. 
We now perform row operations on the augmented matrix so as to transform A into 
a triangular matrix, that is, a matrix whose elements below the main diagonal are all 
zero. Once this is done, it is easy to see whether the system has solutions, and to find 
them if it does. Observe that elementary row operations on the augmented matrix (7) 


correspond to legitimate operations on the equations in the system (1) The following 
examples illustrate the process. 


Solve the system of equations 
X,—2x,+3x,= 7, 
Hy Xq— 2K, 35 (8) 
2X, —- Xe — Xe = 4. 


The augmented matrix for the system (8) is 


i > By 4 
af. dy <=) y= (9) 
2 -) =f) «4 


We now perform row operations on the matrix (9) with a view to introducing zeros in 
the lower left part of the matrix. Each step is described and the result recorded below. 
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(a) Add the first row to the second row and add (—2) times the first row to the third 


row. 
1 -2 3 7 
0 -1 1 2 
0 3. -7 —10 


(b) Multiply the second row by —1. 


1 -2 3 7 
0 1 -l —2 
0 30-7 —10 


(c) Add (—3) times the second row to the third row. 


1 -2 3 | 7 

0 1 -1l | -2 

0 QO -4 | -4 
(d) Divide the third row by —4. 

1 -2 3 | 7 

0 1 -1l | -2 

0 0 1 | 1 


The matrix obtained in this manner corresponds to the system of equations 


X,—2x,+3x,= 7, 
Xy— %3 


I 
| 
Nv 


(10) 


x,= 1, 


which is equivalent to the original] system (8)} Note that the coefficients in Eqs. (10) 
form a triangular matrix. From the last of Eqs. (10) we have x, = 1, from the second 
equation x, = —2+ x, = —l, and from the first equation x, = 7 + 2x, — 3x, =2. 
Thus we obtain 


which is the solution of the given|system (8), Incidentally, since the solution is unique, 
we conclude that the coefficient matrix is nonsingular. 


Discuss solutions of the system 
EXAMPLE 


2 % — 2x, + 3x, = b,, 
—X,+ x,—2x,=b,, (11) 
2x, — X,+3x,=b, 


for various values of b,, b,, and b. 
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Observe that the coefficients in the|system (11)/are the same as those in the system 
(8)|except for the coefficient of x, in the third equation. The augmented matrix for the 


system (11 )lis 
1 -2 3 | Bb 
—1 1 -—2 | by]. (12) 
2 -1 2. |. By 


By performing steps|(a), (b), and (c) as in Example 1 we transform the matrix (12) into 
1 -2 3 | Db, 
0 1 -1 | —b, —b, : (13) 
0 0 O | b,+3b,+5b, 
The equation corresponding to the third row of the matrix (13) is 
b, + 3b, +b, =0; (14) 
thus the}system (11)j}has no solution unless the condition (14) is satisfied by b,, b,, and 


b,. It is possible to show that this condition is just}Eq. (5)} for the system (11) 


Let us now assume that b, = 2, b, = 1, and b, = —5, in which case Eq. (14) is 
satisfied. Then the first two rows of the matrix (13) correspond to the equations 
x,—2x,+3x,= 2, 
1 2 3 (15) 


X,— X= —3. 


To solve the system (15) we can choose one of the unknowns arbitrarily and then solve 
for the other two. Letting x, = a, where «@ is arbitrary, it then follows that 


xX, =a — 3, 
x, =2(a —3)-3a+2=—-a—4, 


If we write the solution in vector notation, we have 


—a—4 —1 —4 
x=] a—3]}/=a[{ 1]4+{-3]. (16) 
a 1 0) 


It is easy to verify that the second term on the right side of Eq. (16) is a solution of the 


nonhomogeneous} system (11), while the first term is the most general solution of the 
homogeneous system corresponding to (11) 


Row reduction is also useful in solving homogeneous systems, and systems in which 
the number of equations is different from the number of unknowns. 


Linear Independence. A set of k vectors x‘, ...,x is said to bellinearly depen- 
ident |if there exists a set of (complex) numbers c,,...,¢,, at least one of which is 
nonzero, such that 
1 k 
CxO +. +¢x =0. (17) 
In other words x, ...,x“ are linearly dependent if there is a linear relation among 
them. On the other hand, if the only set c,,...,c, for which Eq. (17) is satisfied is 


C,) =¢) = ++: =c¢, = 0, then x, ...,x are said to be linearly independent. 
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Consider now a set of n vectors, each of which has n components. Let x; = ! ) be 
the ith component of the vector x) and let X = (x;,)- Then) Eq. (17)|can be written as 


q) (n) 


1 ks a Hye, TT XC, 
: : — : : =Xc=0. (18) 
If det X 4 0, then the only solution of Eq. (18) is c = 0, but if det X = 0, there are 
nonzero solutions. Thus the set of vectors x, ..., x is linearly independent if and 
only if det X + 0. 
Determine whether the vectors 
1 2 —4 
x) = a1. x? =|/1], x?) = 1 (19) 
—1 3 —11 


are linearly independent or linearly dependent. If linearly dependent, find a linear 
relation among them. 


To determine whether x‘ 


,x? and x®) are linearly dependent we compute det(x, p> 


() 


whose columns are the components of x"), x’, and x®), respectively. Thus 


1 2 —-4 
det(x;;) = 2 1 1], 
—1 3 -ll 


) 


and an elementary calculation shows that it is zero. Thus x", x), and x®) are linearly 


dependent, and there are constants c,, c,, and c, such that 
oe + cx” + ox = 0. (20) 
Equation (20) can also be written in the form 


1 2 —4\ [c, 0 
2 1 I)fe)}= fol. (21) 
= a. 117 Ne. 0 


and solved by means of elementary row operations starting from the augmented matrix 


1 2 -4 |} 0 
2 1 1 | oO}. (22) 
= 3 <8) |, 


We proceed as in[Examples and 2. | 


(a) Add (—2) times the first row to the second row, and add the first row to the third 
row. 


a a a 
O° <3 9 | 0 
0 5 -15 | 0 
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(b) Divide the second row by —3; then add (—5) times the second row to the third 


row. 
1 2 -4 | 0 
0 1 -—3 | O 
0 0 0 | O 


Thus we obtain the equivalent system 


c, + 2c, —4c, = 0, 
1 2 3 (23) 

c, — 3c, = 0. 
From the second of Eqs. (23) we have c, = 3c;, and from the first we obtain c, = 
4c, — 2c, = —2c,. Thus we have solved for c, and c, in terms of c,, with the latter 
remaining arbitrary. If we choose c, = —1 for convenience, then c, = 2 andc, = —3. 


In this case the desired|relation (20) becomes 


2x) — 3x _ x0 = 9. 


Frequently, it is useful to think of the columns (or rows) of a matrix A as vectors. 
These column (or row) vectors are linearly independent if and only if detA 40. 
Further, if C = AB, then it can be shown that det C = (det A)(det B). Therefore, if 
the columns (or rows) of both A and B are linearly independent, then the columns (or 
rows) of C are also linearly independent. 

Now let us extend the concepts of linear dependence and independence to a set 
of vector functions x(t), ..., x(t) defined on an interval w < t < f. The vectors 
x(t), ..., x(t) are said to be linearly dependent ona < ¢t < # if there exists a set of 
constants c,,...,¢,, not all of which are zero, such that c,x" (t) feet om (t)=0 
for all ¢ in the interval. Otherwise, x") (t),..., x) (t) are said to be linearly independent. 
Note that if x(t),...,x(t) are linearly dependent on an interval, they are linearly 
dependent at each point in the interval. However, if x) (t),...,x(t) are linearly 
independent on an interval, they may or may not be linearly independent at each point; 


they may, in fact, be linearly dependent at each point, but with different sets of constants 
at different points. See Problem 14 for an example. 
Eigenvalues and Eigenvectors. The equation 


Ax=y (24) 


can be viewed as a linear transformation that maps (or transforms) a given vector x 
into a new vector y. Vectors that are transformed into multiples of themselves are 
important in many applications!“!To find such vectors we set y = Ax, where A is a 
scalar proportionality factor, and seek solutions of the equations 


Ax = Xx, (25) 
or 


(A —aDx = 0. (26) 


“For example, this problem is encountered in finding the principal axes of stress or strain in an elastic body, and 
in finding the modes of free vibration in a conservative system with a finite number of degrees of freedom. 
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The latter equation has nonzero solutions if and only if 4 is chosen so that 


A(a) = det(A — AD = 0. (27) 


Values of i that satisfy Eq. (27) are ealleleealney the matrix A, and the nonzero 
solutions of] Eq. (25) or|(26) | hat are obtained by using such a value of A are called the 
corresponding to that eigenvalue. 

Aisa 


x 2 matrix, then Eq. (26)|has the form 
a,,—4% Ay x,\_ (0 
( 441 ay) — ,) e) 7 (°) 


A(A) = (€4, — A) Gy — A) — Gyn, = 0. (29) 


and Eq. (27) becomes 


The following example illustrates how eigenvalues and eigenvectors are found. 


Find the eigenvalues and eigenvectors of the matrix 


3-1 
a=(j = (30) 


The eigenvalues 4 and eigenvectors x satisfy the equation (A — AI)x = 0, or 


3-2 —1 x,\ _ (0 
Ca" at ))=() 
The eigenvalues are the roots of the equation 


3-1 —1 


det(A = 20 =| Ss 


[=12-2-2=0. (32) 


Thus the eigenvalues are 1, = 2 anda, = —1. 
To find the eigenvectors we return to Eq. (31) and replace A by each of the eigenvalues 


in turn. For A = 2 we have 
1 —-1)\/x,\_ (0 
(=) = (0): a) 


Hence each row of this vector equation leads to the condition x, — x, = 0, so x, and 
X, are equal, but their value is not determined. If x, = c, then x, =c also and the 
eigenvector x‘! is 


x =¢ (1) eF0. (34) 


Usually, we will drop the arbitrary constant c when finding eigenvectors; thus instead 


of Eq. (34) we write 
x) — (1) , (35) 


and remember that any nonzero multiple of this vector is also an eigenvector. We say 
that x" is the eigenvector corresponding to the eigenvalue A, =2. 


364 


Chapter 7. Systems of First Order Linear Equations 


EXAMPLE 


5 


Now setting 4 = —1 in| Eq. (31)] we obtain 


&-)()-0) . 


Again we obtain a single condition on x, and x,, namely, 4x, — x, = 0. Thus the 
eigenvector corresponding to the eigenvalue 7. = —1 is 


x2) = (1) : (37) 


or any nonzero multiple of this vector. 


As|Example 4 illustrates, eigenvectors are determined only up to an arbitrary nonzero 
multiplicative constant; if this constant is specified in some way, then the eigenvectors 


are said to be{normalized.|In| Example 4] we set the constant equal to 1, but any other 
nonzero value could also have been used. Sometimes it is convenient to normalize an 
eigenvector x by choosing the constant so that (x, x) = 1. 

[Equation 27is a polynomial equation of degree n in A, so there are n eigenvalues 
A,,+++,4,, some of which may be repeated. If a given eigenvalue appears m times as 
a root offEq. 27)] then that eigenvalue is said to have multiplicity m. Each eigenvalue 


has at least one associated eigenvector, and an eigenvalue of multiplicity m may have q 
linearly independent eigenvectors, where 


l<q<m. (38) 


Examples show that qg may be any integer in this interval. If all the eigenvalues of 
a matrix A are simple (have multiplicity one), then it is possible to show that the n 
eigenvectors of A, one for each eigenvalue, are linearly independent. On the other hand, 
if A has one or more repeated eigenvalues, then there may be fewer than n linearly 
independent eigenvectors associated with A, since for a repeated eigenvalue we may 


have gq < m. As we will see in|Section 7.8} this fact may lead to complications later on 


in the solution of systems of differential equations. 


Find the eigenvalues and eigenvectors of the matrix 
0 1 1 
A=]1 0 1]. (39) 
1 1 O 


The eigenvalues 4 and eigenvectors x satisfy the equation (A — AI)x = 0, or 


—i 1 1\ (x, 0 
1 -2’ 1] [x] = ]0]. (40) 
1 1 -~A X3 0 
The eigenvalues are the roots of the equation 
—x 1 1 
det(A—AD=|] 1 -A  1)/=-A?4+344+2=0. (41) 


1 1 -~A 
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The roots of|Eq. (41) jare A, = 2,A, = —1, and’, = —1. Thus 2 is a simple eigenvalue, 
and —1 is an eigenvalue of multiplicity 2. 
To find the eigenvector x’) corresponding to the eigenvalue A, we substitute 2. = 2 


in|Eq. (40) this gives the system 


=2 1 1\ (x, 0 
1 2 I)||*,J=]0]. (42) 
1 1 =2) \x, 0 


We can reduce this to the equivalent system 


0 
0 1 -1]}[x,]|= [0 (43) 
0 


by elementary row operations. Solving this system we obtain the eigenvector 


1 
= 11. (44) 
1 
For 1 = —1, Eqs. (40)|reduce immediately to the single equation 
X, +X, +x, =0. (45) 
Thus values for two of the quantities x,, x,, x, can be chosen arbitrarily and the third 
is determined from Eq. (45). For example, if x, = 1 and x, = 0, then x, = —1, and 
1 
x7 =] 0 (46) 
—1 


is an eigenvector. Any nonzero multiple of x” is also an eigenvector, but a second 
independent eigenvector can be found by making another choice of x, and x,; for 


instance, x, = O and x, = 1. Again x, = —1 and 
0 
x=] 1 (47) 
—1 


is an eigenvector linearly independent of x. Therefore in this example two linearly 


independent eigenvectors are associated with the double eigenvalue. 


Animportant special class of matrices, called/self-adjoint orfHermitian|matrices, are 


those for which A* = A; thatis, ai; = dj). Hermitian matrices include as a subclass real 


symmetric matrices, that is, matrices that have real elements and for which AT =A. 
The eigenvalues and eigenvectors of Hermitian matrices always have the following 
useful properties: 


1. All eigenvalues are real. 


2. There always exists a full set of n linearly independent eigenvectors, regardless of 
the multiplicities of the eigenvalues. 
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3. If x and x® are eigenvectors that correspond to different eigenvalues, then 
(x), x?) = 0. Thus, if all eigenvalues are simple, then the associated eigenvectors 
form an orthogonal set of vectors. 

4. Corresponding to an eigenvalue of multiplicity m, it is possible to choose m 
eigenvectors that are mutually orthogonal. Thus the full set of n eigenvectors can 
always be chosen to be orthogonal as well as linearly independent. 


Example 5|above involves a real symmetric matrix and illustrates[properties 1,2] 


and 3, but the choice we have made for x” and x® does not illustrate property 4. 
However, it_is always possible to choose an x? and x® so that (x, x) = 0. For 
example, in}/Example 5}we could have chosen 


1 
a= Ob xe [2 
—1 1 
as the eigenvectors associated with the eigenvalue A = —1. These eigenvectors are or- 


thogonal to each other as well as to the eigenvector x"! corresponding to the eigenvalue 


A = 2. The proofs of statements 1 pnd 3 above are outlined in|Problems 32 and 33; 


PROBLEMS _Ineach of Problems 1 through 5 either solve the given set of equations, or else show that there 
is no solution. 


ey =0 
X» x, =0 
X, +2x, =0 


In each of Problems 6 through 10 determine whether the given set of vectors is linearly inde- 
pendent. If linearly dependent, find a linear relation among them. The vectors are written as row 
vectors to save space, but may be considered as column vectors; that is, the transposes of the 
given vectors may be used instead of the vectors themselves. 


x? = (0,1, 1), x® = (1,0, 1) 
x? =(0,1,0), x = (=1,2,0) 
x?) = (-1,0,3, 1), x® = (2, -1, 1,0), 
x — (2,3,1,-1), x®) = (1,0, 2, 2), 


x? —(3,1,0), *x9%=(2,-1,1, x” =(4,3,-2) 


11. Suppose that the vectors x) x each have n components, where n < m. Show that 
)..., x" are linearly dependent. 


In each of Problems 12 and 13 determine whether the given set of vectors is linearly independent 
for —oo < t < ov. If linearly dependent, find the linear relation among them. As in Problems 6 
through 10 the vectors are written as row vectors to save space. 


12. x(t) = (e*, 2e7), x(t) = (ee), x(t) = Be, 0) 
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13. x%(r) = (sint, sinz), x (t) = (sint, 2 sinr) 


14. 


Let 


xD) = i, x2 (4) = (1): 


Show that x“? (rt) and x? (t) are linearly dependent at each point in the interval 0 < t < 1. 
Nevertheless, show that x) (t) and x?) (t) are linearly independent on 0 <¢ < 1. 


In each of Problems 15 through 24 find all eigenvalues and eigenvectors of the given matrix. 


11/9 2/9 
=0/9 9/9 
8/9 10/9 


Problems 25 through 29 deal with the problem of solving Ax = b when det A = 0. 


25. 


26. 
27. 


28. 


29. 


30. 
31. 
32. 


33. 


Suppose that, for a given matrix A, there is a nonzero vector x such that Ax = 0. Show 
that there is also a nonzero vector y such that A*y = 0. 

Show that (Ax, y) = (x, A*y) for any vectors x and y. 

Suppose that det A = 0 and that Ax = b has solutions. Show that (b, y) = 0, where y is 
any solution of A*y = 0. Verify that this statement is true for the set of equations in 
Example 2. 

Hint: Use the result of Problem 26. 

Suppose that det A = 0, and that x = x is a solution of Ax = b. Show that if & is a 
solution of AE = 0 and a is any constant, then x = x + qa is also a solution of Ax = b. 
Suppose that det A = 0 and that y is a solution of A*y = 0. Show that if (b, y) = 0 for 
every such y, then Ax = b has solutions. Note that this is the converse of Problem 27; the 
form of the solution is given by Problem 28. 


Prove that A = 0 is an eigenvalue of A if and only if A is singular. 

Prove that if A is Hermitian, then (Ax, y) = (x, Ay), where x and y are any vectors. 

In this problem we show that the eigenvalues of a Hermitian matrix A are real. Let x be an 
eigenvector corresponding to the eigenvalue i. 

(a) Show that (Ax, x) = (x, Ax). Hint: See Problem 31. 

(b) Show that A(x, x) = A(x, x). Hint: Recall that Ax = Ax. 

(c) Show that A = 1; that is, the eigenvalue A is real. 

Show that if A, and 1, are eigenvalues of a Hermitian matrix A, and if 4, 4 A,, then the 
corresponding eigenvectors x“ and x are orthogonal. 

Hint: Use the results of Problems 31 and 32 to show that (A, — Ae, x?)) =0. 
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7.4 Basic Theory of Systems of First Order Linear Equations 


Theorem 7.4.1 


The general theory of a system of n first order linear equations 


xy = pi (t)x, eRe Pin fx, + g(t), 
(1) 


X = Py (CX, i Pan (1)x, ae gn (t) 


closely parallels that of a single linear equation of nth order. The discussion in this 
section therefore follows the same general lines as that in} Sections 3.2, and/4.1 
To discuss the system (1) most effectively, we write it in matrix notation. That is, we 


consider x, = $,(¢),...,x, = @,(t) to be components of a vector x = (tf); similarly, 
g,(t),.--,8,(¢) are components of a vector g(t), and p,,(t),..., D,,,(t) are elements 
of ann x n matrix P(t). Equation (1) then takes the form 

x’ = P(t)x + g(t). (2) 


The use of vectors and matrices not only saves a great deal of space and facilitates 
calculations but also emphasizes the similarity between systems of equations and single 
(scalar) equations. 

A vector x = (tf) is said to be a solution of Eq. (2) if its components satisfy the sys- 
tem of equations (1). Throughout this section we assume that P and g are continuous on 
some interval a < ft < £; that is, each of the scalar functions p,,,..-, Pans 81s + +++ 8p 
is continuous there. According to[ Theorem 7.1.2] this is sufficient to guarantee the 
existence of solutions of Eq. (2) on the interval a <t < B. 

It is convenient to consider first the homogeneous equation 


x’ = P(t)x (3) 


obtained from Eq. (2) by setting g(t) = 0. Once the homogeneous equation has been 
solved, there are several methods that can be used to solve the nonhomogeneous 
equation (2); this is taken up in} Section 7.9.|We use the notation 


x1, (1) X(t) 
xO) = a 7 XO) = — cous (4) 
X(t) Xnx (E) 


to designate specific solutions of the system (3). Note that xO) = a (rt) refers to 


the ith component of the jth solution x(t). The main facts about the structure of 
solutions of the system (3) are stated in Theorems 7.4.1 to[/.4.4. They closely resemble 


the corresponding theorems in Sections 3.2]|3.3,Jand/4. 1] some of the proofs are left to 


the reader as exercises. 


If the vector functions x“) and x are solutions of the system (3), then the linear 
combination Ce + ox is also a solution for any constants c, and c,. 


This is the principle of superposition; it is proved simply by differentiating ox + 
ox” and using the fact that x") and x satisfy Eq. (3). By repeated application of 
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Theorem 7.4.1 we reach the conclusion that if x“, ...,x“ are solutions of Eq. (3) 
then 


KSC @ +e a@) (5) 


is also a solution for any constants c,,..., c,. AS an example, it can be verified that 
3t —t 
Oa, —{ & \_ (1) 53 (ray eT\_ 1\ 
x(t) = ) = (3) e's x(t) = es = (_;) e (6) 


satisfy the equation 
,_ fl ol 
x= ( 4 ) x. (7) 


1\ 3 1\ _ 
.=¢ (3)¢ P +e, (2)¢ ' 
= ¢ xP) +.0,x (1) (8) 
also satisfies Eq. (7). 

As we indicated previously, by repeatedly applying Theorem 7.4.1, it follows that 
every finite linear combination of solutions of|Eq. (3)}is also a solution. The question 
now arises as to whether all solutions of|Eq. (3) tan be found in this way. By analogy 
with previous cases it is reasonable to expect that for a system of the |form (3)| of 


nth order it is sufficient to form linear combinations of n properly chosen solutions. 
Therefore let x‘, ..., x be n solutions of the nth order system (3)] and consider the 


matrix X(t) whose columns are the vectors x (2), x8): 
XQ) +++ x4, 
x=]: (9) 
X(t) Xan (t) 


Recall from|Section 7.3 that the columns of X(t) are linearly independent for a given 
value of ¢ if and only if det X 4 0 for that value of t. This determinant is called the 
Wronskian of the solutions x“, ...,x and is also denoted by W[x®, 2.x]; 
that is, 


W[x, 2... x] = det X(0). (10) 


The solutions x‘, ...,x‘” are then linearly independent at a point if and only if 
Wx, ...,x] is not zero there. 


If the vector functions x‘, ..., x” are linearly independent solutions of the system 


(3) for each point in the interval a < t < 6, then each solution x = (f) of the system 
(3) can be expressed as a linear combination of x. 


b(t) = x9 +---+e,x(), (11) 


in exactly one way. 
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Theorem 7.4.3 


Before proving Theorem 7.4.2, note that according to}Theorem 7.4. 1Jall expressions 
of the|form (11)]are solutions of the[system (3)] while by Theorem 7.4.2 all solutions 


of Eq. (3) \can be written in the/form (11). If the constants c,,...,c,, are thought of as 
aa i 


arbitrary, then! Eq. (1 1)jincludes all solutions of the|system (3)| and itis customary to call 


it pi Ct NUL Any set of solutions x“, ~~. Eq. (3),| which is linearly 
independent at each point in the interval a < t < 8, is said to be a/fundamental set 
bf solutions} 


f solutions for that interval. 

To prove Theorem 7.4.2, we will show, given any solution  of| that b(t) = 
ea G) fore ee”) (7) for suitable values of c,,...,c,. Let t = t, be some point 
in the interval a < t < B and let € = #(f,). We now wish to determine whether there 
is any solution of the form x = ea) Se ex) that also satisfies the same 
initial condition x(t)) = €. That is, we wish to know whether there are values of 
C,,+++,¢, such that 


1 
Cx (Ip) +o £6, x (lp) = & (12) 
or in scalar form 
1X4) +++ FC, % 1,0) = §), 
: (13) 
CX (tq) uv CX nn (to) = gn 
The necessary and sufficient condition that Eqs. (13) possess a unique solution 
Cre ge, is precisely the nonvanishing of the determinant of coefficients, which is 
the Wronskian W[ x", ..., x] evaluated at t = t). The hypothesis that xD x 
are linearly independent throughout a <t < 6 guarantees that W[x“),..., x] is 


not zero at t= ¢,, and therefore there is a (unique) solution of |Eq. (3)| of the 
form x = ox @) +---+c x(t) that also satisfies the initial condition (12). By 
the uniqueness part of |Theorem 7.1.2}this solution is identical to (¢), and hence 


b(t) =c, x(t) +-+++c¢,x""'(t), as was to be proved. 


Ifx,...,x™ are solutions of Eq. (3)}on the interval a < t < £, then in this interval 
Wx, Soe x] either is identically zero or else never vanishes. 


The significance of Theorem 7.4.3 lies in the fact that it relieves us of the necessity 
of examining W[x) 22, x] at all points in the interval of interest, and enables 
us to determine whether x", ..., x” form a fundamental set of solutions merely by 
evaluating their Wronskian at any convenient point in the interval. 


Theorem 7.4.3 is proved by first establishing that the Wronskian of x) x 
satisfies the differential equation (see| Problem 2) 
dW 
oe Pa Pa bt Pay) W- (14) 
Hence W is an exponential function, and the conclusion of the theorem follows imme- 
diately. The expression for W obtained by solving Eq. (14) is known as Abel’s formula; 
note the analogy with|Eq. (8) of Section 3.3. 
Alternatively, Theorem 7.4.3 can be established by showing that if n solutions 
x‘), ...,x of Eq. (3) are linearly dependent at one point t = fy, then they must 
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Theorem 7.4.4 


be linearly dependent at each point in a < t < B (see|Problem 8). Consequently, if 


x), ..., x are linearly independent at one point, they must be linearly independent 
at each point in the interval. 

The next theorem states that the} system (3)\always has at least one fundamental set 
of solutions. 


Let 
1 0 0 
0 1 0 
eD= 79], eP=/9F,..., Ma]: ]; 
: : 0 
0 0 1 


further let x", ...,x be the solutions of the [system (3)| satisfying the initial con- 
ditions 


te ee (15) 


respectively, where f) is any point in a < ft < B. Then x, ...,x™ form a funda- 


mental set of solutions of the|system (3), 


To prove this theorem, note that the existence and uniqueness of the solutions 
x). ..,x™ mentioned in Theorem 7.4.4 are assured by [Theorem 7.1.2] It is not 
hard to see that the Wronskian of these solutions is equal to 1 when t = f,; therefore 
x)... x™ are a fundamental set of solutions. 

Once one fundamental set of solutions has been found, other sets can be generated 
by forming (independent) linear combinations of the first set. For theoretical purposes 
the set given by Theorem 7.4.4 is usually the simplest. 

To summarize, any set of n linearly independent solutions of the{ system (3)] consti- 
tutes a fundamental set of solutions. Under the conditions given in this section, such 
fundamental sets always exist, and every solution of the[system (3)|can be represented 
as a linear combination of any fundamental set of solutions. 


PROBLEMS 


1. Using matrix algebra, prove the statement following Theorem 7.4.1 for an arbitrary value of 
the integer k. 

In this problem we outline a proof of Theorem 7.4.3 in the case n = 2. Let x“) and x” be 
solutions of Eq. (3) for a < t < B, and let W be the Wronskian of x and x. 

(a) Show that 


1 2 

ax dx? x ) af ) 
= dt dt + dx? dx . 
(1) (2) eae 2 
X X4 dt dt 


dw 
dt 


(b) Using Eq. (3), show that 


d 
a (Py, + Po) W. 


(c) Find W(f) by solving the differential equation obtained in part (b). Use this expression 
to obtain the conclusion stated in Theorem 7.4.3. 
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(d) Generalize this procedure so as to prove Theorem 7.4.3 for an arbitrary value of n. 
: ow that the Wronskians of two fundamental sets of solutions of the system (3) can differ 
at most by a multiplicative constant. 


Hint: Use Eq. (14). 
4. Ifx, = yandx, = y’, then the second order equation 


y" + py’ +q@y =0 (i) 
corresponds to the system 

xX, =X), 

xX = —q(t)x, — p(t)x,. (ii) 


Show that if x" and x° are a fundamental set of solutions of Eqs. (ii), and if y“ and y? 
are a fundamental set of solutions of Eq. (i), then Wp, yO] = cW[x), x], where c is 
a nonzero constant. 
Hint: yO (t) and y(t) must be linear combinations of x,, (¢) and x,,(¢). 

5. Show that the general solution of x’ = P(t)x + g(t) is the sum of any particular solution x 
of this equation and the general solution x of the corresponding homogeneous equation. 


(p) 


6. Consider the vectors x (t) = and x?) (ft) = 


(a) Compute the Wronskian of x and x, 

(b) In what intervals are x“ and x linearly independent? 

(c) What conclusion can be drawn about the coefficients in the system of homogeneous 
differential equations satisfied by x and x? 

(d) Find this system of equations and verify the conclusions of part (c). 


2 t 
7. Consider the vectors x"? (t) = () and x® (t) = (5). and answer the same questions as 
€ 


in Problem 6. 
The following two problems indicate an alternative derivation of Theorem 7.4.2. 


8. Let x", ...,x be solutions of x’ = P(t)x on the interval a <t < B. Assume that P is 
continuous and let ¢) be an arbitrary point in the given interval. Show that x)... x are 
linearly dependent fora < t < £ if (and only if) x“? Gaeoen x”) (ty) are linearly dependent. 
In other words x“, ..., x” are linearly dependent on the interval (a, B) if they are linearly 
dependent at any point in it. 

Hint: There are constants c,,...,¢,, Such that ore a fore ex) = 0.Letz(t) = 
ex" fore x) and use the uniqueness theorem to show that z(t) = 0 for each ¢ 
ina <t<f. 

9. Letx?,...,x™ be linearly independent solutions of x’ = P(t)x, where P is continuous on 
a<t<fB. 

(a) Show that any solution x = z(t) can be written in the form 


z(t) = ¢, x(t) Feet cx) 


for suitable constants c,,...,C,- 

Hint: Use the result of Problem 11 of Section 7.3, and also Problem 8 above. 

(b) Show that the expression for the solution z(t) in part (a) is unique; that is, if z(t) = 
xO ++. +k, x), thenk, =c,,...,k, =c,. 

Hint: Show that (k, — cx (t) +e tk, — esa) = 0 for each t ina <t < f and 


use the linear independence of x“, ..., x". 
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7.5 Homogeneous Linear Systems with Constant Coefficients 


We will concentrate most of our attention on systems of homogeneous linear equations 
with constant coefficients; that is, systems of the form 


x’ = Ax, (1) 


where A is a constant n x n matrix. Unless stated otherwise, we will assume further 
that all the elements of A are real (rather than complex) numbers. 
If n = 1, then the system reduces to a single first order equation 


dx 

i ax, (2) 
whose solution is x = ce“. In[Section 2.5}we noted that x = 0 is the only equilibrium 
solution if a ~ 0. Other solutions approach x = 0 if a < O and in this case we say that 
x = 0 is an asymptotically stable equilibrium solution. On the other hand, if a > 0, 
then x = 0 is unstable, since other solutions depart from it. For higher order systems 
the situation is somewhat analogous, but more complicated. Equilibrium solutions are 
found by solving Ax = 0. We assume that det A 4 0, so x = 0 is the only equilibrium 
solution. An important question is whether other solutions approach this equilibrium 
solution or depart from it as ¢ increases; in other words, is x = 0 asymptotically stable 
or unstable? Or are there still other possibilities? 

The case n = 2 is particularly important and lends itself to visualization in the 
X,X,-plane, called ie phee Dame) By evaluating Ax at a large number of points and 
plotting the resulting vectors one obtains a direction field of tangent vectors to solutions 
of the system of differential equations. A qualitative understanding of the behavior of 
solutions can usually be gained from a direction field. More precise information results 
from including in the plot some solution curves, or trajectories. A plot that shows a 
representative sample of trajectories for a given system is called a|phase portrait] 
Examples of direction fields and phase portraits occur later in this section. 

To construct the general solution of the system (1) we proceed by analogy with the 
treatment of second order linear equations i Thus we seek solutions of 
Eq. (1) of the form 


x = &e""" (3) 


where the exponent r and the constant vector € are to be determined. Substituting from 
Eq. (3) for x in the system (1) gives 


rée" = Aée™. 
Upon canceling the nonzero scalar factor e”’ we obtain Aé = ré, or 
(A —rDé = 9, (4) 


where I is the n x n identity matrix. Thus, to solve the system of differential equations 
(1), we must solve the system of algebraic equations (4). This latter problem is precisely 
the one that determines the eigenvalues and eigenvectors of the matrix A. Therefore 
the vector x given by Eq. (3) is a solution of Eq. (1) provided that r is an eigenvalue 
and € an associated eigenvector of the coefficient matrix A. 

The following two examples illustrate the solution procedure in the case of 2 x 2 
coefficient matrices. We also show how to construct the corresponding phase portraits. 
Later in the section we return to a further discussion of the general n x n system. 
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EXAMPLE 


1 


Consider the system 


x = ¢ } x. (5) 


Plot a direction field and determine the qualitative behavior of solutions. Then find the 
general solution and draw several trajectories. 

A direction field for this system is shown in Figure 7.5.1. From this figure it is easy 
to see that a typical solution departs from the neighborhood of the origin and ultimately 
has a slope of approximately 2 in either the first or third quadrant. 
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FIGURE 7.5.1 Direction field for the system (5). 


To find solutions explicitly we assume that x = &e”’, and substitute for x in Eq. (5). 
We are led to the system of algebraic equations 


(3° L)@=(): 6 


Equations (6) have a nontrivial solution if and only if the determinant of coefficients is 
zero. Thus allowable values of r are found from the equation 


=(1—r)*-—4 


l-r 1 
4 l-r 


=r—2r-3=0. (7) 


Equation (7) has the roots r, = 3 and r, = —1; these are the eigenvalues of the coeffi- 
cient matrix in Eq. (5). If r = 3, then the system (6) reduces to the single equation 


—2§, + §, = 0. (8) 


Thus &, = 2&, and the eigenvector corresponding to r, = 3 can be taken as 


1 
EY = or (9) 
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Similarly, corresponding to r, = —1, we find that &, = —2&,, so the eigenvector is 


of 1 
é =i 5); (10) 


The corresponding solutions of the differential equation are 


xO) = i) et, x2) = ) ee, (11) 


The Wronskian of these solutions is 


3t —t 


e 
a aoe LAG 2 


W[x, x ](t) = | 


which is never zero. Hence the solutions x“ and x™ form a fundamental set, and the 


general solution of the] system (5) [is 


1 2 
x=cx9%H+ex%°O 


= 6 (3) er +c, (_;) e, (13) 


where c, and c, are arbitrary constants. 
To visualize the solution (13) it is helpful to consider its graph in the x, x,-plane for 
various values of the constants c, and c,. We start with x = ox), or in scalar form 


= 3t = 3t 
xX, =ce", X, = 2c,e". 


By eliminating t between these two equations, we see that this solution lies on the 
straight line x, = 2x,; see [Figure 7.5.2a] This is the line through the origin in the 
direction of the eigenvector —“”. If we look on the solution as the trajectory of a 
moving particle, then the particle is in the first quadrant when c, > 0 and in the third 
quadrant when c, < 0. In either case the particle departs from the origin as f increases. 
Next consider x = cx? (t), or 


— -t ae -t 
xX, =c,e", X, = —2c,e™. 


This solution lies on the line x, = —2x,, whose direction is determined by the eigenvec- 
tor €, The solution is in the fourth quadrant when c, > 0 and in the second quadrant 
when c, < 0, as shown in Figure 7.5.2al In both cases the particle moves toward the 
origin as t increases. The solution (13) is a combination of x (¢) and x(t). For large 
t the term ox ®) is dominant and the term ox” (t) becomes negligible. Thus all 
solutions for which c, # 0 are asymptotic to the line x, = 2x, as t + oo. Similarly, 
all solutions for which c, 4 0 are asymptotic to the line x, = —2x, as t + —oo. The 
graphs of several solutions are shown in|Figure 7.5.2a] The pattern of trajectories in 
this figure is typical of all second order systems x = Ax for which the eigenvalues are 
real and of opposite signs. The origin is called alsaddle point|in this case. Saddle points 
are always unstable because almost all trajectories depart from them as f increases. 

In the preceding paragraph we have described how to draw by hand a qualitatively 
correct sketch of the trajectories of a system such as once the eigenvalues 
and eigenvectors have been determined. However, to produce a detailed and accurate 
drawing, such as [Figure 7.5.2a] and other figures that appear later in this chapter, a 
computer is extremely helpful, if not indispensable. 
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EXAMPLE 


2 


cry 
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(b) 


FIGURE 7.5.2 (a) Trajectories of the|}system (5)f the origin is a saddle point. (b) Plots of x, 
versus t for the system (5). 


As an alternative to Figure 7.5.2a one can also plot x, or x, as a function of t; some 
typical plots of x, versus ¢ are shown in Figure 7.5.2b, and those of x, versus f are 
similar. For certain initial conditions it follows thatc, = 0 inEq. (13), sothatx, =c,e' 
and x, — 0 as t — oo. One such graph is shown in Figure 7.5.2b, corresponding to 
a trajectory that approaches the origin in Figure 7.5.2a. For most initial conditions, 
however, c, # Oand x, is givenby x, = cen + c,e-'. Then the presence of the positive 
exponential term causes x, to grow exponentially in magnitude as ¢ increases. Several 
graphs of this type are shown in Figure 7.5.2b, corresponding to trajectories that depart 
from the neighborhood of the origin in Figure 7.5.2a. It is important to understand the 
relation between parts (a) and (b) of Figure 7.5.2 and other similar figures that appear 
later, since one may want to visualize solutions either in the x, x,-plane or as functions 
of the independent variable f. 


Consider the system 
,_ (-3 V2 
— ‘ 14 
x (A oe as 


Draw a direction field for this system; then find its general solution and plot several 
trajectories in the phase plane. 


The direction field for the system (14) in|Figure 7.5.3 |shows clearly that all solutions 


approach the origin. To find the solutions assume that x = &e’’; then we obtain the 


algebraic system 
=e “2 é,\ _ (0 
a" 22) @)= 0), as 
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FIGURE 7.5.3 Direction field for the system (14). 


The eigenvalues satisfy 
(-3-r)(-2-r)-2=r?+5r+4 
=(r+1)r+4 =0, (16) 
sor, = —landr, = —4. Forr = —1,]Eq. (15)|becomes 


( D@)=(). a 


Hence &, = /2 &, and the eigenvector € ‘)) corresponding to the eigenvalue r,=-l 
can be taken as 


1 
qd) _ 
C= (Js) (18) 
Similarly, corresponding to the eigenvalue r, = —4, we have &, = —/26,, so the 
eigenvector is 
gO = () ; (19) 
Thus a fundamental set of solutions of the system (14) is 
1\ 2 —J/2\ _ 
qd) = t (2) = 4t 
x w=(Js)e ; x wo=( i Je : (20) 
and the general solution is 
Sen Oto” Sc, (Js) e' +c, ee eo. (21) 


Graphs of the solution (21) for several values of c, and c, are shown in Figure 
The solution x‘ (t) approaches the origin along the line X= afd x,, while the 
solution x°(t) approaches the origin along the line X, = —V2x,. The directions of 
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these lines are determined by the eigenvectors € “? and & @) respectively. In general, we 
have a combination of these two fundamental solutions. As t > 00, the solution x” (t) 
is negligible compared to x") (t). Thus, unless c, =9, the{solution (21) |approaches 
the origin tangent to the line x, = fe: The pattern of trajectories shown in Figure 
7.5.4a is typical of all second order systems x’ = Ax for which the eigenvalues are 
real, different, and of the same sign. The origin is called al node |for such a system. 
If the eigenvalues were positive rather than negative, then the trajectories would be 
similar but traversed in the outward direction. Nodes are asymptotically stable if the 
eigenvalues are negative and unstable if the eigenvalues are positive. 

Although Figure 7.5.4a was computer-generated, a qualitatively correct sketch of 
the trajectories can be drawn quickly by hand, based on a knowledge of the eigenvalues 
and eigenvectors. 

Some typical plots of x, versus ¢ are shown in Figure 7.5.4b. Observe that each 
of the graphs approaches the t-axis asymptotically as ¢ increases, corresponding to a 
trajectory that approaches the origin inlFigure 75.2a] The behavior of x, as a function 


of ¢ is similar. 


(b) 


FIGURE 7.5.4 (a) Trajectories of the system (14); the origin is a node. () Plots of x, versus 
t for the system (14). 


The two preceding examples illustrate the two main cases for 2 x 2 systems having 
eigenvalues that are real and different: Either the eigenvalues have opposite signs 
or the same sign (Example 2}. The other possibility is that zero is an 
eigenvalue, but in this case it follows that det A = 0, which violates the assumption 
made at the beginning of this section. 


Returning to the} general system (1) we proceed as in the examples. To find solutions 
of the differential Jequation (1)|we must find the eigenvalues and eigenvectors of A 
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EXAMPLE 


3 


from the associated algebraic|system (4)) The eigenvalues r,,...,7,, (which need not 
all be different) are roots of the nth degree polynomial equation 


det(A —rI) = 0. (22) 


The nature of the eigenvalues and the corresponding eigenvectors determines the nature 
of the general solution of the/system (1)} If we assume that A is a real-valued matrix, 
there are three possibilities for the eigenvalues of A: 


1. All eigenvalues are real and different from each other. 
2. Some eigenvalues occur in complex conjugate pairs. 
3. Some eigenvalues are repeated. 
If the eigenvalues are all real and different, as in the two preceding examples, then 


associated with each eigenvalue r, is a real eigenvector € and the set of n eigenvectors 
é‘_..,&™ is linearly independent. The corresponding solutions of the differential 


system (1) jare 
xO) = EVEN, xM (Pt) = EME", (23) 
To show that these solutions form a fundamental set, we evaluate their Wronskian: 
é cee ee é ee 
Wx)... xX] = 
é Ment a é @) oFnt 
1 ) 
EO xi ae 
= ett]; : (24) 
E gd... é (n) 
n n 
First, we observe that the exponential function is never zero. Next, since the eigenvec- 
tors €“,..., € are linearly independent, the determinant in the last term of Eq. (24) 


is nonzero. As a consequence, the Wronskian Wx, ...,x](r) is never zero; 
hence x, ...,x form a fundamental set of solutions. Thus the general solution of 


Eq. (1)}is 
kegs vet fee. +c6,€ Mer", (25) 
If A is real and symmetric (a special case of Hermitian matrices), recall from 
| Section 7.3|that all the eigenvalues r,, ...,7,, must be real. Further, even if some of the 
eigenvalues are repeated, there is always a full set of n eigenvectors €“,..., &” that 
are linearly independent (in fact, orthogonal). Hence the corresponding solutions of 
the differential given by Eq. (23) again form a fundamental set of solutions 


and the general solution is again given by Eq. (25). The following example illustrates 
this case. 


Find the general solution of 


1 
1] x. (26) 
0 
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Observe that the coefficient matrix is real and symmetric. The eigenvalues and 
eigenvectors of this matrix were found in|Example 5 of Section 7.3} namely, 


1 
Be2 SSI (27) 
1 
1 0 
R=-]|. Be 8S 0], 8S] -1]/. 
—1 —1 
Hence a fundamental set of solutions of |Eq. (26)|is 
1 1 0 
egQS(lie, 2°H=| 01", HS) 1h" (29) 
1 —1 = 
and the general solution is 
1 1 0 
x=c,|[1 go 4. c,| Oje*+e, lje™. (30) 
1 —1 —1 
This example illustrates the fact that even though an eigenvalue (r = —1) has multi- 


plicity 2, it may still be possible to find two linearly independent eigenvectors € ° and 
é°) and, as a consequence, to construct the general solution (30). 

The behavior of the solution (30) depends critically on the initial conditions. For 
large ¢ the first term on the right side of Eq. (30) is the dominant one; therefore, if 
c, #0, all components of x become unbounded as t — oo. On the other hand, for 
certain initial points c, will be zero. In this case, the solution involves only the negative 
exponential terms and x — 0 as t — oo. The initial points that cause c, to be zero 
are precisely those that lie in the plane determined by the eigenvectors 7 and &° 
corresponding to the two negative eigenvalues. Thus, solutions that start in this plane 
approach the origin as t + oo, while all other solutions become unbounded. 


If some of the eigenvalues occur in complex conjugate pairs, then there are still 
n linearly independent solutions of he fom 23) provided that all the eigenvalues 
are different. Of course, the solutions arising from complex eigenvalues are complex- 
valued. However, as in|Section 3.4} it is possible to obtain a full set of real-valued 
solutions. This is discussed in|Section 7.6. | 

More serious difficulties can occur if an eigenvalue is repeated. In this event the 
number of corresponding linearly independent eigenvectors may be smaller than the 
multiplicity of the eigenvalue. If so, the number of linearly independent solutions of 
the form €e” will be smaller than n. To construct a fundamental set of solutions it is 
then necessary to seek additional solutions of another form. The situation is somewhat 
analogous to that for an nth order linear equation with constant coefficients; a repeated 
root of the characteristic equation gave rise to solutions of the form ete”, Pe", Leas 
The case of repeated eigenvalues is treated in|Section 7.8,| 

Finally, if A is complex, then complex eigenvalues need not occur in conjugate 
pairs, and the eigenvectors are normally complex-valued even though the associated 
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eigenvalue may be real. The solutions of the differential equation (1)/ are still of the 
form (23)} provided that the eigenvalues are distinct, but in general all the solutions are 


complex-valued. 


PROBLEMS _ineach of Problems 1 through 6 find the general solution of the given system of equations 
and describe the behavior of the solution as f > oo. Also draw a direction field and plot a few 
trajectories of the system. 


Pee —2 1 —_ 
eael 2) > w= 


In each of Problems 7 and 8 find the general solution of the given system of equations. Also 
draw a direction field and a few of the trajectories. In each of these problems the coefficient 
matrix has a zero eigenvalue. As a result, the pattern of trajectories is different from those in the 


examples in the text. 
,_{ 3 6 
> 8 x= & 3) 


Bl Bin 


2 2+i ” 
~A\-1 -1-i 


1 1 1 1 
13. xX = 2 1 -1]x : 2 -1]x 
—-8 -5 -3 2 1 -1 


In each of Problems 15 through 18 solve the given initial value problem. Describe the behavior 
of the solution as t + oo. 


—1 2 
i) * mo ~ ©) 
1 1 
1) = _ ~ i) 
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19. 


The system tx’ = Ax is analogous to the second order Euler equation (Section 5.5). Assum- 
ing that x = &t’, where & is a constant vector, show that € and r must satisfy (A — rDé = 0 
in order to obtain nontrivial solutions of the given differential equation. 


Referring to Problem 19, solve the given system of equations in each of Problems 20 through 
23. Assume that t > 0. 


In each of Problems 24 through 27 the eigenvalues and eigenvectors of a matrix A are given. 
Consider the corresponding system x’ = Ax. 


24. 


25. 


26. 


27. 


28. 


(a) Sketch a phase portrait of the system. 

(b) Sketch the trajectory passing through the initial point (2, 3). 

(c) For the trajectory in part (b) sketch the graphs of x, versus ¢ and of x, versus ¢ on the 
same set of axes. 


Consider a 2 x 2 system x’ = Ax. If we assume that r, #r,, the general solution is 
x=c,§ Mert 4 oe a, provided that €“ and € are linearly independent. In this 
problem we establish the linear independence of €“ and €° by assuming that they are 
linearly dependent, and then showing that this leads to a contradiction. 

(a) Note that €“) satisfies the matrix equation (A — r DE” = 0; similarly, note that 
(A-r,DE® =0. 

(b) Show that (A —r,DE& = (r, —17,)é™. 

(c) Suppose that € and € are linearly dependent. Then ag Oy o§ ) — Oand atleast 
one of c, and c, is not zero; suppose that c, 4 0. Show that (A — r,D(c,& M4 C5§ @) —0, 
and also show that (A — ram 0) Ceo +65, Q) — er, — 1 & “Hence c, = 0, which is 
a contradiction. Therefore € and € ® are linearly independent. 

(d) Modify the argument of part (c) in case c, is zero but c, is not. 

(e) Carry out a similar argument for the case in which the order n is equal to 3; note that 
the procedure can be extended to cover an arbitrary value of n. 

Consider the equation 


ay" + by’+cy =0, (i) 


where a, b, and c are constants. In Chapter 3 it was shown that the general solution depended 
on the roots of the characteristic equation 


ar? +br+c=0. (ii) 
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(a) Transform Eq. (i) into a system of first order equations by letting x, = y, x, = y’. Find 


the system of equations x’ = Ax satisfied by x = tL 


2 
(b) Find the equation that determines the eigenvalues of the coefficient matrix A in part (a). 
Note that this equation is just the characteristic equation (ii) of Eq. (1). 
The two-tank system of Problem 21 in Section 7.1 leads to the initial value problem 


3 
x, x(0) = ey ; 


where x, and x, are the deviations of the salt levels Q, and Q, from their respective 
equilibria. 

(a) Find the solution of the given initial value problem. 

(b) Plot x, versus ¢ and x, versus ft on the same set of axes. 

(c) Find the time T such that |x, (t)| < 0.5 and |x,(t)| < 0.5 for all t > T. 


Consider the system 


(a) Solve the system for a = 0.5. What are the eigenvalues of the coefficient matrix? 
Classify the equilibrium point at the origin as to type. 

(b) Solve the system fora = 2. Whatare the eigenvalues of the coefficient matrix? Classify 
the equilibrium point at the origin as to type. 

(c) In parts (a) and (b) solutions of the system exhibit two quite different types of behavior. 
Find the eigenvalues of the coefficient matrix in terms of a and determine the value of a 
between 0.5 and 2 where the transition from one type of behavior to the other occurs. This 
critical value of a is called a bifurcation point. 


Electric Circuits. Problems 32 and 33 are concerned with the electric circuit described by the 
system of differential equations in Problem 20 of Section 7.1: 


Cc 

32. (a) Find the general solution of Eq. (i) if R; = 1 ohm, R, = 3 ohm, L = 2 henrys, and 
C= 5 farad. 
(b) Show that J(t) + Oand V(t) — Oast — oo regardless of the initial values 7 (0) and 
V(0). 
Consider the preceding system of differential equations (i). 
(a) Find a condition on R,, R,, C, and L that must be satisfied if the eigenvalues of the 
coefficient matrix are to be real and different. 
(b) Ifthe condition found in part (a) is satisfied, show that both eigenvalues are negative. 
Then show that /(t) — 0 and V(t) — 0 as t + o regardless of the initial conditions. 
(c) Ifthe condition found in part (a) is not satisfied, then the eigenvalues are either complex 
or repeated. Do you think that /(t) + 0 and V(t) — 0 as t — ow in these cases as well? 
Hint: In part (c) one approach is to change the system (i) into a single second order equation. 
We also discuss complex and repeated eigenvalues in Sections 7.6 and 7.8. 
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7.6 Complex Eigenvalues 


In this section we consider again a system of n linear homogeneous equations with 
constant coefficients 


x’ = Ax, (1) 


where the coefficient matrix A is real-valued. If we seek solutions of the form x = &e”, 
then it follows as in|Section 7.5 |that r must be an eigenvalue and & a corresponding 
eigenvector of the coefficient matrix A. Recall that the eigenvalues r,,...,7r,, of A are 
the roots of the equation 


det(A — rl) = 0, (2) 
and that the corresponding eigenvectors satisfy 
(A—rDé=0. (3) 


If A is real, then the coefficients in the polynomial equation (2) for r are real, and 
any complex eigenvalues must occur in conjugate pairs. For example, ifr, = 4 + ip, 
where A and yw are real, is an eigenvalue of A, then so is r, = 4 — iy. Further, the 
corresponding eigenvectors €‘” and € are also complex conjugates. To see that this 
is SO, Suppose that r, and é satisfy 


(A—r, DEY =0. (4) 


On taking the complex conjugate of this equation, and noting that A and I are real- 
valued, we obtain 


(A—F DE =0, (5) 


where 7, and ~ are the complex conjugates of r, and é‘, respectively. In other 
words, r, =F, is also an eigenvalue, and €° = —") is a corresponding eigenvector. 
The corresponding solutions 


Ost e, seo (6) 


of the differential equation (1) are then complex conjugates of each other. Therefore, 
as in we can find two real-valued solutions of Eq. (1) corresponding to the 
eigenvalues r, and r, by taking the real and imaginary parts of x(t) or x(t) given 
by Eq. (6). 
Let us write é) =a-+ ib, where a and b are real; then we have 
eG =—atibpe 
= (a+ ib)e* (cos ut +i sin pt). (7) 


Upon separating x") (r) into its real and imaginary parts, we obtain 
x(t) = e“ (acos wt — bsin wt) + ie“ (asin wt + bcos pt). (8) 
If we write x(t) = u(t) +iv(t), then the vectors 
u(t) = e“(acos wt — bsinpt), 


Ifa (9) 
v(t) = e (asin wt + bcos wt) 
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are real-valued solutions of It is possible to show that u and v are linearly 
independent solutions (see Problem 27). 

For example, suppose that r, =A +i, r, =A —ip, and that r;,...,7, are all 
real and distinct. Let the corresponding eigenvectors be €“) = a+ ib, €° =a — ib, 


é°,...,é™. Then the general solution of|Eq. (1)|is 
X= cult) + c,V(t) + c,€ Mes’ + --- +0, € Mer", (10) 


where u(t) and v(t) are given by|Eqs. (9) We emphasize that this analysis applies only 
Eq. (1) | 


if the coefficient matrix A in/Eq. (1) {s real, for it is only then that complex eigenvalues 
and eigenvectors must occur in conjugate pairs. 

The following examples illustrate the case n = 2, both to simplify the algebraic 
calculations and to permit easy visualization of the solutions in the phase plane. 


Find a fundamental set of real-valued solutions of the system 


_l 1 
ae s (11) 
-1 -$ 
and display them graphically. 
A direction field for the system (11) is shown in Figure 7.6.1. This plot suggests that 
the trajectories in the phase plane spiral clockwise toward the origin. 


ae NN 
Ch ed ie eas Mh NN A tl TT Il 
VEE VED A ee eee NY LH tp 
Ss 6 ag Oe EIGN ee a 
Pp Lop a 
A /-27 f (aoe i Mpe eA hee Be pm 
PRPRERRA SR Ste 24 22 PP EE 
aT HW POW OW NOS NR ee ee 
| tt iN NNN -lRwRK— Hane em ees 
NON NUNS END ONSEN ai ee ee 
VAN AS SS SSS SSeS Re eee ee 
Nee ON ee ee 
WAS ANN Sis ti ee 
ON ee oe 


FIGURE 7.6.1 A direction field for the system (11). 


To find a fundamental set of solutions we assume that 
x = &e”"’ (12) 


and obtain the set of linear algebraic equations 


1 
=g-" ! é\_ (0 
Cr NG) 
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for the eigenvalues and eigenvectors of A. The characteristic equation is 


=r+r+32=0; (14) 


—] —i_y+, 


1 
A 
2 


therefore the eigenvalues arer, = —} +i and ry = —s — i. From|Eq. (13)|a straight- 
forward calculation shows that the corresponding eigenvectors are 


oe ); gE? = &) (15) 
Hence a fundamental set of solutions of the]/system (11) is 


x) (f) = (1) gen. x?) (t) = & oe 1/2-iyt (16) 


1 


To obtain a set of real-valued solutions, we must find the real and imaginary parts of 
either x" or x). In fact, 


1/2 1/2 ¢ 
, — (1\ 5-12 Soe ok te BST .(e'*sint 
x(t) = (;) e''“(cost +isint) = oe e ) +1 (Sin , : (17) 
Hence 
_ 4/2 cos t _ -42 [ sint 
pl al (_ sin ) : ot Ge (18) 


is a set of real-valued solutions. To verify that u(t) and v(t) are linearly independent, 
we compute their Wronskian: 


2 =t/2 


e cost e sin t 


W(u, v)(t) = _ : - 
Vy) —e* sint e/ cost 


=e '(cos*t+sin?t) =e. 
Since the Wronskian is never zero, it follows that u(t) and v(t) constitute a fundamental 
set of (real-valued) solutions of the 


pen} (11) 
The graphs of the solutions u(t) and v(t) are shown in|Figure 7.6.2a| Since 


1 0 

u(0) = ¢: v(0) = G; 
the graphs of u(t) and v(t) pass through the points (1, 0) and (0, 1), respectively. Other 
solutions of ‘heleystens UD ce linear combinations of u(t) and v(t), and graphs of 
a few of these solutions are also shown in In all cases the solution 
approaches the origin along a spiral path as t — oo; this is due to the fact that the 
solutions (18) are products of decaying exponential and sine or cosine factors. Some 
typical graphs of x, versus ¢ are shown infFigure 7.6.2b4 each one represents a decaying 
oscillation in time. 

[Figure 7.6.2alis typical of all second order systems x’ = Ax whose eigenvalues are 
complex with negative real part. The origin is called alspiral pointland is asymptotically 
stable because all trajectories approach it as t increases. For a system whose eigenvalues 
have a positive real part the trajectories are similar to those in[Figure 7.6.2, but the 
direction of motion is away from the origin and the trajectories become unbounded. 
In this case, the origin is unstable. If the real part of the eigenvalues is zero, then the 
trajectories neither approach the origin nor become unbounded but instead traverse 
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(a) (b) 


FIGURE 7.6.2 (a) Trajectories of the|system (11)} the origin is a spiral point. (b) Plots of x, 


versus f for the system (11). 


repeatedly a closed curve about the origin. In this case the origin is called alcenter | 
and is said to be stable, but not asymptotically stable. In all three cases the direction of 
motion may be either clockwise, as in this example, or counterclockwise, depending 
on the elements of the coefficient matrix A. 


The electric circuit shown in Figure 7.6.3 is described by the system of differential 


equations 

d/l -1 -1\/1 

eee -1)\v)’ vo 
where / is the current through the inductor_and_V_is the voltage drop across the 


capacitor. These equations were derived in} Problem 19 of Section 7.1] Suppose that at 
time ¢ = O the current is 2 amperes and the voltage drop is 2 volts. Find J (t) and V(t) 


at any time. 


R =lohm 


L =1henr 
R =2 ohms y 


FIGURE 7.6.3 The circuit in Example 2. 
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Assuming that 


()) =e" (20) 
we obtain the algebraic equations 
-l-r —1 —&,\ _ (0 
Cr” 2) =) a” 
The eigenvalues are determined from the condition 


a a 


mag? _ 0: 
5 ae +2r+3=0; (22) 


thus r,; = —1+ J2i and r,=—-l- J/2i. The corresponding eigenvectors are then 
found from Eq. (21), namely, 


1 1 
gD — (_J5:) ; ~~ ( /5:) : (23) 


The complex-valued solution corresponding to r, and E is 


r 1 -14+V2i)t 
EVe i ( wide 
—J/2i 


= (_'5:) e'(cosV2t+isinV21) 
fa net cos /2t a, sin /2t 
— (oh. ae Bx fa): ee 


The real and imaginary parts of this solution form a pair of linearly independent 
real-valued solutions of Eq. (19) 


ui =e" ( cos V21 i; v(t) =e" (_ sin V2 ). (25) 


J2sin/2t J/2cos /2t 
Hence the general solution of Eqs. (19) is 
I -t cos /2t =, sin /2t 
= : 2 
(;,) “16 ts a wae Gen ‘.) 26) 


Upon imposing the initial conditions 


(7) ae (3) : 27) 
«i (a) +e(_ya) =(3). (28) 


Thus c, = 2 and c, = —./2. The solution of the stated problem is then given by 
Eq. (26) with these values of c, and c,. The graph of the solution is shown in Figure 
The trajectory spirals counterclockwise and rapidly approaches the origin, due 


to the factor e’. 


we find that 
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FIGURE 7.6.4 Solution of the initial value problem in Example 2. 


The system 


x’ = & :) x (29) 


contains a parameter a. Describe how the solutions depend qualitatively on a; in 
particular, find the critical values of a at which the qualitative behavior of the trajectories 
in the phase plane changes markedly. 

The behavior of the trajectories is controlled by the eigenvalues of the coefficient 
matrix. The characteristic equation is 


r—ar+4=0, (30) 


so the eigenvalues are 


a+ Va? — 16 


= 31 

r 5 (31) 

From Eq. (31) it follows that the eigenvalues are complex conjugates for —4 < a < 4 
and are real otherwise. Thus two critical values are a = —4 and a = 4, where the 


eigenvalues change from real to complex, or vice versa. For a < —4 both eigenvalues 
are negative, so all trajectories approach the origin, which is an asymptotically stable 
node. For a > 4 both eigenvalues are positive, so the origin is again a node, this time 
unstable; all trajectories (except x = 0) become unbounded. In the intermediate range, 
—4 <a < 4, the eigenvalues are complex and the trajectories are spirals. However, for 
—4 <a < Othe real part of the eigenvalues is negative, the spirals are directed inward, 
and the origin is asymptotically stable, while for 0 < a < 4 the opposite is the case 
and the origin is unstable. Thus w = 0 is also a critical value where the direction of the 
spirals changes from inward to outward. For this value of @ the origin is a center and 
the trajectories are closed curves about the origin, corresponding to solutions that are 
periodic in time. The other critical values, a = +4, yield eigenvalues that are real and 


equal. In this case the origin is again a node, but the phase portrait differs somewhat 
from those in Section 7.5} We take up this case in|Section 7.8, 


For second order systems with real coefficients we have now completed our descrip- 
tion of the three main cases that can occur. 


1. Eigenvalues have opposite signs; x = 0 is a saddle point. 
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2. Eigenvalues have the same sign but are unequal; x = 0 is a node. 
3. Eigenvalues are complex with nonzero real part; x = 0 is a spiral point. 


Other possibilities are of less importance and occur as transitions between two 
of the cases just listed. For example, a zero eigenvalue occurs during the transition 
between a saddle point and a node. Purely imaginary eigenvalues occur during a 
transition between asymptotically stable and unstable spiral points. Finally, real and 
equal eigenvalues appear during the transition between nodes and spiral points. 


PROBLEMS _ineach of Problems 1 through 8 express the general solution of the given system of equations 
in terms of real-valued functions. In each of Problems 1 through 6 also draw a direction field, 
sketch a few of the trajectories, and describe the behavior of the solutions as t > oo. 


In each of Problems 9 and 10 find the solution of the given initial value problem. Describe the 
behavior of the solution as t + oo. 


9 x= (; a: x, x(0)= a 
10. x’ = i =) x, xO)= e 


In each of Problems 11 and 12: 


(a) Find the eigenvalues of the given system. 

(b) Choose an initial point (other than the origin) and draw the corresponding trajectory 
in the x, x,-plane. 

(c) For your trajectory in part (b) draw the graphs of x, versus ¢ and of x, versus f¢. 

(d) For your trajectory in part (b) draw the corresponding graph in three-dimensional 
tx, X,-space. 


a4 
> 12. f=( 7 


In each of Problems 13 through 20 the coefficient matrix contains a parameter a. In each of 
these problems: 


(a) Determine the eigenvalues in terms of a. 

(b) Find the critical value or values of aw where the qualitative nature of the phase portrait 
for the system changes. 

(c) Draw a phase portrait for a value of a slightly below, and for another value slightly 
above, each critical value. 
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In each of Problems 21 and 22 solve the given system of equations by the method of Problem 
19 of Section 7.5. Assume that ¢ > 0. 


a —1 —1 —5 
21. n= ( > =) . 8 


In each of Problems 23 and 24: 


(a) Find the eigenvalues of the given system. 

(b) Choose an initial point (other than the origin) and draw the corresponding trajectory 
in the x,x,-plane. Also draw the trajectories in the x,x,- and x,x,-planes. 

(c) For the initial point in part (b) draw the corresponding trajectory in x, x,x,-space. 


f 
> 4 x= 


u 
4 


. Consider the electric circuit shown in Figure 7.6.5. Suppose that R, = R, =4 ohms, 
C= 5 farad, and L = 8 henrys. 
(a) Show that this circuit is described by the system of differential equations 


£0-(2 JO 
dt\V) \ 2 —1}\vy’ 

where / is the current through the inductor and V is the voltage drop across the capacitor. 
Hint: See Problem 18 of Section 7.1. 

(b) Find the general solution of Eqs. (i) in terms of real-valued functions. 

(c) Find /(t) and V(t) if 7(0) = 2 amperes and V (0) = 3 volts. 

(d) Determine the limiting values of 7(t) and V(t) as t + ov. Do these limiting values 
depend on the initial conditions? 


FIGURE 7.6.5 The circuit in Problem 25. 
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26. Theelectric circuit shown in Figure 7.6.6 is described by the system of differential equations 


27. 


1 


at. (i) 
axvy- td 
CRC 


where J is the current through the inductor and V is the voltage drop across the capacitor. 
These differential equations were derived in Problem 18 of Section 7.1. 

(a) Show that the eigenvalues of the coefficient matrix are real and different if L > 4R°C; 
show that they are complex conjugates if L < 4R°C. 

(b) Suppose that R = 1 ohm, C = 5 farad, and L = | henry. Find the general solution of 
the system (i) in this case. 

(c) Find /(t) and V(t) if 7(0) = 2 amperes and V(0) = 1 volt. 

(d) For the circuit of part (b) determine the limiting values of 7(t) and V(t) as t > oo. 
Do these limiting values depend on the initial conditions? 


FIGURE 7.6.6 The circuit in Problem 26. 


In this problem we indicate how to show that u(r) and v(t), as given by Eqs. (9), are linearly 
independent. Let r, = 4 +i andr, = A — ip bea pair of conjugate eigenvalues of the 
coefficient matrix A of Eq. (1); let € = a-+ib and €“) = a — ib be the corresponding 
eigenvectors. Recall that it was stated in Section 7.3 that ifr, #7,, then —€ and € are 
linearly independent. 

(a) First we show that a and b are linearly independent. Consider the equation c,a + 
c,b = 0. Express a and b in terms of € ) and €“), and then show that (c, — 1¢,)& Oy 
(c, tic, JE? =0. 

(b) Show that c, — ic, = 0 and c, + ic, = 0 and then that c, = 0 and c, = 0. Conse- 
quently, a and b are linearly independent. 

(c) To show that u(t) and v(¢) are linearly independent consider the equation c,u(¢)) + 
€,V(t)) = 0, where fy is an arbitrary point. Rewrite this equation in terms of a and b, and 
then proceed as in part (b) to show that c, = 0 and c, = 0. Hence u(f) and v(‘) are linearly 
independent at the arbitrary point f). Therefore they are linearly independent at every point 
and on every interval. 

A mass m on a spring with constant k satisfies the differential equation (see Section 3.8) 


mu” +ku=0, 


where u(t) is the displacement at time ¢ of the mass from its equilibrium position. 
(a) Let x, =u and x, = u’; show that the resulting system is 


; 0 
x = 
—k/m 


(b) Find the eigenvalues of the matrix for the system in part (a). 
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(c) Sketch several trajectories of the system. Choose one of your trajectories and sketch 
the corresponding graphs of x, versus ¢ and of x, versus t. Sketch both graphs on one set 
of axes. 

(d) What is the relation between the eigenvalues of the coefficient matrix and the natural 
frequency of the spring—mass system? 

Consider the two-mass, three-spring system shown in Figure 7.1.1, whose equations of 
motion are given in Eqs. (1) of Section 7.1. If there are no external forces, and if the masses 
and spring constants are equal and of unit magnitude, then the equations of motion are 


(om = 
Xp = 2x, +X, Xy =X, — 2X. 


(a) Transform the system into a system of four first order equations by letting y, = x,, 
JY, =X], V3 =X, and y, = x}. 
(b) Find the eigenvalues of the coefficient matrix for the system in part (a). 


(c) Solve the system in part (a) subject to the initial conditions y/(0) = (2,1,2, 1). De- 
scribe the physical motion of the spring—mass system that corresponds to this solution. 

(d) Solve the system in part (a) subject to the initial conditions y/(0) = (2, V3, —2, —/3). 
Describe the physical motion of the spring—mass system that corresponds to this solution. 
(e) Observe that the spring—mass system has two natural modes of oscillation in this case. 
How are the natural frequencies related to the eigenvalues of the coefficient matrix? Do 
you think that there might be a third natural mode of oscillation with a different frequency? 


7.7 Fundamental Matrices 


The structure of the solutions of systems of linear differential equations can be 
further illuminated by introducing the idea of a fundamental matrix. Suppose that 


x (r),..., x(t) form a fundamental set of solutions for the equation 
x’ = P(t)x (1) 
on some interval w < t < 6. Then the matrix 
xf) oe XO) 
Wt) = : : ; (2) 
a See a) 


whose columns are the vectors x" (rt), ..., x(t), is said to be alfundamental matrix 


for the system (1). Note that a fundamental matrix is nonsingular since 1ts columns are 
linearly independent vectors. 


Find a fundamental matrix for the system 
EXAMPLE 


,_ [1 1 
1 x= ( | i} x. (3) 
In|Example 1 of Section 7.5}we found that 


3t —t 
ae (.%:) : Oe (3) 
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are linearly independent solutions of|Eq. (3).|Thus a fundamental matrix for the system 
(3) is 


3t —t 
Wr) = & ee) 7 (4) 


The solution of an initial value problem can be written very compactly in terms of a 
fundamental matrix. The general solution of}Eq. (1) lis 


x= ¢ x(t) +---+0,x (1) (5) 

or, in terms of V(r), 
x= Wit)e, (6) 
where ¢ is a constant vector with arbitrary components c,,..., c,,. For an initial value 


problem consisting of the differential equation (1) and the initial condition 
X(f) =X, (7) 


where f, is a given pointina < t < Band x’ is a given initial vector, it is only necessary 
to choose the vector c in Eq. (6) so as to satisfy the initial condition (7). Hence c must 
satisfy 


Wt,Je= x’, (8) 
Therefore, since W(t) is nonsingular, 
c= W'(t,)x° (9) 
and 
x = WNW! (,)x° (10) 


is the solution of the initial value] problem (1)J (7). We emphasize, however, that to 


solve a given initial value problem one would ordinarily solve Eq. (8) by row reduction 
and then substitute for ¢ in Eq. (6), rather than compute yw! (t)) and use Eq. (10). 

Recall that each column of the fundamental matrix W is a solution of Eq. (1). It 
follows that W satisfies the matrix differential equation 


W = P)W. (11) 


This relation is readily confirmed by comparing the two sides of Eq. (11) column by 
column. 

Sometimes it is convenient to make use of the special fundamental matrix, denoted 
by ®(t), whose columns are the vectors x“ (t),..., x(t) designated in Theorem 
Fad. Besides the differential]equation (1)|these vectors satisfy the initial conditions 


x) (7) = e), (12) 
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where e” is the unit vector, defined in/Theorem 7.4.4| with a one in the jth position 


and zeros elsewhere. Thus ®(t) has the property that 


O)=| 2, . fel, (13) 


We will always reserve the symbol ® to denote the fundamental matrix satisfying the 
initial condition (13) and use W when an arbitrary fundamental matrix is intended. 
In terms of ®(t) the solution of the initial value [problem (1)\{(7) jis even simpler in 
appearance; since ®~' (t,) = I, it follows fro hat 


xX = @(t)x°. (14) 


While the fundamental matrix ®(f) is often more complicated than W(t), itis especially 
helpful if the same system of differential equations is to be solved repeatedly subject to 
many different initial conditions. This corresponds to a given physical system that can 
be started from many different initial states. If the fundamental matrix ®(t) has been 
determined, then the solution for each set of initial conditions can be found simply 
by matrix multiplication, as indicated by Eq. (14). The matrix ®(f) thus represents a 
transformation of the initial conditions x° into the solution x(t) at an arbitrary time f. 


By comparing [Eqs. (10) and (14) it is clear that ®(t) = Wr)! (1). 


For the|system (3)} 
x = ha x 
4 1)? 


in/Example 1J find the fundamental matrix ® such that ®(0) = I. 


e columns of ® are solutions of|Eq. (3)|that satisfy the initial conditions 


Mm, — {1 py, — (9 
x’(0) = a x’ (0) = ai (15) 


Since the general solution of|Eq. (3)|is 


T=C; (3) es es (2) ev," 


we can find the solution satisfying the first set of these initial conditions by choos- 
ingc,;=c,= 5; similarly, we obtain the solution satisfying the second set of initial 


Ce i _ 1 = 1 
conditions by choosing c, = z and c, = — 7. Hence 
ye™! 4 se! ren _ fe! 
P(t) = 3t = 1 3t 1,-t |] (16) 
e —e xe + 5e 


Note that the elements of ®(t) are more complicated than those of the fundamental 
matrix W(t) given by} Eq. (4)| however, it is now easy to determine the solution 
corresponding to any set of initial conditions. 
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The Matrix exp(At). Recall that the solution of the scalar initial value problem 
x’ =ax, 40) =a, (17) 
where a is a constant, is 
X = X) exp(ar). (18) 
Now consider the corresponding initial value problem for an n x n system, namely, 
x’ = Ax, x(0) = x°, (19) 


where A is a constant matrix. Applying the results of this section to the problem (19), 
we can write its solution as 


x = D(t)x°, (20) 


where ®(0) = I. Comparing the problems (17) and (19), and their solutions, sug- 
gests that the matrix ®(t) might have an exponential character. We now explore this 
possibility. 

The scalar exponential function exp(at) can be represented by the power series 


at” 


, (21) 
n! 


exp(at) =1+ > 
n=1 


which converges for all t. Let us now replace the scalar a by the n x n constant matrix 
A, and consider the corresponding series 


OO AME A2t? Att" 
Lt) a ee (22) 


n=1 


Each term in the series (22) is ann x n matrix. It is possible to show that each element 
of this matrix sum converges for all t as n — oo. Thus the series (22) defines as its 
sum a new matrix, which we denote by exp(Afr); that is, 
lo) 
A"t” 
exp(At) = I+ _ 


! ’ 
nal nN. 


(23) 


analogous to the expansion (21) of the scalar function exp(at). 
By differentiating the series (23) term by term we obtain 


oo nyn-l 


d A gad 
77 exp An! = 2: (n — 1)! = [r+ 2, - 


n=1 


= Aexp(Ar). (24) 
Thus exp(A?) satisfies the differential equation 
d 
i exp(At) = Aexp(Ar). (25) 
Further, when t = 0, exp(Ar) satisfies the initial condition 
exp(Afr) a= I. (26) 
t= 


The fundamental matrix ® satisfies the same initial value problem as exp(Ar), namely, 


® =A%®, &(0)=1. (27) 
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Thus we can identify exp(At) with the fundamental matrix ®(t) and we can write the 


solution of the initial value}problem (19) |in the form 


x= exp(Ar)x?, (28) 


which is analogous to the| solution (18) pf the initial value problem (17). 


In order to justify more conclusively the use of exp(Ar) for the sum of the[series (22)| 
we should demonstrate that this matrix function does indeed have the properties we 
associate with the exponential function. One way to do this is outlined in[Problem 15] 
Diagonalizable Matrices. The basic reason why a system of linear (algebraic or 
differential) equations presents some difficulty is that the equations are usually coupled. 
In other words, some or all of the equations involve more than one, typically all, of the 
unknown variables. Hence the equations in the system must be solved simultaneously. 
In contrast, if each equation involves only a single variable, then each equation can be 
solved independently of all the others, which is a much easier task. This observation 
suggests that one way to solve a system of equations might be by transforming it into 
an equivalent uncoupled system in which each equation contains only one unknown 
variable. This corresponds to transforming the coefficient matrix A into a diagonal 
matrix. 

Eigenvectors are useful in accomplishing such a transformation. Suppose that the 
n xX n matrix A has a full set of n linearly independent eigenvectors. Recall that this will 
certainly be the case if the eigenvalues of A are all different, or if A is Hermitian. Letting 


Ee) Sanies Eg denote these eigenvectors and i,,..., 4,, the corresponding eigenvalues, 

form the matrix T whose columns are the eigenvectors, that is, 

(1) (n) 

i we E 

T= : : (29) 
1 

gg 

Since the columns of T are linearly independent vectors, det T 4 0; hence T is non- 

singular and T~' exists. A straightforward calculation shows that the columns of the 


matrix AT are just the vectors Aé’,..., A&”. Since AE = Ay é, it follows that 
MBps AyB” 
AT = : : = TD, (30) 
1,6” se Em) 
where 
A, O ++ O 
(> By: 2% a0 
DS). 5 . (31) 
0 O -. A 


n 


is a diagonal matrix whose diagonal elements are the eigenvalues of A. From Eq. (30) 
it follows that 


T 'AT=D. (32) 


Thus, if the eigenvalues and eigenvectors of A are known, A can be transformed into a 
diagonal matrix by the process shown in Eq. (32). This process is known as a similarity 
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transformation, and|Eq. (32)]is summed up in words by saying that A is similar to 
the diagonal matrix D. Alternatively, we may say that A is|diagonalizable| Observe 
that a similarity transformation leaves the eigenvalues of A unchanged and transforms 


its eigenvectors into the coordinate vectors e) je, 
If A is Hermitian, then the determination of T~' is very simple. We choose the 
eigenvectors &"”,..., € of A so that they are normalized by (€”, €) = 1 for each 


i, as well as orthogonal. Then it is easy to verify that T~! =T*; in other words, the 
inverse of T is the same as its adjoint (the transpose of its complex conjugate). 

Finally, we note that if A has fewer than n linearly independent eigenvectors, then 
there is no matrix T such that T~'AT = D. In this case, A is not similar to a diagonal 
matrix, and is not diagonalizable. 


Consider the matrix 


1 1 
A= ( 4 | : (33) 
Find the similarity transformation matrix T and show that A can be diagonalized. 
In/Example 1 of Section 7.5}we found that the eigenvalues and eigenvectors of A are 


r, = 3, a r=, 5). (34) 


Thus the transformation matrix T and its inverse T~! are 
: (35) 


_f{l 1\, 1 
e-() 2s Fie 
TOAT = € ’) —D. (36) 


Consequently, you can check that 
0 -l 


NIE NI 
Ale AIG 


Now let us turn again to the system 
x’ = Ax, (37) 


where A is a constant matrix. In|Sections 7.5 and|7.6 |we have described how to solve 


such a system by starting from the assumption that x = &e’’. Now we provide another 
viewpoint, one based on diagonalizing the coefficient matrix A. 

According to the results stated just above, it is possible to diagonalize A whenever A 
has a full set of n linearly independent eigenvectors. Let €“”,..., € be eigenvectors 
of A corresponding to the eigenvalues r,,..., 7,, and form the transformation matrix T 
whose columns are €,..., €”. Then, defining a new dependent variable y by the 
relation 


x = Ty, (38) 
we have from Eq. (37) that 
Ty’ = ATy. (39) 
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EXAMPLE 


4 


Multiplying by T~', we then obtain 


y =(T 'AT)y, (40) 

or, using|Eq. (32)] 
y = Dy. (41) 
Recall that D is the diagonal matrix with the eigenvalues r,,...,7,, of A along the 


em 19 


fem 16) A fundamental matrix for the system (41) is the diagonal matrix (see Prob- 


el =O 0 
0 ee 1... 0 

Qu) =expDry=] . Ws (42) 
0 0) ee ent 


A fundamental matrix W for the system (37) is then found from Q by the transforma- 


tion|(38), 


w=TQ; (43) 
that is, 
EMer! a EMerat 
Wt) = : : (44) 
EDert — EMern! 


procedure does not afford any computational advantage over the method o 

since in either case it is necessary to calculate the eigenvalues and eigenvectors of the 
coefficient matrix in the system of differential equations. Nevertheless, it is noteworthy 
that the problem of solving a system of differential equations and the problem of 
diagonalizing a matrix are mathematically the same. 


Equation (44) is the same result that was obtained i This diagonalization 
Section 75 


Consider again the system of differential equations 
x’ = Ax, (45) 


where A is given by|Eq. (33)) Using the transformation x = Ty, where T is given by 
Eq. (35)} you can reduce the system (45) to the diagonal system 


,_ (3 O\. 
y= (( !) y = Dy. (46) 
Obtain a fundamental matrix for the system (46) and then transform it to obtain a 


fundamental matrix for the original system (45). 
By multiplying D repeatedly with itself, we find that 


» (9 0 , 17 © 
va?) wa 9)... en 
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PROBLEMS 


Therefore it follows from|Eq. (23) that exp(Dr) is a diagonal matrix with the entries 
e* and e~' on the diagonal, that is, 


3t 
pt @ ) (48) 


Finally, we obtain the required fundamental matrix W(t) by multiplying T and exp(Dr): 


1 1\ (e* 0 e* e? 
2 « 2) ( 0 = ~ (5 7) , oe) 


Observe that this fundamental matrix is the same as the one found in/Example 1 


In each of Problems 1 through 10 find a fundamental matrix for the given system of equations. 
In each case also find the fundamental matrix ®(r) satisfying ®(0) = I. 


3 


x’ 
. x’ 
x’ 


( 
( 
( 


1 1 1 
.xX= 2 1 -l]x 
-8 -5 -3 


Solve the initial value problem 


x = (7 
~~ \3 


by using the fundamental matrix ®(t) found in Problem 3. 
Solve the initial value problem 


x= € *) x, x(0) = ( 


by using the fundamental matrix ®(t) found in Problem 6. 

13, Show that P(t) = W(4)W (t,), where @(t) and W(t) are as defined in this section. 

14. The fundamental matrix ®(t) for the system (3) was found in Example 2. Show that 
®@(t)D(s) = P(t + 5) by multiplying P(t) and B(s). 

15. Let @(r) denote the fundamental matrix satisfying ®’ = A®, D0) = I. In the text we 
also denoted this matrix by exp(Ar). In this problem we show that ® does indeed have the 
principal algebraic properties associated with the exponential function. 

(a) Show that B(1)®(s) = W(t + 5); that is, exp(At) exp(As) = exp[A(t + 5)]. 

Hint: Show that if s is fixed and f is variable, then both ®(t)®(s) and P(t + s) satisfy the 
initial value problem Z' = AZ, Z(0) = ®(s). 

(b) Show that ®(r)®(—1r) = I; that is, exp(Ar) exp[A(—1)] = I. Then show that ®(—r) = 
@ l(t). 

(c) Show that O(t — s) = B(1)@|(s). 
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16. Show that if A is a diagonal matrix with diagonal elements a,, a,,...,a@,, then exp(Af) is 
also a diagonal matrix with diagonal elements exp(a,t), exp(a,f),..., exp(a,t). 

17. The method of successive approximations (see Section 2.8) can also be applied to systems 
of equations. For example, consider the initial value problem 


x’ = Ax, x(0) = x°, (i) 


where A is a constant matrix and x° a prescribed vector. 
(a) Assuming thata solution x = c(t) exists, show that it must satisfy the integral equation 


b(t) =x? + / AQ(s) ds. (ii) 
0 


(b) Start with the initial approximation o° (t) = x". Substitute this expression for (s) 
in the right side of Eq. (ii) and obtain a new approximation oo”? (t). Show that 


b(t) = 1+ Adx?®. (iii) 
tc) Repeat this process and thereby obtain a sequence of approximations o, oo? : 
o' Das o”, .... Use an inductive argument to show that 

2 n 
t t 
o”(t) = (reacart art) x, (iv) 
! n! 


(d) Let n — oo and show that the solution of the initial value problem (i) is 


b(t) = exp(Ar)x?. (v) 


7.8 Repeated Eigenvalues 


We conclude our consideration of the linear homogeneous system with constant coef- 
ficients 


x’ = Ax (1) 


with a discussion of the case in which the matrix A has a repeated eigenvalue. Recall that 
in|Section 7.3|we noted that a repeated eigenvalue with multiplicity k may be associated 
with fewer than k linearly independent eigenvectors. The following example illustrates 
this possibility. 


Find the eigenvalues and eigenvectors of the matrix 
EXAMPLE 


1 ee € }) | (2) 


The eigenvalues r and eigenvectors € satisfy the equation (A — rDé = 0, or 


Cr )@=(): 9 
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EXAMPLE 


2 


The eigenvalues are the roots of the equation 


l-r —1 


det(A =D = . 2 


[=P -art4n0. (4) 
Thus the two eigenvalues are r, = 2 and r, = 2; that is, the eigenvalue 2 has multi- 
plicity 2. 

To determine the eigenvectors we must return to| Eq. (3) jand use for r the value 2. 


This gives 
—1 -1)\/é,\_ /0 
Ci) @)=() a 


Hence we obtain the single condition €, + §, = 0, which determines &, in terms of &,, 
or vice versa. Thus the eigenvector corresponding to the eigenvalue r = 2 is 


(oe 


or any nonzero multiple of this vector. Observe that there is only one linearly indepen- 
dent eigenvector associated with the double eigenvalue. 


Returning to the|system (1)| suppose that r = pe is a k-fold root of the determinantal 
equation 


det(A — rI) = 0. (7) 


Then p is an eigenvalue of multiplicity k of the matrix A. In this event, there are two 
possibilities: either there are k linearly independent eigenvectors corresponding to the 
eigenvalue p, or else there are fewer than k such eigenvectors. 

In the first case, let E,...,E bek linearly independent eigenvectors associated 
with the eigenvalue p of multiplicity k. Then x(t) = Ee", ..., x(t) = EMC 
are k linearly independent solutions o Thus in this case it makes no difference 
that the eigenvalue r = p= is repeated; there 1s still a fundamental set of solutions of 

[Ea (Jot the form &e”’. This case always occurs if the coefficient matrix A is Hermitian. 

However, if the coefficient matrix is not Hermitian, then there may be fewer than 
k independent eigenvectors corresponding to an eigenvalue p of multiplicity k, and if 
so, there will be fewer than k solutions of Fa. jr the form &e?" associated with 
this eigenvalue. Therefore, to construct the general solution of it is necessary 
to find other solutions of a different form. By analogy with previous results for linear 
equations of order n, it is natural to seek additional solutions involving products of 
polynomials and exponential functions. We first consider an example. 


Find a fundamental set of solutions of 


eo hee (| ES (8) 


and draw a phase portrait for this system. 
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RN ON EN AN tee oo 
Re pan hak WS GN ee a 
SSSSCS SS Eee | 
SSS SRN 65 VaR wy A ee 
SS SOS SS SSE A ON 
SS So NNN NG Nea Nn UR 
Se NN ol Yi} WO de ty 
Ok OO UU A J A A A 
See eee ae 
i iS 

ee ee ee pial SNES 
fee aa ose leucrca CAacant 
Late TEI AE TEE! SS SSS SSS 
PRE eR A NAT N ANNN SS SoH 
Pa ae t \-l1 NNNNNSNNOSOS 
He AP | tA ek SS 
eat dh fl PN AON N54 AS AS BS IAS SS Se SS 
er me WW WAS ASS SOS AA SS 
hee fed At) WeZTEN SS NSS SS SSS 
UP TPT WW We WAN AY AL SS SNS SRS SGN SS 
1 ee SMI Ny a Vege NGNGE NG Np NG NENCGNS NNT SOS 


FIGURE 7.8.1 A direction field for the system (8). 


A direction field for the[ system (8) |is shown in Figure 7.8.1. From this figure it 
appears that all nonzero solutions depart from the origin. 

To solve the system observe that the coefficient matrix A is the same as the matrix in 
[Example 1} Example 1| Thus we know that r = 2 is a double eigcnvalue and that it has only a single 
corresponding eigenvector, which we may take as €’ = (1, —1). Thus one solution of 


the] system (8)}is 
x) (rt) = €; eg, (9) 


but there is no second solution of the form x = ée”". 
Based on the procedure used for second order linear equations in|Section 3.5} it may 
be natural to attempt to find a second solution of the|system (8) of the form 


x = éte”’, (10) 
where & is a constant vector to be determined. Substituting for x in|Eq. (8) |gives 
2éte™ + Ee! — Aéte” = 0. (11) 


For Eq. (11) to be satisfied for all ¢ it is necessary for the coefficients of te~ and e” 
each to be zero. From the term in e~’ we find that 


é=0. (12) 


Hence there is no nonzero solution of the system (8) of the form (10). 

Since Eq. (11) contains terms in both te” and e”’, it appears that in addition to Ere” 
the second solution must contain a term of the form ne”; in other words, we need to 
assume that 


x = Ete" + ye”, (13) 

where € and y are constant vectors. Upon substituting this expression for x in|Eq. (8) 
we obtain 

2éte + (E+ 2n)Je” = A(Ete” + ye”). (14) 


Equating coefficients of te”’ and e” on each side of Eq. (14) gives the conditions 


(A —2DE=0 (15) 
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and 

(A — 21Iyn =€ (16) 
for the determination of € and y.|Equation (15)|is satisfied if € is an eigenvector of 
A corresponding to the eigenvalue r = 2, that is, é” = (1, —1). Since det(A — 21) is 


zero, we might expect that Eq. (16) cannot be solved. However, this is not necessarily 
true, since for some vectors € it is possible to solve Eq. (16). In fact, the augmented 


matrix for Eq. (16) is 
-l1 -1 | 1 
1 1 | -1)° 


The second row of this matrix is proportional to the first, so the system is solvable. We 
have 


Ny 7 Nb = I, 


so if 7, = k, where k is arbitrary, then 7, = —k — 1. If we write 


=O) 


then by substituting for € and y in|Eq. (13)| we obtain 


x= cl) tet + (_‘) 4k (_:) a. (18) 


The last term in Eq. (18) is merely a multiple of the first solution x(t), and may be 
ignored, but the first two terms constitute a new solution: 


<= € te" + (_‘) en (19) 


An elementary calculation shows that Wx, x?) ](t) = —e”) and therefore x‘) and 
x) form a fundamental set of solutions of the/system (8)| The general solution is 


x= ox @ + ex) 


=e (_;) gr es (1) ae () e : (20) 


The graph of the solution (20) is a little more difficult to analyze than in some of the 
previous examples. It is clear that x becomes unbounded as t — oo and that x > 0 
as t > —oo. It is possible to show that as t > —on, all solutions approach the origin 
tangent to the line x, = —x, determined by the eigenvector. Similarly, as t + 00, each 
trajectory is asymptotic to a line of slope —1. The trajectories of the| system (8) are 
shown ir Figure 7.8.2aland some typical plots of x, versus t are shown ee 
The pattern of trajectories in this figure is typical of second order systems x’ = Ax 
with equal eigenvalues and only one independent eigenvector. The origin is called an 


improper nodelin this case. If the eigenvalues are negative, then the trajectories are 


similar, but are traversed in the inward direction. An improper node is asymptotically 
stable or unstable, depending on whether the eigenvalues are negative or positive. 
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(b) 


FIGURE 7.8.2 (a) Trajectories of the system (8); the origin is an improper node. (b) Plots of 


x, versus ¢ for the system (8). 


One difference between a system of two first order equations and a single second 
order equation is evident from the preceding example. Recall that for a second order 
linear equation with a repeated root r, of the characteristic equation, a term ce’! in the 
second solution is not required since it is a multiple of the first solution. On the other 
hand, for a system of two first order equations, the term ye"!’ of with r, = 2 
is not a multiple of the first solution €e"1’, so the term ye”!’ must be retained. 

[Example his entirely typical of the general case when there is a double eigenvalue 
and a single associated eigenvector. Consider again the system (1), and suppose that 
r = p isa double eigenvalue of A, but that there is only one corresponding eigenvector 


€. Then one solution [similar to] Eq. (9)|] is 


x) (t) = Ee", (21) 
where & satisfies 
(A — pDE=0. (22) 
By proceeding as in[Example 2|we find that a second solution [similar to[Eq. (19)} 1S 
x (t) = Ete” + me", (23) 


where & satisfies Eq. (22) and y is determined from 
(A — ply = &. (24) 


Even though det(A — pI) = 0, it can be shown that it is always possible to solve 


Eq. (24) for n. The vector x is called aj generalized eigenvector forresponding to the 


eigenvalue p. 


Fundamental Matrices. As explained in|Section 7.7| fundamental matrices are 


formed by arranging linearly independent solutions in columns. Thus, for example, a 
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fundamental matrix for the |system (8)|can be formed from the solutions x(t) and 


x”) (t) from Eqs. (9)}and|(19), respectively: 


2t 2t 
_fe te ot 1 t 
VO= (<i —te _ 2) —@ & —l— ; . (25) 


The matrix ® that satisfies ®(0) =I can also be readily found from the relation 


W(t) = W(t) WV! (0). For|Eq. (8) jwe have 


_ 1 0 A ak 1 0 
W(0) = « ¥ W1(0) = €& a) (26) 
and then 
= -1 _ 2t 1 t 1 0) 
@O(t) = Wit)W (0) =e ( 1 1 ) ( 1 ) 
_ ja fl—t -t 
=e ( ’ 14 ) ; (27) 


The latter matrix is also the exponential matrix exp(Af). 


ordan Forms. An 7 xn matrix A can be diagonalized as discussed in Section 
FT bay if it has a full complement of n linearly independent eigenvectors. If there 
is a shortage of eigenvectors (because of repeated eben os. then A can always 
be transformed into a nearly diagonal matrix called its Jordan—form, which has the 
eigenvalues of A on the main diagonal, ones in certain positions on the diagonal above 
the main diagonal, and zeros elsewhere. 
Consider again the matrix A given bylEq. (2)] Form the transformation matrix T with 
the single eigenvector € from{Eq. (6)jin its first column and the generalized eigenvector 
n from] Eq. (17)|with k = 0 in the second column. Then T and its inverse are given by 


_ 1 0 —1 1 0 
r=(1 9), -(1 2). - 


As you can verify, it follows that 


-tyaq _ (2 1\_ 
T AT= 6 ,) = J. (29) 
The matrix J in Eq. (29) is the Jordan form of A. It is typical of all Jordan forms in that 
it has a 1 above the main diagonal in the column corresponding to the eigenvector that 
is lacking (and is replaced in T by the generalized eigenvector). 


If we start again from) Eq. (1) 


x’ = Ax, 
the transformation x = Ty, where T is given by Eq. (28), produces the system 
y =Jy, (30) 
where J is given by Eq. (29). In scalar form the system (30) is 
yi =2y, + yy, Y= 2yp. (31) 


Camille Jordan (1838-1921), professor at the Ecole Polytechnique and the Collége de France, made important 
contributions to analysis, topology, and especially to algebra. The Jordan form of a matrix appeared in his 
influential book Traité des substitutions et des équations algébriques, published in 1870. 
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These equations can be solved readily in reverse order. In this way we obtain 
y= 6.2", yatyte” hee". (32) 


Thus two independent solutions of the/system (30)|are 


yO = (6) et, y@ = G ot (33) 


and the corresponding fundamental matrix is 


Fi) = « a . (34) 


0 et 


Since W(0) = I, wecan also indentify the matrix in Eq. (34) as exp(Jt). The same result 
can be reached by calculating powers of J and substituting them into the exponential 


series (see| Problems 19 through 21). To obtain a fundamental matrix for the original 


system we now form the product 


et te’ 
W(t) = Texp(Jt) = gt. guy fey) (35) 


which is the same as the fundamental matrix given in|Eq. (25). 


PROBLEMS _ineach of Problems 1 through 6 find the general solution of the given system of equations. In 
Ss seach of Problems | through 4 also draw a direction field, sketch a few trajectories, and describe 
how the solutions behave as f > oo. 


In each of Problems 7 through 10 find the solution of the given initial value problem. Draw the 
trajectory of the solution in the x,x,-plane and also the graph of x, versus tf. 


x(0) = ( 

w-() 
o-(3 
x(0) = ( 
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In each of Problems 11 and 12 find the solution of the given initial value problem. Draw the 
corresponding trajectory in x,x,x,-space and also draw the graph of x, versus f. 


+1 
2 
—30 


In each of Problems 13 and 14 solve the given system of equations by the method of Problem 
19 of Section 7.5. Assume that ¢ > 0. 


,_ (3 —-4 
13. eo 2 


15. Show that all solutions of the system 


xua(? *)x 
“le d 


approach zero as tf — oo if and only if a+ d < 0 and ad — bc > 0. Compare this result 
with that of Problem 38 in Section 3.5. 
Consider again the electric circuit in Problem 26 of Section 7.6. This circuit is described 
by the system of differential equations 


1 
a _ L 
dt 1 1 V 
“iC ~ RC 
(a) Show that the eigenvalues are real and equal if L = 4R7C. 
(b) Suppose that R = | ohm, C = 1 farad, and L = 4 henrys. Suppose also that 7(0) = 1 
ampere and V (0) = 2 volts. Find 7 (t) and V(t). 


Eigenvalues of Multiplicity 3. If the matrix A has an eigenvalue of multiplicity 3, then 
there may be either one, two, or three corresponding linearly independent eigenvectors. The 
general solution of the system x’ = Ax is different, depending on the number of eigenvectors 
associated with the triple eigenvalue. As noted in the text, there is no difficulty if there are 
three eigenvectors, since then there are three independent solutions of the form x = &e”’. The 
following two problems illustrate the solution procedure for a triple eigenvalue with one or two 
eigenvectors, respectively. 


17. Consider the system 


1 
-1|x. (i) 
3 4 


(a) Show that r = 2 is an eigenvalue of multiplicity 3 of the coefficient matrix A and that 
there is only one corresponding eigenvector, namely, 


Fao _ 
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(b) Using the information in part (a), write down one solution x(t) of the system (i). 
There is no other solution of the purely exponential form x = &e”’. 

(c) To find a second solution assume that x = &te”’ + ye’. Show that & and y satisfy the 
equations 


(A-2DE=0, (A-2Dyn=é. 


Since € has already been found in part (a), solve the second equation for 1. Neglect the 
multiple of a that appears in 9, since it leads only to a multiple of the first solution x), 
Then write down a second solution x(t) of the system (i). 

(d) To find a third solution assume that x = &(t7/2)e” + rte” + Ge”. Show that &, n, 
and C€ satisfy the equations 


(A—2DE=0, (A—-2Dyn=€& (A-—2DC= 7. 


The first two equations are the same as in part (c), so solve the third equation for ¢, again 
neglecting the multiple of é that appears. Then write down a third solution x®) (r) of the 
system (i). 
(e) Write down a fundamental matrix W(t) for the system (i). 
(f) Form a matrix T with the eigenvector é in the first column, and the generalized 
eigenvectors ‘yn and ¢ in the second and third columns. Then find T~! and form the product 
J = T"'AT. The matrix J is the Jordan form of A. 

. | Consider the system 


5 -—3 -2 
8 -—-5 —-4]x. (i) 
—4 3 3 


(a) Show that r = | is a triple eigenvalue of the coefficient matrix A, and that there are 
only two linearly independent eigenvectors, which we may take as 


1 0 
a =(0l) £7 =) Bis (ii) 
2. 3 


Find two linearly independent solutions x(t) and x® (1) of Eq. (i). 
(b) To find a third solution assume that x = &te’ + me’; then show that € and q must 
satisfy 


(A—DE=0, (iii) 
(A-Dy=é. (iv) 


(c) Show that € = at” + c,§° , where c, and c, are arbitrary constants, is the most 
general solution of Eq. (iii). Show that in order to solve Eq. (iv) it is necessary that c, = c,. 
(d) It is convenient to choose c, = c, = 2. For this choice show that 


e=| 4 v) 
—2 


where we have dropped the multiples of € and Eg?) that appear in 1. Use the results given 
in Eqs. (v) to find a third linearly independent solution x?) (t) of Eq. (i). 

(e) Write down a fundamental matrix W(t) for the system (i). 

(f) Form a matrix T with the eigenvector a in the first column and with the eigenvector 
é and the generalized eigenvector y from Eqs. (v) in the other two columns. Find T~! and 
form the product J = T~'AT. The matrix J is the Jordan form of A. 
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19. Let J = (; a where A is an arbitrary real number. 


(a) Find J*, J’, and Jt. 
n n-1 
(b) Use an inductive argument to show that J” = @ ie ) : 
(c) Determine exp(Jt). 
(d) Use exp(Jr) to solve the initial value problem x’ = Jx, x(0) = x, 
. Let 


where A is an arbitrary real number. 
(a) Find J*, J, and J‘. 
(b) Use an inductive argument to show that 


k n 


(c) Determine exp(Jf). 
(d) Observe that if you choose 4 = 1, then the matrix J in this problem is the same as 
the matrix J in Problem 18(f). Using the matrix T from Problem 18(f), form the product 
Texp(Jz) with A = 1. Is the resulting matrix the same as the fundamental matrix W(r) in 
Problem 18(e)? If not, explain the discrepancy. 

. Let 


where A is an arbitrary real number. 
(a) Find J*, J, and J’. 
(b) Use an inductive argument to show that 


oo" fae D2 
J’ = 0 ne nr?) 
0 0 Vs 


(c) Determine exp(Jf). 

(d) Observe that if you choose 4 = 2, then the matrix J in this problem is the same as 
the matrix J in Problem 17(f). Using the matrix T from Problem 17(f), form the product 
Texp(Jt) with A = 2. Observe that the resulting matrix is the same as the fundamental 
matrix W(t) in Problem 17(e). 
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7.9 Nonhomogeneous Linear Systems 


In this section we turn to the nonhomogeneous system 
x’ = P(t)x + gir), (1) 


where the n x n matrix P(t) andn x 1 vector g(t) are continuous for a <t < B. By 


the same argument as in|Section 3.6 (see also} Problem 16 in this section) the general 


solution of Eq. (1) can be expressed as 
x= ¢ xP) +---+6,xO+VO), (2) 


where cx‘) (t) feeef ex G) is the general solution of the homogeneous system 
x’ = P(r)x, and v(f) is a particular solution of the nonhomogeneous system (1). We 
will briefly describe several methods for determining v(f). 


Diagonalization. We begin with systems of the form 
x’ = Ax+ a(t), (3) 


where A is ann x n diagonalizable constant matrix. By diagonalizing the coefficient 
matrix A, as indicated in|Section 7.7] we can transform Eq. (3) into a system of 
equations that is readily solvable. 

Let T be the matrix whose columns are the eigenvectors €‘,...,& of A, and 
define a new dependent variable y by 


x = Ty. (4) 
Then substituting for x in Eq. (3), we obtain 
Ty = ATy+ g(t). 
By multiplying by T~! it follows that 
y = (T'AT)y + T'g(t) = Dy +h), (5) 


where h(t) = T~'g(t) and where D is the diagonal matrix whose diagonal entries 
are the eigenvalues r,,...,7,, of A, arranged in the same order as the corresponding 
eigenvectors €“”,...,€ that appear as columns of T. Equation (5) is a system of 
n uncoupled equations for y,(t),..., y,(¢); as a consequence, the equations can be 
solved separately. In scalar form Eq. (5) has the form 


where h; (t) is a certain linear combination of g,(¢),..., @,(¢). Equation (6) is a first 
order linear equation and can be solved by the methods o In fact, we have 


t 
y,(t) =e f ePh,(s)ds+c.e", PSleicayns (7) 
10 
where the c, are arbitrary constants. Finally, the solution x of Eq. (3) is obtained from 
Eq. (4). When multiplied by the transformation matrix T, the second term on the right 
side of Eq. (7) produces the general solution of the homogeneous equation x’ = Ax, 
while the first term on the right side of Eq. (7) yields a particular solution of the 
nonhomogeneous system (3). 
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EXAMPLE 


1 


Find the general solution of the system 


,_ {2 1 2e°\ 
x’ = ( 1 2) «+ (74) =ax +80. (8) 
Proceeding as in| Section 7.5 we find that the eigenvalues of the coefficient matrix 
are r,; = —3 andr, = —1, and the corresponding eigenvectors are 


1 1 
Fae = (_) , é?) = (1) : (9) 


Thus the general solution of the homogeneous system is 


.=0) (_:) e* +e, (1) e. (10) 


Before writing down the matrix T of eigenvectors we recall that eventually we must 
find T~!. The coefficient matrix A is real and symmetric, so we can use the result stated 
at the end of T ' is simply the adjoint or (since T is real) the transpose of 
T, provided that the eigenvectors of A are normalized so that (€, €) = 1. Hence, upon 
normalizing €“ and €, we have 


_ i 1 1 11/1 -1 
a i) eau 7 


Letting x = Ty and substituting for x in Eq. (8), we obtain the following system of 
equations for the new dependent variable y: 


ye pn {-s 0 1 (2e* —3t 
y =Dy+T B= ( 0 jG) (12) 
Thus 
y —t 3 
y, +3y, = a 3 
ve (13) 
ee) ee 2 
y2 V2 J 
Each of Eqs. (13) is a first order linear equation, and so can be solved by the methods 
of{Section 2.1} In this way we obtain 
2 3 t 1 
1 $e-F[0)- doe 


y= af pet = —1)+c,e%. 
Finally, we write the solution in terms of the original variables: 
x=Ty= = ( V1 >) 
Se ae: 
7 ( (c,/V2)e* + [()/V2) + Het +14 — S$ + te7 
N\A (e,/V2e™ + [ey /V2) — He + 2t — 3 + te 
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1 1 (4 
+G)rmaG) a 


where k, = c,/v2 and k, = C5 //2. The first two terms on the right side of Eq. (15) 
form the general solution of the homogeneous system corresponding to Eq. (8). The 
remaining terms are a particular solution of the nonhomogeneous system. 


If the coefficient matrix A inf Eq. (3)fis not diagonalizable (due to repeated eigenval- 
ues and a shortage of eigenvectors), 1t can nevertheless be reduced to a Jordan form J by 
a suitable transformation matrix T involving both eigenvectors and generalized eigen- 
vectors. In this case the differential equations for y,,..., y,, are not totally uncoupled 
since some rows of J have two nonzero elements, an eigenvalue in the diagonal position 
and a | in the adjacent position to the right. However, the equations for y,,..., y,, can 
still be solved consecutively, starting with y,. Then the solution of the original system 

[G)]ean be found by the relation x = Ty. 


Undetermined Coefficients. A second way to find a particular solution of the non- 
homogeneous|system (1) is the method of undetermined coefficients. To make use of 
this method, one assumes the form of the solution with some or all of the coefficients 
unspecified, and then seeks to determine these coefficients so as to satisfy the differ- 
ential equation. As a practical matter, this method is applicable only if the coefficient 
matrix P is a constant matrix, and if the components of g are polynomial, exponential, 
or sinusoidal functions, or sums or products of these. In these cases the correct form 
of the solution can be predicted in a simple and systematic manner. The procedure for 
choosing the form of the solution is substantially the same as that given in[Section 3.6] 
for linear second order equations. The main difference is illustrated by the case of a 
nonhomogeneous term of the form ue*’, where A is a simple root of the characteris- 
tic equation. In this situation, rather than assuming a solution of the form ate”, it is 
necessary to use ate“! + be”, where a and b are determined by substituting into the 
differential equation. 


Use the method of undetermined coefficients to find a particular solution of 


x = e 2 x+ & ) = Ax+ g(t). (16) 


This is the same system of equations as in|/Example 1| To use the method of unde- 
termined coefficients, we write g(t) in the form 


g(t) = (6) et 4+ (5) t (17) 


X= v(t) =ate '+be'+ecr+4+d, (18) 


Then we assume that 


where a, b, c, and d are vectors to be determined. Observe that r = —1 is an eigenvalue 
of the coefficient matrix, and therefore we must include both ate’ and be in the 
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assumed solution. By substituting Eq. (18) {into/Eq. (16)/and collecting terms, we obtain 


the following algebraic equations for a, b, c, and d: 


Aa = —a, 
Ab=a—b—(5), 
0 (19) 
Ac = — s 
3 oJ 
Ad=c. 


From the first of Eqs. (19) we see that a is an eigenvector of A corresponding to the 
eigenvalue r = —1. Thus a’ = (a, a), where @ is any nonzero constant. Then we find 
that the second of Eqs. (19) can be solved only if w = 1 and that in this case 


(0) 


for any constant k. The simplest choice is k = 0, from which b’ = (0, —1). Then 
the third and fourth of Eqs. (19) yield ce? = (1,2) and d? = (—4, — 3), respectively. 


3 bs 
Finally, from Eq. (18) |we obtain the particular solution 


v(t) = Gy te '— (?) et+ (3) f= ; & ; (21) 


The particular solution (21) is not identical to the one contained in|Eq. (15) of Example 
1 because the term in e~‘ is different. However, if we choose k = 5 In Eq. (20), then 


b? =( 5, = 5) and the two particular solutions agree. 


Variation of Parameters. Now let us turn to more general problems in which the 
coefficient matrix is not constant or not diagonalizable. Let 


x’ = P(x + g(0), (22) 


where P(t) and g(t) are continuous on a < ¢t < $. Assume that a fundamental matrix 
W(t) for the corresponding homogeneous system 


x’ = P(t)x (23) 


has been found. We use the method of variation of parameters to construct a particular 
solution, and hence the general solution, of the nonhomogeneous system (22). 
Since the general solution of the homogeneous system (23) is W(t)c, it is natural to 


proceed as in|Section 3.7 and to seek a solution of the nonhomogeneous system (22) 


by replacing the constant vector c by a vector function u(t). Thus, we assume that 
x = Wi(t)u(t), (24) 


where u(f) is a vector to be found. Upon differentiating x as given by Eq. (24) and 
requiring that Eq. (22) be satisfied, we obtain 


W'(t)u(t) + W(t)u'(t) = P(t) W(t)u(t) + g(t). (25) 
Since W(t) is a fundamental matrix, W’(r) = P(t) Wr); hence Eq. (25) reduces to 
Wt)u'(t) = g(t). (26) 
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Recall that W(t) is nonsingular on any interval where P is continuous. Hence wl(t) 
exists, and therefore 


u(t) = W(t) g(t). (27) 


Thus for u(t) we can select any vector from the class of vectors that satisfy Eq. (27); 
these vectors are determined only up to an arbitrary additive constant (vector); therefore 
we denote u(t) by 


u(t) = [rox ds +e, (28) 


where the constant vector c is arbitrary. Finally, substituting for u(t) in} Eq. (24)|gives 
the solution x of the system (22): 


x = W(t)e + W(t) / Wo! (s)g(s) ds. (29) 


Since ¢ is arbitrary, any initial condition at a point t = 7, can be satisfied by an 


appropriate choice of c. Thus, every solution of the] system (22) |is contained in the 


expression given by Eq. (29); it is therefore the general solution of|Eq. (22)] Note that 
the first term on the right side of Eq. (29) is the general solution of the corresponding 
homogeneous |system (23), and the second term is a particular solution of|Eq. (22) 
itself. 


Now let us consider the initial value problem consisting of the differential equation 
(22)/and the initial condition 


x(f,) =x’. (30) 


We can write the solution of this problem most conveniently if we choose for the 
particular solution in Eq. (29) the specific one that is equal to the zero vector when 
t = fy. This can be done by using f, as the lower limit of integration in Eq. (29), so that 
the general solution of the differential equation takes the form 


t 
x = W(t)he + Wt) i we! (s)g(s) ds. (31) 
% 
The initial condition (30) can also be satisfied provided that 
eat lg x". (32) 
Therefore 
t 
x = Wr)! (1,)x° + WO) i. Wo! (s)g(s) ds (33) 
19 


is the solution of the given initial value problem. Again, while it is helpful to use W~! 
to write the solutions (29) and (33), it is usually better in particular cases to solve the 
necessary equations by row reduction rather than to calculate W~' and substitute into 
Egs. (29) and (33). 

The solution (33) takes a slightly simpler form if we use the fundamental matrix 
@(r) satisfying ®(t)) = I. In this case we have 


x = O(t)x? + B(1) i @!(s)g(s) ds. (34) 
1) 
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Equation (34)|can be simplified further if the coefficient matrix P(¢) is a constant matrix 
(see|Problem 17). 


Use the method of variation of parameters to find the general solution of the system 


,_ {-2 1 2e"\ _ 
x =( 1 _3)x+( 31 ) = ax + eto. (35) 
This is the same system of equations as in/Examples 1 and|2.| 


The general solution of the corresponding homogeneous system was given in 
Eq. (10)} Thus 
—3t —t 
vO) = e >) (36) 


is a fundamental matrix. Then the solution x of Eq. (35) is given by x = W(t)u(s), 
where u(t) satisfies W(t)u’(t) = g(t), or 


—3t —t ! —t 
e e u,\ _ [2e 
Les &)()=Ce), 
Solving Eq. (37) by row reduction, we obtain 


ey: 3 .3t 
uy =e" — 5te, 


3 
iy = 1+ Ste’. 
Hence 
— 1,2t _ 1,,3t 1 /3t 
u,(t) = 5e pie Ree = ey, 
Sayl 3 Af 
u(t) =t+ ste — se +cp, 
and 


x = W(t)u(t) 


1 1 (4 
+(Qe-40) “ 


which is the same as the solution obtained previously. 


Each of the methods for solving nonhomogeneous equations has some advantages 
and disadvantages. The method of undetermined coefficients requires no integration, 
but is limited in scope and may entail the solution of several sets of algebraic equations. 
The method of diagonalization requires finding the inverse of the transformation matrix 
and the solution of a set of uncoupled first order linear equations, followed by a matrix 
multiplication. Its main advantage is that for Hermitian coefficient matrices the inverse 
of the transformation matrix can be written down without calculation, a feature that is 
more important for large systems. Variation of parameters is the most general method. 
On the other hand, it involves the solution of a set of linear algebraic equations with 
variable coefficients, followed by an integration and a matrix multiplication, so it may 
also be the most complicated from a computational viewpoint. For many small systems 
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with constant coefficients, such as the one in the examples in this section, there may be 
little reason to select one of these methods over another. Keep in mind, however, that the 
method of diagonalization is slightly more complicated if the coefficient matrix is not 
diagonalizable, but only reducible to a Jordan form, and the method of undetermined 
coefficients is practical only for the kinds of nonhomogeneous terms mentioned earlier. 
For initial value problems for linear systems with constant coefficients, the Laplace 
transform is often an effective tool also. Since it is used in essentially the same way as 
described in[Chapter 6]for single scalar equations, we do not give any details here. 


In each of Problems 1 through 12 find the general solution of the given system of equations. 


2ve(A Dur(Z,) 


12. x= ( 


13. The electric circuit shown in Figure 7.9.1 is described by the system of differential equations 


1 
x+ (;) I(t), (i) 


where x, is the current through the inductor, x, is the voltage drop across the capacitor, 
and J (t) is the current supplied by the external source. 
(a) Determine a fundamental matrix W(t) for the homogeneous system corresponding to 


Eq. (i). Refer to Problem 25 of Section 7.6. 


(«) 


R =4 ohms R =4 ohms 


FIGURE 7.9.1 The circuit in Problem 13. 
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(b) If I(t) =e”, determine the solution of the system (i) that also satisfies the initial 
conditions x(0) = 0. 


In each of Problems 14 and 15 verify that the given vector is the general solution of the 
corresponding homogeneous system, and then solve the nonhomogeneous system. Assume that 


Or 
( 


G S)e(a')) #=a() 
( 1); s?=a(G): 


16. Let x = b(t) be the general solution of x’ = P(t)x+ g(t), and let x = v(t) be some 
particular solution of the same system. By considering the difference (rt) — v(t), show 
that b(t) = u(t) + v(t), where u(t) is the general solution of the homogeneous system 
x’ = P(t)x. 

17. Consider the initial value problem 


x’ =Ax+g(t), x(0) =x°. 


(a) By referring to Problem 15(c) in Section 7.7, show that 


x = @(t)x? + / M(t — s)g(s) ds. 
0 


(b) Show also that 
t 
x= exp(At)x® +f exp[A(t — s)]g(s) ds. 
0 


Compare these results with those of|Problem 27 in Section 3.7. 
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CHAPTER 


8 


Numerical 
Methods 


Up to this point we have discussed methods for solving differential equations by using 
analytical techniques such as integration or series expansions. Usually, the emphasis 
was on finding an exact expression for the solution. Unfortunately, there are many 
important problems in engineering and science, especially nonlinear ones, to which 
these methods either do not apply or are very complicated to use. In this chapter we 
discuss an alternative approach, the use of numerical approximation methods to obtain 
an accurate approximation to the solution of an initial value problem. The procedures 
described here can be executed easily on personal computers as well as on some pocket 
calculators. 


8.1 The Euler or Tangent Line Method 


To discuss the development and use of numerical procedures we will concentrate 
mainly on the first order initial value problem consisting of the differential equation 


dy 
—~ = f(t, 1 
A Le) d) 
and the initial condition 
y(t) = Yo: (2) 
We assume that the functions f and f,, are continuous on some rectangle in the ty-plane 


containing the point (7), y)). Then, by| Theorem 2.4.2, there exists a unique solution 
419 
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y = ¢(t) of the given problem in some interval about f). If}Eq. (1) jis nonlinear, then 
the interval of existence of the solution may be difficult to determine and may have no 
simple relationship to the function f. However, in all our discussions we assume that 


there is a a ue solution of the initial value|/problem CD} {Jin the interval of interest. 


In|Section 2.7|we described the oldest and simplest numerical approximation method, 
namely, the|Euler or tangent line method. This method is expressed by the equation 


Vn+1 =, + Gad aah n= 0, 1,2, 24% (3) 


If the step size has a uniform value h and if we denote f(t,, y,) by f,, then Eq. (3) 
simplifies to 


Yast = Int Sah n=0,1,2,.... (4) 


Euler’s method consists of repeatedly evaluating Eq. (3) or (4), using the result of 
each step to execute the next step. In this way you obtain a sequence of values 
Yo: Yi» Yoo ++++Y_+++ that approximate the values of the solution (ft) at the points 
ee ey Pee 

In[Section 2.7] we pointed out that a computer program for Euler’s method has 
the structure given below. The specific instructions can be written in any convenient 
programming language. 


The Euler Method 


Step 1. define f(t, y) 

Step 2. input initial values t0 and yO 

Step 3. input step size A and number of steps n 
Step 4. output 70 and yO 

Step 5. for j from 1 ton do 


Step 6. kl = f(t, y) 
y=ythxkl 
t=t+h 

Step 7. output ¢ and y 

Step 8. end 


Some examples of Euler’s method appear in As another example, 


consider the initial value problem 
y =1-1t+4y, (5) 
y@) = 1. (6) 


Equation (5) is a first order linear equation, and it is easily verified that the solution 
satisfying the initial condition (6) is 


y=) =jt-24+ er. (7) 


Since the exact solution is known, we do not need numerical methods to solve the 
initial value problem (5), (6). On the other hand, the availability of the exact solution 
makes it easy to determine the accuracy of any numerical procedure that we use on this 
problem. We will use this problem throughout the chapter to illustrate and compare 
different numerical methods. The solutions of Eq. (5) diverge rather rapidly from each 
other, so we should expect that it will be fairly difficult to approximate the solution 
(7) well over any considerable interval. Indeed, this is the reason for choosing this 
particular problem; it will be relatively easy to observe the benefits of using more 
accurate methods. 
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Using the Euler[formula (4)|and step sizes h = 0.05, 0.025, 0.01, and 0.001, determine 
approximate values of the solution y = @(t) of the problem|(5)] [(6) jon the interval 
O<t<2. 

The indicated calculations were carried out on a computer and some of the results 
are shown in Table 8.1.1. Their accuracy is not particularly impressive. For h = 0.01 
the percentage error is 3.85% at t = 0.5, 7.49% at t = 1.0, and 14.4% at t = 2.0. 
The corresponding percentage errors for h = 0.001 are 0.40%, 0.79%, and 1.58%, 
respectively. Observe that if h = 0.001, then it requires 2,000 steps to traverse the 
interval from t = 0 to tf = 2. Thus considerable computation is needed to obtain even 
reasonably good accuracy for this problem using the Euler method. When we discuss 
other numerical approximation methods later in this chapter, we will find that it is 
possible to obtain comparable or better accuracy with much larger step sizes and many 
fewer computational steps. 


TABLE 8.1.1 A Comparison of Results for the Numerical Solution of y’ = 1—1t+ 4y, 
y(0) = 1 Using the Euler Method for Different Step Sizes h 


t h = 0.05 h = 0.025 h=0.01 h =0.001 Exact 
0.0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 
0.1 1.5475000 1.5761188 1.5952901 1.6076289 1.6090418 
0.2 2.3249000 2.4080117 2.4644587 2.5011159 2.5053299 
0.3 3.4333560 3.6143837 3.7390345 3.8207130 3.8301388 
0.4 5.0185326 5.3690304 5.6137120 5.7754845 5.7942260 
0.5 7.2901870 7.9264062 8.3766865 8.6770692 8.7120041 
1.0 45.588400 53.807866 60.037126 64.382558 64.897803 
1.5 = 282.07187 361.75945 426.40818 473.55979 479.25919 
2.0 1745.6662 2432.7878 3029.3279 3484.1608 3540.2001 


To begin to investigate the errors in using numerical approximations and also to 
suggest ways to construct more accurate algorithms it is helpful to mention some 
alternative ways to look at the Euler method. 

First, let us write the differential/equation (1) |at the point ¢ = ¢, in the form 

dp 
a = fit, o@,)1. (8) 
Then we approximate the derivative in Eq. (8) by the corresponding (forward) difference 
quotient, obtaining 


$(t,41) — H(t) 


Cal ~ L, 


Finally, if we replace $(t,,,) and $(¢,) by their approximate values y,,, and y,, 
respectively, and solve for y, ,,, we obtain the Euler|formula (3) 


Another point of view is to write the problem as an aoa equation, as follows. 
(2) 


Since y = $(f) is a solution of the initial value|problem (1) by integrating from ¢,, 


tot,,, we obtain 


~ fit, o@,)1. (9) 


[Po eoa= PP" neoorar 


n 


bl) =U) +f flee de (10) 
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The integral in} Eq. (10) |is represented geometrically as the area under the curve in 


Figure 8.1.1 between ¢ = ¢, and t = ¢, , ,. If we approximate the integral by replacing 
f lt, OP(O) by its value f[t,, (z,,)] att = 4,, then we are approximating the actual area 


by the area of the shaded rectangle. In this way we obtain 
(ti) = OG,) + Flt, @ENG a1 — 4) 
= $,) + hf lt, O@,)1. (1) 
Finally, to obtain an approximation y,,, , for 6(¢,,;) we make a second approximation 


by replacing ¢(¢,,) by its approximate value y,, in Eq. (11). This gives the Euler formula 
Yntt =I FAP, Y,). A more accurate algorithm can be obtained by approximating 


the integral more accurately. This is discussed in|Section 8.2. 


yA 


y'=f[t, o(t)] 


Flt, o(ty)] 


> 
th th t 


FIGURE 8.1.1 Integral derivation of the Euler method. 


A third approach is to assume that the solution y = ¢(t) has a Taylor series about 
the point ¢,. Then 


h2 
ot, th) = OC, +P't,)h + Pt) ay pores 
or 
h2 
P(t,41) = Ot) + Flt, OC, 1h + OG) > aren (12) 
If the series is terminated after the first two terms, and $(¢,,,) and (7) are replaced 


by their approximate values y,,, , and y, , we again obtain the Euler|formula (4)) If more 


terms in the series are retained, a more accurate formula is obtained. Further, by using 
a Taylor series with a remainder it is possible to estimate the magnitude of the error in 
the formula. This is discussed later in this section. 


The Backward Euler Formula. A variation on the Euler formula can be obtained by 
approximating the derivative in|Eq. (8)|by the backward difference quotient [@(¢,,) — 
Eq. ©)| (9) 


o(t,_,)]/h instead of the forward difference quotient used in In this way we 
obtain 


b(t,) — PC, 1) = hf (ts Yn) 


or 


Vn = Vn thf Y,): 
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Stepping the index up from n ton + 1, we obtain the backward Euler formula 


Yn+l = Yn a hf Gai Yai) (13) 


Assuming that y,, is known and y, , , is to be calculated, observe that Eq. (13) does not 
provide an explicit formula for y, ,,. Rather, it is an equation that implicitly defines 
y,41 and must be solved to determine the value of y, ,,. How difficult this is depends 
entirely on the nature of the function /. 


Use the backward Euler formula (13) and step sizes h = 0.05, 0.025, 0.01, and 0.001 
to find approximate values of the solution of the initial value[problem (5)} (Jon the 
interval 0 < t < 2. 

For this problem the backward Euler formula (13) becomes 


Yn+1 = Vn +h(l = 4d AY, sy) 


We will show the first two steps in detail so that it will be clear how the method works. 
At the first step we have 


Y, =Yy tnd —t, +4y,) = 1+ (0.05)(1 — 0.05 + 4y,). 
Solving this equation for y,, we obtain 
y, = 1.0475 /0.8 = 1.309375. 


Observe that because the differential equation is linear, the implicit equation for y, is 
also linear and therefore easy to solve. Next, 


Yo = y, +h —t, + 4y,) = 1.309375 + (0.05)(1 — 0.1 + 4y,), 
which leads to 
Yy = 1.354375 /0.8 = 1.69296875. 


Continuing the computations on a computer, we obtain the results shown in 
The values given by the backward Euler method are uniformly too 
large for this problem, whereas the values obtained from the Euler method were 
too small. In this problem the errors are somewhat larger for the backward Euler 
method than for the Euler method, although for small values of h the differences 
are insignificant. Since the backward Euler method appears to be no more accurate 
than the Euler method, and is somewhat more complicated, a natural question is 
why it should even be mentioned. The answer is that it is the simplest example of 
a class of methods known as backward differentiation formulas that are very useful 
for certain types of differential equations. We will return to this issue later in this 
chapter. 
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TABLE 8.1.2 Results for the Numerical Solution of y’ = 1 — t + 4y, y(0) = 1 Using the 
Backward Euler Method for Different Step Sizes h 


t h =0.05 h = 0.025 h=0.01 h = 0.001 Exact 
0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 
0.1 1.6929688 1.6474374 1.6236638 1.6104634 1.6090418 
0.2 2.7616699 2.6211306 2.549 1368 2.5095731 2.5053299 
0.3 4.4174530 4.0920886 3.9285724 3.8396379 3.8301388 
0.4 6.99055 16 6.3209569 5.9908303 5.8131282 5.7942260 
0.5 10.996956 9.7050002 9.0801473 8.7472667 8.7120041 
1.0 103.06171 80.402761 70.452395 65.419964 64.897803 
1.5 959.44236 661.00731 542.12432 485.05825 479.25919 
2.0 8934.0696 5435 .7294 4172.7228 3597.4478 3540.2001 


Errorsin Numerical Approximations. The use of a numerical procedure, such as the 
Euler formula, to solve an initial value problem raises a number of questions that must 
be answered before the approximate numerical solution can be accepted as satisfactory. 
One of these is the question oe is, as the step size h tends to zero, 
do the values of the numerical solution y,, y,,..., y,,-.- approach the corresponding 
values of the actual solution? If we assume that the answer is affirmative, there remains 
the important practical question of how rapidly the numerical approximation converges 
to the solution. In other words, how small a step size is needed in order to guarantee a 
given level of accuracy? We want to use a step size that is small enough to assure the 
required accuracy, but not too small. An unnecessarily small step size slows down the 
calculations, makes them more expensive, and in some cases may even cause a loss of 
accuracy. 

There are two fundamental sources of error in solving an initial value problem 
numerically. Let us first assume that our computer is such that we can carry out all 
computations with complete accuracy; that is, we can retain an infinite number of 
decimal places. The difference E,, between the solution y = ¢(f) of the initial value 


problem (1 (2)]and its numerical approximation is given by 
E, = O(4,) — Yay (14) 


and is known as the} global truncation error | It arises from two causes: First, at each 


step we use an approximate formula to determine y,,, ,; second, the input data at each 


step are only approximately correct since in general $(¢,,) is not equal to y,. If we 


assume that y, = (¢,,), then the only error in going one step is due to the use of an 
approximate formula. This error is known as the local truncation errorje,,. 
The second fundamental source of error is that we carry out the computations in 


arithmetic with only a finite number of digits. This leads to a|round-off error |R,, 
defined by 


R, =¥, — Y, (15) 


n? 


where Y,, is the value actually computed from the given numerical method. 
The absolute value of the total error in computing ¢(¢,,) is given by 


l(,) — Yl = 16 @,) — yn +n — Val (16) 
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Making use of the triangle inequality, |a + b| < |a| + |b|, we obtain from]Eq. (16) 


leg) — 2, |= 16@) 9,1 b= Fl 
<|E,| + 18,1. (17) 


Thus the total error is bounded by the sum of the absolute values of the truncation 
and round-off errors. For the numerical procedures discussed in this book it is possible 
to obtain useful estimates of the truncation error. However, we limit our discussion 
primarily to the local truncation error, which is somewhat simpler. The round-off error 
is clearly more random in nature. It depends on the type of computer used, the sequence 
in which the computations are carried out, the method of rounding off, and so forth. 
While an analysis of round-off error is beyond the scope of this book, it is possible 


to say more about it than one might at first expect (see, for example, Henrici). Some 
of the dangers from round-off error are discussed in|Problems 25 through 27 |and in 


Local Truncation Error for the Euler Method. Let us assume that the solution y = 
o(t) of the initial value (2)] has a continuous second derivative in the 
interval of interest. To assure this, we can assume that f, f,, and f, are continuous. 
Observe that if f has these properties and if ¢ is a solution of the initial value[problem| 


then 
$1) = fit, oO), 
and by the chain rule 
¢'(t) = f,1. ¢O1 + fit. oO1H'O 
= flt,oMOl+ Alt GOlflt, GOI. (18) 
Since the right side of this equation is continuous, ¢” is also continuous. 


Then, making use of a Taylor polynomial with a remainder to expand ¢ about f,,, we 
obtain 


ot, +h =O, ) +9 )A+ 56"E DN, (19) 


where f¢, is some point in the interval t, <7, <1, +h. Subtracting Eq. (4)| from 
Eq. (19), and noting that @(¢, +h) = O(,,,) and ¢'(t,) = fit, o(t,)], we find that 


P(y41) —Ypu =10G,) —y,] FAL It, 6,1 — F,.y,)) + 40"). (20) 


To compute the local truncation error we apply Eq. (20) to the true solution $(f), 
that is, we take y, to be #(t,). Then we immediately see from Eq. (20) that the local 


truncation error e is 
n+l 


enti = P(ti41) > Yat = 59" (Fh? (21) 

Thus the local truncation error for the Euler method is proportional to the square of 

the step size h and the proportionality factor depends on the second derivative of the 

solution @. The expression given by Eq. (21) depends on n and, in general, is different 
for each step. A uniform bound, valid on an interval [a, b], is given by 

le, | < Mh?/2, (22) 


where M is the maximum of |¢"(t)| on the interval [a, b]. Since Eq. (22) is based on 
a consideration of the worst possible case, that is, the largest possible value of |f” (t)|, 
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it may well be a considerable overestimate of the actual local truncation error in some 
parts of the interval [a, b]. One use of[Eq. (22)|is to choose a step size that will result 
in a local truncation error no greater than some given tolerance level. For example, if 
the local truncation error must be no greater than e, then from|Eq. (22)|we have 


h<J/2e/M. (23) 
The primary difficulty in using any of|Eqs. (21) (22)} or (23) lies in estimating |’ (t)| 


or M. However, the central fact expressed by these equations is that the local truncation 
error is proportional to h?. Thus, if h is reduced by a factor of s, then the error is reduced 
by i and so forth. 

More important than the local truncation error is the global truncation error E,,. 
The analysis for estimating E,, is more difficult than that for e,. However, knowing 
the local truncation error, we can make an intuitive estimate of the global truncation 
error at a fixed ¢ > f, as follows. Suppose that we take n steps in going from f, to 
t = t, + nh. Ineach step the error is at most M h? /2; thus the error in n steps is at most 
nMh?/2. Noting that n = (f — t))/h, we find that the global truncation error for the 
Euler method in going from f, to ¢ is bounded by 

Mh? _ Mh Bi 

n a = (t — fp) 5 (24) 

This argument is not complete since it does not take into account the effect that an 
error at one step will have in succeeding steps. Nevertheless, it can be shown that the 


global truncation error in ie the Euler method on a finite interval is no greater than 


a constant times /; see|Problem 23]/for more details. The Euler method is called a first 
order method because ifs global truncation error is proportional to the first power of 
the step size. 

Because it is more accessible, we will hereafter use the local truncation error as our 
principal measure of the accuracy of a numerical method, and for comparing different 
methods. If we have a priori information about the solution of the given initial value 
problem, we can use the|result (21) to obtain more precise information about how the 
local truncation error varies with t. As an example, consider the illustrative problem 


y=1-1t+4y, y0)=1 (25) 


on the interval 0 < t < 2. Let y = ¢(t) be the solution of the initial value problem 
(25). Then, as noted previously, 


p(t) = (4t —3 + 19e)/16 
and therefore 
oo’ (t) = 19e. 
Equation (21)|then states that 


19e!n pn? 


a4 = a L290 <b He, (26) 


The appearance of the factor 19 and the rapid growth of e“’ explain why the results in 
this section with h = 0.05 were not very accurate. 


8.1 The Euler or Tangent Line Method 427 


PROBLEMS 


For instance, the error in the first step is 


19¢*0 (0.0025 _ 
e, = ot) y= = s a O-= £50.09. 
It is clear that e, is positive and, since evo < e°, we have 
192°? (0.0025 
e, < ——_ ~ 0.02901. (27) 


Note also that e““0 > 1; hence e, > 19(0.0025)/2 = 0.02375. The actual error is 
0.02542. It follows from |Eq. (26)|that the error becomes progressively worse with 
increasing f; this is also clearly shown by the results in|Table 8.1.1.|Similar computa- 


tions for bounds for the local truncation error give 


19e35 (0.0025 19e4(0.0025 
1.0617 = oo < ey < vee) ~ 1.2967 (28) 
in going from 0.95 to 1.0 and 
— 19e780.0025) 19e8(0.0025) _ 
51.96 = ——[—— < ey) < ——,—— = 10.80 (29) 


in going from 1.95 to 2.0. 

These results indicate that for this problem the local truncation error is about 2500 
times larger near t = 2 than near t = 0. Thus, to reduce the local truncation error to 
an acceptable level throughout 0 < ¢ < 2, one must choose a step size h based on an 
analysis near t = 2. Of course, this step size will be much smaller than necessary near 
t = 0. For example, to achieve a local truncation error of 0.01 for this problem, we 
need a step size of about 0.00059 near t = 2 and a step size of about 0.032 near t = 0. 
The use of a uniform step size that is smaller than necessary over much of the interval 
results in more calculations than necessary, more time consumed, and possibly more 
danger of unacceptable round-off errors. 

Another approach is to keep the local truncation error approximately constant 
throughout the interval by gradually reducing the step size as ¢ increases. In the exam- 
ple problem we would need to reduce h by a factor of about 50 in going from t = 0 
to t = 2. A method that provides for variations in the step size is called [adaptive.| 
All modern computer codes for solving differential equations have the capability of 
adjusting the step size as needed. We will return to this question in the next section. 


In each of Problems | through 6 find approximate values of the solution of the given initial value 
problem at ¢t = 0.1, 0.2, 0.3, and 0.4. 

(a) Use the Euler method with h = 0.05. 

(b) Use the Euler method with h = 0.025. 

(c) Use the backward Euler method with h = 0.05. 

(d) Use the backward Euler method with h = 0.025. 


y=3+t-y, yO)=1 > 2 y=5t-37y, (0) =2 


1. 
3. y =2y—3t, y(0) = 1 Pe 4 vy =2t+e”, y(0) =1 


,_ y +2ty 
3477 7 


5. y y(0) = 0.5 > 6 Y=(—-y)siny, y(0) =—1 
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In each of Problems 7 through 12 find approximate values of the solution of the given initial 
value problem at ¢ = 0.5, 1.0, 1.5, and 2.0. 


(a) Use the Euler method with h = 0.025. 

(b) Use the Euler method with h = 0.0125. 

(c) Use the backward Euler method with h = 0.025. 
(d) Use the backward Euler method with h = 0.0125. 


> > 8. y=5st-3 
P19 y= /tty, y(0) =3 > 10. y =2r+e”, 
y=(4-1y)/(1+y*), — y) =-2 

y =(y?+2ty)/B40),  — y(0) =0.5 


13. Complete the calculations leading to the entries in columns three and four of Table 8.1.1. 


vvvY 


14. Complete the calculations leading to the entries in columns three and four of Table 8.1.2. 

Using three terms in the Taylor series given in Eq. (12) and taking h = 0.1, determine 
approximate values of the solution of the illustrative example y’ = 1—t+4y, y(0) =1 
at t = 0.1 and 0.2. Compare the results with those using the Euler method and with the 
exact values. 


Hint: If y' = f (t, y), what is y”? 


In each of Problems 16 and 17 estimate the local truncation error for the Euler method in terms 
of the solution y = ¢(t). Obtain a bound for e, ,, in terms of ¢ and ¢(¢) that is valid on the 
interval 0 < t < 1. By using a formula for the solution obtain a more accurate error bound for 
é,,4 For h = 0.1 compute a bound for e, and compare it with the actual error at ¢ = 0.1. Also 
compute a bound for the error e, in the fourth step. 


16. y'=2y—1, y(0) =1 17. y =5-—t4+2y, y(0) =1 


In each of Problems 18 through 21 obtain a formula for the local truncation error for the Euler 
method in terms of ¢ and the solution ¢. 


y=tt+y’, y(0) =1 19. y' =5t—- 3, y(0) =2 
20. w= /t+y, y(1) =3 21. y’=2t+e™”, y(0) =1 
p> |22. Consider the initial value problem 


y’ =cos5zt, y(0)=1. 


(a) Determine the solution y = @(t) and draw a graph of y = $(t) for0 <t < 1. 

(b) Determine approximate values of @(t) at t = 0.2, 0.4, and 0.6 using the Euler method 
with h = 0.2. Draw a broken-line graph for the approximate solution and compare it with 
the graph of the exact solution. 

(c) Repeat the computation of part (b) for 0 < t < 0.4, but take h = 0.1. 

(d) Show by computing the local truncation error that neither of these step sizes is suffi- 
ciently small. Determine a value of / to ensure that the local truncation error is less than 
0.05 throughout the interval 0 < ¢ < 1. That such a small value of h is required results 
from the fact that max |¢”(r)| is large. 

23. In this problem we discuss the global truncation error associated with the Euler method 
for the initial value problem y’ = f(t, y), y(t) = yy. Assuming that the functions f and 
f, are continuous in a region R of the ¢y-plane that includes the point (f,, yy), it can be 
shown that there exists a constant L such that | f(t, y) — f(t, | < Lly — ¥|, where (¢, y) 
and (t, y) are any two points in R with the same f coordinate (see Problem 15 of Section 
2.8). Further, we assume that f, is continuous, so the solution ¢ has a continuous second 
derivative. 
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(a) Using Eq. (20) show that 
[E411 < 1E,| + Alf Ee, @,)] — £@,. 91+ 52716"(E)| <olE, 1+ 6h, @ 


where a = 1+hAL and B = max|"(t)|/2 ont, <t <1. 
(b) Accepting without proof that if E, =0, and if |E,| satisfies Eq. (i), then |E,| < 
Bh? (a" — 1)/(a — 1) for a ¥ 1, show that 


1+hL)" -1 7 
IE. |< Cn eat - Bh. (ii) 


Equation (ii) gives a bound for |, | in terms of h, L,n, and B. Notice that for a fixed h, this 
error bound increases with increasing n; that is, the error bound increases with distance 


from the starting point f). 
(c) Show that (1 + AL)” < el": hence 


ohh _ en WE _] 


IE,|< ZL Bh= Bh. 


For a fixed point f = f, + nh [that is, nh is constant and h = (f — t,)/n] this error bound 

is of the form of a constant times fh and approaches zero as h — 0. Also note that for 

nhL = (ft — t))L small the right side of the preceding equation is approximately nh? p = 
= ty) Bh, which was obtained in Eq. (24) by an intuitive argument. 

Derive an expression analogous to Eq. (21) for the local truncation error for the backward 

Euler formula. 

Hint: Construct a suitable Taylor approximation to $(t) about t = ¢,, |. 

Using a step size h = 0.05 and the Euler method, but retaining only three digits throughout 

the computations, determine approximate values of the solution at t = 0.1, 0.2, 0.3, and 

0.4 for each of the following initial value problems. 

(a) y =1—-1+4y, y(0) = 1 

(b) y=3+1t-y, y@) =1 

(c) y’ = 2y — 31, y@) =1 

Compare the results with those obtained in Example | and in Problems 1 and 3. The small 

differences between some of those results rounded to three digits and the present results 

are due to round-off error. The round-off error would become important if the computation 

required many steps. 

The following problem illustrates a danger that occurs because of round-off error when 


nearly equal numbers are subtracted, and the difference then multiplied by a large number. 
Evaluate the quantity 


6.010 18.04 
1000-15004 6.000 

as follows. 

(a) First round each entry in the determinant to two digits. 

(b) First round each entry in the determinant to three digits. 

(c) Retain all four digits. Compare this value with the results in parts (a) and (b). 

The distributive law a(b — c) = ab — ac does not hold, in general, if the products are 

rounded off to a smaller number of digits. To show this in a specific case take a = 0.22, 

b = 3.19, and c = 2.17. After each multiplication round off the last digit. 
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8.2 Improvements on the Euler Method 


Since for many problems the Euler method requires a very small step size to produce 
sufficiently accurate results, much effort has been devoted to the development of more 
efficient methods. In the next three sections we will discuss some of these methods. 
Consider the initial value problem 


y = fC.9); V(to) = Yo (1) 


and let y = f(t) denote its solution. Recall from |Eq. (10) of Section 8.1)that by 


integrating the given differential equation from ¢, to 7,,, we obtain 


$(t,.,) =o0,)+ Flt. o@] dt. (2) 


t 
n 


The Euler formula 


Vund = Vn + MF Gs Vd (3) 


is obtained by replacing f[t, ¢(t)] in Eq. (2) by its approximate value f(z, y,,) at the 
left endpoint of the interval of integration. 


Improved Euler Formula. A better approximate formula can be obtained if the 
integrand in Eq. (2) is approximated more accurately. One way to do this is to 
replace the integrand by the average of its values at the two endpoints, namely, 
(ft, 0G) + fltiy1, 0G,4)]}/2. This is equivalent to approximating the area under 
the curve in Figure 8.2.1 between ¢ = f, and t = ¢,,, by the area of the shaded trape- 
zoid. Further, we replace $(¢,) and @(¢,,, ,) by their respective approximate values y,, 


and y, ,,- In this way we obtain from Eq. (2) 


ft,» y,. + Ff Gai Yn) , 


5) (4) 


y, n+l — Yn 
Since the unknown y,,, appears as one of the arguments of f on the right side of 


Eq. (4), this equation defines y,,,; implicitly rather than explicitly. Depending on the 
nature of the function f, it may be fairly difficult to solve Eq. (4) for y, ,,. This 


y'=f[t, o(t)] 


flthan o (tr41)] 


i 
Flt, o(t,)] 7 lt, Oty) + 


Fltnst O(trsa) II 


FIGURE 8.2.1 Derivation of the improved Euler method. 


8.2 Improvements on the Euler Method 431 


EXAMPLE 


1 


difficulty can be overcome by replacing y, ,, on the right side of|Eq. (4)|by the value 
Frormala G} (3) 


obtained using the Euler’ Thus 
F OEn> Yn + Flt, +4, y, 4 hf Cn» Indl, 


Yn+1 = Yn 2 
di | fC, hy, hf,,) 
=n hy (5) 
2 
where t,,, , has been replaced by t, + h. 


Equation (5) gives an explicit formula for computing y, ,,, the approximate value 
of (¢,,,), in terms of the data at ¢,. This formula is known as the improved Euler 
formula or the Heun formula. The improved Euler formula is an example of a two- 
stage method; that is, we first calculate y, + hf, from the Euler formula and then 
use this result to calculate y,,, from Eq. (5). The improved Euler formula (5) does 
represent an improvement over the Euledtoinla Gh becaase the local truncation error 
in using Eq. (5) is proportional to h?, while for the Euler method it is proportional to h?. 
This error estimate for the improved Euler formula is established in|Problem 14] It can 
also be shown that for a finite interval the global truncation error for the improved Euler 
formula is bounded by a constant times h”, so this method is a second order method. 
Note that this greater accuracy is achieved at the expense of more computational work, 
since it is now necessary to evaluate f(t, y) twice in order to go from f, tof, ;. 

If f(t, y) depends only on ¢ and not on y, then solving the differential equation 
y’ = f(t, y) reduces to integrating f(t). In this case the improved Euler formula (5) 
becomes 


h 
Yntt — In = GLP EG) + FG, + OI, (6) 


which is just the trapezoid rule for numerical integration. 


Use the improved Euler formula (5) to calculate approximate values of the solution of 
the initial value problem 


y =1-1t+4y, y(O) = 1. (7) 


To make clear exactly what computations are required, we show a couple of steps in 
detail. For this problem f(t, y) = 1 —t + 4y; hence 


de =1 al ad 
and 


f@, +h, y, thf) =1—-@,+4) +40, +f): 
Further, 4) = 0, yy = 1, and fp) = 1 —1) + 4y9 = 5. If h = 0.025, then 
fl@o +h, Yo + hfy) = 1 — 0.025 + 4[1 + (0.025) (5)] = 5.475. 
Then, from Eq. (5), 
y, = 1+ (0.5) + 5.475) (0.025) = 1.1309375. (8) 
At the second step we must calculate 


f, = 1 — 0.025 + 4(1.1309375) = 5.49875, 
y, thf, = 1.1309375 + (0.025)(5.49875) = 1.26840625, 
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and 


f(t, y, +hf,) = 1— 0.05 + 4(1.26840625) = 6.023625. 


Then, from|Eq. (5) 


yy = 1.1309375 + (0.5) (5.49875 + 6.023625) (0.025) = 1.2749671875. (9) 


Further results for 0 < ¢t < 2 obtained by using the improved Euler method with 
h = 0.025 andh = 0.01 are given in Table 8.2.1. To compare the results of the improved 
Euler method with those of the Euler method, note that the improved Euler method 
requires two evaluations of f at each step while the Euler method requires only one. 
This is significant because typically most of the computing time in each step is spent 
in evaluating f, so counting these evaluations is a reasonable way to estimate the total 
computing effort. Thus, for a given step size h, the improved Euler method requires 
twice as many evaluations of f as the Euler method. Alternatively, the improved Euler 
method for step size h requires the same number of evaluations of f as the Euler 
method with step size h/2. 


TABLE 8.2.1 A Comparison of Results Using the Euler and Improved Euler Methods for the 
Initial Value Problem y’ = 1 —1+4y, y(0) =1 


Euler Improved Euler 

t h=0.01 h =0.001 h = 0.025 h=0.01 Exact 
0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 
0.1 1.5952901 1.6076289 1.6079462 1.6088585 1.6090418 
0.2 2.4644587 2.5011159 2.5020619 2.5047828 2.5053299 
0.3 3.7390345 3.8207130 3.8228282 3.8289 146 3.8301388 
0.4 5.6137120 5.7754845 5.7796888 5.7917911 5.7942260 
0.5 8.3766865 8.6770692 8.6849039 8.7074637 8.7120041 
1.0 60.037126 64.82558 64.497931 64.830722 64.897803 
1.5 426.40818 473.55979 474.83402 478.51588 479.25919 
2.0 3029.3279 3484.1608 3496.6702 3532.8789 3540.2001 


By referring to Table 8.2.1 you can see that the improved Euler method with h = 
0.025 gives much better results than the Euler method with h = 0.01. Note that to 
reach t = 2 with these step sizes the improved Euler method requires 160 evaluations 
of f while the Euler method requires 200. More noteworthy is that the improved Euler 
method with h = 0.025 is also slightly more accurate than the Euler method with 
h = 0.001 (2000 evaluations of f). In other words, with something like one-twelfth 
of the computing effort, the improved Euler method yields results for this problem 
that are comparable to, or a bit better than, those generated by the Euler method. 
This illustrates that, compared to the Euler method, the improved Euler method is 
clearly more efficient, yielding substantially better results or requiring much less total 
computing effort, or both. 

The percentage errors at t = 2 for the improved Euler method are 1.22% for h = 
0.025 and 0.21% for h = 0.01. 
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A computer program for the Euler method can be readily modified to implement the 
improved Euler method instead. All that is required is to replace Stes Gio slson mn] 
fin Section 8. I]by the following: 
Step 6. kl = f(t, y) 
k2= f(t+h,y+hxkl) 
y=yt (h/2) * (kK1 +2) 
t=t+h 


Variation of Step Size. In[Section 8.1]we mentioned the possibility of adjusting the 
step size as a calculation proceeds so as to maintain the local truncation error at a 
more or less constant level. The goal is to use no more steps than necessary, and at the 
same time to keep some control over the accuracy of the approximation. Here we will 
describe how this can be done. Suppose that after n steps we have reached the point 
(t,, ¥,)- We choose a step size h and calculate y,, ,. Next we need to estimate the error 
we have made in calculating y, ,,. In the absence of knowing the actual solution the 
best that we can do is to use a more accurate method and repeat the calculation starting 
from (t,, y,,). For example, if we used the Euler method for the original calculation, 
we might repeat with the improved Euler method. Then the difference between the two 
calculated values is an estimate e**}, of the error in using the original method. If the 
estimated error is different from the error tolerance €, then we adjust the step size and 
repeat the calculation. The key to making this adjustment efficiently is knowing how 
the local truncation error e, ,, depends on the step size h. For the Euler method the 
local truncation error is proportional to h”, so to bring the estimated error down (or up) 


est 


to the tolerance level « we must multiply the original step size by the factor ,/€/e,", ;. 


To illustrate this procedure consider the example} problem (7) 
y =1-1t+4y, y(0) = 1. 


You can verify that after one step with h = 0.1 we obtain the values 1.5 and 1.595 from 
the Euler method and the improved Euler method, respectively. Thus the estimated error 
in using the Euler method is 0.095. If we have chosen an error tolerance of 0.05, for 
instance, then we need to adjust the step size downward by the factor ,/0.05/0.095 = 
0.73. Rounding downward to be conservative, let us choose the adjusted step size 
h = 0.07. Then, from the Euler formula we obtain 


y, = 1+ (0.07) FO, 1) = 1.35 = 60.07). 


Using the improved Euler method we obtain y, = 1.39655, so the estimated error in 
using the Euler formula is 0.04655, which is slightly less than the specified tolerance. 
The actual error, based on a comparison with the solution itself, is somewhat greater, 
namely, 0.05122. 

The same procedure can be followed at each step of the calculation, thereby keeping 
the local truncation error approximately constant throughout the entire numerical pro- 
cess. Modern adaptive codes for solving differential equations adjust the step size as 
they proceed in very much this way, although they usually use more accurate formulas 
than the Euler and improved Euler formulas. Consequently, they are able to achieve 
both efficiency and accuracy by using very small steps only where they are really 
needed. 


434 


Chapter 8. Numerical Methods 


PROBLEMS 


vvvy 
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In each of Problems 1 through 6 find approximate values of the solution of the given initial 
value problem at t = 0.1, 0.2, 0.3, and 0.4. Compare the results with those obtained by the Euler 
method and the backward Euler method in Section 8.1 and with the exact solution (if available). 


(a) Use the improved Euler method with h = 0.05. 
(b) Use the improved Euler method with h = 0.025. 
(c) Use the improved Euler method with h = 0.0125. 


y =3+4+t-y, y(0) =1 P 2. y =5t—-3Yy, y(0) =2 
y’ = 2y —3r, y(0) =1 > 4. y=2t+e”, y(0) = 1 


,_ y 
— 0) = 0.5 
y ree y(0) 


y=(?—y’)siny,  y(0)=-1 


In each of Problems 7 through 12 find approximate values of the solution of the given initial 
value problem at t = 0.5, 1.0, 1.5, and 2.0. 


(a) Use the improved Euler method with h = 0.025. 

(b) Use the improved Euler method with h = 0.0125. 

y' =0.5—-t+2y, y(0) = 1 > 8 y =5t-37y, y(0) =2 

y= /ftt+y, y(0) =3 > 10. y =2t+e, y(0) =1 
y=@4-ty/Ut+y), — y@)=-2 

Y=Q?+2y/B+"), yO) =0.5 

Complete the calculations leading to the entries in columns four and five of Table 8.2.1. 
In this problem we establish that the local truncation error for the improved Euler formula is 
proportional to h?. If we assume that the solution ¢ of the initial value problem y’ = f(t, y), 


y(t) = Yo has derivatives that are continuous through the third order (f has continuous 
second partial derivatives), it follows that 


b(t, +h) = o(t,) +9, A+ ¢ eae + sen, 


where t, <7, <t, +h. Assume that y, = $(t,). 
(a) Show that for y, ,, as given by Eq. (5) 


441 = PG) — Yn 


b'G, hk — {Ft +h, ¥, + HF VI FG, Yad}, 
2! 


o"'(7,)h? 
3! . 


(b) Making use of the facts that #”(t) = f,[t, 61+ f,[t, 6(1'(O, and that the Taylor 
approximation with a remainder for a function F(t, y) of two variables is 


(i) 


Faath,b+k)=F(a,b)+ F(a, b)h+ FG, bk 


L 0 2 
ane ay F,, + 2hkF,, +k’ F,,) es 
where & lies between a and a + h and n lies between b and b + k, show that the first term 
on the right side of Eq. (i) is proportional to A? plus higher order terms. This is the desired 
result. 
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(c) Show thatif f(t, y) is linearintand y, thene,,, = 9" 7h? /6, wheret, <f, <1,,)- 
itfontHint: What are f, f.., and f.? 

. Consider the improved Euler method for solving the illustrative initial value problem 
y’ =1—1t+4y, y(O) = 1. Using the result of Problem 14(c) and the exact solution of the 


initial value problem, determine e, 34 and a bound for the error at any step on 0 <t¢ < 1. 


Compare this error with the one obtained in Eq. (26) of Section 8.1 using the Euler method. 
Also obtain a bound for e, for h = 0.1 and compare it with Eq. (27) of Section 8.1. 


In each of Problems 16 and 17 use the actual solution ¢(f) to determine e,, ,, and a bound for 
é,,4, at any step on 0 < t < 1 for the improved Euler method for the given initial value problem. 
Also obtain a bound for e, for h = 0.1 and compare it with the similar estimate for the Euler 


method and with the actual error using the improved Euler method. 
16. y =2y—-1, y(0) =1 17. y =0.5—t+2y, y(0)=1 


In each of Problems 18 through 21 carry out one step of the Euler method and of the improved 
Euler method using the step size h = 0.1. Suppose that a local truncation error no greater than 
0.0025 is required. Estimate the step size that is needed for the Euler method to satisfy this 
requirement at the first step. 


18. y'=0.5—-t+2y, yO)=1 19. y'=5t—3Yy,  y)=2 


20. y=Jtty, yO)=3 

21. y'=(y*+2ty)/B+), — y) =0.5 

22. The modified Euler formula for the initial value problem y’ = f(t, y), y(fy) = Yo is 
given by 


Yat = Vn + hf lt, + ah Vn + shf (t,, Vi, dh 


Following the procedure outlined in Problem 14, show that the local truncation error in the 
modified Euler formula is proportional to h?. 


In each of Problems 23 through 26 use the modified Euler formula of Problem 22 with h = 0.05 
to compute approximate values of the solution of the given initial value problem at ¢ = 0.1, 0.2, 
0.3, and 0.4. Compare the results with those obtained in Problems | through 4. 


27. Show that the modified Euler formula of Problem 22 is identical to the improved Euler 
formula of Eq. (5) for y’ = f(t, y) if f is linear in both ¢ and y. 


8.3 The Runge-Kutta Method 


In preceding sections we have introduced the Euler formula, the backward Euler 
formula, and the improved Euler formula as ways to solve the initial value problem 


y=, eS 35 (1) 
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numerically. The local truncation errors for these methods are proportional to h?, h’, 
and h?, respectively. The Euler and improved Euler methods belong to what is now 
called the Runge—Kuttd'tlass of methods. 

In this section we discuss the method originally developed by Runge and Kutta. This 
method is now called the classic fourth order four-stage Runge-Kutta method, but it is 
often referred to simply as the Runge-Kutta method, and we will follow this practice 
for brevity. This method has a local truncation error that is proportional to h>. Thus it 
is two orders of magnitude more accurate than the improved Euler method and three 
orders of magnitude better than the Euler method. It is relatively simple to use and 
is sufficiently accurate to handle many problems efficiently. This is especially true of 
adaptive Runge-Kutta methods in which a provision is made to vary the step size as 
needed. 

The Runge-Kutta formula involves a weighted average of values of f(t, y) at dif- 
ferent points in the interval 4, <t <t,,,. Itis given by 


k, + 2k,» +2k,, +k, 
Yass =a th —— ‘), (2) 
where 
Ky = IGs yn) 
ko = f(t, xh, Yn shk,,1)s (3) 
k3 = fi, ahi Yn shk,o)s 


Kina _ f(t, Ip h, Yn + hk,,3)- 


The sum (k,,, + 2k, + 2k,,, + k,,,)/6 can be interpreted as an average slope. Note that 
k,,, is the slope at the left end of the interval, k,,, is the slope at the midpoint using the 
Euler formula to go from f,, to t, + 4/2, k,, is a second approximation to the slope 
at the midpoint, and finally k,,, is the slope at ft, + h using the Euler formula and the 
slope k,,, to go from f, tot, +h. 

While in principle it is not difficult to show that Eq. (2) differs from the Taylor 
expansion of the solution ¢ by terms that are proportional to >, the algebra is rather 
lengthy Thus we will accept the fact that the local truncation error in using Eq. (2) is 
proportional to A? and that for a finite interval the global truncation error is at most a 
constant times /*. 

Clearly the Runge-Kutta formula, Eqs. (2) and (3), is more complicated than any 
of the formulas discussed previously. This is of relatively little significance, however, 
since it is not hard to write a computer program to implement this method. Such a 
program has the same structure as the algorithm for the Euler method outlined in 


‘Carl David Runge (1856-1927), German mathematician and physicist, worked for many years in spectroscopy. 
The analysis of data led him to consider problems in numerical computation, and the Runge-Kutta method 
originated in his paper on the numerical solution of differential equations in 1895. The method was extended 
to systems of equations in 1901 by M. Wilhelm Kutta (1867-1944). Kutta was a German mathematician and 
aerodynamicist who is also well known for his important contributions to classical airfoil theory. 


>See, for example, Chapter 3 of the book by listed in the references. 
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EXAMPLE 


1 


Section 8.1. To be specific, the lines in Step @ in the Euler algorithm must be replaced 


by the following: 


Step 6. kl= f(t, y) 
k2= f(t+05*h,y+0.5 *h *k1) 
k3= ft+05*«h,y +0.5 *h *k2) 
k4= f(t +h, y+hxk3) 
y=yt(h/6) * (kK1+2*k2+2«k3+k4) 
t=t+h 


Note that if f does not depend on y, then 
kn = fi); kno — king = ft, + h/2), Kina i ft, + h), (4) 
and Eq. (2) reduces to 


h 
Yast — In = GIF EG) +4 FG, + A/2) + £G, + MI. (5) 


Equation (5) can be identified as Simpson’s (1710-1761) rule for the approximate 
evaluation of the integral of y’ = f(t). The fact that Simpson’s rule has an error 
proportional to A> is consistent with the local truncation error in the Runge-Kutta 
formula. 


Use the Runge—Kutta method to calculate approximate values of the solution y = (ft) 
of the initial value problem 


y =1-1t+4y, y(0) = 1. (6) 
Taking h = 0.2 we have 
ky, = £0, 1) =5S; hk, = 1.0, 
ky = £(0+ 0.1, 1+0.5) = 6.9; hky, = 1.38, 
ky, = £(0+0.1, 1 + 0.69) = 7.66; hky, = 1.532, 
Ko, = £(0 + 0.2, 1 + 1.532) = 10.928. 


Thus 


0.2 
y,=1 [5 + 2(6.9) + 2(7.66) + 10.928] 
= 1+4 1.5016 = 2.5016. 


Further results using the Runge-Kutta method with h = 0.2,h = 0.1, andh = 0.05 
are given inf Table 8.3.1] Note that the Runge—Kutta method yields a value at t = 2 that 
differs from the exact solution by only 0.122% if the step size is h = 0.1, and by only 
0.00903% if h = 0.05. In the latter case the error is less than one part in ten thousand, 
and the calculated value at t = 2 is correct to four digits. 

For comparison, note that both the Runge-Kutta method with h = 0.05 and the 
improved Euler method with h = 0.025 require 160 evaluations of f to reach t = 2. 
The improved Euler method yields a result at ¢ = 2 that is in error by 1.22%. While this 
error may be acceptable for some purposes, it is more than 135 times the error yielded 
by the Runge-Kutta method with comparable computing effort. Note also that the 
Runge-Kutta method with h = 0.2, or 40 evaluations of f, produces a value at t = 2 
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with an error of 1.40%, which is only slightly greater than the error in the improved 
Euler method with h = 0.025, or 160 evaluations of f. Thus we see again that a more 
accurate algorithm is more efficient; it produces better results with similar effort, or 
similar results with less effort. 


TABLE 8.3.1 A Comparison of Results for the Numerical Solution of the Initial Value 
Problem y’ = 1—1+4y, y(0) = 1 


Improved 
Euler Runge-Kutta 

t h = 0.025 h=0.2 h=0.1 h = 0.05 Exact 
0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 
0.1 1.6079462 1.6089333 1.6090338 1.6090418 
0.2 2.5020619 2.5016000 2.5050062 2.5053060 2.5053299 
0.3 3.8228282 3.8294145 3.8300854 3.8301388 
0.4 5.7796888 5.7776358 5.7927853 5.7941198 5.7942260 
0.5 8.6849039 8.7093175 8.7118060 8.7120041 
1.0 64.49793 1 64.441579 64.858 107 64.894875 64.897803 
1.5 474.83402 478.81928 479 .22674 479 .25919 
2.0 3496.6702 3490.5574 3535.8667 3539.8804 3540.2001 


PROBLEMS 


vVvvVVVVY 


In each of Problems | through 6 find approximate values of the solution of the given initial value 
problem at f = 0.1, 0.2, 0.3, and 0.4. Compare the results with those obtained by using other 
methods and with the exact solution (if available). 
(a) Use the Runge-Kutta method with h = 0.1. 
(b) Use the Runge-Kutta method with h = 0.05. 
1. y =34t-y, y(0) =1 > 2. y =5t-3/y, y(0) =2 
3. yw =2y—-3t, y(0)=1 Pe 4. fy =2t+e”, y(0) =1 
,_ yr +2ty 


y= aa y(0) =0.5 > 6 y =(?—y’)siny, y(0) = —1 
3+ 


In each of Problems 7 through 12 find approximate values of the solution of the given initial 
value problem at t = 0.5, 1.0, 1.5, and 2.0. Compare the results with those given by other 
methods. 
(a) Use the Runge—Kutta method with h = 0.1. 
(b) Use the Runge-Kutta method with h = 0.05. 
. y =0.5-1t+2y, y(0) =1 P 8 y =5t-3Yy, y(0) =2 
_y=J/tty, y(0) =3 > 10. y =2r+e”, y(0) =1 
_ y=@4-ty/Ut+y), — y@=-2 
=O 42ty)/Bt?), yO) =05 


13. Confirm the results in Table 8.3.1 by executing the indicated computations. 


14. Consider the initial value problem 
y=Pr+y, yO)=1. 


(a) Draw a direction field for this equation. 
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(b) Use the Runge-Kutta or other methods to find approximate values of the solution at 
t = 0.8, 0.9, and 0.95. Choose a small enough step size so that you believe your results are 
accurate to at least four digits. 
(c) Try to extend the calculations in part (b) to obtain an accurate approximation to the 
solution at t = 1. If you encounter difficulties in doing this, explain why you think this 
happens. The direction field in part (a) may be helpful. 

15. Consider the initial value problem 


y =3r/By?-4), —-y(0) =0. 


(a) Draw a direction field for this equation. 

(b) Estimate how far the solution can extended to the right. Let t,, be the right endpoint of 
the interval of existence of this solution. What happens at ¢,, to prevent the solution from 
continuing farther? 

(c) Use the Runge-Kutta method with various step sizes to determine an approximate 
value of ty. 

(d) If you continue the computation beyond ¢,,, you can continue to generate values of y. 
What significance, if any, do these values have? 

(e) Suppose that the initial condition is changed to y(0) = 1. Repeat parts (b) and (c) for 
this problem. 


8.4 Multistep Methods 


In previous sections we have discussed numerical procedures for solving the initial 
value problem 


y= 7G); Y(to) = Yo; (1) 


in which data at the point t = f, are used to calculate an approximate value of the 
solution ¢(¢,,,,) at the next mesh point ¢ = ¢,, ;. In other words, the calculated value of 
@ at any mesh point depends only on the data at the preceding mesh point. Such methods 
are called one-step methods. However, once approximate values of the solution y = 
@(t) have been obtained at a few points beyond fp, it is natural to ask whether we can 
make use of some of this information, rather than just the value at the last point, to 
calculate the value of f(r) at the next point. Specifically, if y, at t,, y, att,,..., y, at 
t, are known, how can we use this information to determine y,,, ; att, ,? Methods that 
use information at more than the last mesh point are referred to as multistep methods. 
In this section we will describe two types of multistep methods, Adam¢ methods and 
backward differentiation formulas. Within each type one can achieve various levels 
of accuracy, depending on the number of preceding data points that are used. For 
simplicity we will assume throughout our discussion that the step size / is constant. 


3John Couch Adams (1819-1892), English astronomer, is most famous as codiscoverer with Joseph Leverrier 
of the planet Neptune in 1846. Adams was also extremely skilled at computation; his procedure for numerical 
integration of differential equations appeared in 1883 in a book with Francis Bashforth on capillary action. 
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Adams Methods. Recall that 


$(t,,,)-o(t,) = ii 8) dt, (2) 


t 
n 


where ¢(f) is the solution of the initial value[ problem (1)] The basic idea of an Adams 
method is to approximate $’(t) by a polynomial P, (t) of degree k — 1 and to use the 
polynomial to evaluate the integral on the right side of Eq. (2). The coefficients in P, (t) 
are determined by using k previously calculated data points. For example, suppose 
that we wish to use a first degree polynomial P,(¢) = At + B. Then we need only 
the two data points (7, y,,) and (t,_,, y,_,). Since P, is to be an approximation to ¢’, 
we require that P,(t,) = f(t,, y,) and that P,(t,_,) = f(t,_), y,_1). Recall that we 
denote f (t, yj) by f for an integer 7. Then A and B must satisfy the equations 


At, +B=f,, 
(3) 
At, ,+B=f,-41 
Solving for A and B, we obtain 
= t—fit 
A= Ti Ina B= Tanita dy nal. (4) 


h = h 
Replacing ¢’(t) by P,(t) and evaluating the integral in Eq. (2), we find that 


A 2 2 
P(t, 41) _ o(t,) _ 5 nt ~~ t) ay Bt ay = t,). 


Finally, we replace $(¢,,,) and $(¢,) by y,,,, and y,,, respectively, and carry out some 
algebraic simplification. For a constant step size h we obtain 


Yart =In + 3hhy — Ghhy1- (5) 


Equation (5) is the second order Adams—Bashforth formula. It is an explicit formula 
for y,,, in terms of y, and y,_, and has a local truncation error proportional to he. 

We note in passing that the first order Adams—Bashforth formula, based on the 
polynomial P,(t) = f,, of degree zero, is just the original Euler formula. 

More accurate Adams formulas can be obtained by following the procedure outlined 
above, but using a higher degree polynomial and correspondingly more data points. 
For example, suppose that a polynomial P,(t) of degree three is used. The coefficients 
are determined from the four points (7,,, y,,). (t,1+ ¥p—1)> 4,2» Yy_2)» and (1,3, V3): 
Substituting this polynomial for ¢’(t) in Eq. (2), evaluating the integral, and simplifying 
the result, we eventually obtain the fourth order Adams—Bashforth formula, namely, 


Yat = Dn a (A/24)(S5 f, ~ 39 ft + 37 fy_2 = Of, 3) (6) 


The local truncation error of this fourth order formula is proportional to h°. 

A variation on the derivation of the Adams—Bashforth formulas gives another set 
of formulas called the Adams—Moultot“/formulas. To see the difference, let us again 
consider the second order case. Again we use a first degree polynomial Q(t) = at + B, 


4 Forest Ray Moulton (1872-1952) was an American astronomer and administrator of science. While calculating 
ballistics trajectories during World War I, he devised substantial improvements in the Adams formula. 
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but we determine the coefficients by using the points (¢,, y,,) and (t, sas Vegi) Thus a 

and # must satisfy 
at, a7 B = Cm 
(7) 
Oty _ B = (er 
and it follows that 
(pee eae | Jia ett 
= n n ; = nn n n . 8 
i B ——— (8) 
Substituting Q,(t) for ¢ (t) in|Eq. (2) |and simplifying, we obtain 
Yat = Yn "i shf, 2 BE Costs Yn) (9) 


which is the second order Adams—Moulton formula. We have written f(t,,;,Y,41) in 
the last term to emphasize that the Adams—Moulton formula is implicit, rather than 
explicit, since the unknown y,,, appears on both sides of the equation. The local 
truncation error for the second order Adams—Moulton formula is proportional to h?. 

The first order Adams—Moulton formula is just the backward Euler formula, as you 
might anticipate by analogy with the first order Adams—Bashforth formula. 

More accurate higher order formulas can be obtained by using an approximating 
polynomial of higher degree. The fourth order Adams—Moulton formula, with a local 
truncation error proportional to h°, is 


Yn+1 = Yn + (h/24) Of 44 IT, oy ee Sn—2)- (10) 


Observe that this is also an implicit formula because y,,, , appears in f,, , 1. 

Although both the Adams—Bashforth and Adams—Moulton formulas of the same 
order have local truncation errors proportional to the same power of h, the Adams— 
Moulton formulas of moderate order are in fact considerably more accurate. For ex- 
ample, for the fourth Siget formulas (0) and (10), the proportionality constant for 
the Adams—Moulton formula is less than 1/10 of the proportionality constant for 
the Adams—Bashforth formula. Thus the question arises: Should one use the explicit 
(and faster) Adams—Bashforth formula, or the more accurate but implicit (and slower) 
Adams—Moulton formula? The answer depends on whether by using the more accu- 
rate formula one can increase the step size, and therefore reduce the number of steps, 
enough to compensate for the additional computations required at each step. 


In fact, numerical analysts have attempted to achieve both simplicity and accuracy 
by combining the two formulas in what is called [preditor-coretor method Ons 
Yn—3 Yn2» Yn—y> and y,, are known, we can compute f,_,, f,_», f,_,, and f,, and 
then use the Adams—Bashforth (predicton){formula (6) obtain a first value for y, Lae 
Then we compute /f,, 4, and use the Adams—Moulton (corrector) formula (10), which 
is no longer implicit, to obtain an improved value of y,,, ,. We can, of course, continue 
to use the corrector formula (10) if the change in y, ,, is too large. However, if it is 
necessary to use the corrector formula more than once or perhaps twice, it means that 
the step size h is too large and should be reduced. 

In order to use any of the multistep methods it is necessary first to calculate a few y, 
by some other method. For example, the fourth order Adams—Moulton method requires 
values for y, and y,, while the fourth order Adams—Bashforth method also requires a 
value for y,. One way to proceed is to use a one-step method of comparable accuracy 
to calculate the necessary starting values. Thus, for a fourth order multistep method, 
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EXAMPLE 


1 


one might use the fourth order Runge—Kutta method to calculate the starting values. 
This is the method used in the next example. 

Another approach is to use a low order method with a very small h to calculate y,, 
and then to increase gradually both the order and the step size until enough starting 
values have been determined. 


Consider again the initial value problem 
y =1-1t+4y, y) = 1. C1) 


With a step size of h = 0.1 determine an approximate value of the solution y = (ft) 
at t = 0.4 using the fourth order Adams—Bashforth formula, the fourth order Adams— 
Moulton formula, and the predictor—corrector method. 

For starting data we use the_values of y,, y,, and y, found from the Runge-Kutta 
method. These are tabulated in[Table 8.3.1] Next, calculating the corresponding values 
of f(t, y), we obtain 


Y=, Ig =5; 

y, = 1.6089333, f, = 7.3357332, 
yy = 2.5050062, f, = 10.820025, 
y, = 3.8294145, f, = 16.017658. 


Then from the Adams—Bashforth formula, |Eq. (6) we find that y, = 5.7836305. The 
exact value of the solution at t = 0.4, correct through eight digits, is 5.7942260, so the 
error is —0.010595. 


The Adams—Moulton formula,| Eq. (10)} leads to the equation 
Yq = 4.9251275 + 0.15 y,, 


from which it follows that y, = 5.7942676 with an error of only 0.0000416. 

Finally, using the result from the Adams—Bashforth formula as a predicted value of 
(0.4), we can then use[Eq. (10)]as a corrector. Corresponding to the predicted value 
of y, we find that f, = 23.734522. Hence, from Eq, (10) the corrected value of y, is 
5.7926721. This result is in error by —0.0015539. 

Observe that the Adams—Bashforth method is the simplest and fastest of these 
methods, since it involves only the evaluation of a single explicit formula. It is also the 
least accurate. Using the Adams—Moulton formula as a corrector increases the amount 
of calculation that is required, but the method is still explicit. In this problem the error 
in the corrected value of y, is reduced by approximately a factor of 7 when compared 
to the error in the predicted value. The Adams—Moulton method alone yields by far 
the best result, with an error that is about 1/40 as large as the error from the predictor— 
corrector method. Remember, however, that the Adams—Moulton method is implicit, 
which means that an equation must be solved at each step. In the problem considered 
here this equation is linear, so the solution is quickly found, but in other problems this 
part of the procedure may be much more time-consuming. 

The Runge-Kutta method with h = 0.1 gives y, = 5.7927853 with an error of 
—0.0014407; see| Table 8.3.1] Thus for this problem the Runge-Kutta method is com- 
parable in accuracy to the predictor—corrector method. 
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EXAMPLE 


2 


Backward Differentiation Formulas. Another type of multistep method arises by 
using a polynomial P, (t) to approximate the solution @(¢) of the initial value problem 
(1) rather than its derivative #’(t), as in the Adams methods. We then differentiate 
P,(t) and set Pitt, ei) equal to f(t, igs Yaga) 10 obtain an implicit formula for y 
These are called backward differentiation formulas. 


The simplest case uses a first degree polynomial P,(t) = At + B. The coefficients 


n+l1° 


are chosen to match the computed values of the solution y, and y,,,. Thus A and B 
must satisfy 
At, +B=y,, 
(12) 

At, 41 + B= Yn4t 

Since P;(t) = A, the requirement that 
Pity) = FG Vii? 

is just 

A= ftia Yat) (13) 


Another expression for A comes from subtracting the first of Eqs. (12) from the second, 
which gives 


A= Gare a y,/h. 


Substituting this value of A into Eq. (13) and rearranging terms, we obtain the first 
order backward differentiation formula 


Yn+1 = Yn rae Af nya Yai): (14) 


Note that Eq. (14) is just the/backward Euler formula that we first saw in} Section 8.1.| 


By using higher order polynomials and correspondingly more data points one can 
obtain backward differentiation formulas of any order. The second order formula is 


Yat = ; [4y,, - Yn-1 + 2hf (t445 tua (15) 
and the fourth order formula is 
n+l = = [48y,, ~ 36y,,_ a l6oy,» ~~ 3Yn-3 — 12hf (445 Ya] a (16) 


These formulas have local truncation errors proportional to h* and h°, respectively. 


Use the fourth order backward differentiation formula with h = 0.1 and the data given 


in/Example 1} to determine an approximate value of the solution y = @(t) at t = 0.4 
for the initial value problem (11). 


Using Eq. (16) with n = 3, h = 0.1, and with yp,..., y, given in}Example 1} we 


obtain the equation 
¥, = 4.6837842 + 0.192y,. 
Thus 
¥4 = 5.7967626. 
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Comparing the calculated value with the exact value @(0.4) = 5.7942260, we find 
that the error is 0.0025366. This is somewhat better than the result using the Adams— 
Bashforth method, but not as good as the result using the predictor-corrector method, 
and not nearly as good as the result using the Adams—Moulton method. 


A comparison between one-step and multistep methods must take several factors into 
consideration. The fourth order Runge-Kutta method requires four evaluations of f at 
each step, while the fourth order Adams—Bashforth method (once past the starting val- 
ues) requires only one and the predictor—corrector method only two. Thus, for a given 
step size h, the latter two methods may well be considerably faster than Runge-Kutta. 
However, if Runge—Kutta is more accurate and therefore can use fewer steps, then the 
difference in speed will be reduced and perhaps eliminated. The Adams—Moulton and 
backward differentiation formulas also require that the difficulty in solving the implicit 
equation at each step be taken into account. All multistep methods have the possible 
disadvantage that errors in earlier steps can feed back into later calculations with unfa- 
vorable consequences. On the other hand, the underlying polynomial approximations 
in multistep methods make it easy to approximate the solution at points between the 
mesh points, should this be desirable. Multistep methods have become popular largely 
because it is relatively easy to estimate the error at each step and to adjust the order or 
the step size to control it. For a further discussion of such questions as these see the 
books listed at the end of the chapter; in particular, Shampine (1994) is an authoritative 
source. 


PROBLEMS 


In each of Problems | through 6 determine an approximate value of the solution at t = 0.4 and 
t = 0.5 using the specified method. For starting values use the values given by the Runge-Kutta 


method; see|Problems | through 6 of Section 8.3} Compare the results of the various methods 


with each other and with the actual solution (if available). 
(a) Use the fourth order predictor—-corrector method with h = 0.1. Use the corrector 
formula once at each step. 
(b) Use the fourth order Adams—Moulton method with h = 0.1. 
(c) Use the fourth order backward differentiation method with h = 0.1. 
1. y=34t-Yy, yO) =1 P 2 y =5t-3Yy, y(0) =2 
3. y' =2y —3r, y(0) =1 > 4. y=2t+e”, y(0) =1 
,_ ye +2ty 
cS cae 
In each of Problems 7 through 12 find approximate values of the solution of the given initial 
value problem at t = 0.5, 1.0, 1.5, and 2.0, using the specified method. For starting values use the 


values given by the Runge-Kutta method; see Problems 7 through 12 in Section 8.3. Compare 
the results of the various methods with each other and with the actual solution (if available). 


y(0) = 0.5 > 6 y=(?—-Yy’)siny, y(0) = -1 


(a) Use the fourth order predictor—corrector method with h = 0.05. Use the corrector 
formula once at each step. 

(b) Use the fourth order Adams—Moulton method with h = 0.05. 

(c) Use the fourth order backward differentiation method with h = 0.05. 


y(0) = 1 > 8 y =5t-3Yy, y(0) =2 
y(0) =3 > 10. y =2r+e”, y(0) =1 
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8.5 More on 


13. Show that the first order Adams—Bashforth method is the Euler method, and that the first 
order Adams—Moulton method is the backward Euler method. 
14. Show that the third order Adams—Bashforth formula is 


Yn+l = Vn at (h/12) (23 f, > 16f,,-1 + Sfn—2) 


15. Show that the third order Adams—Moulton formula is 


Yn+l =n + A/I2DS fia + 8S, _ a: 


16. Derive the second order backward differentiation formula given by Eq. (15) in the text. 


Errors; Stability 


In| Section 8. 1} we discussed some ideas related to the errors that can occur in a numerical 
solution of the initial value problem 


y=f6G), 1 — vei (1) 


In this section we continue that discussion and also point out some other difficulties 
that can arise. Some of the points that we wish to make are fairly difficult to treat in 
detail, so we will illustrate them by means of examples. 


Truncation and Round-off Errors. Recall that for the Euler method we showed that 
the local truncation error is proportional to A” and that for a finite interval the global 
truncation error is at most a constant times h. In general, for a method of order p, the 
local truncation error is proportional to h?*! and the global truncation error on a finite 
interval is bounded by a constant times ”. To achieve high accuracy we normally 
use a numerical procedure for which p is fairly large, perhaps four or higher. As p 
increases, the formula used in computing y,,,; normally becomes more complicated, 
and hence more calculations are required at each step; however, this is usually not a 
serious problem unless f(t, y) is very complicated or the calculation must be repeated 
very many times. If the step size h is decreased, the global truncation error is decreased 
by the same factor raised to the power p. However, as we mentioned ici ifh 
is very small, a great many steps will be required to cover a fixed interval, and the global 
round-off error may be larger than the global truncation error. The situation is shown 
schematically Figure 85.1 We assume that the round-off error R,, is proportional 
to the number of computations performed and therefore is inversely proportional to 
the step size h. On the other hand, the truncation error E,, is proportional to a positive 
power of h. From) Eq, (17) of Section 8.1)ve know that the total error is bounded by 
|E.,| + |R,,|; hence we wish to choose h so as to minimize this quantity. The optimum 
value of h occurs when the rate of increase of the truncation error (as_h increases) is 
balanced by the rate of decrease of the round-off error, as indicated inFigure 85.11 


446 


Chapter 8. Numerical Methods 


EXAMPLE 


1 


Error 


h 


FIGURE 8.5.1 The dependence of truncation and round-off errors on the step size h. 


Consider the example problem 
y =1-t+4y, y(0) = 1. (2) 


Using the Euler method with various step sizes, calculate approximate values for the 
solution @(t) at t = 0.5 and t = 1. Try to determine the optimum step size. 

Keeping only four digits in order to shorten the calculations, we obtain the data 
shown in Table 8.5.1. The first two columns are the step size / and the number of steps 
N required to traverse the interval 0 < ¢ < 1. Then yy) and y,, are approximations to 
(0.5) = 8.712 and ¢(1) = 64.90, respectively. These quantities appear in the third 
and fifth columns. The fourth and sixth columns display the differences between the 
calculated values and the actual value of the solution. 


TABLE 8.5.1 Approximations to the Solution of the Initial Value 
Problem y’ = 1 —¢ + 4y, y(O) = 1 Using the Euler Method with 
Different Step Sizes 


h N yy Error Yu Error 
0.01 100 8.390 0.322 60.12 4.78 
0.005 200 8.551 0.161 62.51 2.39 
0.002 500 8.633 0.079 63.75 1.15 
0.001 1000 8.656 0.056 63.94 0.96 
0.0008 1250 8.636 0.076 63.78 1.12 
0.000625 1600 8.616 0.096 64.35 0.55 
0.0005 2000 8.772 0.060 64.00 0.90 
0.0004 2500 8.507 0.205 63.40 1.50 


0.00025 4000 8.231 0.481 56.77 8.13 


For relatively large step sizes the round-off error is much less than the global trun- 
cation error. Consequently, the total error is approximately the same as the global 
truncation error, which for the Euler method is bounded by a constant times . Thus, as 
the step size is reduced, the error is reduced proportionally. The first three lines in Table 
8.5.1 show this type of behavior. For h = 0.001 the error has been further reduced, but 
much less than proportionally; this indicates that round-off error is becoming important. 
As h is reduced still more, the error begins to fluctuate and further improvements in 
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accuracy become problematical. For values of h less than 0.0005 the error is clearly in- 
creasing, which indicates that round-off error is now the dominant part of the total error. 

These results can also be expressed in terms of the number of steps NV. For N less 
than about 1000 accuracy is improved by taking more steps, while for N greater than 
about 2000 using more steps has an adverse effect. Thus for this problem it is best 
to use an N somewhere between 1000 and 2000. For the calculations shown in Table 
he best result at tf = 0.5 occurs for N = 1000 while at t = 1.0 the best result is 
for N = 1600. 


One should be careful not to read too much into the results shown in[Example 1] The 
optimum ranges for h and N depend on the differential equation, the numerical method 
that is used, and the number of digits that are retained in the calculation. Nevertheless, 
it is generally true that if too many steps are required in a calculation, then eventually 
round-off error is likely to accumulate to the point that it seriously degrades the accuracy 
of the procedure. For many problems this is not a concern: For them any of the fourth 
order methods we have discussed in|Sections 8.3 |and|8.4]will produce good results with 
a number of steps far less than the level at which round-off error becomes important. 
For some problems, however, round-off error does become vitally important. For such 
problems the choice of method may be crucial. This is also one reason why modern 
codes provide a means of adjusting the step size as they go along, using a larger step 
size wherever possible, and a very small step size only where necessary. 


Vertical Asymptotes. As a second example, consider the problem of determining the 
solution y = @(t) of 


y=tt+y’, yO)=1. (3) 


Since the differential equation is nonlinear, the existence and uniqueness theorem 
guarantees only that there is a solution in some interval about t = 0. 
Suppose that we try to compute a solution of the initial value problem on the interval 
0 <t < 1 using different numerical procedures. 

If we use the Euler method with h = 0.1, 0.05, and 0.01, we find the following 
approximate values at ft = 1: 7.189548, 12.32093, and 90.75551, respectively. The 
large differences among the computed values are convincing evidence that we should 
use a more accurate numerical procedure—the Runge-Kutta method, for example. 
Using the Runge-Kutta method with h = 0.1 we find the approximate value 735.0991 
att = 1, whichis quite different from those obtained using the Euler method. Repeating 
the calculations using step sizes of h = 0.05 and h = 0.01, we obtain the interesting 
information listed in Table 8.5.2. 


TABLE 8.5.2 Calculation of the Solution of 
the Initial Value Problem y’ = t? + y’, 
y(O) = 1 Using the Runge-Kutta Method 


h t = 0.90 t=1.0 
0.1 14.02182 735.0991 
0.05 14.27117 1.75863 x 10° 
0.01 14.30478 2.0913 x 1078” 


0.001 14.30486 
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While the values at tf = 0.90 are reasonable and we might well believe that the 
solution has a value of about 14.305 at t = 0.90, it is clear that something strange is 
happening between t = 0.9 and t = 1.0. To help determine what is happening let us 
turn to some analytical approximations to the solution of the initial value] problem (3) 
Note that on 0 <t < 1 


y<r+y<1ty’. (4) 
This suggests that the solution y = @, (t) of 
y=l+y, yO =1 (5) 
and the solution y = @,(t) of 
y=y,  yO=1 (6) 


are upper and lower bounds, respectively, for the solution y = ¢(t) of the original 
problem, since all these solutions pass through the same initial point. Indeed, it can be 
shown (for example, by the iteration method of|Section 2.8) that $,(¢) < d(t) < ¢,(@) 
as long as these functions exist. The important thing to note is that we can solve Eqs. (5) 
and (6) for #, and @, by separation of variables. We find that 
I 1 
$, (t) = tan (« 4 =) , y(t) => —. 
Thus ¢,(t) > coast — 1, and ¢,(t) > oo ast > m/4 = 0.785. These calculations 
show that the solution of the original initial value problem exists at least forO < t < 1/4 
and at most for 0 < ¢t < 1. The solution of che preblem )s a vertical asymptote for 
some ¢ in 2/4 < t < | and thus does not exist on the entire interval 0 < t < 1. 

Our numerical calculations, however, suggest that we can go beyond t = 7/4, and 
probably beyond t = 0.9. Assuming that the solution of the initial value problem exists 
at tf = 0.9 and has the value 14.305, we can obtain a more accurate appraisal of what 
happens for larger ¢ by considering the initial value problems (5) and (6) with y(0) = 1 
replaced by y(0.9) = 14.305. Then we obtain 


$, (t) = tan(t + 0.60100), g(t) = 1/(0.96991 — t), (8) 


where only five decimal places have been kept. Thus ¢,(t) > 00 as t > 1/2 — 
0.60100 = 0.96980 and ¢,(t) > oo as t > 0.96991. We conclude that the asymp- 
tote of the solution of the initial value| problem (3) lies between these two values. 
This example illustrates the sort of information that can be obtained by a judicious 
combination of analytical and numerical work. 


(7) 


Stability. The concept of stability is associated with the possibility that small errors 
that are introduced in the course of a mathematical procedure may die out as the 
procedure continues. Conversely, instability occurs if small errors tend to increase, 
perhaps without bound. For example, infSection 2.Spve identified equilibrium solutions 
of a differential equation as (asymptotically) stable or unstable, depending on whether 
solutions that were initially near the equilibrium solution tended to approach it or to 
depart from it as f increases. Somewhat more generally, the solution of an initial value 
problem is asymptotically stable if initially nearby solutions tend to approach the given 
solution, and unstable if they tend to depart from it. Visually, in an asymptotically stable 
problem the graphs of solutions will come together, while in an unstable problem they 
will separate. 
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If we are solving an initial value problem numerically, the best that we can hope for 
is that the numerical approximation will mimic the behavior of the actual solution. We 
cannot make an unstable problem into a stable one merely by solving it numerically. 
However, it may well happen that a numerical procedure will introduce instabilities 
that were not part of the original problem, and this can cause trouble in approximating 
the solution. Avoidance of such instabilities may require us to place restrictions on the 
step size h. 

To illustrate what can happen in the simplest possible context consider the differential 
equation 


dy/dt =ry, (9) 


where r is a constant. Suppose that in solving this equation we have reached the point 
(t,, y,). Let us compare the exact solution of Eq. (9) that passes through this point, 


namely, 
y=y, expir(t — ¢,)], (10) 
with numerical approximations obtained from the Euler formula 
Ynad = Vn thf Es Vn) (11) 
and from the backward Euler formula 
Yat = Vn TAF Enis Mngt): (12) 
From the Euler formula (11) we obtain 
Yael =Vn thy, =y¥,0+7rh). (13) 


Similarly, from the backward Euler formula (12) we have 


Veet = Fe FAY aa 


or 
Yn 2 
T= Fag oe) le ae (14) 
Finally, evaluating the solution (10) at t,, + h, we find that 
(rhy” 
Yat = VY, exp(rh) = y, | L+rh+ 5 tere]. (15) 


Comparing Eqs. (13), (14), and (15) we see that the errors in both the Euler formula 
and in the backward Euler formula are of order h”, as the theory predicts. 

Now suppose that we change the value y, to y, + 6. Think, if you wish, of 6 as the 
error that has accumulated by the time we reach ¢ = f,. In going one more step to ¢ 
the question is whether this error increases or decreases. 

For the exact solution (15) the change in y,,, due to the change 6 in y, is just 
dexp(rh). This quantity is less than 6 if exp(rh) < 1, that is, if r < 0. This confirms 
our conclusion in[Chapter 2that Eq. (9) is asymptotically stable if r < 0 and unstable 
ifr > 0. 

For the backward Euler method the change in y,, , ; in Eq. (14) due to 6 is 6/(1 — rh). 
For r < 0 this quantity is always nonnegative and never greater than 1. Thus, if the 
differential equation is stable, then so is the backward Euler method for an arbitrary 
step size h. 


n+l? 
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2 


A Stiff 
Problem 


On the other hand, for the Euler method, the change in y,,, ; in due to 6 is 
6(1+ rh). If we recall that r < 0 and require that |1 + rh| < 1, then we find that h 
must satisfy h < 2/|r|. Thus the Euler method is not stable for this problem unless h 
is sufficiently small. 

The restriction on the step size / in using the Euler method in the preceding example 
is rather mild unless |r| is quite large. Nonetheless, the example illustrates that it may 
be necessary to restrict h in order to achieve stability in the numerical method, even 
though the initial value problem itself is stable for all values of h. Problems for which 
a much smaller step size is needed for stability than for accuracy are called stiff. The 
backward differentiation formulas described in| Section 8.4 (of which the backward 
Euler formula is the lowest order example) are the most popular formulas for solving 
stiff problems. The following example illustrates the kind of instabilities that can occur 
in trying to approximate the solution of a stiff problem. 


Consider the initial value problem 
y’ = —100y + 100r + 1, y(O) = 1. (16) 


Find numerical approximations to the solution for 0 < ¢ < 1 using the Euler, back- 
ward Euler, and Runge-Kutta methods. Compare the numerical results with the exact 
solution. 

Since the differential equation is linear, it is easy to solve, and the solution of the 
initial value problem (16) is 


y=o(t) =e OO +t. (17) 


Some values of the solution (¢), correct to six decimal places, are given in the second 
column of and a graph of the solution is shown in Figure 8.5.2. There 
is a thin layer (sometimes called a boundary layer) to the right of t = 0 in which the 
exponential term is significant and the solution varies rapidly. Once past this layer, 
however, $(t) = t and the graph of the solution is essentially a straight line. The width 
of the boundary layer is somewhat arbitrary, but it is certainly small. At t = 0.1, for 
example, exp(—100r) = 0.000045. 


FIGURE 8.5.2 The solution of the initial value problem (16). 
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If we plan to approximate the[solution (17)|numerically, we might intuitively expect 
that a small step size will be needed only in the boundary layer. To make this expectation 
abit more precise recall fron Section 8. phat the local truncation errors for the Euler and 
backward Euler methods are proportional to @” (t). For this problem $” (t) = 104e7!0, 
which varies from a value of 10* at t = 0 to nearly zero for tf > 0.2. Thus a very small 
step size is needed for accuracy near t = 0, but a much larger step size is adequate 
once ¢ is a little larger. 

On the other hand, the stability analysis in [Eqs. (9) through (15)|also applies to this 
problem. Since r = —100 for it follows that for stability we need h < 0.02 
for the Euler method, but there is no corresponding restriction for the backward Euler 
method. 

Some results using the Euler method are shown in columns 3 and 4 of Table 8.5.3. 
The values obtained for / = 0.025 are worthless due to instability, while those for 
h = 0.01666... are reasonably accurate for t > 0.2. However, comparable accuracy 
for this range of ¢ is obtained for h = 0.1 using the backward Euler method, as shown 
by the results in column 7 of the table. 

The situation is not improved by using instead of the Euler method a more accurate 
one, such as Runge-Kutta. For this problem the Runge-Kutta method is unstable for 
h = 0.033... but stable for h = 0.025, as shown by the results in columns 5 and 6 in 
Table 8.5.3. 

The results given in the table for t = 0.05 and for t = 0.1 show that in the boundary 
layer a smaller step size is needed to obtain an accurate approximation. You are invited 


to explore this matter further in|Problem 3, 


TABLE 8.5.3, Numerical Approximations to the Solution of the Initial Value Problem 
y’ = —100y + 100t + 1, y(0) = 1 


Euler Euler Runge-Kutta Runge-Kutta Backward Euler 
t Exact 0.025 0.0166... 0.0333... 0.025 0.1 

0.0 1.000000 1.000000 ~—- 1.000000 1.000000 1.000000 1.000000 
0.05 0.056738 2.300000 —0.246296 0.470471 

0.1 0.100045 5.162500 0.187792 10.6527 0.276796 0.190909 
0.2 0.200000 25.8289 0.207707 111.559 0.231257 0.208264 
0.4 0.400000 657.241 0.400059 1.24 x 104 0.400977 0.400068 
0.6 0.600000 1.68 x 10* 0.600000 1.38 x 10° 0.60003 1 0.600001 
0.8 0.800000 4.31 x 10° 0.800000 1.54 x 108 0.800001 0.800000 
1.0 1.000000 1.11 x 10’ 1.000000 1.71 x 10'° 1.000000 1.000000 


As a final example, consider the problem of determining two linearly independent 
solutions of the second order linear equation 


y” —102?y =0 (18) 
for t > 0. The generalization of numerical techniques for the first order equations to 
higher order equations or to systems of equations is discussed i but that is 
not needed for the present discussion. Two linearly independent solutions of Eq. (18) are 


g(t) = cosh ¥ 10z¢t and ¢,(t) = sinh V10zt. The first solution, ¢, (t) = cosh V 10z1, 
is generated by the initial conditions ¢, (0) = I, ¢; (0) = 0; the second solution, g(t) = 
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sinh /10zt, is generated by the initial conditions ¢,(0) = 0, $5(0) = J/10z. While 
analytically we can tell the difference between cosh /10zt and sinh 10: Ozt, for large 
t we have cosh /10zxt ~ ev lat /2 and sinh /10zt ~ eV l0nt 79. numerically these two 
functions look exactly the same if only a fixed number of digits are retained. For 
example, correct to eight significant figures, we find that for t = 1 


sinh V 10727 = cosh Vv 10m = 10,315.894. 


If the calculations are carried out on a machine that carries only eight digits, the two 
solutions ¢, and @, are identical at t = 1 and indeed for all t > 1. Thus, even though 
the solutions are linearly independent, their numerical tabulation would show that they 
are the same because we can retain only a finite number of digits. This phenomenon is 
called numerical dependence. 

For the present problem we can partially circumvent this difficulty by computing, 
instead of sinh /10zt and cosh /10ztt, the linearly independent solutions ¢,(t) = 

eV 10" and g(t) =e 1071 corresponding to the initial conditions $;(0) = 1, ¢4(0) = 

J/10z and ¢,(0) = 1, $,(0) = —/107, respectively. The solution ¢, grows exponen- 
tially while @, decays exponentially. Even so, we encounter difficulty in calculating 
@, correctly on a large interval. The reason is that at each step of the calculation for 
@, we introduce truncation and round-off errors. Thus at any point ¢, the data to be 
used in going to the next point are not precisely the values of @,(f,) and $4(t,). The 


solution of the initial value problem with these data at f,, involves not only e~ Wt put 


also eV", Because the error in the data at t, is small, the latter function appears with 


a very small coefficient. Nevertheless, since eV!" tends to zero and e¥ 10 grows 


very rapidly, the latter eventually dominates, and the calculated solution is simply a 
multiple of ev l0mt _ 3 (t). 

To be specific, suppose that we use the Runge-Kutta method to calculate the solution 
y=9¢,(t) = e~¥ 10" of the initial value problem 


y’—107?y=0, yO)=1, y(0)=—V10z. 


(The Runge-Kutta method for second order systems is described in|Section 8.6) Using 
single-precision (eight-digit) arithmetic with a step size h = 0.01, we obtain the results 
in[Table 8.5.4] It is clearly evident from these results that the numerical solution begins 
to deviate significantly from the exact solution for tf > 0.5, and soon differs from it 
by many orders of magnitude. The reason is the presence in the numerical solution of 
a small component of the exponentially growing solution ¢,(t) = eV 107" With eight- 


digit arithmetic we can expect a round-off error of the order of 107 at each step. Since 


gue grows by a factor of 3.7 x 107! from t = 0 to t = 5, an error of order 10~° 


near t = 0 can produce an error of order 10'? at t = 5 even if no further errors are 
introduced in the intervening calculations. The results given in{Table 8.5.4 Hemonstrate 
that this is exactly what happens. 

[Equation (18)]is highly unstable and the behavior shown in this example is typical 
of unstable problems. One can track a solution accurately for a while, and the interval 
can be extended by using smaller step sizes or more accurate methods, but eventually 
the instability in the problem itself takes over and leads to large errors. 
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TABLE 8.5.4 Exact Solution of y” — 102*y = 0, 
y(0) = 1, y’(0) = —V10z and Numerical Solution 


Using the Runge-Kutta Method with h = 0.01 


y 
t Numerical Exact 

0.0 1.0 1.0 

0.25 8.3439 x 1077 8.3438 x 1077 
0.5 6.9631 x 1073 6.9620 x 1073 
0.75 5.9390 x 1074 5.8089 x 107+ 
1.0 2.0437 x 107+ 4.8469 x 107> 
1.5 2.2394 x 107-7 3.3744 x 1077 
2.0 3.2166 2.3492 x 107° 
2.5 4.6202 x 107 1.6356 x 1071! 
3.0 6.6363 x 10+ 1.1386 x 10733 
3.5 9.5322 x 10° 7.9272 x 107!% 
4.0 1.3692 x 10° 5.5189 x 107}8 
4.5 1.9667 x 10!! 3.8422 x 10-70 
5.0 2.8249 x 1018 2.6750 x 10772 


Some Comments on Numerical Methods. In this chapter we have introduced several 
numerical methods for approximating the solution of an initial value problem. We 
have tried to emphasize some important ideas while maintaining a reasonable level of 
complexity. For one thing, we have always used a uniform step size, whereas production 
codes currently in use provide for varying the step size as the calculation proceeds. 

There are several considerations that must be taken into account in choosing step 
sizes. Of course, one is accuracy; too large a step size leads to an inaccurate result. 
Normally, an error tolerance is prescribed in advance and the step size at each step 
must be consistent with this requirement. As we have seen, the step size must also be 
chosen so that the method is stable. Otherwise, small errors will grow and soon render 
the results worthless. Finally, for implicit methods an equation must be solved at each 
step and the method used to solve the equation may impose additional restrictions on 
the step size. 

In choosing a method one must also balance the considerations of accuracy and 
stability against the amount of time required to execute each step. An implicit method, 
such as the Adams—Moulton method, requires more calculations for each step, but if its 
accuracy and stability permit a larger step size (and consequently fewer steps), then this 
may more than compensate for the additional calculations. The backward differentiation 
formulas of moderate order, say, four, are highly stable and are therefore indicated for 
stiff problems, for which stability is the controlling factor. 

Some current production codes also permit the order of the method to be varied, as 
well as the step size, as the calculation proceeds. The error is estimated at each step and 
the order and step size are chosen to satisfy the prescribed error tolerance. In practice, 
Adams methods up to order twelve and backward differentiation formulas up to order 
five are in use. Higher order backward differentiation formulas are unsuitable due to a 
lack of stability. 

Finally, we note that the smoothness of the function f, that is, the number of 
continuous derivatives that it possesses, is a factor in choosing the order of the method 
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to be used. High order methods lose some of their accuracy if f is not smooth to a 
corresponding order. 


PROBLEMS 


1. 


To obtain some idea of the possible dangers of small errors in the initial conditions, such 
as those due to round-off, consider the initial value problem 


yetty-3, yO)=2. 


(a) Show that the solution is y = $,(¢) =2 —¢. 

(b) Suppose that in the initial condition a mistake is made and 2.001 is used instead of 2. 
Determine the solution y = ¢,(¢) in this case, and compare the difference ,(t) — @, (t) at 
t= 1andast > oo. 


. Consider the initial value problem 


y=r+e, y(0) = 0. (i) 


Using the Runge-Kutta method with step size h, we obtain the results in Table 8.5.5. These 
results suggest that the solution has a vertical asymptote between t = 0.9 and t = 1.0. 
(a) Show that for 0 < t < 1 the solution y = ¢(¢) of the problem (i) satisfies 


$0) < OM) < $,(), (ii) 
where y = , (¢) is the solution of 


y=l1+e, y(0) =0 (iii) 


and y = @,(f) is the solution of 


y =e," y(0) = 0. (iv) 


(b) Determine ¢, (7) and ¢,(¢). Then show that 6(t) — oo for some t between t = In2 = 
0.69315 and t = 1. 

(c) Solve the differential equations y’ = e” and y’ = 1 + e’, respectively, with the initial 
condition y(0.9) = 3.4298. Use the results to show that ¢(t) — oo when t = 0.932. 


TABLE 8.5.5 Calculation of the Solution of 
the Initial Value Problem y’ = t? + e’, 
y(0) = 0 Using the Runge-Kutta Method 


h t = 0.90 t=1.0 


0.02 3.42985 > 10° 
0.01 3.42982 > 10°8 


. Consider again the initial value problem (16) from Example 2. Investigate how small a step 


size h must be chosen in order that the error at t = 0.05 and at tf = 0.1 is less than 0.0005. 
(a) Use the Euler method. 

(b) Use the backward Euler method. 

(c) Use the Runge-Kutta method. 


. Consider the initial value problem 


y’ = —10y +. 2.517 + 0.51, y(0) = 4. 


(a) Find the solution y = ¢(t) and draw its graph for 0 <t <5. 

(b) The stability analysis in the text suggests that for this problem the Euler method is 
stable only for h < 0.2. Confirm that this is true by applying the Euler method to this 
problem for 0 < t <5 with step sizes near 0.2. 
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(c) Apply the Runge-Kutta method to this problem for 0 < t < 5 with various step sizes. 
What can you conclude about the stability of this method? 

(d) Apply the backward Euler method to this problem for 0 < t <5 with various step 
sizes. What step size is needed in order that the error at t = 5 is less than 0.01? 


In each of Problems 5 and 6 


(a) Find a formula for the solution of the initial value problem, and note that it is indepen- 
dent of i. 

(b) Use the Runge-Kutta method with h = 0.01 to compute approximate values of the 
solution for 0 < t < 1 for various values of A such as A = 1, 10, 20, and 50. 

(c) Explain the differences, if any, between the exact solution and the numerical approxi- 
mations. 


P| 5. yW-Aay=l1—aAr, y(0) =0 Pm 6. y —Ay =2t Ar, y(0) =0 


8.6 Systems of First Order Equations 


In the preceding sections we discussed numerical methods for solving initial value 
problems associated with a first order differential equation. These methods can also be 
applied to a system of first order equations. Since a higher order equation can always 
be reduced to a system of first order equations, it is sufficient to deal with systems 
of first order equations alone. For simplicity we consider a system of two first order 
equations 


=F OK): y =¢G2%,9), (1) 
with the initial conditions 
X(t) = Xo, y(t) = Yo: (2) 


The functions f and g are assumed to satisfy the conditions of/Theorem 7.1.1]so that 
The initial value problem (1), (2) has a unique solution in some interval of the t-axis 


containing the point 7). We wish to determine approximate values x,,x,,...,X,,++- 
and y,, Y>,--+,Y,>--- Of the solution x = P(t), y = w(t) at the points 4, = t) + nh 
withn = 1,2,.... 


In vector notation the initial value problem (1), (2) can be written as 
x =f(,x), x(t) = Xp, (3) 


where x is the vector with components x and y, fis the vector function with components 
f and g, and x, is the vector with components x, and y). The methods of the previous 
sections can be readily generalized to handle systems of two (or more) equations. All 
that is needed (formally) is to replace the scalar variable x by the vector x and the 
scalar function f by the vector function f in the appropriate equations. For example, 
the Euler formula becomes 


x =x, +hf,, (4) 


n+1 
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EXAMPLE 


1 


or, in component form, 


Xn41 = xy h FG, % n? Yn a 
( Yn+1 ) ( Yn )+ ( B(by> Xn> Vn) , ” 


The initial conditions are used to determine f,, which is the vector tangent to the graph 
of the solution x = ¢(t) in the xy-plane. We move in the direction of this tangent 
vector for a time step / in order to find the next point x,. Then we calculate a new 
tangent vector f,, move along it for a time step / to find x,, and so forth. 

In a similar way the Runge-Kutta method can be extended to a system. For the step 
from ¢, to t,,, we have 


n+ 
X41 = x, + (h/6) (k,,, 3 2k, :s 2k,,3 + K,4)> (6) 
where 
k,, = f(t n? x, 
k,, =flt, + (2/2), x, + (2/2)k,,], 


(7) 


k,, =f[t, + (2/2),x, + (A/2)k,91, 
k,4=f@, +h,x, +hk,,). 
The formulas for the clk bre vives predictor—corrector method as it applies to 
the initial value|problem (1)} 2) pre given in[Problem 9 [Problem 9] 9 
The vector equations |(3)} (4)] (6), and (7) are, in fact, valid in any number of 


dimensions. All that is rl is to interpret the vectors as having n components rather 
than two. 


Determine approximate values of the solution x = $(f), y = w(¢) of the initial value 
problem 
x’ =x —Ay, y=-x+y, (8) 

x(0) = 1, y(O) = 0, (9) 
at the point tf = 0.2. Use the Euler method with h = 0.1 and the Runge-Kutta method 
with h = 0.2. Compare the results with the values of the exact solution: 

et AL 3t oe et 
28) = 


ée 
5 v(t) = ——. (10) 


Let us first use the Euler method. For this problem f, = x, —4y, and g, = —x, + 
y,3 hence 


fo =1-— (40) = 1, 8 =—-1+0=-1. 


Then, from the Euler/formulas (4) jand (5) we obtain 


x =14+O0DD=$11, yy, =0+(1)(-1) =-0.1. 


At the next step 
f, =11—- (4) (0.1) =155, 
Consequently, 


x) = 11+ (0.1)(1.5) = 1.25, 


g, =—1.14(-0.1) = 1.2. 


y, = —0.1 + (0.1)(—1.2) = —0.22. 
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The values of the exact solution, correct to eight digits, are 6(0.2) = 1.3204248 and 
w (0.2) = —0.25084701. Thus the values calculated from the Euler method are in error 
by about 0.0704 and 0.0308, respectively, corresponding to percentage errors of about 
5.3% and 12.3%. 


Now let us use the Runge—Kutta method to approximate @(0.2) and w(0.2). With 
Eqs. (7)! 


h = 0.2 we obtain the following values from 


_(f0,0)\)_ / 1). 

ba = (209) Ci): 

gc fF OED) 7 15). 
2 \g(1.1,-0.1)) ~ \-1.2)" 
k.. — (£0.15, —-0.12)\ _ (1.63), 
or \ 9(1.15,—0.12) } ~ \—1.27)" 


= f (1.326, —0.254)\ — { 2.342 
04 \ 9(1.326, —0.254) } ~~ \—1.580) ° 
Then, substituting these values in|Eq. (6), we obtain 
a= 1 4 0.2 ( 9.602\ _ ( 1.3200667 
AO 6 \-7.52 } — \—0.25066667 } ° 
These values of x, and y, are in error by about 0.000358 and 0.000180, respectively, 
with percentage errors much less than one-tenth of 1%. 
This example again illustrates the great gains in accuracy that are obtainable by 
using a more accurate approximation method, such as the Runge-Kutta method. In 
the calculations we have just outlined, the Runge—Kutta method requires only twice 


as many function evaluations as the Euler method, but the error in the Runge-Kutta 
method is about 200 times less than the Euler method. 


PROBLEMS 


vVvvvvvvyv 


In each of Problems 1 through 6 determine approximate values of the solution x = $(f), 
y = w(t) of the given initial value problem at t = 0.2, 0.4, 0.6, 0.8, and 1.0. Compare the 
results obtained by different methods and different step sizes. 


(a) Use the Euler method with h = 0.1. 
(b) Use the Runge-Kutta method with h = 0.2. 
(c) Use the Runge-Kutta method with h = 0.1. 
_ x =xtyt+t, y =4x-2y; x(0)=1, y@0)=0 
=2x+ty, y =xy; x(0)=1, y@O)=1 
y-l, you; x0=1, yO)=1 
x—ytxy, y=3x-—2y—xy; x(0)=0, y@O)=1 


=x(1—0.5x—-0.5y), y’ = y(—0.25 4+ 0.5x); x(0)=4, y@O)=1 
. x’ =exp(—x+y)—cosx, y’ =sin(x —3y); x(0)=1, y@O)=2 


. Consider the example problem x’ =x —4y, y= —x-+y with the initial conditions 
x(0) = 1 and y(0) =0. Use the Runge-Kutta method to solve this problem on the 
interval 0 < ¢ < 1. Start with h = 0.2 and then repeat the calculation with step sizes 
h =0.1,0.05,..., each half as long as in the preceding case. Continue the process until 
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n+1 — Xn + wh f, = 59 fi + 37 fy2 ~*~ 9 fn—3)> 
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Nonlinear 
Differential 
Equations and 
Stability 


There are many differential equations, especially nonlinear ones, that are not susceptible 
to analytical solution in any reasonably convenient manner. Numerical methods, such 
as those discussed in the preceding chapter, provide one means of dealing with these 
equations. Another approach, presented in this chapter, is geometrical in character and 
leads to a qualitative understanding of the behavior of solutions rather than detailed 
quantitative information. 


9,1 The Phase Plane: Linear Systems 


Since many differential equations cannot be solved conveniently by analytical methods, 
it is important to consider what qualitative!) information can be obtained about their 
solutions without actually solving the equations. The questions that we consider in 
this chapter are associated with the idea of stability of a solution, and the methods 
that we employ are basically geometrical. Both the concept of stability and the use of 


'The qualitative theory of differential equations was created by Henri Poincaré (1854-1912) in several major 
papers between 1880 and 1886. Poincaré was professor at the University of Paris and is generally considered the 
leading mathematician of his time. He made fundamental discoveries in several different areas of mathematics, 
including complex function theory, partial differential equations, and celestial mechanics. In a series of papers 
beginning in 1894 he initiated the use of modern methods in topology. In differential equations he was a pioneer 
in the use of asymptotic series, one of the most powerful tools of contemporary applied mathematics. Among 
other things, he used asymptotic expansions to obtain solutions about irregular singular points, thereby extending 


the work of Fuchs and Frobenius discussed in}Chapter 5 
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CASE 1 


geometric analysis were introduced in|Chapter | jand used in|Section 2.5}for first order 


autonomous equations 
dy/dt = f(y). d) 


In this chapter we refine the ideas and extend the discussion to systems of equations. 
We start with a consideration of the simplest system, namely, a second order linear 
homogeneous system with constant coefficients. Such a system has the form 


dx/dt = Ax, (2) 


where A is a 2 x 2 constant matrix and x is a 2 x 1 vector. Systems of this kind 
were solved in} Sections 7.5 through 7.8./Recall that if we seek solutions of the form 
x = ée’’, then by substitution for x in Eq. (2) we find that 


(A —rDé=0. (3) 


Thus 7 must be an eigenvalue and & a corresponding eigenvector of the coefficient 
matrix A. The eigenvalues are the roots of the polynomial equation 


det(A — rI) = 0 (4) 


and the eigenvectors are determined from Eq. (3) up to an arbitrary multiplicative 
constant. 


In e found that points where the right side of Eq. (1) is zero are of special 
importance. Such points correspond to constant solutions, or|equilibrium solutions, 
of Eq. (1), and are often called |critical points.) Similarly, for the system (2), points 


where Ax = 0 correspond to equilibrium (constant) solutions, and again they are called 
critical points. We will assume that A is nonsingular, or that det A 4 0. It follows that 
x = Ois the only critical point of the system (2). 

Recall that a solution of Eq. (2) is a vector function x = c(t) that satisfies the 
differential equation. Such a function can be viewed as a parametric representation for 
acurve in the x ,x,-plane. It is often useful to regard this curve as the path, oi trajectory] 
traversed by a moving particle whose velocity dx/dt is specified by the differential 
equation. The x,x,-plane itself is called the|phase plane |and a representative set of 


trajectories is referred to as alphase portrait. 
In analyzing the system (2) several different cases must be considered, depending on 


the nature of the eigenvalues of A. These cases also occurred in| Sections 7.5 through] 
where we were primarily interested in finding a convenient formula for the general 
solution. Now our main goal is to characterize the differential equation according to the 
geometric pattern formed by its trajectories. In each case we discuss the behavior of the 
trajectories in general and illustrate it with an example. It is important that you become 
familiar with the types of behavior that the trajectories have for each case, because 
these are the basic ingredients of the qualitative theory of differential equations. 


Real Unequal Eigenvalues of the Same Sign. The general solution of Eq. (2) is 
kegel e + CEM e’2, (5) 


where r, and r, are either both positive or both negative. Suppose first thatr, < r, < 0, 
and that the eigenvectors €“) and é°) are as shown in[Figure 9.1.1a] It follows from 
Eq. (5) that x + 0 ast — ov regardless of the values of c, and c,; in other words, all 
solutions approach the critical point at the origin as t > oo. If the solution starts at an 
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CASE 2 


initial point on the line through €”), then c, = 0. Consequently, the solution remains 
on the line through €”) for all t, and approaches the origin as t —> oo. Similarly, if the 
initial point is on the line through é°) then the solution approaches the origin along 
that line. In the general situation, it is helpful to rewrite[Eq. (5) jin the form 


x = e2[c EVE? ee]. (6) 


Observe that r, — r, < 0. Therefore, as long as c, 4 0, the term ort Sa exp[(r, — r,)t] 
is negligible compared to c,€ for t sufficiently large. Thus, as t > ox, the trajectory 
not only approaches the origin, it also tends toward the line through €’. Hence all 
solutions approach the critical point tangent to © except for those solutions that start 
exactly on the line through &"”’. Several trajectories are sketched in Figure 9.1.1a. Some 
typical graphs of x, versus ¢ are shown in Figure 9.1.10, illustrating that all solutions 
exhibit exponential decay in time. The behavior of x, versus ¢ is similar. This type of 


critical point is called a node br a 


X XA 


ory 


V 


(a) (b) 


FIGURE 9.1.1 A node; r, <r, < 0. (a) The phase plane. (b) x, versus t. 


If r, and r, are both positive, and 0 < r, <r,, then the trajectories have the same 
pattern as in Figure 9.1.1a, but the direction of motion is away from, rather than toward, 


the critical point at the origin. In this case x, and x, grow exponentially as functions 
of t. Again the critical point is called a node, or (often) alnodal source. | 
An example of a node occurs in andor fn nga source) are 


shown in 


Real Eigenvalues of Opposite Sign. The general solution of |Eq. (2) iis 
x= ¢,E%e + EP, (7) 


where r, > 0 and r, < 0. Suppose that the eigenvectors é and € are as shown in 
If the solution starts at an initial point on the line through €"”, then it 
follows that c, = 0. Consequently, the solution remains on the line through é") for all 
t,and since r, > 0, ||x|| > oo ast — oo. If the solution starts at an initial point on the 
line through é°), then the situation is similar except that ||x|| — 0 as t + oo because 
ry <0. Solutions starting at other initial points follow trajectories such as those shown 


in Figure 9.1.2a, The positive exponential is the dominant term in Eq. (7) for large f, 


so eventually all these solutions approach infinity asymptotic to the line determined 
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—— is é 
£2) e() 
x t 
(a) (b) 


FIGURE 9.1.2 A saddle point; r, > 0, r, < 0. (a) The phase plane. (b) x, versus f. 


by the eigenvector &"’ corresponding to the positive eigenvalue r,. The only solutions 
that approach the critical point at the origin are those that start precisely on the line 
determined by €°. Figure 9.1.2b shows some typical graphs of x, versus t. For certain 
initial conditions the positive exponential term is absent from the solution, so x, > 0 
as t — oo. For all other initial conditions the positive exponential term eventually 
dominates and causes x, to become unbounded. The behavior of x, is similar. The 


origin is called ajsaddle point}in this case. 
A specific example of a saddle point is in/Example | of Section 7.5 whose trajectories 
are shown in|Figure 7.5.2. 


Equal Eigenvalues. We now suppose that r, = r, = r. We consider the case in which 
the eigenvalues are negative; if they are positive, the trajectories are similar but the 
direction of motion is reversed. There are two subcases, depending on whether the 
repeated eigenvalue has two independent eigenvectors or only one. 


(a) Two independent eigenvectors. The general solution of|Eq. (2)|is 
x= 6M + 6,€%e", (8) 


where €” and €@ are the independent eigenvectors. The ratio x,/x, is independent 
of t, but depends on the components of €“ and é©, and on the arbitrary constants 
c, and c,. Thus every trajectory lies on a straight line through the origin, as shown 


in |Figure 9.1.3a} Typical graphs of x, or x, versus ¢ are shown in| Figure 9.1.3b| The 


critical point 1s called a proper node, or sometimes a star point. 


(b) One independent eigenvector. As shown in the general solution 
of Eq. (2)|in this case is 


x =c,&e" +c, (&te” + ne”), (9) 


where € is the eigenvector and y is the generalized eigenvector associated with the 
repeated eigenvalue. For large t the dominant term in Eq. (9) is c,éte”’. Thus, as t > 00, 
every trajectory approaches the origin tangent to the line through the eigenvector. This 
is true even if c, = 0, for then the solution x = c,ée”’ lies on this line. Similarly, 
for large negative ¢ the term c,éte”’ is again the dominant one, so as tf + —oo, each 
trajectory is asymptotic to a line parallel to €. 
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X) % 


(a) (b) 


FIGURE 9.1.3 A proper node, two independent eigenvectors; r, = r, < 0. (a) The phase 
plane. (b) x, versus ¢. 


The orientation of the trajectories depends on the relative positions of € and y. One 
possible situation is shown in|Figure 9.1.4q. To locate the trajectories it is helpful to 
write the}solution (9) jin the form 


x= [(c,€ a Cy) a cyét]e” = ye"; (10) 


where y = (c,€ + c,n) + c,&t. Observe that the vector y determines the direction of 
x, whereas the scalar quantity e”’ affects only the magnitude of x. Also note that, for 
fixed values of c, and c,, the expression for y is a vector equation of the straight line 
through the point c,§ + c,1 and parallel to €. 

To sketch the trajectory corresponding to a given pair of values of c, and c,, you can 
proceed in the following way. First, draw the line given by (c,§ + c,n) + c,€t and note 
the direction of increasing ¢ on this line. Two such lines are shown in[Figure 9.1.4a] one 
for c, > 0 and the other for c, < 0. Next, note that the given trajectory passes through 
the point c,€ + c,m when t = 0. Further, as ¢ increases, the direction of the vector x 
given by Eq. (10) follows the direction of increasing ¢ on the line, but the magnitude of 
x rapidly decreases and approaches zero because of the decaying exponential factor e”’. 
Finally, as t decreases toward —oo the direction of x is determined by points on the 
corresponding part of the line and the magnitude of x approaches infinity. In this way 
we obtain the heavy trajectories ae A few other trajectories are lightly 
sketched as well to help complete the diagram. ‘Typical graphs of x, versus t are shown 
[Figure 9.1.4b. 

e other possible situation is shown in| Figure 9.1.4c] where the relative orientation 
of € and n is reversed. As indicated in the figure, this results in a reversal in the 
orientation of the trajectories. 

If r,; =r, > 0, you can sketch the trajectories by following the same procedure. In 
this event the trajectories are traversed in the outward direction, and the orientation of 
the trajectories with respect to that of € and ‘1 is also reversed. 

When a double eigenvalue has only a single independent eigenvector, the critical 
point is called a or degenerate node. A specific example of this case is 


Example 2 in Section 7.8; the trajectories are shown in|Figure 7.8.2. 
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FIGURE 9.1.4 An improper node, one independent eigenvector; r, = r, < 0. (a) The phase 
plane. (b) x, versus t. (c) The phase plane. 


Complex Eigenvalues. Suppose that the eigenvalues are A + ij, where 4 and yu are 
real, 1 #0, and yz > 0. It is possible to write down the general solution in terms of 


the eigenvalues and eigenvectors, as shown in|Section 7.6] However, we proceed in a 
different way. 
Systems having the eigenvalues A + iy are typified by 


, Xr (oo 
ee & ) x a) 


or, in scalar form, 


x, = Ax, + pry, Xy = —px, + Ax. (12) 
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We introduce the polar coordinates r, 0 given by 


2 a 
ro=xy> +X), tané = x,/x). 


By differentiating these equations we obtain 


PY = Hh, Xk, (sec? 6)0’ = G4 ar (13) 
Substituting from|Eqs. (12)]in the first of Eqs. (13), we find that 
r' =hdr, (14) 
and hence 
r=ce™, (15) 


where c is aconstant. Similarly, substituting from |Eqs. (12){in the second of Eqs. (13), 
and using the fact that sec? @ = r? fa, we have 


6’ = —p. (16) 
Hence 
6=-pt+6,, (17) 


where , is the value of 9 when t = 0. 

Equations (15) and (17) are parametric equations in polar coordinates of the trajec- 
tories of pg Ce nea Since yz > 0, it follows from Eq. (17) that @ decreases as 
t increases, so the direction of motion on a trajectory is clockwise. As t — 00, we 
see from Eq. (15) that r > Oif A <O andr —> ooif A > 0. Thus the trajectories are 
spirals, which approach or recede from the origin depending on the sign of A. Both 
possibilities are shown in|Figure 9.1.5] along with some typical graphs of x, versus f. 


The critical point is called ee this case. Frequently, the terms spiral sink 
eee respectively, are used to refer to spiral points whose trajectories 


approach, or depart from, the critical point. 

More generally, it is possible to show that for any system with complex eigenvalues 
A+ ip, where 4 + 0, the trajectories are always spirals. They are directed inward or 
outward, respectively, depending on whether A is negative or positive. They may be 
elongated and skewed with respect to the coordinate axes, and the direction of motion 
may be either clockwise or counterclockwise. While a detailed analysis is moderately 
difficult, it is easy to obtain a general idea of the orientation of the trajectories directly 
from the differential equations. Suppose that 


dx/dt\ (a b\ (x 
(isias)=( 4G) a 


has complex eigenvalues A + ijz, and look at the point (0, 1) on the positive y-axis. At 
this point it follows from Eqs. (18) that dx /dt = b and dy/dt = d. Depending on the 
signs of b and d, one can infer the direction of motion and the approximate orientation 
of the trajectories. For instance, if both b and d are negative, then the trajectories cross 
the positive y-axis so as to move down and into the second quadrant. If 1_< 0 also, 


then the trajectories must be inward-pointing spirals resembling the one in|Figure 9.1.6. 
Another case was given in|Example | of Section 7.6, whose trajectories are shown in 
igure 7.6.2 
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FIGURE 9.1.5 A spiral point; r,; =A +ip, r, =A 


2 


ip. (a) 4 <0, the phase plane. 


(b) 4. < 0, x, versus t. (c) A > 0, the phase plane. (d) A > 0, x, versus f. 


% 


FIGURE 9.1.6 A spiral point; r = 24 


t iu with A < 0. 


CASE 5 _ Pure Imaginary Eigenvalues. In this case 1 = 0 and the system (11) reduces to 


(19) 
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with eigenvalues +i. Using the same argument as in[Case 4] we find that 
i =i, (20) 
and consequently, 
r=c, 6=-pt+6,, (21) 


where c and @, are constants. Thus the trajectories are circles, with center at the origin, 
that are traversed clockwise if 4 > 0 and counterclockwise if < 0. A complete circuit 
about the origin is made in a time interval of length 27/,z, so all solutions are periodic 
with period 277/,. The critical point is called a{center} 


In general, when the eigenvalues are pure imaginary, it is possible to show (see 
Problem 19) that the trajectories are ellipses centered at the origin. A typical situation 


is shown in Figure 9.1.7, which also shows some typical graphs of x, versus f. 


XA XA 


(a) (b) 


FIGURE 9.1.7. A center; r, = ij, r, = —ip. (a) The phase plane. (b) x, versus f. 


By reflecting on these five cases and by examining the corresponding figures, we 
can make several observations: 


1. After a long time each individual trajectory exhibits one of only three types of 
behavior. As t — oo, each trajectory either approaches infinity, approaches the 
critical point x = 0, or repeatedly traverses a closed curve, corresponding to a 
periodic solution, that surrounds the critical point. 

2. Viewed as a whole, the pattern of trajectories in each case is relatively simple. 
To be more specific, through each point (x), yj) in the phase plane there is only 
one trajectory; thus the trajectories do not cross each other. Do not be misled by 
the figures, in which it sometimes appears that many trajectories pass through 
the critical point x = 0. In fact, the only solution passing through the origin 
is the equilibrium solution x = 0. The other solutions that appear to pass through 
the origin actually only approach this point as t + oo ort > —oo. 


3. Ineach case the set of all trajectories is such that one of three situations occurs. 


(a) All trajectories approach the critical point x = 0 as t — ow. This is the case 
if the eigenvalues are real and negative or complex with negative real part. 
The origin is either a nodal or a spiral sink. 

(b) All trajectories remain bounded but do not approach the origin as t > oo. 
This is the case if the eigenvalues are pure imaginary. The origin is a center. 
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(c) Some trajectories, and possibly all trajectories except x = 0, tend to infinity 
as t —> oo. This is the case if at least one of the eigenvalues is positive or if 
the eigenvalues have positive real part. The origin is either a nodal source, a 
spiral source, or a saddle point. 


The situations described in| 3(a), (b}, and (c) above illustrate the concepts of asymp- 


totic stability, stability, and instability, respectively, of the equilibrium solution x = 0 


of the} system (2)| The precise definitions of these terms are given in|Section 9.2} but 
their basic meaning should be clear from the geometrical discussion im this section. 


The information that we have obtained about the|system (2)|is summarized in Table 


9.1.1. Also see[Problems 20Jand|21.| 


TABLE 9.1.1 Stability Properties of Linear Systems x’ = Ax with 
det(A — rI) = 0 and detA 40 


Eigenvalues Type of Critical Point Stability 
r,>r,>0 Node Unstable 
rp <1, <0 Node Asymptotically stable 
ry <O<r, Saddle point Unstable 
r,=r,>0 Proper or improper node Unstable 
rj=r, <0 Proper or improper node Asymptotically stable 
Tyity =ALIP Spiral point 

A>0 Unstable 

A <0 Asymptotically stable 
r, =iM,r, = —ip Center Stable 


The analysis in this section applies only to second order systems x’ = Ax whose 
solutions are represented geometrically as curves in the phase plane. A similar, though 
more complicated, analysis can be carried out for an nth order system, with ann x n 
coefficient matrix A, whose solutions are curves in an n-dimensional phase space. 
The cases that can occur in higher order systems are essentially combinations of those 
we have seen in two dimensions. For instance, in a third order system with a three- 
dimensional phase space, one possibility is that solutions in a certain plane may spiral 
toward the origin, while other solutions may tend to infinity along a line transverse to 
this plane. This would be the case if the coefficient matrix has two complex eigenvalues 
with negative real part and one positive real eigenvalue. However, because of their 
complexity, we will not discuss systems of higher than second order. 


PRO BLEM S For each of the systems in Problems | through 12: 


Find the eigenvalues and eigenvectors. 

Classify the critical point (0, 0) as to type and determine whether it is stable, asymptotically 
stable, or unstable. 

Sketch several trajectories in the phase plane and also sketch some typical graphs of x, 
versus f. 


Use a computer to plot accurately the curves requested in part (c). 


3 ae 
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11. 


In each of Problems 13 through 16 determine the critical point x = x°, and then classify its type 
and examine its stability by making the transformation x = x° + u. 


z(t }-@ 4“ 2-(2 1 


13; 


15. 


16. 


17. 


18. 


19. 


dx -1 -l =1 

a 2 xi) *+( 3) 

dx (0 

dt \s 0 

The equation of motion of a spring—mass system with damping (see Section 3.8) is 


du ap du | k 0 
m c u=0, 
dt * dt | 
where m, c, and k are positive. Write this second order equation as a system of two first 
order equations for x = u, y = du/dt. Show that x = 0, y = 0 is a critical point, and 
analyze the nature and stability of the critical point as a function of the parameters m, c, 
and k. A similar analysis can be applied to the electric circuit equation (see Section 3.8) 


ar get a Nae 

we ae 

Consider the system x’ = Ax, and suppose that A has one zero eigenvalue. 

(a) Show that x = 0is acritical point, and that, in addition, every point on a certain straight 
line through the origin is also a critical point. 

(b) Letr, =O andr, 4 0, and let ee and be corresponding eigenvectors. Show that 
the trajectories are as indicated in|Figure 9.1.8.]What is the direction of motion on the 
trajectories? 

In this problem we indicate how to show that the trajectories are ellipses when the eigen- 
values are pure imaginary. Consider the system 


x a a, 4,\ (x ; 
(;) é ) (3). Y 


(a) Show that the eigenvalues of the coefficient matrix are pure imaginary if and only if 


L 


a), +4, =0, Ay 4yq — GynQy, > O. (11) 

(b) The trajectories of the system (i) can be found by converting Eqs. (i) into the single 
equation 

dy _dyfdt — a,x +4 y 


= = (iii) 
dx  dx/dt = ayx+a)y 
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XA 


SS e( 
E(2) 


FIGURE 9.1.8 Nonisolated critical points; r, = 0,7, 4 0. Every point on the line through 
E" is a critical point. 


20. 


21. 


Use the first of Eqs. (11) to show that Eq. (iii) is exact. 
(c) By integrating Eq. (iii) show that 


diaxe + 2a,,xy — Any =k, (iv) 


where k is a constant. Use Eqs. (ii) to conclude that the graph of Eq. (iv) is always an 
ellipse. 

Hint: What is the discriminant of the quadratic form in Eq. (iv)? 

Consider the linear system 


dx/dt =a,,x + a,y, dy/dt = 4,,x +dyy, 


where a,,,..., 5, are real constants. Let p = a, + Gy), ¢ = Gy,Gy) — Qy4,,, and A = 
p> — 4q. Show that the critical point (0, 0) is a 

(a) Node if g > 0 and A > 0; 

(b) Saddle point if g < 0; 

(c) Spiral point if p 4 Oand A < 0; 

(d) Center if p = Oandg > 0. 

Hint: These conclusions can be obtained by studying the eigenvalues r, and r,. It may also 
be helpful to establish, and then to use, the relations r,r, = q andr, +r, = p. 
Continuing Problem 20, show that the critical point (0, 0) is 

(a) Asymptotically stable if g > 0 and p < 0; 

(b) Stable if g > 0 and p = 0; 

(c) Unstable if g < Oor p > 0. 

Notice that results (a), (b), and (c), together with the fact that g 4 0, show that the critical 


point is asymptotically stable if, and_only if, g > 0 and p < 0. The results of Problems 20 
and 21 are summarized visually in|Figure 9.1.9 
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FIGURE 9.1.9 Stability diagram. 


9,2 Autonomous Systems and Stability 


In this section we begin to draw together and to expand on the geometrical ideas 
introduced in{Section 2.5}for certain first order equations and in{Section 9. ]] for second 
order linear homogeneous systems with constant coefficients. These ideas concern the 
qualitative study of differential equations and the concept of stability, an idea that will 
be defined precisely later in this section. 


Autonomous Systems. We are concerned with systems of two simultaneous differen- 
tial equations of the form 
dx/dt = F(x, y), dy/dt = G(x, y). (1) 


We assume that the functions F and G are continuous and have continuous partial 
derivatives in some domain D of the xy-plane. If (x9, yg) is a point in this domain, then 


by/Theorem 7.1.1|there exists a unique solution x = $(t), y = W(t) of the system (1) 


satisfying the initial conditions 


X(t) = Xo, Y(t) = Yo: (2) 


The solution is defined in some time interval J that contains the point fp. 
Frequently, we will write the initial value problem (1), (2) in the vector form 


dx/dt =f(x), x(t) = x”, (3) 


where x = xi+ yj, f(x) = F(x, y)it+ Ga, y)j, and x° = Xpi + yj. In this case the 
solution is expressed as x = c(t), where b(t) = O(t)i + (4)j. As usual, we interpret 
a solution x = (ft) as a curve traced by a moving point in the xy-plane, the phase 
plane. 
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Observe that the functions F and G in|Eqs. (1) |do not depend on the independent 
variable t, but only on the dependent variables x and y. A system with this property is 


said to be|autonomous| The system 


x’ = Ax, (4) 


where A is a constant matrix, is a simple example of a two-dimensional autonomous 
system. On the other hand, if one or more of the elements of the coefficient matrix 
A is a function of the independent variable ¢, then the system is nonautonomous. 
The distinction between autonomous and nonautonomous systems is important be- 
cause the geometric qualitative analysis in[Section 9.1] can be effectively extended 
to two-dimensional autonomous systems in general, but is not nearly as useful for 
nonautonomous systems. 

In particular, the autonomous|system (1)|has an associated direction field that is 
independent of time. Consequently, there is only one trajectory passing through each 
point (x9, Yo) in the phase plane. In other words, all solutions that satisfy an initial 
condition of the form (2)}lie on the same trajectory, regardless of the time ¢, at which 
they pass through (xp, yp). Thus, just as for the constant coefficient linear system (4), a 
single phase portrait simultaneously displays important qualitative information about 
all solutions of the[system (1)] We will see this fact confirmed repeatedly in this chapter. 

Autonomous systems occur frequently in applications. Physically, an autonomous 
system is one whose configuration, including physical parameters and external forces 
or effects, is independent of time. The response of the system to given initial conditions 
is then independent of the time at which the conditions are imposed. 


Stability and Instability. The concepts of stability, asymptotic stability, and instabil- 
ity have already been mentioned several times in this book. It is now time to give a 
precise mathematical definition of these concepts, at least for autonomous systems of 
the form 


x’ = f(x). (5) 


In the following definitions, and elsewhere, we use the notation ||x|| to designate the 
length, or magnitude, of the vector x. 


The points, if any, where f(x) = 0 are called |critical points|of the autonomous 


system (5). At such points x’ = 0 also, so critical points correspond to constant, or 
equilibrium, solutions of the system of differential equations. A critical point x° of the 
system (5) is said to be[stable]if, given any € > 0, there is a 5 > 0 such that every 
solution x = c(t) of the system (1), which at t = 0 satisfies 


[Ib() — x] <5, (6) 
exists for all positive ¢ and satisfies 

ib@) — x? <€ (7) 
for all t > 0. This is illustrated geometrically in|Figures 9.2.1a| and}9.2.1b.| These 


mathematical statements say that all solutions that start “sufficiently close” (that is, 
within the distance 8) to x° stay “close” (within the distance €) to x°. Note that in Fi gure 


the trajectory is within the circle ||x — x°|| = datt = Oand, while it soon passes 


outside of this circle, it remains within the circle ||x — x°|| = € for all t > 0. However, 
the trajectory of the solution does not have to approach the critical point x° as tf > 00, 


as illustrated in| Figure 9.2.1b] A critical point that is not stable is said to be 
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FIGURE 9.2.1 (a) Asymptotic stability. (b) Stability. 


A critical point x° is said to bel asymptotically stablelif it is stable and if there exists 


a6), with 0 < 6) < 6, such that ifa solution x = (7) satisfies 
IIb) — x°|] < 3p, (8) 
then 
lim (t) = x°. (9) 
t> co 


Thus trajectories that start “sufficiently close” to x° must not only stay “close” but 


must eventually approach x° as t — oo. This is the case for the trajectory in Figure 
9.2.1a but not for the one in Figure 9.2.1b. Note that asymptotic stability is a stronger 
property than stability, since a critical point must be stable before we can even talk 
about whether it might be asymptotically stable. On the other hand, the limit condition 
(9), which is an essential feature of asymptotic stability, does not by itself imply even 
ordinary stability. Indeed, examples can be constructed in which all of the trajectories 
approach x° as t —> oo, but for which x° is not a stable critical point. Geometrically, 
all that is needed is a family of trajectories having members that start arbitrarily close 
to x°, then depart an arbitrarily large distance before eventually approaching x’ as 
t > ©. 

While we specified originally that tepysen Oe of second order, the definitions 
just given are independent of the order of the system. If you interpret the vectors in Eqs. 
[G)through (9) as n-dimensional, then the definitions of stability, asymptotic stability, 
and instability apply also to mth order systems. These definitions can be made more 
concrete by interpreting them in terms of a specific physical problem. 


The Oscillating Pendulum. The concepts of asymptotic stability, stability, and in- 
stability can be easily visualized in terms of an oscillating pendulum. Consider the 
configuration shown oligure 222] in which a mass m is attached to one end of a 
rigid, but weightless, rod of Iength L. The other end of the rod is supported at the 
origin O, and the rod is free to rotate in the plane of the paper. The position of the 
pendulum is described by the angle 6 between the rod and the downward vertical di- 
rection, with the counterclockwise direction taken as positive. The gravitational force 
mg acts downward, while the damping force c|d@/dt|, where c is positive, is always 
opposite to the direction of motion. We assume that 6 and d@/dt are both positive. The 
equation of motion can be quickly derived from the principle of angular momentum, 
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cjde/ dt 


aa 


L(1 “3 6) 


mg 


FIGURE 9.2.2 An oscillating pendulum. 


which states that the time rate of change of angular momentum about any point is equal 
to the moment of the resultant force about that point. The angular momentum about 
the origin is mL?(d@/dt), so the governing equation is 
pt qa Lsin@ (10) 
m =-c mgL sing. 
dt” di 
The factors L and L sin@ on the right side of Eq. (10) are the moment arms of the 
resistive force and of the gravitational force, respectively, while the minus signs are 
due to the fact that the two forces tend to make the pendulum rotate in the clockwise 
(negative) direction. You should verify, as an exercise, that the same equation is obtained 
for the other three possible sign combinations of 6 and d@/dt. 
By straightforward algebraic operations we can write Eq. (10) in the standard form 


ao  c¢ dé 

ere ; sind =0, (11) 
or 

do do 4. 

oF si dra sind = 0, (12) 


where y = c/mL and w” = g/L. To convert Eq. (12) to a system of two first order 
equations we let x = 0 and y = d@/dt; then 
dx dy a. (13) 
—=y, — = —-a* sinx —yy. 
di > dt ued 
Since y and w’ are constants, the system (13) is an autonomous system of the form (1). 
The critical points of Eqs. (13) are found by solving the equations 


y=0, —w* sinx — yy =0. 


We obtain y = 0 and x = nz, where n is an integer. These points correspond to two 
physical equilibrium positions, one with the mass directly below the point of support 
(6 = 0) and the other with the mass directly above the point of support (6 = z). Our 
intuition suggests that the first is stable and the second is unstable. 
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More precisely, if the mass is slightly displaced from the lower equilibrium posi- 
tion, it will oscillate back and forth with gradually decreasing amplitude, eventually 
approaching the equilibrium position as the initial potential energy is dissipated by the 
damping force. This type of motion illustrates asymptotic stability. 

On the other hand, if the mass is slightly displaced from the upper equilibrium posi- 
tion, it will rapidly fall, under the influence of gravity, and will ultimately approach the 
lower equilibrium position in this case also. This type of motion illustrates instability. 
In practice, it is impossible to maintain the pendulum in its upward equilibrium posi- 
tion for any length of time without an external constraint mechanism since the slightest 
perturbation will cause the mass to fall. 

Finally, consider the ideal situation in which the damping coefficient c (or y) is 
zero. In this case, if the mass is displaced slightly from its lower equilibrium position, 
it will oscillate indefinitely with constant amplitude about the equilibrium position. 
Since there is no dissipation in the system, the mass will remain near the equilibrium 
position, but will not approach it asymptotically. This type of motion is stable, but not 
asymptotically stable. In general, this motion is impossible to achieve experimentally 
because the slightest degree of air resistance or friction at the point of support will 
eventually cause the pendulum to approach its rest position. 

These three types of motion are illustrated schematically in Figure 9.2.3. Solutions 
of the pendulum equations are discussed in more detail in the next section. 


(a) (b) 


FIGURE 9.2.3 Qualitative motion of a pendulum. (a) With air resistance. (b) With or without 
air resistance. (c) Without air resistance. 


Determination of Trajectories The trajectories of a two-dimensional autonomous 
system can sometimes be found by solving a related first order differential equation. 


From|Egs. (1)|we have 
dy _dy/dt _ G(x,y) 
dx dx/dt F(x,y)’ 
which is a first order equation in the variables x and y. Observe that such a reduction 


is not usually possible if F and G depend also on f. If Eq. (14) can be solved by any 
of the methods of (Chapter 2| and if we write solutions (implicitly) in the form 


A(x, y) =, (15) 


(14) 


then Eq. (15) is an equation for the trajectories of the system (14). In other words, the 
trajectories lie on the level curves of H(x, y). Keep in mind that there is no general 
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EXAMPLE 


1 


way of solving|Eq. (14)|to obtain the function H, so this approach is applicable only 
in special cases. 


Find the trajectories of the system 
dx/dt = y, dy/dt =x. (16) 
In this case,|/Eq. (14) becomes 


o = =, (17) 
This equation is separable since it can be written as 
ydy =xdx, 
and its solutions are given by 
AG. y=7 =2 =<, (18) 


where c is arbitrary. Therefore the trajectories of the system (16) are the hyperbolas 
shown in Figure 9.2.4. The direction of motion on the trajectories can be inferred from 
the fact that both dx/dt and dy/dt are positive in the first quadrant. The only critical 
point is the saddle point at the origin. 

Another way to obtain the trajectories is to solve the system (16) by the methods of 
Section 7.5.) We omit the details, but the result is 


= t —t = t —t 
x=cje+c,e , y=ce—ce. 


Eliminating t between these two equations again leads to Eq. (18). 


BZ 


-2 


FIGURE 9.2.4 Trajectories of the system (16). 
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Find the trajectories of the system 


dx 
=4-2y, 
dt : 


EXAMPLE 


2 


dy 
dt 


= 12 — 3x’. (19) 
From the equations 
4—2y=0, 12-—3x7=0 
we find that the critical points of the system (19) are the points (—2, 2) and (2, 2). To 


determine the trajectories note that for this system becomes 
dy — 12—3x? 
Oe, (20) 
dx 4—2y 
Separating the variables in Eq. (20) and integrating, we find that solutions satisfy 
H(x,y)=4y —y’-12x+x% =c, (21) 


where c is an arbitrary constant. A computer plotting routine is helpful in displaying 
the level curves of H(x, y), some of which are shown in Figure 9.2.5. The direction 
of motion on the trajectories can be determined by drawing a direction field for the 
system (19), or by evaluating dx/dt and dy/dt at one or two selected points. From 
Figure 9.2.5 you can see that the critical point (2, 2) is a saddle point while the point 
(—2, 2) is a center. Observe that one trajectory leaves the saddle point (at t = —oo), 
loops around the center, and returns to the saddle point (at t = +00). 


FIGURE 9.2.5 Trajectories of the system (19). 


PROBLEMS _iIneach of Problems 1 through 4 sketch the trajectory corresponding to the solution satisfying 
SS the specified initial conditions, and indicate the direction of motion for increasing f. 


. dx/dt=—x, dy/dt = —2y; x(0)=4, y@O)=2 
. dx/dt=-—x, dy/dt =2y; x(0)=4, yO)=2 and x(0)=4, yO)=0 


. dx/dt=—y, dy/dt=x; x(0)=4, y(O)=0O and x(0)=0, yO)=4 
. dx/dt=ay, dy/dt = —bx, a>0, b>0; x(0)= fa, y(0)=0 
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vVvVVVVVVVVVY 


vVvvvvvY 


For each of the systems in Problems 5 through 14: 


(a) 
(b) 


Find all the critical points (equilibrium solutions). 
Use a computer to draw a direction field and phase portrait for the system. 


From the plot(s) in part (b) determine whether each critical point is asymptotically stable, 
stable, or unstable, and classify it as to type. 


. dx/dt=x—xy, dy/dt=y+2xy 

. dx/dt =1+2y, dy/dt = 1—3x? 

. dx/dt =x —x* —xy, dy/dt = Sy — ty’ — ixy 
. dx/dt=—(x—y)1—x-y), dy/dt =x(2+y) 
. dx/dt = yQ—-—x-—Yy), dy/dt = —x — y—2xy 

. dx/dt = (2+x)(y —x), dy/dt = y2+x—x’) 
. dx/dt = —x+2xy, dy/dt =y—x’-y’ 

. dx/dt=y, dy/dt =x —}x*— ly 


6 


. dx/dt = (2+x)(y —x), dy/dt = (4—x)(y+x) 
. The van der Pol equation: dx/dt=y, dy/dt = (1—x’)y—x 


In each of Problems 15 through 22: 


(a) 
(b) 


15. 
17. 
19. 
20. 
21. 
22. 


23. 


24, 


25. 


26. 


Find an equation of the form H(x, y) = c satisfied by the trajectories. 


Plot several level curves of the function H. These are trajectories of the given system. 
Indicate the direction of motion on each trajectory. 


dx/dt=2y, dy/dt =8x Pm 16. dx/dt=2y, dy/dt = —8x 
dx/dt=y, dy/dt=2x+y Pm 18. dx/dt=—-x+y, dy/dt=—-x—y 
dx/dt =—x+y+4+x?, dy/dt = y—2xy 

dx/dt = 2x*y—3x?—4y, dy/dt =—2xy* + 6xy 

Undamped pendulum: dx/dt=y, dy/dt = —sinx 

Duffing’s equation: dx/dt=y, dy/dt=—-—x+ (x7/6) 


Given that x = $(t), y = W(t) is a solution of the autonomous system 


dx/dt = F(x, y), dy/dt = G(x, y) 


for a <t < f, show that x = ®(t) = g(t —s), y = V(t) = W(t — ) is a solution for 
a+s <t <6+s for any real number s. 
Prove that for the system 


dx/dt = F(x, y), dy/dt = G(x, y) 


there is at most one trajectory passing through a given point (Xp, Yq). 

Hint: Let Cy be the trajectory generated by the solution x = $)(¢), y = Wo(t), with $y (to) = 
Xp» Wo (lo) = Yo, and let C, be the trajectory generated by the solution x = ¢,(t), y = W, (0), 
with $,(t,) = Xo, W,(t,) = yo. Use the fact that the system is autonomous and also the 
existence and uniqueness theorem to show that C, and C, are the same. 

Prove that if a trajectory starts at a noncritical point of the system 


dx/dt = F(x, y), dy/dt = G(x, y), 


then it cannot reach a critical point (Xp, yo) in a finite length of time. 

Hint: Assume the contrary; that is, assume that the solution x = $(t), y = w(t) satisfies 
(a) = Xo, W(a) = yg. Then use the fact that x = x), y = y, is a solution of the given 
system satisfying the initial condition x = xy, y = yp) att =a. 

Assuming that the trajectory corresponding to a solution x = (ft), y = w(t), -co <t < 
oo, of an autonomous system is closed, show that the solution is periodic. 
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Hint: Since the trajectory is closed, there exists at least one point (x), yg) such that $(f)) = 
Xq> W(t,) = Yo and anumber T > 0 such that (ft) + T) = xp, W(t) + T) = yo. Show that 
x = O(f) = d(t+T) and y = V(t) = w(t + T) is a solution and then use the existence 
and uniqueness theorem to show that ®(t) = @(t) and Y(t) = w(t) for all ¢. 
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Theorem 9.3.1 


In|Section 9.1 we gave an informal description of the stability properties of the equi- 
librium solution x = 0 of the two-dimensional linear system 


x’ = Ax. (1) 


The results are summarized in[ Table 9.1.1] Recall that we required that det A 4 0, so 
that x = 0 is the only critical point of the system (1). Now that we have defined the 
concepts of asymptotic stability, stability, and instability more precisely, we can restate 
these results in the following theorem. 


The critical point x = 0 of the linear system (1) is asymptotically stable if the eigen- 
values r,, 7, are real and negative or have negative real part; stable, but not asymptot- 
ically stable, if r, and r, are pure imaginary; unstable if r, and r, are real and either 
is positive, or if they have positive real part. 


It is apparent from this theorem or from [Table 9.1.1 |that the eigenvalues r,, r, of 


the coefficient matrix A determine the type of critical point at x = 0 and its stability 
characteristics. In turn, the values of r, and r, depend on the coefficients in the system 
(1). When such a system arises in some applied field, the coefficients usually result 
from the measurements of certain physical quantities. Such measurements are often 
subject to small uncertainties, so it is of interest to investigate whether small changes 
(perturbations) in the coefficients can affect the stability or instability of a critical point 
and/or significantly alter the pattern of trajectories. 
Recall that the eigenvalues r,, r, are the roots of the polynomial equation 


det(A —rI) = 0. (2) 


It is possible to show that small perturbations in some or all the coefficients are reflected 
in small perturbations in the eigenvalues. The most sensitive situation occurs when 
r, =i andr, = —iy, that is, when the critical point is a center and the trajectories 
are closed curves surrounding it. If a slight change is made in the coefficients, then the 
eigenvalues r, and r, will take on new values r; = 4’ + iy’ and r, = A’ — ip’, where 
X’ is small in magnitude and py’ = yu (eeFigure 93.1} If A’ 4 0, which almost always 
occurs, then the trajectories of the perturbed system are spirals, rather than closed 
curves. The system is asymptotically stable if 4’ < 0, but unstable if 4’ > 0. Thus, in 


the case of a center, small perturbations in the coefficients may well change a stable 
system into an unstable one, and in any case may be expected to alter radically the 


pattern of trajectories in the phase plane (see|Problem 25). 
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FIGURE 9.3.1 Schematic perturbation of r, = iw, r, = —ip. 


Another slightly less sensitive case occurs if the eigenvalues r, and r, are equal; 
in this case the critical point is a node. Small perturbations in the coefficients will 
normally cause the two equal roots to separate (bifurcate). If the separated roots are 
real, then the critical point of the perturbed system remains a node, but if the separated 
roots are complex conjugates, then the critical point becomes a spiral point. These 
two possibilities are shown schematically in Figure 9.3.2. In this case the stability or 
instability of the system is not affected by small perturbations in the coefficients, but 
the trajectories may be altered considerably Problem 26) 

In all other cases the stability or instability of the system is not changed, nor is the 
type of critical point altered, by sufficiently small perturbations in the coefficients of the 
system. For example, if r, and r, are real, negative, and unequal, then a small change 
in the coefficients will not change the sign of r, and r, nor allow them to coalesce. 
Thus the critical point remains an asymptotically stable node. 

Now let us consider a nonlinear two-dimensional autonomous system 


x’ = f(x). (3) 


Our main object is to investigate the behavior of trajectories of the system (3) near a 
critical point x’. We will seek to do this by approximating the nonlinear system (3) by an 
appropriate linear system, whose trajectories are easy to describe. The crucial question 
is whether the trajectories of the linear system are good approximations to those of 
the nonlinear system. Of course, we also need to know how to find the approximating 
linear system. 

It is convenient to choose the critical point to be the origin. This involves no loss of 
generality, since if x° + 0, it is always possible to make the substitution u = x — x? in 
Eq. (3). Then u will satisfy an autonomous system with a critical point at the origin. 


FIGURE 9.3.2 Schematic perturbation of r, = r,. 


9.3 Almost Linear Systems 481 


EXAMPLE 
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EXAMPLE 


2 


First, let us consider what it means for a nonlinear System (3)|to be “close” to a linear 
system (1)| Accordingly, suppose that 


x’ = Ax + g(x), (4) 


and that x = 0 is an[isolated|critical point of the system (4). This means that there is 
some circle about the origin within which there are no other critical points. In addition, 
we assume that det A # 0, so that x = 0 is also an isolated critical point of the linear 
system x’ = Ax. For the nonlinear system (4) to be close to the linear system x’ = Ax 
we must assume that g(x) is small. More precisely, we assume that the components of 
g have continuous first partial derivatives and satisfy the limit condition 


Igx)II/IIxll > 0 as x0; (5) 


that is, ||g|| is small in comparison to ||x|| itself near the origin. Such a system is called 
an almost linear system in the neighborhood of the critical point x = 0. 

It may be helpful to express the condition (5) in scalar form. If we let x! = (x, y), 
then ||x|| = (x* + y*)'/? = r. Similarly, if g” (x) = (g, (x, y), g(x, y)), then [|g9|| = 
[er (x, y)+ g5 (x, yy’ >. Then it follows that condition (5) is satisfied if and only if 


g(x) /r = 0, g%,y)/r 20 as r—0. (6) 


Determine whether the system 


x SS 1 O x = xy 
(*) 7 ({ a) (*) a ees 2 oe) %) 


is almost linear in the neighborhood of the origin. 

Observe that the system (7) is of the form (4), that (0, 0) is a critical point, and that 
det A # 0. It is not hard to show that the other critical points of Eqs. (7) are (0, 2), 
(1, 0), and (0.5, 0.5); consequently, the origin is an isolated critical point. In checking 
the condition (6) it is convenient to introduce polar coordinates by letting x = r cos 6, 
y =rsin@. Then 


8%, y) ay = xy _ —r* cos? @ — r* sin@ cos @ 


r r r 
= —r(cos’@ + sin@ cos @) > 0 


as r — 0. In a similar way you can show that g,(x, y)/r + 0 as r — 0. Hence the 
system (7) is almost linear near the origin. 


The motion of a pendulum is described by the system [see|Eq. (13) of Section 9.2 


dx dy >. (8) 
—_—= — =—o* sinx — yy. 
at y, A 22) vy 

The critical points are (0, 0), (£77, 0), (£27, 0), ..., so the origin is an isolated critical 


point of this system. Show that the system is almost linear near the origin. 
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To compare) Eqs. (8)|with|Eq. (4)| we must rewrite the former so that the linear and 


nonlinear terms are clearly identified. If we write sinx = x + (sinx — x) and substitute 
this expression in the second of}Eqs. (8), we obtain the equivalent system 


() -Ce eae (9) 


On comparing Eq. (9) with|Eq. (4)| we see that g,(x,y) =0 and g,(x, y) = 
—w*(sinx — x). From the Taylor series for sin x we know that sinx — x behaves 


like —4° 3! = —(r> cos* 6)/3! when x is small. Consequently, (sinx — x)/r — 0 as 
r — 0. Thus the}conditions (6)|are satisfied and the system (9) is almost linear near 


the origin. 


Let us now return to the general nonlinear |system (3)] which we write in the scalar 
form 


x= Fy), y' =GQ, y). (10) 


The system (10) is almost linear in the neighborhood of a critical point (x), yo) whenever 
the functions F and G have continuous partial derivatives up to order two. To show 
this, use Taylor expansions about the point (x9, yo) to write F(x, y) and G(x, y) in the 
form 


F(x, y) = F(X, Yo) + Fs Yo) — Xp) + Fy Ao» YoY — Yo) +m, Y), 
G(X, y) = G(X; Yo) + G(X, Yo) — Xq) + Gos YoY — Yo) + mo (%, y), 


where 7), (x, y)/[(x — xy +(y- rel as — Oas (x, y) > (Xp, Yo), and similarly for 


>. Note that F(x, Yo) = G(Xo, Yo) = 0, and that dx /dt = d(x — x9)/dt and dy/dt = 
d(y — yo)/dt. Then the system (10) reduces to 


d (x—x5\ _ [ FiQor¥o) Fy Go Yo)\ (x — X n(x, y) 
dt \y-Yo G(X Yq) G(X Yo) \Y — Yo n(x, y) 
or, in vector notation, 


du 
dt 


af 
= =u +008), (12) 


where u = (x — X9, y — Vo) and y = (7,, io) 
The significance of this result is twofold. First, if the functions F and G are twice 
differentiable, then the system (10) is almost linear and it is unnecessary to resort to the 


limiting process used in Examples 1 and|2| Second, the linear system that approximates 


the nonlinear system (10) near (Xp, Yo) 18 given by the linear part of Eqs. (11) or (12), 


namely, 
da @ = a Yo) F(X, 7 @, (13) 
dt \uy) ~~ \G.Q.%) Gy ¥0)) Lua)’ 

where u, = x — Xx) and u, = y — yg. Equation (13) provides a simple and general 


method for finding the linear system corresponding to an almost linear system near a 
given critical point. 
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EXAMPLE 


3 


Theorem 9.3.2 


Use |Eq. (13)} to find the linear system corresponding to the pendulum] equations (8) 
near the origin; near the critical point (zr, 0). 


In this case 
Fax,y)=y, G(x,y)= —w’ sinx — yy; (14) 


since these functions are differentiable as many times as necessary, the system (8) is 
almost linear near each critical point. The derivatives of F and G are 


=O, F=1, -G,=-o'vsx, 6,=-/. (15) 


Thus, at the origin the corresponding linear system is 


(=e -1)(). ie 


which agrees with Eq. (9) 
Similarly, evaluating the partial derivatives in Eq. (15) at (7, 0), we obtain 


Cee meee) un 


where u = x — 1, v = y. This is the linear system corresponding to|Eqs. (8)}near the 
point (zr, 0). 


We now return to the almost linear|system (4). Since the nonlinear term g(x) is 


small compared to the linear term Ax when x is small, it is reasonable to hope that the 
trajectories of the linear system (1) are good approximations to those of the nonlinear 
at least near the origin. This turns out to be true in many (but not all) cases, 
as the following theorem states. 


Let r, and r, be the eigenvalues of the linear system (1) corresponding to the almost 
linear system (4). Then the type and stability of the critical point (0, 0) of the linear 


system (1)|and the almost linear|system (4)|are as shown in|Table 9.3.1 


At this stage, the proof of Theorem 9.3.2 is too difficult to give, so we will accept the 
results without proof. The statements for asymptotic stability and instability follow as 
a consequence of a result discussed in[Section 9.6} and a proof is sketched in Problems 
00 12t that section. Essentially, Theorem 9.3.2 says that for small x (or x — x°) 
the nonlinear terms are also small and do not affect the stability and type of critical 
point as determined by the linear terms except in two sensitive cases: r, and r, pure 
imaginary, and r, and r, real and equal. Recall that earlier in this section we stated 
that small perturbations in the coefficients of the linear [system (1)] and hence in the 
eigenvalues r, and r,, can alter the type and stability of the critical point only in these 
two sensitive cases. It is reasonable to expect that the small nonlinear term in| Eq. (4)| 
might have a similar substantial effect, at least in these two sensitive cases. This is so, 
but the main significance of Theorem 9.3.2 is that in all other cases the small nonlinear 
term does not alter the type or stability of the critical point. Thus, except in the two 


sensitive cases, the type and stability of the critical point of the nonlinear] system (4) 
can be determined from a study of the much simpler linear system (1) 
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TABLE 9.3.1 Stability and Instability Properties of Linear and Almost Linear Systems 


Linear System Almost Linear System 
Til Type Stability Type Stability 
r,>r,>0 N Unstable N Unstable 
rp <r, <0 N Asymptotically N Asymptotically 
stable stable 
ry <O<r, SP Unstable SP Unstable 
r,=r,>0 PN or IN Unstable N or SpP Unstable 
rp =r, <0 PN or IN Asymptotically N or SpP Asymptotically 
stable stable 
TysTy =ALIM 
A>0 SpP Unstable SpP Unstable 
A <0 SpP Asymptotically SpP Asymptotically 
stable stable 
r, =ip,r, = —iph Cc Stable C or SpP Indeterminate 


Note: N, node; IN, improper node; PN, proper node; SP, saddle point; SpP, spiral point; C, center. 


Even if the critical point is of the same type as that of the linear system, the trajectories 
of the almost linear system may be considerably different in appearance from those of 
the corresponding linear system, except very near the critical point. However, it can 
be shown that the slopes at which trajectories “enter” or “leave” the critical point are 
given correctly by the linear equation. 


Damped Pendulum. We continue the discussion of the damped pendulum begun in 
Examples 2|and}3| Near the origin the nonlinear|equations (8)|are approximated by the 
linear system (16), whose eigenvalues are 


-y — — 40° 


ae (18) 
The nature of the solutions of|Eqs. (8) and|(16) aepen on the sign of y* — 4w* as 


follows. 


1. If y? — 4° > 0, then the eigenvalues are real, unequal, and negative. The critical 


point (0, 0) is an asymptotically stable node of the linear| system (16) and of the 
almost linear|system (8) 


2. If y? — 4w* = 0, then the eigenvalues are real, equal, and negative. The critical 
point (0, 0) is an asymptotically stable (proper or improper) node of the linear 


system (16)} It may be on an asymptotically stable node or spiral point of the 
a oo inear] system (8)| 


3. If y? 40° <0, ‘oan eigenvalues are complex with negative real part. The 
critical point (0, 0) is an asymptotically stable spiral point of the linear}system (16) 
and of the almost linear|system (8) 

Thus the critical point (0, 0) is a spiral point of the|system (8)|if the damping is small 


and a node if the damping is large enough. In either case, the origin is asymptotically 
stable. 
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Let us now consider the case y* — 4a” < 0, corresponding to small damping, in 
more detail. The direction of motion on the spirals near (0, 0) can be obtained directly 
from|Egs. (8)! Consider the point at which a spiral intersects the positive y-axis (x = 0 
and y > 0). At such a point it follows pe A Us dx /dt > 0. Thus the point 
(x, y) on the trajectory is moving to the right, so the direction of motion on the spirals 
is clockwise. 

The behavior of the pendulum near the critical points (nz, 0), with n even, is the 
same as its behavior near the origin. We expect this on physical grounds since all these 
critical points correspond to the downward equilibrium position of the pendulum. The 
conclusion can be confirmed by repeating the analysis carried out above for the origin. 
Figure 9.3.3 shows the clockwise spirals at a few of these critical points. 


Now let us consider the critical point (zr, 0). Here the nonlinear|equations (8)} are 
approximated by the linear|system (17), whose eigenvalues are 


—ptvVy* + 40° 
5 ' 


(19) 


ryt, = 


One eigenvalue (r,) is positive and the other (r,) is negative. Therefore, regardless of 
the amount of damping, the critical point x = 2, y = 0 is an unstable saddle point of 
both the tinearlsystem (17) and of the almost linear|system (8)} 

To examine the behavior of trajectories near the saddle point (7, 0) in more detail 
we write down the general solution offEqs. (17)} namely, 


u\_ 1 rit 1 ryt 
Gec(ijere()n a 


where C, and C, are arbitrary constants. Since r, > 0 and r, < 0, it follows that 
the solution that approaches zero as t — oo corresponds to C, = 0. For this solution 
v/u =r,, so the slope of the entering trajectories is negative; one lies in the second 
quadrant (C, < 0) and the other lies in the fourth quadrant (C, > 0). For C, = 0 we 
obtain the pair of trajectories “exiting” from the saddle point. These trajectories have 
slope r, > 0; one lies in the first quadrant (C, > 0) and the other lies in the third 
quadrant (C, < 0). 

The situation is the same at other critical points (nz, 0) with n odd. These all 
correspond to the upward equilibrium position of the pendulum, so we expect them 
to be unstable. The analysis at (7,0) can be repeated to show that they are saddle 


points oriented in the same way as the one at (zr, 0). Diagrams of the trajectories in the 
neighborhood of two saddle points are shown in|Figure 9.3.4 


-20 20 


FIGURE 9.3.3. Asymptotically stable spiral points for the damped pendulum. 
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FIGURE 9.3.4 Unstable saddle points for the damped pendulum. 


The equations of motion of a certain pendulum are 


dx/dt = y, dy/dt = —9sinx — ty, (21) 
where x = 6 and y = d@/dt. Draw a phase portrait for this system and explain how it 
shows the possible motions of the pendulum. 

By plotting the trajectories starting at various initial points in the phase plane we 
obtain the phase portrait shown in Figure 9.3.5. As we have seen, the critical points 
(equilibrium solutions) are the points (nz, 0), where n = 0, +1, +2,.... Even values 
of n, including zero, correspond to the downward position of the pendulum, while 
odd values of n correspond to the upward position. Near each of the asymptotically 
stable critical points the trajectories are clockwise spirals that represent a decaying 
oscillation about the downward equilibrium position. The wavy horizontal portions of 
the trajectories that occur for larger values of || represent whirling motions of the 
pendulum. Note that a whirling motion cannot continue indefinitely, no matter how 
large |y| is; eventually the angular velocity is so much reduced by the damping term 
that the pendulum can no longer go over the top, and instead begins to oscillate about 
its downward position. 


xy 


FIGURE 9.3.5 Phase portrait for the damped pendulum of Example 4. 
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The trajectories that enter the saddle points separate the phase plane into regions. 
Such a trajectory is called a|separatrix, Each region contains exactly one of the 
asymptotically stable spiral points. The initial conditions on 6 and d@/dt determine 
the position of an initial point (x, y) in the phase plane. The subsequent motion of 
the pendulum is represented by the trajectory passing through the initial point as it 
spirals toward the asymptotically stable critical point in that region. The set of all 
initial points from _which trajectories approach a given asymptotically stable critical 
point is called the[Dasin of attraction|or the for that 
critical point. Each asymptotically stable critical point has its own basin of attraction, 
which is bounded by the separatrices through the neighboring unstable saddle points. 
The basin of attraction for the origin is shown in blue in[Figure 9.3.5] Note that it is 
mathematically possible (but physically unrealizable) to choose initial conditions on 
a separatrix so that the resulting motion leads to a balanced pendulum in a vertically 
upward position of unstable equilibrium. 

An important difference between nonlinear autonomous systems and the linear sys- 
tems discussed in{Section 9.1] is illustrated by the pendulum equations. Recall that 
the linear system (1) has only the single critical point x = 0 if det A + 0. Thus, if the 
origin is asymptotically stable, then not only do trajectories that start close to the origin 
approach it, but, in fact, every trajectory approaches the origin. In this case the critical 
point x = 0 is said to be globally asymptotically stable. This property of linear sys- 
tems is not, in general, true for nonlinear systems. For nonlinear systems an important 
question is to determine (or to estimate) the basin of attraction for each asymptotically 
stable critical point. 


PROBLEMS 


VVVVVVY 


In each of Problems 1 through 4, verify that (0, 0) is a critical point, show that the system is 
almost linear, and discuss the type and stability of the critical point (0, 0) by examining the 
corresponding linear system. 

. dx/dt=x—y’, dy/dt =x —2y +x? 

. dx/dt =—x+y+2kxy, dy/dt =—4x —y+x*-y 

. dx/dt = (1+x)siny, dy/dt =1—x—-—cosy 

. dxfdt=x+y*,  dy/dt=x+y 


In each of Problems 5 through 16: 
(a) Determine all critical points of the given system of equations. 


2 


(b) Find the corresponding linear system near each critical point. 


(c) Find the eigenvalues of each linear system. What conclusions can you then draw about the 
nonlinear system? 


(d) Draw a phase portrait of the nonlinear system to confirm your conclusions, or to extend 
them in those cases where the linear system does not provide definite information about 
the nonlinear system. 


. dx/dt = (2+x)(y—x), dy/dt = (4—x)(y+x) 
: dx/dt =x —x*—xy, dy/dt =3y —xy—2y* 
. dx/dt=1-y, 


. dx/dt=—-(x-—y)A-x-y), 
. dx/dt=x+x74+y’, dy/dt =y—xy 
. dx/dt =2x+y4+xy’, dy/dt =x —2y—xy 
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17. 


18. 


20. 


dx/dt=(1+x)siny, dy/dt=1-—x-—-—cosy 
dx/dt=x-—y?, dy/dt=y—x* b 14, dx/dt=1—xy, dy/dt=x-—y° 


dx/dt = —2x —y—x(x?+y’), dy/dt=x—y+ty(a?+y’) 
dx/dt=y+x(l—x?—y’), dy/dt =—x+y(—x?—-y’) 
Consider the autonomous system 


dx/dt = y, dy/dt =x +2x?. 


(a) Show that the critical point (0, 0) is a saddle point. 

(b) Sketch the trajectories for the corresponding linear system by integrating the equation 
for dy /dx. Show from the parametric form of the solution that the only trajectory on which 
x>0,y>O0ast > wisy=-—x. 

(c) Determine the trajectories for the nonlinear system by integrating the equation for 
dy/dx. Sketch the trajectories for the nonlinear system that correspond to y = —x and 
y = x for the linear system. 

Consider the autonomous system 


dx/dt = x, dy/dt = —2y +x°. 


(a) Show that the critical point (0, 0) is a saddle point. 

(b) Sketch the trajectories for the corresponding linear system and show that the trajectory 
for which x — 0, y > 0 as t + ois given by x = 0. 

(c) Determine the trajectories for the nonlinear system for x 4 0 by integrating the equa- 
tion for dy/dx. Show that the trajectory corresponding to x = 0 for the linear system 
is unaltered, but that the one corresponding to y = 0 is y = x /5. Sketch several of the 
trajectories for the nonlinear system. 

The equation of motion of an undamped pendulum is d*0/dt” + w” sind = 0, where 
w = g/L. Let x = 6, y = dO /dt to obtain the system of equations 


dx/dt =y, dy/dt = —w’ sinx. 


(a) Show that the critical points are (tnz,0), n =0,1,2,..., and that the system is 
almost linear in the neighborhood of each critical point. 

(b) Show that the critical point (0, 0) is a (stable) center of the corresponding linear system. 
Using Theorem 9.3.2 what can be said about the nonlinear system? The situation is similar 
at the critical points (+2n7,0), n = 1,2,3,.... What is the physical interpretation of 
these critical points? 

(c) Show that the critical point (z, 0) is an (unstable) saddle point of the corresponding 
linear system. What conclusion can you draw about the nonlinear system? The situation 
is similar at the critical points [+(2n — 1)z,0],n = 1,2,3,.... What is the physical 
interpretation of these critical points? 

(d) Choose a value for w” and plot a few trajectories of the nonlinear system in the 
neighborhood of the origin. Can you now draw any further conclusion about the nature of 
the critical point at (0, 0) for the nonlinear system? 

(e) Using the value of w* from part (d) draw a phase portrait for the pendulum. Compare 
your plot with Figure 9.3.5 for the damped pendulum. 

(a) By solving the equation for dy/dx, show that the equation of the trajectories of the 
undamped pendulum of Problem 19 can be written as 


sy? +a@°(1—cosx) =c, (i) 


where c is a constant of integration. 
(b) Multiply Eq. (i) by mL”. Then express the result in terms of 6 to obtain 


t o5 fab" - 
ame ae +mgL(—cos@) = E, (il) 
where E = mL’c. 
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(c) Show that the first term in Eq. (ii) is the kinetic energy of the pendulum and that the 
second term is the potential energy due to gravity. Thus the total energy E of the pendulum 
is constant along any trajectory; its value is determined by the initial conditions. 

The motion of a certain undamped pendulum is described by the equations 


dx/dt=y, dy/dt = —4sinx. 


If the pendulum is set in motion with an angular displacement A and no initial velocity, 
then the initial conditions are x(0) = A, y(O) = 0. 

(a) Let A = 0.25 and plot x versus t. From the graph estimate the amplitude R and 
period T of the resulting motion of the pendulum. 

(b) Repeat part (a) for A = 0.5, 1.0, 1.5, and 2.0. 

(c) How do the amplitude and period of the pendulum’s motion depend on the initial 
position A? Draw a graph to show each of these relationships. Can you say anything about 
the limiting value of the period as A — 0? 

(d) Let A = 4 and plot x versus ¢. Explain why this graph differs from those in parts (a) 
and (b). For what value of A does the transition take place? 

Consider again the pendulum equations (see Problem 21) 


dx/dt=y, dy/dt = —4sinx. 


If the pendulum is set in motion from its downward equilibrium position with angular 
velocity v, then the initial conditions are x(0) = 0, y(O) = v. 

(a) Plot x versus ¢ for v = 2 and also for v = 5. Explain the differing motions of the 
pendulum that these two graphs represent. 

(b) There is a critical value of v, which we denote by v,, such that one type of motion 
occurs for v < v, and the other for v > v.. Estimate the value of v.. 

This problem extends Problem 22 to a damped pendulum. The equations of motion are 


dx/dt=y, dy/dt = —4sinx —yy, 


where y is the damping coefficient, with the initial conditions x(0) = 0, y(O) = v. 
(a) For y = 1/4 plot x versus ¢ for v = 2 and for v = 5. Explain these plots in terms 
of the motions of the pendulum that they represent. Also explain how they relate to the 
corresponding graphs in Problem 22(a). 
(b) Estimate the critical value v, of the initial velocity where the transition from one type 
of motion to the other occurs. 
(c) Repeat part (b) for other values of y and determine how v, depends on y. 

4. eorem 9.3.2 provides no information about the stability of a critical point of an almost 
linear system if that point is a center of the corresponding linear system. That this must be 
the case is illustrated by the systems 


dx/dt=y +x? 4+-y7), 


dy/dt = —x + yo? +y?) ” 


and 


dx/dt=y— x(x? + y’), 


dy/dt =—x- yo? +y?). ie 
(a) Show that (0, 0) is a critical point of each system and, furthermore, is a center of the 
corresponding linear system. 
(b) Show that each system is almost linear. 
(c) Let r? = x* + y’, and note that x dx/dt + ydy/dt =r dr/dt. For system (ii) show 
that dr/dt < Oand that r — Oast — ov; hence the critical point is asymptotically stable. 
For system (i) show that the solution of the initial value problem for r with r = ry att =0 


becomes unbounded as t > 1/ 2re, and hence the critical point is unstable. 


490 


Chapter 9. Nonlinear Differential Equations and Stability 


25. 


26. 


> 27. 


In this problem we show how small changes in the coefficients of a system of linear 
equations can affect a critical point that is a center. Consider the system 


v=(° !) 
=(_) o}* 


Show that the eigenvalues are +i so that (0, 0) is a center. Now consider the system 


w=( € !)x 
~A\-1 €}” 


where |e| is arbitrarily small. Show that the eigenvalues are € + 7. Thus no matter how small 
|e| 4 0 is, the center becomes a spiral point. If € < 0, the spiral point is asymptotically 
stable; if € > 0, the spiral point is unstable. 

In this problem we show how small changes in the coefficients of a system of linear 
equations can affect the nature of a critical point when the eigenvalues are equal. Consider 


the system 
v=(- 3 I\x 
~\ 0 -1) 


Show that the eigenvalues are r,; = —1, r, = —1 so that the critical point (0, 0) is an 
asymptotically stable node. Now consider the system 


x =(7! I) x 
~\-e -1) 


where |e| is arbitrarily small. Show that if « > 0, then the eigenvalues are —1 + i,/e, so 
that the asymptotically stable node becomes an asymptotically stable spiral point. Ife < 0, 
then the roots are —1 + ./Je], and the critical point remains an asymptotically stable node. 
In this problem we derive a formula for the natural period of an undamped nonlinear 
pendulum [c = 0 in Eq. (10) of Section 9.2]. Suppose that the bob is pulled through a 
positive angle a and then released with zero velocity. 

(a) We usually think of 6 and d@/dt as functions of t. However, if we reverse the roles 
of ¢ and 0, we can regard ¢ as a function of 6, and consequently also think of d@/dt as a 
function of 6. Then derive the following sequence of equations: 


1 ,d|(do\’ 
mL = —mgLsin6, 
2 dé dt 


2 
m (:) = mgL(cos@ — cosa), 


L dé 
2¢ /cos@ — cosa 


Why was the negative square root chosen in the last equation? 
(b) If 7 is the natural period of oscillation, derive the formula 


T tf do 
4° \2¢ J, Jcosé — cosa 


(c) By using the identities cos 6 = 1 — 2 sin? (0/2) andcosa = 1 —2 sin? (a/2), followed 
by the change of variable sin(9/2) = k sin @ with k = sin(a@/2), show that 


L 7? d 
ra=al= [ — 
Jo V1—Kk sin’ db 
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The integral is called the elliptic integral of the first kind. Note that the period depends on 
the ratio L/g and also the initial displacement a through k = sin(a@/2). 
(d) By evaluating the integral in the expression for T obtain values for T that you can 
compare with the graphical estimates you obtained in Problem 21. 

. A generalization of the damped pendulum equation discussed in the text, or a damped 
spring—mass system, is the Liénard equation 


d°x dx 0 

ae Baler + g(x) =0. 

If c(x) is a constant and g(x) = kx, then this equation has the form of the linear pen- 
dulum equation [replace sin @ with @ in Eq. (12) of Section 9.2]; otherwise the damping 
force c(x) dx/dt and restoring force g(x) are nonlinear. Assume that c is continuously 
differentiable, g is twice continuously differentiable, and g(0) = 0. 

(a) Write the Liénard equation as a system of two first order equations by introducing the 
variable y = dx/dt. 

(b) Show that (0, 0) is a critical point and that the system is almost linear in the neighbor- 
hood of (0, 0). 

(c) Show that if c(0) > 0 and g'(0) > 0, then the critical point is asymptotically stable, 
and that if c(0) < 0 or g’(0) < 0, then the critical point is unstable. 

Hint: Use Taylor series to approximate c and g in the neighborhood of x = 0. 


9.4 Competing Species 


In this section and the next we explore the application of phase plane analysis to some 
problems in population dynamics. These problems involve two interacting populations 
and are extensions of those discussed in|Section 2.5} which dealt with a single popu- 
lation. While the equations discussed here are extremely simple, compared to the very 
complex relationships that exist in nature, it is still possible to acquire some insight 
into ecological principles from a study of these model problems. 

Suppose that in some closed environment there are two similar species competing 
for a limited food supply; for example, two species of fish in a pond that do not prey 
on each other, but do compete for the available food. Let x and y be the populations of 
the two species at time ¢. As discussed in{Section 2.5} we assume that the population 
of each of the species, in the absence of the other, is governed by a logistic equation. 
Thus 


dx /dt = x(€, — 9,x), (1a) 
dy/dt = ye, = On), (1b) 


respectively, where €, and €, are the growth rates of the two populations, and €,/o, 
and €, /a, are their saturation levels. However, when both species are present, each will 
impinge on the available food supply for the other. In effect, they reduce the growth 
rates and saturation populations of each other. The simplest expression for reducing the 
growth rate of species x due to the presence of species y is to replace the growth rate 
factor €, — o,x in Eq. (la) by €«, — o,x — a, y, where a, is a measure of the degree to 
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EXAMPLE 


1 


which species y interferes with species x. Similarly, in}Eq. (1b)|we replace €, — o,y 
by €, — o,y — a,x. Thus we have the system of equations 


dx/dt = x(€, —0,x — ay), (2) 
dy/dt = y(€, — o,y — ax). 


The values of the positive constants €,, 0,, @,, €,, 0), and a, depend on the particular 
species under consideration and in general must be determined from observations. 
We are interested in solutions of Eqs. (2) for which x and y are nonnegative. In the 
following two examples we discuss two typical problems in some detail. At the end of 
the section we return to the general equations (2). 


Discuss the qualitative behavior of solutions of the system 


dx/dt =x(1—-—x-—y), 


(3) 
dy/dt = y(0.75 — y —0.5x). 
We find the critical points by solving the system of algebraic equations 
x(1—x-—y)=0, y(0.75 — y —0.5x) = 0. (4) 


There are four points that satisfy Eqs. (4), namely, (0, 0), (0, 0.75), (1, 0), and 
(0.5, 0.5); they correspond to equilibrium solutions of the system (3). The first three 
of these points involve the extinction of one or both species; only the last corresponds 
to the long-term survival of both species. Other solutions are represented as curves or 
trajectories in the xy-plane that describe the evolution of the populations in time. To 
begin to discover their qualitative behavior we can proceed in the following way. 

A direction field for the system (3) in the positive quadrant is shown 3 
the heavy dots in this figure are the critical points or equilibrium solutions. Based on 
the direction field it appears that the point (0.5, 0.5) attracts other solutions and is 
therefore asymptotically stable, while the other three critical points are unstable. To 
confirm these conclusions we can look at the linear approximations near each critical 
point. 

The system (3) is almost linear in the neighborhood of each critical point. There are 
two ways to obtain the linear system near a critical point (X, Y). First, we can use the 


substitution x = X + u, y = Y + v in Egs. (3), retaining only the terms that are linear 
in u and v. Alternatively, we can use|Eq. (13) of Section 9.3] that is, 
dfu\ _ (FY) PO&Y)) (u (5) 
dt\v) \G (X,Y) G\X,Y)} \v)’ 
where, for the system (3), 


F(x,y)=xU—-x-y), G(x, y) = y(0.75 — y —0.5x). (6) 
Thus Eq. (5) becomes 


d (u\ _ (1-2X-Y —X u (7) 
dt\v) \ -O5Y  0.75-2Y —0.5X} \u}° 
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FIGURE 9.4.1 Critical points and direction field for the|system (3) 


x =0,y=0. This critical point corresponds to a state in which both species die as 


a result of their competition. By rewriting the}system (3))in the form 


ad x\_/f1 0 x\ x +xy (8) 
dt\y) \O 0.75) \y O.5xy+y?}’ 


or by setting X = Y = O in|Eq. (7) we see that near the origin the corresponding linear 


system is 
d (x 1 0 x 
dt (5) 7 ( 075) (;) | ” 


The eigenvalues and eigenvectors of the system (9) are 


rn=1 = Gr r=0.75, = Gi (10) 


so the general solution of the system is 


1 t 0 ./ot 
()=a(iees(em a 


Thus the origin is an unstable node of both the linear system (9) and the nonlinear 
system (8) o In the neighborhood of the origin all trajectories are tangent to the 
y-axis except for one trajectory that lies along the x-axis. 


x =1,y=0. Thiscorresponds toa state in which species x survives the competition, 
but species y does not. The corresponding linear system is 


a(s)=(o 025) (): (2) 
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Its eigenvalues and eigenvectors are 


r=-l, ED = @) : i =025, EO = is) , (13) 


and its general solution is 


(") =i (5) e ‘+c, (|) ge, (14) 


Since the eigenvalues have opposite signs, the point (1, 0) is a saddle point, and hence 


is an unstable equilibrium point of the linear|system (12)|and of the nonlinear system 
The behavior of the trajectories near (1, 0) can be seen from Eq. (14). If c, = 0, 


then there is one pair of trajectories that approaches the critical point along the x-axis. 
All other trajectories depart from the neighborhood of (1, 0). 


x =0, y =0.75. In this case species y survives but x does not. The analysis is 
similar to that for the point (1, 0). The corresponding linear system is 


d (u 0.25 0 u 
dt (‘) _ e —0.75) \v}° ) 
The eigenvalues and eigenvectors are 


7,=0.25, ~%= (5) > =, ES @ (16) 


so the general solution of Eq. (15) is 


(") = Gi &) 00:25t +c, (?) eT OTT (17) 


Thus the point (0, 0.75) is also a saddle point. All trajectories leave the neighborhood 
of this point except one pair that approaches along the y-axis. 


x = 0.5, y =0.5. This critical point corresponds to a mixed equilibrium state, 


or coexistence, in the competition between the two species. The eigenvalues and 
eigenvectors of the corresponding linear system 


d u\ _ —0.5 —0.5 u 
dt (") 7 ee =) (") (18) 


r= (-24+ V2)/4¥ 0.146, gD = ( 


r, = (-2-V2)/4 = -0.854, g = ( 


) (19) 
Therefore the general solution of Eq. (18) is 


(") = ey aA e 0: 146r + Gs (~?) 08541 (20) 


Since both eigenvalues are negative, the critical point (0.5, 0.5) is an asymptotically 


stable node of the linear system (18) and of the nonlinear|system (3)} All trajectories 
approach the critical point as t — oo. One pair of trajectories approaches the critical 
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point along the line with slope /2/2 determined from the eigenvector 7). All other 
trajectories approach the critical point tangent to the line with slope —/2/2 determined 
from the eigenvector &". 

A phase portrait for the| system (3)]is shown in Figure 9.4.2. By looking closely at 
the trajectories near each critical point you can see that they behave in the manner 
predicted by the linear system near that point. In addition, note that the quadratic terms 
on the right side of are all negative. Since for x and y large and positive these 
terms are the dominant ones, it follows that far from the origin in the first quadrant both 
x’ and y’ are negative, that is, the trajectories are directed inward. Thus all trajectories 
that start at a point (Xp), y)) with xy > 0 and y > O eventually approach the point 
(0.5, 0.5). 


0.5 


1 1.25 


FIGURE 9.4.2. A phase portrait of the]system (3). 


Discuss the qualitative behavior of the solutions of the system 
dx/dt =x(1—x-—y), 


(21) 
dy/dt = y(0.5 — 0.25y — 0.75x), 


when x and y are nonnegative. Observe that this system is also a special case of the 


for two competing species. 

Once again, there are four critical points, namely, (0, 0), (1, 0), (0, 2), and (0.5, 0.5), 
corresponding to equilibrium solutions of the system (oh Wigs 44 shows a direc- 
tion field for the system (21), together with the four critical points. From the direction 
field it appears that the mixed equilibrium solution (0.5, 0.5) is a saddle point, and 
therefore unstable, while the points (1,0) and (0, 2) are asymptotically stable. Thus, 
for competition described by Eqs. (21), one species will eventually overwhelm the 
other and drive it to extinction. The surviving species is determined by the initial state 
of the system. To confirm these conclusions we can look at the linear approximations 
near each critical point. 
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FIGURE 9.4.3 Critical points and direction field for the system (21). 


x =0,y=0. Neglecting the nonlinear terms in |Eqs. (21)! we obtain the linear 


system 
d/(x\ (1 0 x 
m)=( os)G) a 


which is valid near the origin. The eigenvalues and eigenvectors of the system (22) are 


n=l = (6) ;  n=05, t= (?) (23) 


so the general solution is 
% 1 0) 0.5 
(*) =; (6) e'+c, (?) ae (24) 


Therefore the origin is an unstable node of the linear system (22) and also of the 


nonlinear|system (21)} All trajectories leave the origin tangent to the y-axis except for 
one trajectory that lies along the x-axis. 


x =1,y=0. The corresponding linear system is 


i(t)=(%o -025) (0) @ 
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Its eigenvalues and eigenvectors are 


re=-l, Ms (4) 5 rg = 0.25, EV = & ; (26) 


and its general solution is 


(") =c, (6) e+e, (_3) on (27) 


The point (1, 0) is an asymptotically stable node of the linear] system (25)| and of the 


nonlinear fystem (21)} If the initial values of x and y are sufficiently close to (1, 0), then 
the interaction process will lead ultimately to that state, that is, to the survival of species 
x and the extinction of species y. There is one pair of trajectories that approaches the 
critical point along the x-axis. All other trajectories approach (1, 0) tangent to the line 
with slope —3/4 that is determined by the eigenvector E), 


x =0,y=2. The analysis in this case is similar to that for the point (1, 0). The 
appropriate linear system is 


Arie 2a) (28) 


The eigenvalues and eigenvectors of this system are 


r= = é) — (3) : r= —0.5, ~°) = (?) , (29) 


and its general solution is 


(") =") (3) e'+c, (?) gat. (30) 


Thus the critical point (0, 2) is an asymptotically stable node of both the linear system 
(28) and the nonlinear|system (21}). All trajectories approach the critical point along 
the y-axis except for one trajectory that approaches along the line with slope 3. 


x =0.5, y =0.5. The corresponding linear system is 
d (u\ _ (-0.5 —0.5 u 
dt (") ~ ee —0.125) \v}° oy 
The eigenvalues and eigenvectors are 
—5 +57 ( 1 ) 
—1.3187)’ 
(32) 


Ile 


LON OT xs (1) _ : 
r= 3 = 0.1594, = @ = sys) 


ee ae 2) ! at 
r= Sg 0.7844, P= (a a 's) - sacs 


so the general solution is 


Uu\ _ 1 0.1594t 1 —0.7844t 
(*) vi er eo FO oe _ ) 


Since the eigenvalues are of opposite sign, the critical point (0.5, 0.5) is a saddle point, 
and therefore is unstable, as we had surmised earlier. One pair of trajectories approaches 


498 


Chapter 9. Nonlinear Differential Equations and Stability 


the critical point as t — oo; the others depart from it. As they approach the critical 
point, the entering trajectories are tangent to the line with slope (/57 — 3)/8 = 0.5687 
determined from the eigenvector €. 

A phase portrait for py Doe shown in Figure 9.4.4. Near each of the critical 
points the trajectories of the nonlinear system behave as predicted by the corresponding 
linear approximation. Of particular interest is the pair of trajectories that enter the 
saddle point. These trajectories form a separatrix that divides the first quadrant into 
two basins of attraction. Trajectories starting above the separatrix ultimately approach 
the node at (0, 2), while trajectories starting below the separatrix approach the node at 
Bad math construct!(1,0)Bad math construct!. If the initial state lies precisely on the 
separatrix, then the solution (x, y) will approach the saddle point as t + oo. However, 
the slightest perturbation as one follows this trajectory will dislodge the point (x, y) 
from the separatrix and cause it to approach one of the nodes instead. Thus, in practice, 
one species will survive the competition and the other will not. 


Separatrix 


FIGURE 9.4.4 A phase portrait of the system (21). 


Examples 1 and|2|show that in some cases the competition between two species leads 


to an equilibrium state of coexistence, while in other cases the competition results in 
the eventual extinction of one of the species. To understand more clearly how and why 
this happens, and to learn how to predict which situation will occur, it is useful to look 
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again at the general|system (2)| There are four cases to be considered, depending on 
the relative orientation of the lines 


€,—9,x—-—a,y=0 and €,—a,y—a,x =0, (34) 


as shown in Figure 9.4.5. These lines are called the x and y nullclines, respectively, 
because x’ is zero on the first and y’ is zero on the second. Let (X, Y) denote any 
critical point in any one of the four cases. As in [Examples 1 Jand|2 the [system (2) jis 
almost linear in the neighborhood of this point because the right side of each differential 
equation is a quadratic polynomial. To study the{system (2)}in the neighborhood of this 
critical point we can look at the corresponding linear system obtained from|Eq. (13)]of 


ad u\ _ €, —20,X —a,Y —a,X u\ (35) 
dt \v —a,Y €, — 20,Y —a,X Uv 


We now use Eq. (35) to determine the conditions under which the model described 
by Eqs. (2)] permits the coexistence of the two species x and y. Of the four possible 
cases shown in Figure 9.4.5 coexistence is possible only in cases (c) and (d). In these 
cases the nonzero values of X and Y are readily obtained by solving the algebraic 
equations (34); the result is 


xa €1 On — En Oy Y= €50, — €\ A (36) 
ee ee — 21 2 
0107 — AA, 0107 — 0), 
y 
€,/0, 
€,/02 


€210, €/0, 


(b) 


€,/d e\/o, X €/o, e/a X 


(¢) (d) 
FIGURE 9.4.5 The various cases for the competing species|system (2). 
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Further, since €, —0,X —a,Y = 0 and €, —o,¥ —a,X = 0,|Eq. (35)|immediately 


reduces to 
d (u\ _ (-0,X  -a,X\(u 
dt 6. ~ ee —o0,Y }\u}° oy) 


The eigenvalues of the system (37) are found from the equation 


r? + (0, X +0,¥)r + (0,0) —a,0,)X¥ =0. (38) 


Thus 


—(0,X +0,Y)+ (ox + 0,Y) — A(o,0, — a,a,)XY 
ei 5) : (39) 


Ifo,o, — a,a, < 0, then the radicand of Eq. (39) is positive and greater than (0, X + 
o,Y )°. Thus the eigenvalues are real and of opposite sign. Consequently, the critical 
point (X, Y) is an (unstable) saddle point, and coexistence is not possible. This is the 
case in[Example 2] where o, = 1, a, = 1, 6, = 0.25, a, = 0.75, and 0,0, — a,a, = 
—0.5. 

On the other hand, if 0,0, — a,a, > 0, then the radicand of Eq. (39) is less than 
(o,X + oe es Thus the eigenvalues are real, negative, and unequal, or complex with 


negative real part. A straightforward analysis of the radicand of Eq. (39) shows that 
the eigenvalues cannot be complex (ee{ Problem 7}. Thus the critical point is an 
asymptotically stable node, and sustained coexistence is possible. This is illustrated by 
where o, = 1,a, = 1,0, =1,a, =0.5, and o,o, — a,a, = 0.5. 

Let us relate this result tofFigures 9.4.5c pnd|9.4.5d] In Figure 9.4.5c we have 


€ € € 
is o eos>ee, and “== —-_ or ee,>e0,, (40) 
9 2° 2%) 1% 
1 % Ran 2% 


These inequalities, coupled with the condition that X and Y given by|Eqs. (36)|be 
positive, yield the inequality 0,0, < a,a,. Hence in this case the critical point 1s a 


saddle point. On the other hand, in} Figure 9.4.5d|we have 


€ é, €&  €& 

—<— or €a,<6é,0, and —<— or €6,a, <€,0,. (41) 
12 2° 2%) 1°2 

Oi O35 2 


Now the condition that X and Y are positive yields 0,0, > a@,a,. Hence the critical 
point is asymptotically stable. For this case we can also show that the other critical 
points (0, 0), (€,/a,, 0), and (0, €,/o,) are unstable. Thus for any positive initial values 
of x and y the two populations approach the equilibrium state of coexistence given by 
Eqs. (36). 

[Equations (2)] provide the biological interpretation of the result that coexistence 
occurs or not depending on whether o,0, — a,a@, is positive or negative. The o’s are 
a measure of the inhibitory effect the growth of each population has on itself, while 
the w’s are a measure of the inhibiting effect the growth of each population has on the 
other species. Thus, when 0,0, > a,a@,, interaction (competition) is “weak” and the 
species can coexist; when 0,0, < a@,q@,, interaction (competition) is “strong” and the 
species cannot coexist—one must die out. 
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PROB LEMS Each of Problems 1| through 6 can be interpreted as describing the interaction of two species 
with populations x and y. In each of these problems carry out the following steps. 


(a) Draw a direction field and describe how solutions seem to behave. 
(b) Find the critical points. 


(c) For each critical point find the corresponding linear system. Find the eigenvalues and 
eigenvectors of the linear system; classify each critical point as to type, and determine 
whether it is asymptotically stable, stable, or unstable. 


(d) Sketch the trajectories in the neighborhood of each critical point. 


(ec) Compute and plot enough trajectories of the given system to show clearly the behavior of 
the solutions. 

(f) Determine the limiting behavior of x and y as t — oo and interpret the results in terms of 
the populations of the two species. 


1. dx/dt =x(0.5—x-—0.5y) . dx/dt =xU.5—x—0.5y) 
dy/dt = y(2— y — 0.75x) dy/dt = y(2—0.5y — 1.5x) 
> . ax/dt =x(U.5—0.5x —y) 
dy/dt = y(0.75 — y — 0.125x) 
. ax/fdt=xU—-—x+0.5y) 
dy/dt = yi.5—y-—x) dy/dt = y2.5—1.5y+0.25x) 


7. Show that 


(o,X +0,Y) —4(0,0, —a,a,)XY = (0,X —0,Y)? + 4a,a,XY. 


Hence conclude that the eigenvalues given by Eq. (39) can never be complex. 

8. Two species of fish that compete with each other for food, but do not prey on each other, 
are bluegill and redear. Suppose that a pond is stocked with bluegill and redear and let x 
and y be the populations of bluegill and redear, respectively, at time t. Suppose further that 
the competition is modeled by the equations 


dx/dt = x(€, —0,x —a@,y), 
dy/dt = y(€, — 0,y — x). 


(a) If €,/a, > €,/o, and €,/o, > €,/a,, show that the only equilibrium populations in 
the pond are no fish, no redear, or no bluegill. What will happen? 
(b) If e,/o, > €,/a, and €,/a, > €,/0,, show that the only equilibrium populations in 
the pond are no fish, no redear, or no bluegill. What will happen? 

9. Consider the competition between bluegill and redear mentioned in Problem 8. Suppose 
that €,/a, > €,/o, ande,/a, > €,/0,, 80, as shown in the text, there is a stable equilibrium 
point at which both species can coexist. It is convenient to rewrite the equations of Problem 
8 in terms of the carrying capacities of the pond for bluegill (B = €,/o,) in the absence of 
redear and for redear (R = €,/o,) in the absence of bluegill. 

(a) Show that the equations of Problem 8 take the form 


a ex 1 - Hy dy € 1 ey 
Freee B BY gg RR 


where y, = a, /o, and y, = a,/o,. Determine the coexistence equilibrium point (X, Y) in 
terms of B, R, y,, and y,. 
(b) Now suppose that a fisherman fishes only for bluegill with the effect that B is reduced. 
What effect does this have on the equilibrium populations? Is it possible, by fishing, to 
reduce the population of bluegill to such a level that they will die out? 

10. Consider the system (2) in the text, and assume that 0,0, — a,a, = 0. 
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(a) Find all the critical points of the system. Observe that the result depends on whether 
or not o,€, — a@,€, is zero. 


(b) Ifo,€, — a@,€, > 0, classify each critical point and determine whether it is asymptot- 

ically stable, stable, or unstable. Note that Problem 5 is of this type. Then do the same if 

O16, — M,€, <0. 

(c) Analyze the nature of the trajectories when o,€, — a,€, = 0. 

11. Consider the system (3) in Example I of the text. Recall that this system has an asymptot- 
ically stable critical point at (0.5, 0.5), corresponding to the stable coexistence of the two 
population species. Now suppose that immigration or emigration occurs at the constant 
rates of da and 5b for the species x and y, respectively. In this case Eqs. (3) are replaced by 


dx/dt =x(1—x-—y)+6éa, 


(i) 
dy/dt = y(0.75 — y —0.5x) + 6b. 
The question is what effect this has on the location of the stable equilibrium point. 
(a) To find the new critical point we must solve the equations 
x(1—x-—y)+6a=0, 
(ii) 


y(0.75 — y —0.5x) + 6b = 0. 


One way to proceed is to assume that x and y are given by power series in the parameter 4; 
thus 


X=XytxjO+---, yY=HYytyot---. (iii) 


Substitute Eqs. (iii) into Eqs. (ii) and collect terms according to powers of 6. 

(b) From the constant terms (the terms not involving 5) show that x) = 0.5 and yy = 0.5, 
thus confirming that in the absence of immigration or emigration the critical point is 
(0.5, 0.5). 


(c) From the terms that are linear in 6 show that 
Xx, =4a —4b, y, = —2a + 4b. (iv) 


(d) Suppose that a > 0 and b > 0 so that immigration occurs for both species. Show that 
the resulting equilibrium solution may represent an increase in both populations, or an 
increase in one but a decrease in the other. Explain intuitively why this is a reasonable 
result. 

P| 12. Suppose that a certain pair of competing species are described by the system 


dx/dt =x(4—x-—y), dy/dt = y2+2a— y-—ax), 


where a > 0 is a parameter. 

(a) Find the critical points. Note that (2, 2) is a critical point for all values of a. 

(b) Determine the nature of the critical point (2, 2) for a = 0.75 and for a = 1.25. There 
is a value of a between 0.75 and 1.25 where the nature of the critical point changes abruptly. 


Denote this value by a; it is called a bifurcation point. 
(c) Find the approximate linear system near the point (2, 2) in terms of a. 
(d) Find the eigenvalues of the linear system in part (c) as functions of a. Then determine 
the bifurcation point a. 
(e) Draw phase portraits near (2, 2) for a = a, and for values of a slightly less than, and 
slightly greater than, a). Explain how the transition in the phase portrait takes place as a 
passes through a. 

P| 13. The system 


0.15)(x — 2) 
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results from an approximation to the Hodgkin—Huxley“equations, which model the trans- 
mission of neural impulses along an axon. 

(a) Find the critical points and classify them by investigating the approximate linear 
system near each one. 


(b) Draw phase portraits for y = 0.8 and for y = 1.5. 

(c) Consider the trajectory that leaves the critical point (2,0). Find the value of y for 
which this trajectory ultimately approaches the origin as t — oo. Draw a phase portrait for 
this value of y. 


9.5 Predator- Prey Equations 


In the preceding section we discussed a model of two species that interact by competing 
for a common food supply or other natural resource. In this section we investigate the 
situation in which one species (the predator) preys on the other species (the prey), while 
the prey lives on a different source of food. For example, consider foxes and rabbits in 
a closed forest: The foxes prey on the rabbits, the rabbits live on the vegetation in the 
forest. Other examples are bass in a lake as predators and redear as prey, or ladybugs 
as predators and aphids as prey. We emphasize again that a model involving only two 
species cannot fully describe the complex relationships among species that actually 
occur in nature. Nevertheless, the study of simple models is the first step toward an 
understanding of more complicated phenomena. 

We will denote by x and y the populations of the prey and predator, respectively, 
at time t. In constructing a model of the interaction of the two species, we make the 
following assumptions: 


1. In the absence of the predator the prey grows at a rate proportional to the current 
population; thus dx /dt = ax,a > 0, when y = 0. 

2. In the absence of the prey the predator dies out; thus dy/dt = —cy, c > 0, when 
x =0. 

3. The number of encounters between predator and prey is proportional to the product 
of their populations. Each such encounter tends to promote the growth of the 
predator and to inhibit the growth of the prey. Thus the growth rate of the predator 
is increased by a term of the form yxy, while the growth rate of the prey is 
decreased by a term —axy, where y and a are positive constants. 


As a consequence of these assumptions, we are led to the equations 


dx/dt =ax —axy =x(a— ay), (1) 
dy/dt = —cy + yxy = y(—c+ yx). 


The constants a, c, a, and y are all positive; a and c are the growth rate of the prey 
and the death rate of the predator, respectively, and @ and y are measures of the effect 


?Alan L. Hodgkin (1914-1998) and Andrew F. Huxley (1917— ) were awarded the Nobel prize in physiology and 
medicine in 1963 for their work on the excitation and transmission of neural impulses, first published in 1952, 
when they were at Cambridge University. 
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EXAMPLE 


1 


of the interaction between the two species.|}Equations (1)|are known as the Lotka— 


Volterra equations. They were developed in papers by Lotk: alin 1925 and by Volterr 44 
in 1926. Although these are rather simple equations, they do characterize a wide class 
of problems. Ways of making them more realistic are discussed at the end of this 
section and in the problems. Our goal here is to determine the qualitative behavior of 
the solutions (trajectories) of the|system (1)| for arbitrary positive initial values of x 
and y. We do this first for a specific example and then return to the general equations 


[Djat the end of the section. 


Discuss the solutions of the system 
dx/dt =x(1—O05y) =x —0.5xy, 


(2) 
dy /dt = y(—0.75 + 0.25x) = —0.75y + 0.25xy 


for x and y positive. 
The critical points of this system are the solutions of the algebraic equations 


x(1—0.5y) = 0, y(—0.75 + 0.25x) = 0, (3) 


namely, the points (0, 0) and (3, 2).[Figure 9.5.1 fhows the critical points and a direction 
field for the system (2). From this figure we conclude tentatively that the trajectories 
in the first quadrant may be closed curves surrounding the critical point (3, 2). 

Next we examine the local behavior of solutions near each critical point. Near the 
origin we can neglect the nonlinear terms in Eqs. (2) to obtain the corresponding linear 


system 
d (x 1 0 x 
dt (*) 7 (1 015) oS) - 


The eigenvalues and eigenvectors of Eq. (4) are 


cl 4S (6) > =-095, P= q (5) 


so its general solution is 
x 1 0 —0. 
(5) =« (G)etea(t) eo 6 


Thus the origin is a saddle point of both the linear system (4) and of the nonlinear 
system (2), and therefore is unstable. One pair of trajectories enters the origin along 
the y-axis; all other trajectories depart from the neighborhood of the origin. 


3 Alfred J. Lotka (1880-1949), an American biophysicist, was born in what is now the Ukraine, and was educated 
mainly in Europe. He is remembered chiefly for his formulation of the Lotka—Volterra equations. He was also 
the author, in 1924, of the first book on mathematical biology; it is now available as Elements of Mathematical 
Biology (New York: Dover, 1956). 


“Vito Volterra (1860-1940), a distinguished Italian mathematician, held professorships at Pisa, Turin, and Rome. 
He is particularly famous for his work in integral equations and functional analysis. Indeed, one of the major 
classes of integral equations is named for him; see Problem 20 of Section 6.6. His theory of interacting species 
was motivated by data collected by a friend, D’ Ancona, concerning fish catches in the Adriatic Sea. A translation 
of his 1926 paper can be found in an appendix to R. N. Chapman, Animal Ecology with Special Reference to 
Insects (New York: McGraw-Hill, 1931). 
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FIGURE 9.5.1 Critical points and direction field for the predator-prey |system (2) 


To examine the critical point (3, 2) we can either make the substitution 
x=3+4u, y=2+0 (7) 


in and then neglect the nonlinear terms in wu and v, or else refer to Eq. (13)|of 
Section 9.3] In either case we obtain the linear system 


prs oy (8) 


The eigenvalues and eigenvectors of this system are 


_ V3i ee 1 ; __v3i 2 _f{ 1 
na aC) ae P=(ya) © 


Since the eigenvalues are imaginary, the critical point (3,2) is a center of the linear 
system (8) and is therefore a stable critical point for that system. Recall from Section 
9.3 that this is one of the cases in which the behavior of the linear system may or may 
not carry over to the nonlinear system, so the nature of the point (3, 2) for the nonlinear 
[system (2)|cannot be determined from this information. The simplest way to find the 
trajectories of the linear system (8) is to divide the second of Eqs. (8) by the first so as 
to obtain the differential equation 


dv __dv/dt_ O05u ou 
du du/dt' —-1.5v 3v’ 


udu+3vdv=0. (10) 


Consequently, 


u>+3v° =k, (11) 
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where k is an arbitrary nonnegative constant of integration. Thus the trajectories of the 


linear|system (8)jare ellipses centered at the critical point and elongated somewhat in 


the horizontal direction. 


Now let us return to the nonlinear|system (2)| Dividing the second of|Eqs. (2)}by the 


first, we obtain 
dy — y(—0.75 + 0.25x) 


= (12) 
dx x(1 —0.5y) 
Equation (12) is a separable equation and can be put in the form 
1—-0.5 —0.75 + 0.25 
uM dy = z “ dx, 
x 
from which it follows that 
0.75 Inx + Iny —0.5y —0.25x =c, (13) 


where c is a constant of integration. Although by using only elementary functions we 
cannot solve Eq. (13) explicitly for either variable in terms of the other, it is possible to 
show that the graph of the equation for a fixed value of c is a closed curve surrounding 
the critical point (3, 2). Thus the critical point is also a center of the nonlinear system 
(2) and the predator and prey populations exhibit a cyclic variation. 

Figure 9.5.2 shows a phase portrait of the]system (2)| For some initial conditions 
the trajectory represents small variations in x and y about the critical point, and is 
almost elliptical in shape, as the linear analysis suggests. For other initial conditions 
the oscillations in x and y are more pronounced, and the shape of the trajectory is 
significantly different from an ellipse. Observe that the trajectories are traversed in the 
counterclockwise direction. The dependence of x and y on ¢ for a typical set of initial 
conditions is shown in[Figure 9.5.3] Note that x and y are periodic functions of t, as they 
must be since the trajectories are closed curves. Further, the oscillation of the predator 
population lags behind that of the prey. Starting from a state in which both predator and 
prey populations are relatively small, the prey first increase because there is little preda- 
tion. Then the predators, with abundant food, increase in population also. This causes 
heavier predation and the prey tend to decrease. Finally, with a diminished food supply, 
the predator population also decreases, and the system returns to the original state. 


FIGURE 9.5.2 A phase portrait of the/system (2) 
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FIGURE 9.5.3 Variations of the prey and predator populations with time for the|system (2) 


The general]system (1)|can be analyzed in exactly the same way as in the example. 
The critical points of the[system (1)| are the solutions of 
x(a — ay) = 0, y(—c + yx) =0, 


that is, the points (0,0) and (c/y, a/a). We first examine the solutions of the corre- 
sponding linear system near each critical point. 
In the neighborhood of the origin the corresponding linear system is 


a()=( -)G) a 


The eigenvalues and eigenvectors are 


K=a, = (4) ; =e, ZY = (?) , (15) 


so the general solution is 
x 1)\ a O\ _. 
(*) =6 (Je "+, GE . (16) 


Thus the origin is a saddle point and hence unstable. Entrance to the saddle point is 
along the y-axis; all other trajectories depart from the neighborhood of the critical 
point. 

Next consider the critical point (c/y, a/a). If x = (c/y) +u and y = (a/a) + 0, 
then the corresponding linear system is 


d (u _ 0 —ac/y\ fu 
ails) = (yar 0) a 


The eigenvalues of the system (17) are r = +i.,/ac, so the critical point is a (stable) 
center of the linear system. To find the trajectories of the system (17) we can divide the 
second equation by the first to obtain 
dv __dv/dt _—_(ya/a)u 
du du/dt ~— (ac/y)v’ 


(18) 
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or 
y?au du +a°cvdv =0. (19) 


Consequently, 


y-au" +a°?cv =k, (20) 


where k is a nonnegative constant of integration. Thus the trajectories of the linear 


system (17) pre ellipses, just as in the example. 
Returning briefly to the nonlinear|system (1), observe that it can be reduced to the 


single equation 
dy _dy/dt _ y(-c+yx) 


= =o (21) 
dx  dx/dt x(a — ay) 

Equation (21) is separable and has the solution 
alny—ay+clInx —yx =C, (22) 


where C is a constant of integration. Again it is possible to show that the graph of 
Eq. (22), for fixed C, is a closed curve surrounding the critical point (c/y, a/a). Thus 
this critical point is also a center for the general nonlinear system (1). 

The cyclic variation of the predator and prey populations can be analyzed in more 
detail when the deviations from the point (c/y,a/a) are small and the linear system 


(17)|can be used. The solution of the}system (17))can be written in the form 


n= Kens fate, we “EK sin(/act +), (23) 
y aVa 
where the constants K and @ are determined by the initial conditions. Thus 
$= — 4 OK coss/ac +8), 
yo Y (24) 
eee a ffx sin(./act +). 
a ava 


These equations are good approximations for the nearly elliptical trajectories close 
to the critical point (c/y, a/a). We can use them to draw several conclusions about the 
cyclic variation of the predator and prey on such trajectories. 


1. The sizes of the predator and prey populations vary sinusoidally with period 
22 /./ac. This period of oscillation is independent of the initial conditions. 

2. The predator and prey populations are out of phase by one-quarter of a cycle. The 
prey leads and the predator lags, as explained in the example. 

3. The amplitudes of the oscillations are Kc/y for the prey and a./cK /a./a for the 
predator and hence depend on the initial conditions as well as on the parameters 
of the problem. 

4. The average populations of predator and prey over one complete cycle are c/y 


and a/a, respectively. These are the same as the equilibrium populations; see 
Problem 10. 


Cyclic variations of predator and prey as predicted by have been observed 
in nature. One striking example is described by Odum (pp. 191-192); based on the 
records of the Hudson Bay Company of Canada, the abundance of lynx and snowshoe 
hare as indicated by the number of pelts turned in over the period 1845-1935 shows 
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a distinct periodic variation with period of 9 to 10 years. The peaks of abundance are 
followed by very rapid declines, and the peaks of abundance of the lynx and hare are 
out of phase, with that of the hare preceding that of the lynx by a year or more. 

The Lotka—Volterra model of the predator—prey problem has revealed a cyclic vari- 
ation that perhaps could have been anticipated. On the other hand, the use of the 
Lotka—Volterra model in other situations can lead to conclusions that are not intuitively 
obvious. An example that suggests a possible danger in using insecticides is given in 

One criticism of the Lotka—Volterra equations is that in the absence of the predator 
the prey will grow without bound. This can be corrected by allowing for the natural 
inhibiting effect that an increasing population has on the growth rate of the population; 
for example, the first of Eqs. (1)|can be modified so that when y = 0, it reduces to 
a logistic equation for x (see| Problem 13). The most important consequence of this 
modification is that the critical point at (c/y, a/a) moves to (c/y,a/a — oc/ay) and 
becomes an asymptotically stable point. It is either a node or a spiral point depending 
on the values of the parameters in the differential equations. In either case, other 
trajectories are no longer closed curves but approach the critical point as t + oo. 


PROBLEMS Each of Problems 1 through 5 can be interpreted as describing the interaction of two species 
Ss _~—Ss with population densities x and y. In each of these problems carry out the following steps. 


Draw a direction field and describe how solutions seem to behave. 
Find the critical points. 


For each critical point find the corresponding linear system. Find the eigenvalues and 
eigenvectors of the linear system; classify each critical point as to type, and determine 
whether it is asymptotically stable, stable, or unstable. 


Sketch the trajectories in the neighborhood of each critical point. 
Draw a phase portrait for the system. 


Determine the limiting behavior of x and y as tf + oo and interpret the results in terms of 
the populations of the two species. 


. dx/dt =x(0.5—0.5y) . dx/dt =x —O0.5y) 
dy/dt = y(—0.5+ x) dy/dt = y(—0.25 + 0.5x) 
. dx/dt =x —0.5x —0.5y) . dx/dt = x(1.125 — x —0.5y) 


. dx/dt = x(—-1+2.5x —0.3y — x*) 
dy/dt = y(-1.5+x) 


. In this problem we examine the phase difference between the cyclic variations of the 
predator and prey populations as given by Eqs. (24) of the text. Suppose we assume that 
K > 0 and that ¢ is measured from the time that the prey population x is a maximum; 
then ¢ = 0. Show that the predator population y is a maximum at t = 2/2,/ac = T/4, 
where T is the period of the oscillation. When is the prey population increasing most 
rapidly, decreasing most rapidly, a minimum? Answer the same questions for the predator 
population. Draw a typical elliptic trajectory enclosing the point (c/y,a/a), and mark 
these points on it. 

(a) Find the ratio of the amplitudes of the oscillations of the prey and predator populations 
about the critical point (c/y, a/a), using the approximation (24), which is valid for small 
oscillations. Observe that the ratio is independent of the initial conditions. 

(b) Evaluate the ratio found in part (a) for the system (2). 

(c) Estimate the amplitude ratio for the solution of the nonlinear system (2) shown in 
Figure 9.5.3. Does the result agree with that obtained from the linear approximation? 
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10. 


(d) Determine the prey—predator amplitude ratio for other solutions of the system (2), that 
is, for solutions satisfying other initial conditions. Is the ratio independent of the initial 
conditions? 


(a) Find the period of the oscillations of the prey and predator populations, using the 
approximation (24), which is valid for small oscillations. Note that the period is independent 
of the amplitude of the oscillations. 

(b) For the solution of the nonlinear system (2) shown in Figure 9.5.3 estimate the period 
as well as possible. Is the result the same as for the linear approximation? 

(c) Calculate other solutions of the system (2), that is, solutions satisfying other initial 
conditions, and determine their periods. Is the period the same for all initial conditions? 


Consider the system 
dx/dt = ax[1—(y/2)],  dy/dt = by[-1 + (#/3)], 


where a and b are positive constants. Observe that this system is the same as in the example 
in the text if a = 1 and b = 0.75. Suppose the initial conditions are x(0) = 5 and y(O) = 2. 
(a) Leta = 1 and b = 1. Plot the trajectory in the phase plane and determine (or estimate) 
the period of the oscillation. 

(b) Repeat part (a) fora = 3 anda = 1/3, with b = 1. 

(c) Repeat part (a) for b = 3 and b = 1/3, witha = 1. 

(d) Describe how the period and the shape of the trajectory depend on a and b. 

The average sizes of the prey and predator populations are defined as 


1 A+T 1 A+T 
x= al x(t)dt, y= al y(t) dt, 
A A 


respectively, where T is the period of a full cycle, and A is any nonnegative constant. 
(a) Using the approximation (24), valid near the critical point, show that ¥ = c/y and 
y=a/a. 
(b) For the solution of the nonlinear system (2) shown in Figure 9.5.3 estimate x and y as 
well as you can. Try to determine whether x and ¥y are given by c/y and a/a, respectively, 
in this case. 
Hint: Consider how you might estimate the value of an integral even though you do not 
have a formula for the integrand. 
(c) Calculate other solutions of the system (2), that is, solutions satisfying other initial 
conditions, and determine x and y for these solutions. Are the values of ¥ and y the same 
for all solutions? 
Suppose that the predator—prey equations (1) of the text describe foxes (y) and rabbits (x) 
in a forest. A trapping company is engaged in trapping foxes and rabbits for their pelts. 
Explain why it is reasonable for the company to conduct its operation so as to move the 
population of each species closer to the center (c/y, a/a). When is it best to trap foxes? 
Rabbits? Rabbits and foxes? Neither? 
Hint: See Problem 6. An intuitive argument is all that is required. 
Suppose that an insect population x is controlled by a natural predator population y 
according to the model (1), so that there are small cyclic variations of the populations 
about the critical point (c/y, a/a). Suppose that an insecticide is employed with the goal 
of reducing the population of the insects, and suppose that this insecticide is also toxic 
to the predators; indeed, suppose that the insecticide kills both prey and predator at rates 
proportional to their respective populations. Write down the modified differential equations, 
determine the new equilibrium point, and compare it to the original equilibrium point. 

To ban insecticides on the basis of this simple model and counterintuitive result would 
certainly be ill-advised. On the other hand, it is also rash to ignore the possible genuine 
existence of a phenomenon suggested by such a model. 
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13. As mentioned in the text, one improvement in the predator-prey model is to modify the 
equation for the prey so that it has the form of a logistic equation in the absence of the 
predator. Thus in place of Eqs. (1) we consider the system 


dx/dt = x(a—ox—«ay), dy/dt = y(-c+ yx), 


where a, o, a, c, and y are positive constants. Determine all critical points and discuss 
their nature and stability characteristics. Assume that a/o >> c/y. What happens for initial 
datax #40, y 40? 


9.6 Liapunov’s Second Method 


In[Section 9.3] we showed how the stability of a critical point of an almost linear system 
can usually be determined from a study of the corresponding linear system. However, 
no conclusion can be drawn when the critical point is a center of the corresponding 
linear system. Examples of this situation are the undamped pendulum, Equations (1) 
and (2) below, and the predator-prey problem discussed in[Section 9.5.] Also, for 
an asymptotically stable critical point it may be important to investigate the basin 
of attraction; that is, the domain such that all solutions starting within that domain 
approach the critical point. Since the theory of almost linear systems is a local theory, 
it provides no information about this question. 

In this section we discuss another approach, known as Liapunov# second method 
or direct method. The method is referred to as a direct method because no knowledge 
of the solution of the system of differential equations is required. Rather, conclusions 
about the stability or instability of a critical point are obtained by constructing a suitable 
auxiliary function. The technique is a very powerful one that provides a more global 
type of information, for example, an estimate of the extent of the basin of attraction of a 
critical point. In addition, Liapunov’s second method can also be used to study systems 
of equations that are not almost linear; however, we will not discuss such problems. 

Basically, Liapunov’s second method is a generalization of two physical principles 
for conservative systems, namely, (i) a rest position is stable if the potential energy is 
a local minimum, otherwise it is unstable, and (ii) the total energy is a constant during 
any motion. To illustrate these concepts, again consider the undamped pendulum (a 
conservative mechanical system), which is governed by the equation 


do gZ. 
a (1) 
The corresponding system of first order equations is 
dx dy g. 
—— —= — ES 2 
aoe a 7, ime (2) 


Alexandr M. Liapunov (1857-1918), a student of Chebyshev at St. Petersburg, taught at the University of 
Kharkov from 1885 to 1901, when he became academician in applied mathematics at the St. Petersburg Academy 
of Sciences. In 1917 he moved to Odessa because of his wife’s frail health. His research in stability encompassed 
both theoretical analysis and applications to various physical problems. His second method formed part of his 
most influential work, General Problem of Stability of Motion, published in 1892. 
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where x = 6 and y = d@/dt. If we omit an arbitrary constant, the potential energy U 
is the work done in lifting the pendulum above its lowest position, namely, 


U(x, y) = mgL(1 —cosx); (3) 


see |Figure 9.2.2.|/The critical points of the |system (2)}are x =+nz, y=0, n= 


0,1,2,3,..., corresponding to 9 = tnz,d0/dt = 0. Physically, we expect the points 
x =0, y =0; x = +27, y=0;..., corresponding to 0 = 0, +27, ..., to be stable, 
since for them the pendulum bob is vertical with the weight down; further, we expect the 
points x = +7, y =0;x = +3z, y =0;..., corresponding to 0 = +7,+37,..., to 
be unstable, since for them the pendulum bob is vertical with the weight up. This agrees 
with statement (i), for at the former points U is a minimum equal to zero, and at the 
latter points U is a maximum equal to 2mgL. 

Next consider the total energy V, which is the sum of the potential energy U and the 
kinetic energy smL*(d0/dt)’. In terms of x and y 


V(x, y) =mgL(1 —cosx) + ImL?y?. (4) 


On a trajectory corresponding to a solution x = $(¢), y = w(t) of|Eqs. (2)) V can be 
considered as a function of t. The derivative of V[@(t), w(¢)] with respect to t is called 
the rate of change of V following the trajectory. By the chain rule 


aV[Pt), WO) _ dp(t) dy(t) 
aa aad VIP), VO] —H + VEO, VO] a 
_ . dx >. dy 
eS ra ere (5) 


where it is understood that x = $(t), y = w(t). Finally, substituting in Eq. (5) for 


dx/dt and dy/dt from|Egs. (2) we find that dV /dt = 0. Hence V is a constant along 
any trajectory of the which is statement (ii). 

It is important to note that at any point (x, y) the rate of change of V along the 
trajectory through that point was computed without actually solving the It 
is precisely this fact that allows us to use Liapunov’s second method for systems whose 
solution we do not know, and is the main reason for its importance. 

At the stable critical points, x = +2n7, y =0,n =0,1,2,..., the energy V is 
zero. If the initial state, say, (x,, y,), of the pendulum is sufficiently near a stable 
critical point, then the energy V(x,, y,) is small, and the motion (trajectory) associated 
with this energy stays close to the critical point. It can be shown that if V(x,, y,) 
is sufficiently small, then the trajectory is closed and contains the critical point. For 
example, suppose that (x,, y,) is near (0,0) and that V(x,, y,) is very small. The 
equation of the trajectory with energy V(x,, y,) is 


V(x, y) =mgL(1 —cosx) + 4mL*y* = V(x, y,)- 


For x small we have 1 — cosx = 1 — (1 — x7/2!+---) = x/2. Thus the equation of 
the trajectory is approximately 


LmgLx? + AmLy? = V(x,,y,), 


or 


x2 y 


T = 1 
2V(x,,y,)/mgL — 2V(x,, y,)/mL? 
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EXAMPLE 


1 


This is an ellipse enclosing the critical point (0,0); the smaller V(x,, y,) is, the 
smaller are the major and minor axes of the ellipse. Physically, the closed trajectory 
corresponds to a solution that is periodic in time—the motion is a small oscillation 
about the equilibrium point. 

If damping is present, however, it is natural to expect that the amplitude of the motion 
decays in time and that the stable critical point (center) becomes an asymptotically 
stable critical point (spiral point). See the phase portrait for the damped pendulum 
in| Figure 9.35] This can almost be argued from a consideration of dV /dt. For the 
damped pendulum, the total energy is still given bylEq. (4), but now from|Egqs. (8) of 
[Section 9.3}dx/dt = yanddy/dt = —(g/L) sinx — (c/Lm)y. Substituting for dx /dt 
and dy/dt in Eq. (5) |gives dV /dt = —cLy* <0. Thus the energy is nonincreasing 
along any trajectory and, except for the line y = 0, the motion is such that the energy 
decreases. Hence each trajectory must approach a point of minimum energy—a stable 
equilibrium point. If dV/dt < 0 instead of dV /dt < 0, it is reasonable to expect that 


this would be true for all trajectories that start sufficiently close to the origin. 
To pursue these ideas further, consider the autonomous system 


dx /dt = F(x, y), dy/dt = G(x, y), (6) 


and suppose that the point x = 0, y = 0 is an asymptotically stable critical point. Then 
there exists some domain D containing (0, 0) such that every trajectory that starts in D 
must approach the origin as tf —> oo. Suppose that there exists an “energy” function V 
such that V > O for (x, y) in D with V = Oonly at the origin. Since each trajectory in D 
approaches the origin as tf —> ov, then following any particular trajectory, V decreases 
to zero as t approaches infinity. The type of result we want to prove is essentially the 
converse: If, on every trajectory, V decreases to zero as t increases, then the trajectories 
must approach the origin as tf — oo, and hence the origin is asymptotically stable. First, 
however, it is necessary to make several definitions. 

Let V be defined on some domain D containing the origin. Then V is said to 
be positive definite on D if V(O,0) = 0 and V(x, y) > 0 for all other points in D. 
Similarly, V is said to be negative definite on D if V(O, 0) = Oand V(x, y) < 0 forall 
other points in D. If the inequalities > and < are replaced by > and <, then V is said 
to be positive semidefinite and negative semidefinite, respectively. We emphasize 
that in speaking of a positive definite (negative definite, ...) function on a domain D 
containing the origin, the function must be zero at the origin in addition to satisfying 
the proper inequality at all other points in D. 


The function 
Vix,y= sin(x? + y’) 


is positive definite on aes a < m/2 since V(0,0) = 0 and V(x, y) > O for 0 < 
x? + y? < 2/2. However, the function 


Va,y=@+y) 


is only positive semidefinite since V(x, y) = 0 on the line y = —x. 
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We also want to consider the function 
Vx, y) = Vx, YF, y) + Vi, GO, y), (7) 


where F and G are the same functions as in|Eqs. (6)| We choose this notation because 
V(x, y) can be identified as the rate of change of V along the trajectory of the system 


[that passes through the point (x, y). That is, if x = @(t), y = w(t) is a solution of 
the|/system (6), then 


dV[ot), WO) _ dp(t) dy(t) 
= VOM, VO) ae ViIb@), Wt)] i 


= VQ, y) F(x, y) + Vi, y)G(, y) 
= V(x, y). (8) 


The function V is sometimes referred to as the derivative of V with respect to the 


system (6) 
We now state two Liapunov theorems, the first dealing with stability, the second with 
instability. 


Suppose that the autonomous system (6)|has an isolated critical point at the origin. If 
there exists a function V that is continuous and has continuous first partial derivatives, 
is positive definite, and for which the function V given by Eq. (7) is negative definite on 
some domain D in the x y-plane containing (0, 0), then the origin is an asymptotically 
stable critical point. If V is negative semidefinite, then the origin is a stable critical 
point. 


Let the origin be an isolated critical point of the autonomous|system (6)! Let V be a 
function that is continuous and has continuous first partial derivatives. Suppose that 
V (0, 0) = 0 and that in every neighborhood of the origin there is at least one point at 
which V is positive (negative). If there exists a domain D containing the origin such 
that the function V given by Eq. (7) is positive definite (negative definite) on D, then 
the origin is an unstable critical point. 


The function V is called a Liapunov function. Before sketching geometrical argu- 
ments for Theorems 9.6.1 and 9.6.2, we note that the difficulty in using these theorems 
is that they tell us nothing about how to construct a Liapunov function, assuming that 
one exists. In cases where the antnmon yen) represents a physical problem, 
it is natural to consider first the actual total energy function of the system as a possible 
Liapunov function. However, Theorems 9.6.1 and 9.6.2 are applicable in cases where 
the concept of physical energy is not pertinent. In such cases a judicious trial-and-error 
approach may be necessary. 

Now consider the second part of Theorem 9.6.1, that is, the case V <0.Letc > Obe 
a constant and consider the curve in the xy-plane given by V(x, y) = c. For c = 0 the 
curve reduces to the single point x = 0, y = 0. We assume that if 0 < c, <c,, then 
the curve V(x, y) =, contains the origin and lies within the curve V(x, y) = c,, as 
illustrated inegure 06d We show that a trajectory starting inside a closed curve 


V(x, y) =c cannot cross to the outside. Thus, given a circle of radius € about the 
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0<q <G 


(a) 


FIGURE 9.6.1 Geometrical interpretation of Liapunov’s method. 


origin, by taking c sufficiently small we can ensure that every trajectory starting inside 
the closed curve V (x, y) = c stays within the circle of radius €; indeed, it stays within 
the closed curve V(x, y) = c itself. Thus the origin is a stable critical point. 

To show this, recall from calculus that the vector 


WO, y)=V,@, yit V,@, yj, (9) 


known as the gradient of V, is normal to the curve V(x, y) = c and points in the direc- 
tion of increasing V. In the present case, V increases outward from the origin, so VV 
points away from the origin, as indicated in Figure 9.6.1b. Next, consider a trajectory 
x= $(t),y = W@) of paneem (6) and recall that the vector T(t) = @'(t)i+ W/(Hj 
is tangent to the trajectory at each point; see Figure 9.6.1b. Let x, = O(t,), y, = W(t) 
be a point of intersection of the trajectory and a closed curve V (x, y) = c. At this point 
'(t;) = F(x, y,), W(t) = G(x, y,), 80 from|Eq. (7)] we obtain 


V(x, y,) = Vi, y,)o'(t,) + Vi, y)w'(t) 
=[V,@), ypi+ VO) yD IO GDI+ WV ODI 
= WV (x,,y;)*T(t). (10) 


Thus VG y,) is the scalar product of the vector VV (x,, y,) and the vector T(¢,). 
Since V(x, y,) < 0, it follows that the cosine of the angle between VV (x,, y,) and 
T(t, ) is also less than or equal to zero; hence the angle itself is in the range [7 /2, 37/2]. 
Thus the direction of motion on the trajectory is inward with respect to V (x,, y,) = c or, 
at worst, tangent to this curve. Trajectories starting inside a closed curve V(x,, y,) =c¢ 
(no matter how small c is) cannot escape, so the origin is a stable point. If Vix, »y¥) <0, 
then the trajectories passing through points on the curve are actually pointed inward. 
As a consequence, it can be shown that trajectories starting sufficiently close to the 
origin must approach the origin; hence the origin is asymptotically stable. 

A geometric argument for/Theorem 9.6.2] follows in a somewhat similar manner. 
Briefly, suppose that V is positive definite, and suppose that given any circle about the 
origin there is an interior point (x,, y,) at which V(x,, y,) > 0. Consider a trajectory 
that starts at (x,, y,). Along this trajectory it follows fro Eq. (8)|that V must increase, 
since V(x 1» Y,) > 0; furthermore, since V(x,, y,) > 0, the trajectory cannot approach 
the origin because V (0, 0) = 0. This shows that the origin cannot be asymptotically 
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Theorem 9.6.3 


stable. By further exploiting the fact that V(x, y) > 0, it is possible to show that the 
origin is an unstable point; however, we will not pursue this argument. 


Use|Theorem 9.6.1|to show that (0,0) is a stable critical point for the undamped 
pendulum equations (2). Also use|Theorem 9.6.2|/to show that (zr, 0) is an unstable 


critical point. 
Let V be the total energy given by Eq. (4): 


V(x, y) =mgL(1 —cosx) + 4mL’y’. (a) 


If we take D to be the domain —7/2 <x < 1/2, —co < y < ~, then V is positive 
there except at the origin, where it is zero. Thus V is positive definite on D. Further, 
as we have already seen, 


V = (mgL sinx)(y) + (mL’y)(—g sinx)/L = 0 
for all x and y. Thus V is negative semidefinite on D. Consequently, by the last statement 
in| Theorem 9.6.1} the origin is a stable critical point for the undamped pendulum. 
Observe that this conclusion cannot be obtained from|Theorem 9.3.2/because (0, 0) is 
a center for the corresponding linear system. 


Now consider the critical point (7, 0). The Liapunov function given by Eq. (4) is 
no longer suitable because|Theorem 9.6.2|calls for a function V for which V is either 


positive or negative definite. To analyze the point (27, 0) it is convenient to move this 


point to the origin by the change of variables x = m + u, y = v. Then the differential 
equations (2)| become 


du/dt =v, dv/dt = 7 sinu, (11) 
and the critical point is (0, 0) in the wv-plane. Consider the function 
Vu, v) = vsinu (12) 
and let D be the domain —7//4 < u < 1/4, —oo < v < oo. Then 
V = (vcosu)(v) + (sinu)[(g/L) sinu] = v2 cosu + (g/L) sin’ u (13) 


is positive definite in D. The only remaining question is whether there are points in 
every neighborhood of the origin where V itself is positive. From Eq. (12) we see that 


V(u, v) > 0 in the first quadrant (where both sin uw and v are positive) and in the third 

quadrant (where both are negative). Thus the conditions CAD satisfied 

and the point (0, 0) in the wv-plane, or the point (zr, 0) in the x y-plane, is unstable. 
The damped pendulum equations are discussed oe 


From a practical point of view we are often more interested in the basin of attraction. 
The following theorem provides some information on this subject. 


Let the origin be an isolated critical point of the autonomous}system (6)| Let the 
function V be continuous and have continuous first partial derivatives. If there is a 
bounded domain D, containing the origin where V(x, y) < K, V is positive definite, 
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and V is negative definite, then every solution of|Eqs. (6)|that starts at a point in D i 
approaches the origin as ¢ approaches infinity. 


In other words, |Theorem 9.6.3 says that if x = @(t), y = w(t) is the solution of 


for initial data lying in D,, then (x, y) approaches the critical point (0, 0) 


as t — oo. Thus D, gives a region of asymptotic stability; of course, it may not be 
the entire basin of attraction. This theorem is proved by showing that (i) there are no 


periodic solutions of the|system (6)|in D,.,, and (ii) there are no other critical points in 
D,. It then follows that trajectories starting in D, cannot escape and, therefore, must 
tend to the origin as ¢ tends to infinity. 


Theorems 9.6.1] and 9.6.2|give sufficient conditions for stability and instability, 


respectively. However, these conditions are not necessary, nor does our failure to 
determine a suitable Liapunov function mean that there is not one. Unfortunately, there 
are no general methods for the construction of Liapunov functions; however, there has 
been extensive work on the construction of Liapunov functions for special classes of 
equations. An elementary algebraic result that is often useful in constructing positive 
definite or negative definite functions is stated without proof in the following theorem. 


The function 

V(x, y) = ax? + bxy + cy’ (14) 
is positive definite if, and only if, 

a>0O and 4ac—b’>0, (15) 
and is negative definite if, and only if, 


a<0O and 4dac—b*>0. (16) 


The use of Theorem 9.6.4 is illustrated in the following example. 


Show that the critical point (0, 0) of the autonomous system 
dx /dt = —x — xy’, dy/dt = —y —x’y (17) 


is asymptotically stable. 
We try to construct a Liapunov function of the form (14). Then V, (x, y) = 2ax + by, 
YQ, y) = bx + 2cy, so 


V(x, y) = (ax + by)(—x — xy”) + (bx + 2cy)(—y — x*y) 
= —[2a(x? + x*y’) + bQxy + xy? + x3 y) + 2c(y? + x?y’)]. 


If we choose b = 0, and a and c to be any positive numbers, then V is negative definite 


and V is positive definite by Theorem 9.6.4. Thus by| Theorem 9.6.1|the origin is an 


asymptotically stable critical point. 
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Consider the system 
EXAMPLE 
4 dx/dt =x(1—x-—y), 


dy/dt = y(0.75 — y —0.5x). 


In/Example 1 of Section 9.4|we found that this system models a certain pair of competing 
species, and that the critical point (0.5, 0.5) is asymptotically stable. Confirm this 


conclusion by finding a suitable Liapunov function. 
It is helpful to transform the point (0.5, 0.5) to the origin. To this end let 


(18) 


x=0.5+4u, y=O0.5+0. (19) 
Then, substituting for x and y in Eqs. (18), we obtain the new system 
du/dt = —0.5u —0.5v — uw? — uv, 
dv/dt = —0.25u — 0.5v — 0.5uv — v’. 


(20) 


To keep the calculations relatively simple, consider the function V(u, v) = u? + v? as 
a possible Liapunov function. This function is clearly positive definite, so we only need 
to determine whether there is a region containing the origin in the wv-plane where the 
derivative V with respect to the system (20) is negative definite. We compute V(u, v) 


and find that 
P du du 
Vu, v) = V — + V.— 
a0) “ dt 3 “dt 
= 2u(—0.5u — 0.5 — u* — uv) + 20(—0.25u — 0.5v — 0.5uv — v*), 
or 
Vu, v) = —[(u? + 1.5uv + v7) + Qu3 + 2u7v + uv? + 203)), (21) 


where we have collected together the quadratic and cubic terms. We want to show that 
the expression in square brackets in Eq. (21) is positive definite, at least for u and v 
sufficiently small. Observe that the quadratic terms can be written as 


u? + 1.5uv + v* = 0.25(u? + v2) + 0.75(u + v)’, (22) 


so these terms are positive definite. On the other hand, the cubic terms in Eq. (18) may 
be of either sign. Thus we must show that, in some neighborhood of u = 0, v = 0, the 
cubic terms are smaller in magnitude than the quadratic terms; that is, 


(2u3 + 2u?v + uv? + 2v7| < 0.25(u? + v*) + 0.75(u + v)’. (23) 


To estimate the left side of Eq. (23) we introduce polar coordinates u = r cos 6, v = 
rsin@. Then 


|2u? + 2u7v + uv* + 2v°| = r3|2. cos? 6 + 2cos” O sin 9 + cos 6 sin? 6 + 2 sin? 0| 
< r?[2| cos? 6| + 2. cos” 6| sin | + | cos 6| sin? @ + 2| sin? 6]] 
276, 


since | sin @|, | cos @| < 1. To satisfy Eq. (23) it is now certainly sufficient to satisfy the 
more stringent requirement 


Tr? < 0.25(u? + v7) = 0.25r’, 
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which yields r < 1/28. Thus, at least in this disk, the hypotheses of [Theorem 9.6. l|are 
satisfied, so the origin is an asymptotically stable critical point of the/system (20), The 


same is then true of the critical point (0.5, 0.5) of the original 

If we refer to[Theorem 9.6.3} the preceding argument also shows that the disk with 
center (0.5, 0.5) and radius 1/28 is a region of asymptotic stability for the 
This is a severe underestimate of the full basin of attraction, as the discussion in Section 
9.4 |shows. To obtain a better estimate of the actual basin of attraction from Theorem 
19.6.3, one would have to estimate the terms in[Eq. (23)|more accurately, use a better 
(and presumably more complicated) Liapunov function, or both. 


PROBLEMS 


In each of Problems 1 through 4 construct a suitable Liapunov function of the form ax? + cy”, 
where a and c are to be determined. Then show that the critical point at the origin is of the 
indicated type. 

dx/dt =—x? + xy’, dy/dt = —2x*y —y’; asymptotically stable 

dx/dt = 5x +2xy’, dy/dt =—y’; asymptotically stable 

dx/dt = —x> +2y°, dy/dt =—2xy’; stable (at least) 

dx/dt =x° —y’, dy/dt = 2xy’? +4x*y+2y?; unstable 


Consider the system of equations 


dx/dt = y —xf(x, y), dy/dt = —x — yf (x, y), 


where f is continuous and has continuous first partial derivatives. Show that if f(x, y) > 0 
in some neighborhood of the origin, then the origin is an asymptotically stable critical point, 
and if f(x, y) < 0 in some neighborhood of the origin, then the origin is an unstable critical 
point. 
Hint: Construct a Liapunov function of the form c(x? + y?). 

6. A generalization of the undamped pendulum equation is 


d°’u/dt? + g(u) =0, (i) 


ei hore 


where g(0) = 0, g(u) > Ofor0 < u <k, and g(u) < 0 for —k < u < 0; that is, ug(u) > 0 
for u #0, —k <u <k. Notice that g(u) = sinuw has this property on (—z/2, 2/2). 

(a) Letting x =u, y = du/dt, write Eq. (i) as a system of two equations, and show that 
x = 0, y = Ois acritical point. 

(b) Show that 


Vix, y) = ty? + ie g(s)ds, —ke<x<k (ii) 


is positive definite, and use this result to show that the critical point (0, 0) is stable. Note 
that the Liapunov function V given by Eq. (ii) corresponds to the energy function V(x, y) = 
sy? + (1 — cos x) for the case g(u) = sinu. 

7. By introducing suitable dimensionless variables, the system of nonlinear equations for the 
damped pendulum [Eqs. (8) of Section 9.3] can be written as 


dx/dt=y, dy/dt = —y —sinx. 


(a) Show that the origin is a critical point. 

(b) Show that while V(x, y) = x? + y? is positive definite, Vx, y) takes on both positive 
and negative values in any domain containing the origin, so that V is not a Liapunov 
function. 

Hint: x — sinx > 0 for x > 0 and x — sinx <0 for x < 0. Consider these cases with y 
positive but y so small that y? can be ignored compared to y. 
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(c) Using the energy function V(x, y) = 5 y? + (1 — cos x) mentioned in Problem 6(b), 
show that the origin is a stable critical point. Note, however, that even though there is 
damping and we can expect that the origin is asymptotically stable, it is not possible to draw 
this conclusion using this Liapunov function. 
(d) To show asymptotic stability it is necessary to construct a better Liapunov function than 
the one used in part (c). Show that V(x, y) = 5(x + yy? 4x74 sy" is such a Liapunov 
function, and conclude that the origin is an asymptotically stable critical point. 
Hint: From Taylor’s formula with a remainder it follows that sinx = x — ax? /3!, where a 
depends on x but 0 < @ < 1 for —1/2 < x < m/2. Then letting x =rcosé, y=rsin@, 
show that Vir cos 6,r sind) = —r7[1 + h(r, 0)], where |h(r, 6)| < 1 if r is sufficiently 
small. 
8. The Liénard equation (Problem 28 of Section 9.3) is 
au du 
ae + cu) + g(u) = 0, 
where g satisfies the conditions of Problem 6 and c(u) > 0. Show that the point u = 0, 
du/dt = 0is a stable critical point. 
9. (a) A special case of the Liénard equation of Problem 8 is 
du du 0 
ae + di + gu) =9, 
where g satisfies the conditions of Problem 6. Letting x = u, y = du/dt, show that the origin 
is a critical point of the resulting system. This equation can be interpreted as describing the 
motion of a spring—mass system with damping proportional to the velocity and a nonlinear 
restoring force. Using the Liapunov function of Problem 6, show that the origin is a stable 
critical point, but note that even with damping we cannot conclude asymptotic stability using 
this Liapunov function. 
(b) Asymptotic stability of the critical point (0, 0) can be shown by constructing a better 
Liapunov function as was done in part (d) of Problem 7. However, the analysis for a general 
function g is somewhat sophisticated and we only mention that an appropriate form for V is 


V(x, y) = by? + Ayg(x) + [ a(s) ds, 


where A is a positive constant to be chosen so that V is positive definite and V is negative 
definite. For the pendulum problem [g(x) = sin x] use V as given by the preceding equation 
with A = 5 to show that the origin is asymptotically stable. 

Hint: Use sinx = x — ax?/3! and cos x = 1 — Bx7/2! where a and B depend on x, but 
0 <a <land0 < 6 < 1 for—m/2 < x < 1/2; letx =rcosé, y =rsin@, and show that 
V(r cos0,rsing) = -irt + 5 sin 20 + h(r, @)], where |h(r, 8)| < 5 if r is sufficiently 
small. To show that V is positive definite use cos x = 1 — x?/2 + yx*/4!, where y depends 
on x, but0 < y < 1 for —m/2 <x < 7/2. 


In Problems 10 and 11 we will prove part of Theorem 9.3.2: If the critical point (0, 0) of the 
almost linear system 


dx/dt =a,,X +a,y+ Fi, y), dy/dt = a,x + dyy + G(x, y) (i) 
is an asymptotically stable critical point of the corresponding linear system 
dx/dt =a,,X +a), dy/dt = a,x + ayy, (ii) 


then it is an asymptotically stable critical point of the almost linear system (i). Problem 12 deals 
with the corresponding result for instability. 
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10. 


11. 


12. 


Consider the linear system (ii). 

(a) Since (0,0) is an asymptotically stable critical point, show that a,, + 4,, < 0 and 
Ay) — Ayy4y, > 0. (See Problem 21 of Section 9.1.) 

(b) Construct a Liapunov function V(x, y) = Ax? + Bxy + Cy? such that V is positive 
definite and V is negative definite. One way to ensure that V is negative definite is to choose 
A, B, and C so that V(x, y= —x? — y. Show that this leads to the result 


2 2 
ye + 5y + (Ay 145 — 44241) Cs + 4), 
2A : A ; 
2 2 
= Ay + Ay + (44,45) — 44741) 
2A : 


where A = (4), + 45))(Qy)459 — y545)). 
(c) Using the result of part (a) show that A > 0 and then show (several steps of algebra 
are required) that 


2 2 2 2 2 
(4q, + Gin + 91 + dy) (Gy 1499 = 4424p) + 2041 oy = 449491) 


4AC — B* = xu 


> 0. 


Thus by Theorem 9.6.4, V is positive definite. 

In this problem we show that the Liapunov function constructed in the preceding problem 
is also a Liapunov function for the almost linear system (i). We must show that there is 
some region containing the origin for which V is negative definite. 

(a) Show that 


V(x, y) = —(x? + y?) + (2Ax + By) F, (x, y) + (Bx + 2Cy)G, (x, y). 


(b) Recall that F\(x, y)/r > 0 and G(x, y)/r > 0 as r= (x? + yl? — 0. This 
means that given any € > 0 there exists a circle r = R about the origin such that for 
O<r<R,|F,(x, y)| < er, and |G, (x, y)| < er. Letting M be the maximum of |2A], |B], 
and |2C|, show by introducing polar coordinates that R can be chosen so that Vix, y) <0 
forr < R. 

Hint: Choose € sufficiently small in terms of M. 

In this problem we prove a part of Theorem 9.3.2 relating to instability. 

(a) Show that if a,, +4, > 0 and a,,a,, — a,,4,, > 0, then the critical point (0, 0) of 
the linear system (ii) is unstable. 

(b) The same result holds for the almost linear system (i). As in Problems 10 and 11 
construct a positive definite function V such that V(x, y) = x? + y? and hence is positive 
definite, and then invoke Theorem 9.6.2. 


9.7 Periodic Solutions and Limit Cycles 


In this section we discuss further the possible existence of periodic solutions of second 
order autonomous systems 


x’ = f(x). (1) 


Such solutions satisfy the relation 


x(t +T) = x(t) (2) 
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for all t and for some nonnegative constant T called the period. The corresponding 
trajectories are closed curves in the phase plane. Periodic solutions often play an 
important role in physical problems because they represent phenomena that occur 
repeatedly. In many situations a periodic solution represents a “final state” toward 
which all “neighboring” solutions tend as the transients due to the initial conditions die 
out. 

A special case of a periodic solution is a constant solution x = x°, which corresponds 
to a critical point of the autonomous system. Such a solution is clearly periodic with any 
period. In this section, when we speak of a periodic solution, we mean a nonconstant 
periodic solution. In this case the period T is positive and is usually chosen as the 


smallest positive number for which Eq. (2)\is valid. 


Recall that the solutions of the linear autonomous system 


x’ = Ax (3) 


are periodic if and only if the eigenvalues of A are pure imaginary. In this case the 
critical point at the origin is a center, as discussed in|Section 9-1] We emphasize 
that if the eigenvalues of A are pure imaginary, then every solution of the linear 
system (3) is periodic; while if the eigenvalues are not pure imaginary, then there 
are no (nonconstant) periodic solutions. The predator-prey equations discussed in 
aN] although nonlinear, behave similarly: All solutions in the first quadrant are 
periodic. The following example illustrates a different way in which periodic solutions 
of nonlinear autonomous systems can occur. 


Discuss the solutions of the system 


x o: ytx—xQ*+y") 
ee x+y — y(x? 3): 4) 


It is not difficult to show that (0, 0) is the only critical point of the system (4), and also 
that the system is almost linear in the neighborhood of the origin. The corresponding 


linear system 
x)’ 1 1)\ fx 
()=( )G) a 


has eigenvalues 1 + i. Therefore the origin is an unstable spiral point for both the linear 
system (5) and the nonlinear system (4). Thus any solution that starts near the origin in 
the phase plane will spiral away from the origin. Since there are no other critical points, 
we might think that all solutions of Eqs. (4) correspond to trajectories that spiral out to 
infinity. However, we now show that this is incorrect because far away from the origin 
the trajectories are directed inward. 

It is convenient to introduce polar coordinates r and 0, where 


x =rcosé6, y=rsin6, (6) 


and r > 0. If we multiply the first of Eqs. (4) by x, the second by y, and add, we then 
obtain 


d 
x ty =O? $y) - 07 +9?) (7) 
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Since r? = x? + y? and r(dr/dt) = x(dx/dt) + y(dy/dt), it follows from Eq. (7) that 


Pal =r(1—r’). (8) 
dt 

This is similar to the equations discussed i The critical points (for r > 0) 
are the origin and the point r = 1, which corresponds to the unit circle in the phase 
plane. From Eq. (8) it follows that dr/dt > Oifr < 1 and dr/dt <Oifr > 1. Thus, 
inside the unit circle the trajectories are directed outward, while outside the unit circle 
they are directed inward. Apparently, the circle r = 1 is a limiting trajectory for this 
system. 


To determine an equation for 6 we multiply the first of Eqs. (4)|by y, the second by 
x, and subtract, obtaining 


dx dy >, 2 
rr a +y. (9) 


U i . i i 
pon caleulanine dx/dt and dy/dt from Eqs. (6)| we find that the left side of Eq. (9) 
is —r°(d0/dt), so Eq. (9) reduces to 
db 
dt 
The system of equations (8), (10) for r and @ is equivalent to the original system (4). 
One solution of the system (8), (10) is 


—1. (10) 


r=1, 0=—-t+ty, (11) 


where /, is an arbitrary constant. As f increases, a point satisfying Eqs. (11) moves 
clockwise around the unit circle. Thus the autonomous] system (4)|has a periodic 
solution. Other solutions can be obtained by solving Eq. (8) by separation of variables; 
ifr AO andr $ 1, then 

dr 


——__ = dt. 12 
Mie) _ 


Equation (12) can be solved by using partial fractions to rewrite the left side and then 
integrating. By performing these calculations we find that the solution of Eqs. (10) and 
(12) is 


1 
r= ———— 6 =-t+t,, (13) 


vlt+ Ge 


where Cc, and f, are arbitrary constants. The solution (13) also contains the solution 
(11), which is obtained by setting cy = 0 in the first of Eqs. (13). 
The solution satisfying the initial conditions r = p, 0 = a at t = Ois given by 


1 
c= 
¥1+[(/p) — le 


If o < 1, thenr — 1 from the inside as t > oo; if p > 1, thenr — 1| from the outside 


as t — oo. Thus in all cases the trajectories spiral toward the circle r = 1 ast > o. 
Several trajectories are shown in|Figure 9.7.1 


@=-— —@). (14) 
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Theorem 9.7.1 


FIGURE 9.7.1 Trajectories of the system (4); a limit cycle. 


In this example the circle r = 1 not only corresponds to periodic solutions of the 
but, in addition, other nonclosed trajectories spiral toward it as tf > oo. In 
general, a closed trajectory in the phase plane such that other nonclosed trajectories 
spiral toward it, either from the inside or the outside, as t —> oo, is called a limit cycle. 
Thus the circle r = 1 isa limit cycle for the{ system (4)| If all trajectories that start near a 
closed trajectory (both inside and outside) spiral toward the closed trajectory as t > 00, 
then the limit cycle is{ asymptotically stable Since the limiting trajectory is itself a 
periodic orbit rather than an equilibrium point, this type of stability is often called 
orbital stability. If the trajectories on one side spiral toward the closed trajectory, 
while those on the other side spiral away as t — oo, then the limit cycle is said to 


be|semistable. |[f the trajectories on both sides of the closed trajectory spiral away 


as t —> ov, then the closed trajectory is unstable. |It is also possible to have closed 


trajectories that other trajectories neither approach nor depart from, for example, the 
periodic solutions of the predator—prey equations in|Section 9.5] In this case the closed 


trajectory is 
In|Example | the existence of an asymptotically stable limit cycle was established 


by solving the equations explicitly. Unfortunately, this is usually not possible, so it is 
worthwhile to know general theorems concerning the existence or nonexistence of limit 
cycles of nonlinear autonomous systems. In discussing these theorems it is convenient 


to rewrite the}system (1) jin the scalar form 


dx/dt = F(x, y), dy/dt = G(x, y). (15) 


Let the functions F and G have continuous first partial derivatives in a domain D of 
the x y-plane. A closed trajectory of the system (15) must necessarily enclose at least 
one critical (equilibrium) point. If it encloses only one critical point, the critical point 
cannot be a saddle point. 
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Theorem 9.7.2 


Theorem 9.7.3 


Although we omit the proof of this theorem, it is easy to show examples of it. One 
is given by| Example 1) and}Figure 9.7.1)in which the closed trajectory encloses the 


critical point (0, 0), a spiral point. Another example is the system of predator—prey 
equations in [Section 9.5} seelFigure 9.5.2| Each closed trajectory surrounds the critical 
poin ;1n this case the critical point is a center. 

| eae also useful in a negative sense. If a given region contains no critical 
points, then there can be no closed trajectory lying entirely in the region. The same 
conclusion is true if the region contains only one critical point, and this point is a saddle 
point. For instance, PL an example of competing species, 
the only critical point in the interior of the first quadrant is the saddle point (0.5, 0.5). 
Therefore this system has no closed trajectory lying in the first quadrant. 


A second result about the nonexistence of closed trajectories is given in the following 
theorem. 


Let the functions F and G have continuous first partial derivatives in a simply 
connected domain D of the xy-plane. If F. + G,, has the same sign throughout D, 
then there is no closed trajectory of the|system (15) lying entirely in D. 


A simply connected two-dimensional domain is one with no holes. Theorem 9.7.2 is 
a straightforward consequence of Green’s theorem in the plane; en Note 
that if F, + G, changes sign in the domain, then no conclusion can be drawn; there 
may or may not be closed trajectories in D. 

To illustrate Theorem 9.7.2 consider the|system (4)} A routine calculation shows that 


F(t, y) + G@,y) =2-4@? + y?) = 21 - 27%), (16) 


where, as usual, r7 = x7 + y’. Hence F, + G, is positive forO <r < 1//2, so there is 
no closed trajectory in this circular disk. Of course, we showed seen pat there is 
no closed trajectory in the larger regionr < 1. This illustrates that the information given 
by Theorem 9.7.2 may not be the best possible result. Again referring to Eq. (16), note 
that F. + G, < 0 forr > 1/ ./2. However, the theorem is not applicable in this case 
because this annular region is not simply connected. Indeed, as shown in[Example || 
it does contain a limit cycle. 

The following theorem gives conditions that guarantee the existence of a closed 
trajectory. 


(Poincaré—Bendixson Theorem). Let the functions F and G have continuous first 
partial derivatives in a domain D of the xy-plane. Let D, be a bounded subdomain 


in D, and let R be the region that consists of D, plus its boundary (all points of 
R are in D). Suppose that R contains no critical point of the If there 
exists a constant f, such that x = o(t), y = W(t) is a oem C5 ae 
that exists and stays in R for all t > fo, then either x = $(t), y = W(¢) 1s a periodic 


®Ivar Otto Bendixson (1861-1935) was a Swedish mathematician. This theorem appeared in a paper published 
by him in Acta Mathematica in 1901. 
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EXAMPLE 


2 


solution (closed trajectory), or x = o(t), y = w(t) spirals toward a closed trajectory 
as tf —> oo. In either case, the|system (15) |has a periodic solution in R. 


Note that if R does contain a closed trajectory, then necessarily, by)Theorem 9.7.1 


this trajectory must enclose a critical point. However, this critical point cannot be in R. 
Thus R cannot be simply connected; it must have a hole. 
As an application of the Poincaré—Bendixson theorem, consider again the system 


Since the origin is a critical point, it must be excluded. For instance, we can 


consider the region R defined by 0.5 <r < 2. Next, we must show that there is a 
solution whose trajectory stays in R for all ¢ greater than or equal to some f). This 
follows immediately from|Eq. (8) For r = 0.5, dr/dt > 0, so r increases, while for 
r =2, dr/dt < 0, sor decreases. Thus any trajectory that crosses the boundary of R 
is entering R. Consequently, any solution of|Eqs. (4)|that starts in R at ¢ = 1) cannot 
leave but must stay in R for t > ¢). Of course, other numbers could be used instead of 
0.5 and 2; all that is important is that r = 1 is included. 

One should not infer from this discussion of the preceding theorems that it is easy 
to determine whether a given nonlinear autonomous system has periodic solutions or 
not; often it is not a simple matter at all Theorems 9:7.1and{ 9.7.2 are frequently 
inconclusive, while for Teor 9.7.3 is often difficult to determine a region R and 
a solution that always remains within it. 

We close this section with another example of a nonlinear system that has a limit 
cycle. 


The van der Pol (1889-1959) equation 
u” — wl —u*)u' +u =0, (17) 


where jy is a positive constant, describes the current uw in a triode oscillator. Discuss 
the solutions of this equation. 

If « = 0, Eq. (17) reduces to u” + u = 0, whose solutions are sine or cosine waves 
of period 27. For jz > 0 the second term on the left side of Eq. (17) must also be 
considered. This is the resistance term, proportional to uv’, with a coefficient — (1 — wu) 
that depends on uw. For large u this term is positive and acts as usual to reduce the 
amplitude of the response. However, for small wu the resistance term is negative and 
so causes the response to grow. This suggests that perhaps there is a solution of 
intermediate size that other solutions approach as t increases. 

To analyze Eq. (17) more carefully we write it as a second order system by introducing 
the variables x = u, y = u’. Then it follows that 


x=y, yi =—x+p(1—x’)y. (18) 


The only critical point of the system (18) is the origin. Near the origin the corresponding 


linear system is 


whose eigenvalues are (4 + 4” — 4)/2. Thus the origin is an unstable spiral point 
for 0 < yx < 2 and an unstable node for jz > 2. In all cases, a solution that starts near 
the origin grows as tf increases. 
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With regard to periodic solutions} Theorems 9.7.1 and 9.7.2 |provide only partial 
information. From|Theorem 9.7.1} we conclude that 1f there are closed trajectories, they 


must enclose the origin. Next, we calculate F(x, y) + G,(x, y), with the result that 


F%,y)+G6,@.y) =u01 — 2’). (20) 


Then, it follows from}|Theorem 9.7.2 |that closed trajectories, if there are any, are not 


contained in the strip |x| < 1 where F, + G, > 0. 

The application of the Poincaré—Bendixson theorem to this problem is not nearly as 
simple as for the preceding example. If we introduce polar coordinates, we find that 
the equation for the radial variable r is 


r’ = u(1 —r’ cos” 6)r sin? 6. (21) 


Again, consider an annular region R givenbyr, < r <1r,, where r, is small and r, is 
large. When r = r,, the linear term on the right side of Eq. (21) dominates, and r’ > 0 
except on the x-axis, where sin@ = 0 and consequently r’ = 0 also. Thus, trajectories 
are entering R at every point on the circle r =r, except possibly for those on the 
x-axis, where the trajectories are tangent to the circle. When r = r,, the cubic term 
on the right side of Eq. (21) is the dominant one. Thus r’ < 0 except for points on 
the x-axis where r’ = 0 and for points near the y-axis where r? cos” < 1 and the 
linear term makes r’ > 0. Thus, no matter how large a circle is chosen, there will be 
points on it (namely, the points on or near the y-axis) where trajectories are leaving R. 
Therefore, the Poincaré—Bendixson theorem is not applicable unless we consider more 
complicated regions. 

It is possible to show, by a more intricate analysis, that the van der Pol equation does 
have a unique limit cycle. However, we will not follow this line of argument further, but 
turn instead to a different approach in which we plot numerically computed solutions. 
Experimental observations indicate that the van der Pol equation has a stable periodic 
solution whose period and amplitude depend on the parameter jz. By looking at graphs 
of trajectories in the phase plane and of u versus t we can gain some understanding of 
this periodic behavior. 

Figure 9.7.2 shows two trajectories of the van der Pol equation in the phase plane 
for «4 = 0.2. The trajectory starting near the origin spirals outward in the clockwise 


ay 


FIGURE 9.7.2 Trajectories of the van der Pol equation (17) for x = 0.2. 
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FIGURE 9.7.3 Plots of u versus ¢ for the trajectories in} Figure 9.7.2. 


direction; this is consistent with the behavior of the linear approximation near the 
origin. The other trajectory passes through (—3, 2) and spirals inward, again in the 
clockwise direction. Both trajectories approach a closed curve that corresponds to 
a stable periodic solution. In Figure 9.7.3 we show the plots of u versus ¢ for the 
solutions corresponding to the trajectories in|Figure 9.7.9. The solution that is initially 
smaller gradually increases in amplitude, while the larger solution gradually decays. 
Both solutions approach a stable periodic motion that corresponds to the limit cycle. 
Figure 9.7.3 also shows that there is a phase difference between the two solutions as 
they approach the limit cycle. The plots of u versus ¢ are nearly sinusoidal in shape, 
consistent with the nearly circular limit cycle in this case. 

Figures 9.7.4 and| 9.7.5 |show similar plots for the case uw = 1. Trajectories again 
move clockwise in the phase plane, but the limit cycle is considerably different from a 


FIGURE 9.7.4 Trajectories of the van der Pol equation (17) for ~ = 1. 
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FIGURE 9.7.5 Plots of u versus ¢ for the trajectories in Figure 9.7.4. 


circle. The plots of u versus t tend more rapidly to the limiting oscillation, and again 
show a phase difference. The oscillations are somewhat less symmetric in this case, 
rising somewhat more steeply than they fall. 

Figure 9.7.6 shows the phase plane for 4p = 5. The motion remains clockwise, and 
the limit cycle is even more elongated, especially in the y direction. LE 
is a plot of wu versus t. Although the solution starts far from the limit cycle, the 
limiting oscillation is virtually reached in a fraction of a period. Starting from one of 
its extreme values on the x-axis in the phase plane, the solution moves toward the other 
extreme position slowly at first, but once a certain point on the trajectory is reached, 
the remainder of the transition is completed very swiftly. The process is then repeated 


FIGURE 9.7.6 Trajectories of the van der Pol equation (17) for 4 = 5. 
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uA 


FIGURE 9.7.7 Plot of wu versus ¢ for the outward spiralling trajectory in|Figure 9.7.6. 


in the opposite direction. The waveform of the limit cycle, as shown in Figure 9.7.7, is 
quite different from a sine wave. 

These graphs clearly show that, in the absence of external excitation, the van der Pol 
oscillator has a certain characteristic mode of vibration for each value of jz. The graphs 
of u versus t show that the amplitude of this oscillation changes very little with jz, but 
the period increases as jz increases. At the same time, the waveform changes from one 
that is very nearly sinusoidal to one that is much less smooth. 

The presence of a single periodic motion that attracts all (nearby) solutions, that is, 
a stable limit cycle, is one of the characteristic phenomena associated with nonlinear 
differential equations. 


PROBLEMS _ tneach of Problems 1 through 6 an autonomous system is expressed in polar coordinates. 
Se _~—Ss«éDetermine all periodic solutions, all limit cycles, and determine their stability characteristics. 


dr/dt =r?(1—r’), d0/dt =1 

dr/dt =r(d—r)’, do/dt = —1 

dr/dt =r(r —1)(r —3), dé/dt =1 

dr/dt =r —r)(r — 2), do/dt = —-1 

dr/dt = sinzr, do/dt =1 

dr/dt =r|r —2\(r —3), do/dt = —1 

If x =rcosd, y =rsin@, show that y(dx/dt) — x(dy/dt) = —r*(d6/dt). 
(a) Show that the system 


AIA AMR WN 


dx/dt =—y+xf(r)/r, dy/dt =x +yf(r)/r 


has periodic solutions corresponding to the zeros of f(r). What is the direction of motion 
on the closed trajectories in the phase plane? 
(b) Let f(r) =r(r 2)?(r2 — 4r + 3). Determine all periodic solutions and determine 
their stability characteristics. 

. Determine the periodic solutions, if any, of the system 


x 


(x? + y* — 2), 
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10. Using Theorem 9.7.2, show that the linear autonomous system 
dx/dt = a,,x +a,y, dy/dt =a,,x + ay 
does not have a periodic solution (other than x = 0, y = 0) ifa,, + 4, 4 0. 


In each of Problems 11 and 12 show that the given system has no periodic solutions other 
than constant solutions. 


ll. dx/dt=x+y+x3-y’, dy/dt = —x +2y+x’y+ y?/3 

12, dxjdt=—2s =3y=ay, dy/dt =y+x?—x’y 

13. Prove Theorem 9.7.2 by completing the following argument. According to Green’s theorem 
in the plane, if C is a sufficiently smooth simple closed curve, and if F and G are continuous 
and have continuous first partial derivatives, then 


[res dy — G(x, y) axt= ff tr.» + 6,0, dA, 
Cc R 


where C is traversed counterclockwise and R is the region enclosed by C. Assume that 
x = (t), y = W(t) is a solution of the system (15) that is periodic with period T. Let C 
be the closed curve given by x = (tf), y = w(t) for 0 < ¢t < T. Show that for this curve 
the line integral is zero. Then show that the conclusion of Theorem 9.7.2 must follow. 

(a) By examining the graphs of u versus t in Figures 9.7.3, 9.7.5, and 9.7.7 estimate the 
period T of the van der Pol oscillator in these cases. 

(b) Calculate and plot the graphs of solutions of the van der Pol equation for other values 
of the parameter jz. Estimate the period T in these cases also. 

(c) Plot the estimated values of T versus . Describe how T depends on pL. 

The equation 


u’ — pwd — fu? )ul +u=0 


is often called the Rayleigh equation. 

(a) Write the Rayleigh equation as a system of two first order equations. 

(b) Show that the origin is the only critical point of this system. Determine its type and 
whether it is stable or unstable. 

(c) Let u = 1. Choose initial conditions and compute the corresponding solution of the 
system on an interval such as 0 < t < 20 or longer. Plot u versus t and also plot the 
trajectory in the phase plane. Observe that the trajectory approaches a closed curve (limit 
cycle). Estimate the amplitude A and the period T of the limit cycle. 

(d) Repeat part (c) for other values of uw, such as w = 0.2, 0.5, 2, and 5. In each case 
estimate the amplitude A and the period T. 

(e) Describe how the limit cycle changes as yz increases. For example, make a table of 
values and/or plot A and T as functions of ju. 

The system 


x’ =3(x+y—4x°—k), y =—4(x +0.8y — 0.7) 


is a special case of the Fitzhugh-Nagumo equations, which model the transmission of 
neural impulses along an axon. The parameter k is the external stimulus. 

(a) For k = 0 show that there is one critical point. Find this point and show that it is an 
asymptotically stable spiral point. Repeat the analysis for k = 0.5 and show that the critical 
point is now an unstable spiral point. Draw a phase portrait for the system in each case. 
(b) Find the value k) where the critical point changes from asymptotically stable to 
unstable. Draw a phase portrait for the system for k = kp. 

(c) Fork > k, the system exhibits an asymptotically stable limit cycle. Plot x versus ¢ for 
k = k, for several periods and estimate the value of the period T. 

(d) The limit cycle actually exists for a small range of k below ky. Let k, be the smallest 
value of k for which there is a limit cycle. Find k,. 
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9.8 Chaos and Strange Attractors: The Lorenz Equations 


In principle, the methods described in this chapter for second order autonomous systems 
can also be applied to higher order systems as well. In practice, there are several 
difficulties that arise in trying to do this. One problem is that there is simply a greater 
number of possible cases that can occur, and the number increases with the order of the 
system (and the dimension of the phase space). Another is the difficulty of graphing 
trajectories accurately in a phase space of higher than two dimensions; even in three 
dimensions it may not be easy to construct a clear and understandable plot of the 
trajectories, and it becomes more difficult as the number of variables increases. Finally, 
and this has only been clearly realized in the last few years, there are different and very 
complex phenomena that can occur, and do frequently occur, in systems of third and 
higher order that are not present in second order systems. Our goal in this section is to 
provide a brief introduction to some of these phenomena by discussing one particular 
third order autonomous system that has been intensively studied in recent years. In 
some respects the presentation here is similar to the treatment of thellogistic difference ] 
equation in|Section 2.9] 

An important problem in meteorology, and in other applications of fluid dynamics, 
concerns the motion of a layer of fluid, such as the earth’s atmosphere, that is warmer 
at the bottom than at the top; see Figure 9.8.1. If the vertical temperature difference 
AT is small, then there is a linear variation of temperature with altitude, but no 
significant motion of the fluid layer. However, if AT is large enough, then the warmer 
air rises, displacing the cooler air above it, and a steady convective motion results. If 
the temperature difference increases further, then eventually the steady convective flow 
breaks up and a more complex and turbulent motion ensues. 

While investigating this phenomenon, Edward N. Loren/Wwas led (by a process too 
involved to describe here) to the nonlinear autonomous third order system 


dx/dt =a(—x+y), 
dy/dt =rx —y — xz, (1) 
dz/dt = —bz+xy. 


Equations (1) are now commonly referred to as the Lorenz equation lopserve that the 
second and third equations involve quadratic nonlinearities. However, except for being 


Temperature 
h/) } iference at 
Cooler r) 
aaa, 
Warmer 


FIGURE 9.8.1 A layer of fluid heated from below. 


"Edward N. Lorenz (1917-— ), American meteorologist, received his Ph.D. from the Massachusetts Institute of 
Technology in 1948 and has been associated with that institution throughout his scientific career. The Lorenz 
equations were first studied by him in a famous paper published in 1963 dealing with the stability of fluid flows 
in the atmosphere. 


Sa very thorough treatment of the Lorenz equations appears in the book by|Sparrow listed in the references|at the 


end of the chapter. 
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a third order system, superficially the Lorenz equations appear no more complicated 
than the competing species or predator-prey equations discussed in| Sections 9.4 and 
The variable x unease related to the intensity of the fluid motion, while the 
variables y and z are related to the temperature variations in the horizontal and vertical 
directions. The Lorenz equations also involve three parameters o, r, and b, all of which 
are real and positive. The parameters o and b depend on the material and geometrical 
properties of the fluid layer. For the earth’s atmosphere reasonable values of these 
parameters are o = 10 and b = 8/3; they will be assigned these values in much of 
what follows in this section. The parameter 7, on the other hand, is proportional to 
the temperature difference AT, and our purpose is to investigate how the nature of the 
solutions o changes with r. 

The first step in analyzing the Lorenz equations is to locate the critical points by 
solving the algebraic system 


ox —oy =0, 
rx —y—xz=0, (2) 
—bz+xy =0. 


From the first equation we have y = x. Then, eliminating y from the second and third 
equations, we obtain 


x(r —1—z) =0, (3) 
—bz +x? =0. (4) 


One way to satisfy Eq. (3) is to choose x = 0. Then it follows that y = 0 and, from 
Eq. (4), z = 0. Alternatively, we can satisfy Eq. (3) by choosing z = r — 1. Then Eq. (4) 
requires that x = +./b(r — 1) and then y = +./b(r — 1) also. Observe that these 
expressions for x and y are real only when r > 1. Thus (0, 0, 0), which we will denote 
by P,, is a critical point for all values of r, and it is the only critical point for r < 1. 
However, when r > 1, there are also two other critical points, namely, (/b(r — 1), 
J/b(r — 1),r — 1) and (- Jb — 1), —/b(r — 1), r — 1). We will denote the latter 
two points by P, and P,, respectively. Note that all three critical points coincide when 
r = 1. Asr increases through the value 1, the critical point P, at the origin bifurcates 
and the critical points P, and P, come into existence. 

Next we will determine the local behavior of solutions in the neighborhood of each 
critical point. Although much of the following analysis can be carried out for arbitrary 
values of o and b, we will simplify our work by using the values o = 10 and b = 8/3. 
Near the origin (the critical point P,) the approximating linear system is 


/ 


x —10 10 0 x 
y] = r -l 0 y]- (5) 
Zz 0 0 —-—8/3 Zz 


The eigenvalues are determined from the equation 


—10-A 10 0 
r = 0 = —(8/3+A)~?4+11A-107r-D]=0. (© 
0 0 875 =, 
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Therefore 


8 —11 — /81+40r —l1+ 781+ 40r 
Ap a hes : y= : 
3 2 2, 
Note that all three eigenvalues are negative for r < 1; for example, when r = 1/2, 
the eigenvalues are 1, = —8/3, A, = —10.52494, A, = —0.47506. Hence the origin 
is asymptotically stable for this range of r both for the ines! ppronambetion (@)] and 
for the ociginalleystent (I However, A, changes sign when r = T and is positive for 
r > 1. The value r = | corresponds to the initiation of convective flow in the physical 
problem described earlier. The origin is unstable for r > 1; all solutions starting near 
the origin tend to grow except for those lying precisely in the plane determined by the 
eigenvectors associated with 4, and A, [or, for the nonlingar sysien CI in a certain 
surface tangent to this plane at the origin]. 

Next let us consider the neighborhood of the critical point P,(./8(r — 1)/3, 
J/8(r — 1)/3, r — 1) for r > 1. If u, v, and w are the perturbations from the crit- 
ical point in the x, y, and z directions, respectively, then the approximating linear 
system is 


(7) 


u —10 10 0 u 
vj = 1 —1 —/8(r — 1)/3 v]. (8) 

w V8r-—D/3 V8 — 1/3 —8/3 w 
The eigenvalues of the coefficient matrix of Eq. (8) are determined from the equation 
303 4+ 4102 + 8(r + 10)A + 160(r — 1) =0, (9) 


which is obtained by straightforward algebraic steps that are omitted here. The solutions 
of Eq. (9) depend on r in the following way: 


For 1 <r <r, = 1.3456 there are three negative real eigenvalues. 


For r, <r <r, = 24.737 there are one negative real eigenvalue and two complex 
eigenvalues with negative real part. 


For r, <r there are one negative real eigenvalue and two complex eigenvalues with 
positive real part. 


The same results are obtained for the critical point P,. Thus there are several different 
situations. 

For 0 <r < 1 the only critical point is P, and itis asymptotically stable. All solutions 
approach this point (the origin) as t > oo. 

For | <r <r, the critical points P, and P, are asymptotically stable and P, is 
unstable. All nearby solutions approach one or the other of the points P, and P, 
exponentially. 

For r,; <r <r, the critical points P, and P, are asymptotically stable and P, is 
unstable. All nearby solutions approach one or the other of the points P, and P,; most 
of them spiral inward to the critical point. 

For r, < r all three critical points are unstable. Most solutions near P, or P, spiral 
away from the critical point. 

However, this is by no means the end of the story. Let us consider solutions for r 
somewhat greater than r,. In this case P, has one positive eigenvalue and each of 
P, and P, has a pair of complex eigenvalues with positive real part. A trajectory can 
approach any one of the critical points only on certain highly restricted paths. The 
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slightest deviation from these paths causes the trajectory to depart from the critical 
point. Since none of the critical points is stable, one might expect that most trajectories 
will approach infinity for large t. However, it can be shown that all solutions remain 
bounded as t — ov; see[Problem In fact, it can be shown that all solutions ultimately 
approach a certain limiting set of points that has zero volume. Indeed, this is true not 
only for r > r, but for all positive values of r. 

A plot of computed values of x versus ¢ for a typical solution with r > r, is shown 
in Figure 9.8.2. Note that the solution oscillates back and forth between positive and 
negative values in a rather erratic manner. Indeed, the graph of x versus t resembles 
a random vibration, although the Lorenz equations are entirely deterministic and the 
solution is completely determined by the initial conditions. Nevertheless, the solution 
also exhibits a certain regularity in that the frequency and amplitude of the oscillations 
are essentially constant in time. 

The solutions of the Lorenz equations are also extremely sensitive to perturbations in 
the initial conditions. Figure 9.8.3 shows the graphs of computed values of x versus ¢ 


cry 
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FIGURE 9.8.2 A plot of x versus ¢ for the Lorenz equations (1) with r = 28; initial point is 
(5,555); 


FIGURE 9.8.3 Plots of x versus ¢ for two initially nearby solutions of Lorenz equations with 
r = 28; initial point is (5,5, 5) for dashed curve and (5.01, 5, 5) for solid curve. 
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for the two solutions whose initial points are (5,5,5) and (5.01,5,5). The dashed 
graph is the same as the one al Figure 982 while the solid graph starts at a nearby 
point. The two solutions remain close until ¢ is near 10, after which they are quite 
different and, indeed, seem to have no relation to each other. It was this property that 
particularly attracted the attention of Lorenz in his original study of these equations, 
and caused him to conclude that detailed long-range weather predictions are probably 
not possible. 

The attracting set in this case, although of zero volume, has a rather complicated 
structure and is called a strange attractor. The term|chaotic|has come into general 
use to describe solutions such as those shown in| Figures 9.8.2 ind|9.8.3.| 

To determine how and when the strange attractor is created it is illuminating to 
investigate solutions for smaller values of r. For r = 21 solutions starting at three 
different initial points are shown in Figure 9.8.4. For the initial point (3, 8,0) the 
solution begins to converge to the point P, almost at once; see Figure 9.8.4a. For the 
second initial point (5, 5,5) there is a fairly short interval of transient behavior, after 
which the solution converges to P,; see Figure 9.8.4b. However, as shown in Figure 
9.8.4c, for the third initial point (5,5, 10) there is a much longer interval of transient 
chaotic behavior before the solution eventually converges to P,. As r increases, the 
duration of the chaotic transient behavior also increases. When r = r, = 24.06, the 
chaotic transients appear to continue indefinitely and the strange attractor comes into 
being. 

One can also show the trajectories of the Lorenz equations in the three-dimensional 


phase space, or at least projections of them in various planes/ Figures 9.8.5 and 9.8.6, 
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FIGURE 9.8.4 Plots of x versus t for three solutions of Lorenz equations with r = 21. 
(a) Initial point is (3, 8, 0). (b) Initial point is (5, 5, 5). (c) Initial point is (5, 5, 10). 
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FIGURE 9.8.5 Projections of a trajectory of the Lorenz equations (with r = 28) in the 
xy-plane. 


FIGURE 9.8.6 Projections of a trajectory of the Lorenz equations (with r = 28) in the 
xz-plane. 


show projections in the xy- and xz-planes, respectively, of the trajectory starting at 
(5,5,5). Observe that the graphs in these figures appear to cross over themselves 
repeatedly, but this cannot be true for the actual trajectories in three-dimensional space 
because of the general uniqueness theorem. The apparent crossings are due wholly to 
the two-dimensional character of the figures. 

The sensitivity of solutions to perturbations of the initial data also has implications 
for numerical computations, such as those reported here. Different step sizes, different 
numerical algorithms, or even the execution of the same algorithm on different machines 
will introduce small differences in the computed solution, which eventually lead to 
large deviations. For example, the exact sequence of positive and negative loops in 
the calculated solution depends strongly on the precise numerical algorithm and its 
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implementation, as well as on the initial conditions. However, the general appearance 
of the solution and the structure of the attracting set is independent of all these factors. 

Solutions of the Lorenz equations for other parameter ranges exhibit other interesting 
types of behavior. For example, for certain values of r greater than r,, intermittent bursts 
of chaotic behavior separate long intervals of apparently steady periodic oscillation. 
For other ranges of r, solutions show the period-doubling property that we saw in 

[Section 2.9|for the logistic difference equation. Some of these features are taken up in 
the problems. 

Since about 1975 the Lorenz equations and other higher order autonomous systems 
have been studied intensively, and this is one of the most active areas of current 
mathematical research. Chaotic behavior of solutions appears to be much more common 
than was suspected at first, and many questions remain unanswered. Some of these are 
mathematical in nature, while others relate to the physical applications or interpretations 
of solutions. 


PRO BLEM S Problems 1| through 3 ask you to fill in some of the details of the analysis of the Lorenz equations 
in the text. 


1. (a) Show that the eigenvalues of the linear system (5), valid near the origin, are given by 
Eq. (7). 
(b) Determine the corresponding eigenvectors. 


> 3. (a) By solving Eq. (9) numerically show that the real part of the complex roots changes 

sign when r = 24.737. 
(b) Show that a cubic polynomial x7 + Ax? + Bx + C has one real zero and two pure 
imaginary zeros only if AB = C. 
(c) By applying the result of part (b) to Eq. (9) show that the real part of the complex roots 
changes sign when r = 470/19. 

4. Use the Liapunov function V(x, y, z) = x’ + oy? + 02’ to show that the origin is a globally 
asymptotically stable critical point for the Lorenz equations (1) ifr < 1. 

5. Consider the ellipsoid 


V(x, y,z) = rx’? toy? +0(z—2ry =c>0. 


(a) Calculate dV /dt along trajectories of the Lorenz equations (1). 

(b) Determine a sufficient condition on c so that every trajectory crossing V(x, y, z) = c 1s 
directed inward. 

(c) Evaluate the condition found in part (b) for the case o = 10, b = 8/3, r = 28. 


In each of Problems 6 through 10 carry out the indicated investigations of the Lorenz equations. 


> 6. Forr = 28 plot x versus t for the cases shown in Figures 9.8.2 and 9.8.3. Do your graphs 

agree with those shown in the figures? Recall the discussion of numerical computation in 
the text. 

7. For r = 28 plot the projections in the xy- and xz-planes, respectively, of the trajectory 
starting at the point (5,5, 5). Do the graphs agree with those in Figures 9.8.5 and 9.8.6? 

8. (a) For r = 21 plot x versus t for the solutions starting at the initial points (3, 8,0), 
(5,5, 5), and (5,5, 10). Use a ¢ interval of at least 0 < t < 30. Compare your graphs with 
those in Figure 9.8.4. 
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Partial 
Differential 
Equations and 
Fourier Series 


In many important physical problems there are two or more independent variables, 
so that the corresponding mathematical models involve partial, rather than ordinary, 
differential equations. This chapter treats one important method for solving partial 
differential equations, a method known as separation of variables. Its essential feature 
is the replacement of the partial differential equation by a set of ordinary differential 
equations, which must be solved subject to given initial or boundary conditions. The first 
section of this chapter deals with some basic properties of boundary value problems for 
ordinary differential equations. The desired solution of the partial differential equation 
is then expressed as a sum, usually an infinite series, formed from solutions of the 
ordinary differential equations. In many cases we ultimately need to deal with a series 
of sines and/or cosines, so part of the chapter is devoted to a discussion of such series, 
which are known as Fourier series. With the necessary mathematical background in 
place, we then illustrate the use of separation of variables on a variety of problems 
arising from heat conduction, wave propagation, and potential theory. 


10.1 Two-Point Boundary Value Problems 


Up to this point in the book we have dealt with initial value problems, consisting of a 

differential equation together with suitable initial conditions at a given point. A typical 
example, which was discussed at length in}Chapter 3} is the differential equation 

y" + p(t)y’ +a@y = 8), (1) 
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with the initial conditions 


Y(t) = Yo, Y(t) = Yo- (2) 


Physical applications often lead to another type of problem, one in which the value 
of the dependent variable _y or its derivative is specified at two different points. Such 
conditions are called{ boundary conditions to distinguish them from initial conditions 
that specify the value of y and y’ at the same point. A differential equation together with 
suitable boundary conditions form A typical 
example is the differential equation 


y" + p(x)y’ + q(x)y = g(x) (3) 


with the boundary conditions 


y@) =o, y(B)=y,. (4) 
The natural occurrence of boundary value problems usually involves a space coordinate 
as the independent variable so we have used x rather than ft in Eqs. (3) and (4). To 
solve the boundary value problem (3), (4) we need to find a function y = (x) that 
satisfies the differential equation (3) in the interval aw < x < 6 and that takes on the 
specified values y, and y, at the endpoints of the interval. Usually, we seek first the 
general solution of the differential equation and then use the boundary conditions to 
determine the values of the arbitrary constants. 

Boundary value problems can also be posed for nonlinear differential equations but 
we will restrict ourselves to a consideration of linear equations only. An important 
classification of linear boundary value problems is whether they are homogeneous or 
nonhomogeneous. If the function g has the value zero for each x, and if the bounda 
values y,) and y, are also zero, then the problem (3), (4) is called homosenea 
Otherwise, the problem is oniionaeencond 

Although the initial value (2) and the boundary value problem (3), 
(4) may superficially appear to be quite similar, their solutions differ in some very 
important ways. Under mild conditions on the coefficients initial value problems are 
certain to have a unique solution. On the other hand, boundary value problems under 
similar conditions may have a unique solution, but may also have no solution or, in 
some cases, infinitely many solutions. In this respect, linear boundary value problems 


resemble systems of linear algebraic equations. 
Let us recall some facts (see Section 7.3) about the system 
Ax =b, (5) 


where A is a given n x n matrix, b is a given n x 1 vector, and x is ann x 1 vector 
to be determined. If A is nonsingular, then the system (5) has a unique solution for 
any b. However, if A is singular, then the system (5) has no solution unless b satisfies 
a certain additional condition, in which case the system has infinitely many solutions. 
Now consider the corresponding homogeneous system 


Ax = 0, (6) 


obtained from the system (5) when b = 0. The homogeneous system (6) always has 
the solution x = 0. If A is nonsingular, then this is the only solution, but if A is 
singular, then there are infinitely many (nonzero) solutions. Note that it is impossible 
for the homogeneous system to have no solution. These results can also be stated in 
the following way: The nonhomogeneous system (5) has a unique solution if and only 
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EXAMPLE 


1 


EXAMPLE 


2 


if the homogeneous|system (6) |has only the solution x = 0, and the nonhomogeneous 
has either no solution or infinitely many if and only if the homogeneous 


system (6)/has nonzero solutions. 


We now turn to some examples of linear boundary value problems that illustrate 
very similar behavior. A more general discussion of linear boundary value problems 


appears in|Chapter 11] 


Solve the boundary value problem 
y"+2y =0, yO)=1, yr) =0. (7) 
The general solution of the differential equation (7) is 
y =c, cos J2x + c, sin ¥ 2x. (8) 


The first boundary condition requires that c, = 1. The second boundary condition 
implies that c, cos Jon + Cc, sin /2n = 0, so c, = — cot J/2n = —0.2762. Thus the 
solution of the boundary value problem (7) is 


y = cos V2x — cot V2z sin V2x. (9) 


This example illustrates the case of a nonhomogeneous boundary value problem with 
a unique solution. 


Solve the boundary value problem 
y"+y=0, yO)=1, ya@)=a, (10) 


where a is a given number. 
The general solution of this differential equation is 


y =c,cosx + c, sinx (11) 


and from the first boundary condition we find that c, = 1. The second boundary 
condition now requires that —c, = a. These two conditions on c, are incompatible if 
a # —1 so the problem has no solution in that case. However, if a = —1, then both 
boundary conditions are satisfied provided that c, = 1, regardless of the value of c,. In 
this case there are infinitely many solutions of the form 


y =cosx +c, sinx, (12) 


where c, remains arbitrary. This example illustrates that a nonhomogeneous boundary 
value problem may have no solution, and also that under special circumstances it may 
have infinitely many solutions. 


Corresponding to the nonhomogeneous boundary value|problem (3) [Ais the ho- 


mogeneous problem consisting of the differential equation 
y" + p@x)y’+q(x)y =0 (13) 
and the boundary conditions 


y(a) =0, y(B) = 0. (14) 


544 


Chapter 10. Partial Differential Equations and Fourier Series 


EXAMPLE 


3 


EXAMPLE 


4 


Observe that this problem has the solution y = 0 for all x regardless of the coefficients 
p(x) and g(x). This solution is often called the trivial solution and is rarely of interest. 
What we usually want to know is whether the problem has other, nonzero, solutions. 
Consider the following two examples. 


Solve the boundary value problem 
y"+2y =0, y0)=0, yr) =0. (15) 
The general solution of the differential equation is again given by|Eq. (8)| 
y =c, cos 4/3 Cc, sin VJ2x. 


The first boundary condition requires that c, = 0 and the second boundary condition 
leads to C5 sin /22 = 0. Since sin /27 0, it follows that C= 0 also. Consequently, 
y = 0 for all x is the only solution of the problem (15). This example illustrates that a 
homogeneous boundary value problem may have only the trivial solution y = 0. 


Solve the boundary value problem 
y"+y=0, y0)=0, yr) =0. (16) 


The general solution is given by|Eq. (11), 


y =c,cosx +c, sinx, 


and the first boundary condition requires that c, = 0. Since sinz = 0, the second 
boundary condition is also satisfied regardless of the value of c,. Thus the solution of 
the problem (16) is y = c, sinx, where c, remains arbitrary. This example illustrates 
that a homogeneous boundary value problem may have infinitely many solutions. 


Examples 1 through 4|illustrate (but of course do not prove) that there is the same 


relationship between homogeneous and nonhomogeneous linear boundary value prob- 


lems as there is between homogeneous and nonhomogeneous linear algebraic systems. 
A nonhomogeneous boundary value problem (Example 1) has a unique solution and the 


corresponding homogeneous problem (Example 3) has only the trivial solution. Fur- 
ther, a nonhomogeneous problem (Example 2) has either no solution or infinitely many 
and the corresponding homogeneous problem (Example 4) has nontrivial solutions. 
Eigenvalue Problems. Recall the matrix equation 

Ax = Xx (17) 
that was discussed in Equation (17) has the solution x = 0 for every 


value of 4 but for certain values of A, called eigenvalues, there are also other nonzero 
solutions, called eigenvectors. The situation is similar for boundary value problems. 
Consider the problem consisting of the differential equation 


y” +ay =0, (18) 
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together with the boundary conditions 
y(0)=0, yr) = 0. (19) 


Observe that the}problem (18)} (19) is the same as the problems in|Examples 3 and 4 |f 


A = 2 and = 1, respectively. Recalling the results of these examples, we note that for 
A= 2{Eqs. (18)| (19) have only the trivial solution y = 0, while for A = 1, the problem 
(19) has other, nontrivial, solutions. By extension of the terminology associated 
with Eq. (17) the values of A for which nontrivial solutions of (19) occur are 


ei ceateli and the nontrivial solutions themselves are called] eigenfunctions| 


Restating the results of Examples 3 and 4, we have found that A = 1 is an eigenvalue 
of ihe pele (19) and that A = 2 is not. Further, any nonzero multiple of sin x 
is an eigenfunction corresponding to the eigenvalue A = 1. 

Let us now turn to the problem of finding other eigenvalues and eigenfunctions of the 
(19). We need to consider separately the cases A > 0,A = 0, and d < 0, 
since the form of the solution of Eq. (18)|is different in each of these cases. Suppose 
first that A > 0. To avoid the frequent appearance of radical signs, it is convenient to 
let 4 = pw” and to rewrite(Eq, C18} as 


y"+py =0. (20) 


The characteristic polynomial equation for Eq. (20) is r? + uw” = 0 with roots r = +ip, 
so the general solution is 


y =, Cos px +c, sin Lx. (21) 


Note that jz is nonzero (since 4 > 0) and there is no loss of generality if we also assume 
that ju is positive. The first boundary condition requires that c, = O and then the second 
boundary condition reduces to 


c, sin um = 0. (22) 


We are seeking nontrivial solutions so we must require that c, # 0. Consequently, 
sin j4z must be zero and our task is to choose pu so that this will occur. We know that 
the sine function has the value zero at every integer multiple of 7 so we can choose 
pt to be any (positive) integer. The corresponding values of A are the squares of the 
positive integers, so we have determined that 


at, eet. She, Byron, (23) 
are eigenvalues of the}problem (18), (19). The eigenfunctions are given by Eq. (21) with 
c, = 0, so they are just multiples of the functions sinnx forn = 1, 2,3,.... Observe 


that the constant c, in Eq. (21) is never determined, so eigenfunctions are determined 
only up to an arbitrary multiplicative constant [just as are the eigenvectors of the matrix 


problem (17)]. We will usually choose the multiplicative constant to be 1 and write the 
eigenfunctions as 


y, (x) =sinx, y,(x)=sin2x,..., y,(x) =sinnx,..., (24) 


remembering that multiples of these functions are also eigenfunctions. 
Now let us suppose that 4 < 0. If we let A = —j”, then|Eq. (18)|becomes 


y”’— py =0. (25) 
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The characteristic equation for |Eq. (25)| is r? — u? = 0 with roots r = +p, so its 
general solution can be written as 


y =c, cosh zx + c, sinh wx. (26) 


We have chosen the hyperbolic functions cosh jx and sinh jx as a fundamental set of 
solutions rather than the exponential functions exp(jzx) and exp(— zx) for convenience 
in applying the boundary conditions. The first boundary condition requires that c, = 0 
and then the second boundary condition gives c, sinh zz = 0. Since uw ¥ 0, it follows 
that sinh yz 4 0, and therefore we must have c, = 0. Consequently, y = 0 and there 
are no nontrivial solutions for A < 0. In other words, the problem (18)} (19) has no 
negative eigenvalues. 
Finally, consider the possibility that 4 = 0. Then|Eq. (18)]/becomes 


y' =0, (27) 
and its general solution is 
y=eoxte. (28) 


The boundary |conditions (19)) can only be satisfied by choosing c, = 0 and c, = 0, 


so there is only the trivial solution y = 0 in this case as well. That is, A = 0 is not an 
eigenvalue. 

To summarize our results: We have shown that ips es an infinite 
sequence of positive eigenvalues A, = n’ forn = 1,2,3,...and thatthe corresponding 
eigenfunctions are proportional to sinnx. Further, there are no other real eigenvalues. 
There remains the possibility that there might be some complex eigenvalues; recall 
that a matrix with real elements may very well have complex eigenvalues. In Problem 


li7}we outline an argument showing that the particular|problem (18) cannot have 
complex eigenvalues. Later, in| Section 11.2) we discuss an important class of boundary 


value problems that includes} (18),|(19)| One of the important properties of this class of 
problems is that all their eigenvalues are real. 
In later sections of this chapter we will often encounter the problem 


y"+ay =0, y(0)=0, yL)=9, (29) 


which differs from the|problem (18)]|(19)|only in that the second boundary condition 
ra 


is imposed at an arbitrary point x = ther than at x = z. The solution process is 
exactly the same as before up to the step where the second boundary condition is 
applied. For the problem (29) this condition requires that 


c, sin. L =0 (30) 


rather than |Eq. (22), as in the former case. Consequently, zL must be an integer 
multiple of 7, so 4 = nz/L, where n is a positive integer. Hence the eigenvalues and 


eigenfunctions of the problem (29) are given by 
._=nn ji, a) SsnGine/D)y, 221,23 jin (31) 


As usual, the eigenfunctions y, (x) are determined only up to an arbitrary multiplicative 
constant. In the same way as x5] (19 ou can show that the problem (29) has no 
eigenvalues or eigenfunctions other than those in Eq. (31). 

The problems following this section explore to some extent the effect of differ- 


ent boundary conditions on the eigenvalues and eigenfunctions. A more systematic 
discussion of two-point boundary and eigenvalue problems appears in|Chapter 11. 
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PROBLEMS _ teach of Problems 1 through 10 either solve the given boundary value problem or else show 
that it has no solution. 


yO=0, y@)=1 
yiO=1, s Gr) =0 
y0)=0, y(L)=0 
y@O)=1, yL)=0 
y0)=0, yr) =0 
y0)=0, y(r)=0 
y” +4y = cos x, y(0)=0, y(r)=0 
y” +4y = sinx, y(0)=0, y(r)=0 
y” +4y = cosx, y(0)=0, y(r)=0 
10. y”+3y =cosx, y(0)=0, y(r)=0 


Oa AW EONS 


In each of Problems 11 through 16 find the eigenvalues and eigenfunctions of the given boundary 
value problem. Assume that all eigenvalues are real. 


ll. y”+ay=0, y(0)=0, y(t) =0 
12. y”+Aay=0, y'(0)=0, yr) =0 
13. y”+Ay =0, y'(0)=0, y(r)=0 
14. y”+Ay =0, y'(0)=0, y(L)=0 
y’+Aay =0, y(0)=0, y(L)=0 
y —Ay =, y0)=0, y(L)=0 


17. In this problem we outline a proof that the eigenvalues of the boundary value problem (18), 
(19) are real. 
(a) Write the solution of Eq. (18) as y =k, exp(iux) +k, exp(—ipx), where 1 = Ww, 
and impose the boundary conditions (19). Show that nontrivial solutions exist if and only 
if 


exp(ij) — exp(—ipm) = 0. (1) 


(b) Let uw = v+io and use Euler’s relation exp(ivz) = cos(vzr) + i sin(vzr) to deter- 
mine the real and imaginary parts of Eq. (1). 

(c) By considering the equations found in part (b), show that o = 0; hence yz is real and 
so is A. Show also that v = n, where n is an integer. 


10.2 Fourier Series 


Later in this chapter you will find that you can solve many important problems involving 
partial differential equations provided that you can express a given function as an 
infinite sum of sines and/or cosines. In this and the following two sections we explain 
in detail how this can be done. These trigonometric series are called [Fourier series! 


‘Fourier series are named for J oseph Fourier, who made the first systematic use, although not a completely rigorous 
investigation, of them in 1807 and 1811 in his papers on heat conduction. According to Riemann, when Fourier 
presented his first paper to the Paris Academy in 1807, stating that an arbitrary function could be expressed as 
a series of the form (1), the mathematician Lagrange was so surprised that he denied the possibility in the most 
definite terms. Although it turned out that Fourier’s claim of generality was somewhat too strong, his results 
inspired a flood of important research that has continued to the present day. See Grattan-Guinness or Carslaw 
[Historical Introduction] for a detailed history of Fourier series. 
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they are somewhat analogous to Taylor series in that both types of series provide a 
means of expressing quite complicated functions in terms of certain familiar elementary 
functions. 

We begin with a series of the form 


a oe a 1 
_0 +> (4, cos — + b,, sin ——) ; (1) 


On the set of points where the series (1) converges, it defines a function f, whose 
value at each point is the sum of the series for that value of x. In this case the series 
(1) is said to be the Fourier series for f. Our immediate goals are to determine what 
functions can be represented as a sum of a Fourier series and to find some means of 
computing the coefficients in the series corresponding to a given function. The first 
term in the series (1) is written as a)/2 rather than simply as ay to simplify a formula 
for the coefficients that we derive below. Besides their association with the method of 
separation of variables and partial differential equations, Fourier series are also useful 
in various other ways, such as in the analysis of mechanical or electrical systems acted 
on by periodic external forces. 


Periodicity of the Sine and Cosine Functions. To discuss Fourier series it is nec- 
essary to develop certain properties of the trigonometric functions sin(mmax/L) and 
cos(mx/L), where m is a positive integer. The first is their periodic character. A 
function f is said to be periodic with period T > 0 if the domain of f contains x + T 
whenever it contains x, and if 


fa +T)= f(x) (2) 


for every value of x. An example of a periodic function is shown in Figure 10.2.1. It 
follows immediately from the definition that if T is a period of f, then 2T is also a 
period, and so indeed is any integral multiple of 7. 

The smallest value of T for which Eq. (2) holds is called the[fundamental period | 
of f. In this connection it should be noted that a constant may be thought of as a 
periodic function with an arbitrary period, but no fundamental period. 


= 


le DT ,| 


FIGURE 10.2.1 A periodic function. 


10.2 Fourier Series 549 


If f and g are any two periodic functions with common period 7, then their product 
fg and any linear combination c, f + c,g are also periodic with period T. To prove 
the latter statement, let F(x) = c, f(x) + c,g9(x); then for any x 


FAa+T)=c, fXx+T)+e,g4 +T) =c, fx) +e,8@) = FO). (3) 


Moreover, it can be shown that the sum of any finite number, or even the sum of a 
convergent infinite series, of functions of period T is also periodic with period 7. 

In particular, the functions sin@max/L) and cos(mmx/L), m= 1,2,3,..., are 
periodic with fundamental period T = 2L/m. To see this, recall that sinx and cos x 
have fundamental period 27, and that sinax and cosax have fundamental period 
27/a. If we choose a = mz/L, then the period T of sin@Qnax/L) and cos(mx/L) 
is given by T = 2x L/mn = 2L/m. 

Note also that, since every positive integral multiple of a period is also a period, each 
of the functions sin(mzx/L) and cos(mmx/L) has the common period 2L. 


Orthogonality of the Sine and Cosine Functions. To describe a second essential 
property of the functions sin(mmx/L) and cos(mmx/L) we generalize the concept of 
orthogonality of vectors (seelSecton 7), The standard] inner product |(u, v) of two 
real-valued functions u and v on the interval a < x < 1s defined by 


B 
(u,v) = / u(x)vu(x) dx. (4) 
The functions u and v are said to bejorthogonal jon a < x < # if their inner product is 


zero, that is, if 


B 
i u(x)u(x) dx = 0. (5) 


A set of functions is said to be mutually orthogonal if each distinct pair of functions 
in the set is orthogonal. 

The functions sin(mmx/L) and cos(mmx/L),m =1,2,..., form a mutually or- 
thogonal set of functions on the interval —L < x < L. In fact, they satisfy the following 
orthogonality relations: 


L 
mmx nex _ JO, msn, 
| «s 7 cos L ta Nees (6) 
z max . nx 
/ cos sin —— dx = 0, all m,n; (7) 
_L L L 
L 
| Sy a eel (8) 
=f L L LE; m=Nn. 
These results can be obtained by direct integration. For example, to derive Eq. (8), 
note that 
i. . max , nx 1 / (m —n)1x (m + n)1x 
sin sin dx = cos cos dx 
_L L L 2 Jo1 L L 


L 


_ 1L [{sinfgn —n)rx/L] — sin{Qm +n)rx/L] 
On 
= 0, 


m—n m+n é 
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as long as m+n and m —n are not zero. Since m and n are positive, m+n #0. 
On the other hand, if m — n = 0, then m = n, and the integral must be evaluated in a 
different way. In this case 


Lomax . nwx Ly mmrx\2 
sin sin —— dx = (sin ) dx 
_L L L _L L 
1 £2 2mnx 
== 1 —cos dx 
2S 1 L 


7 1 sin(2mmx /L) ° 
<3 2mx/L 
=L;, 


This establishes|Eq. (8); |Eqs. (6) and|(7)| an be verified by similar computations. 


The Euler- Fourier Formulas. Now let us suppose that a series of the}form (1)}con- 


verges, and let us call its sum f(x): 


f@)= 2 + 2 (a, cos — + b,, sin ~~) : (9) 


-L 


The coefficients a, and b,, can be related to f(x) as a consequence of the orthogonality 
conditions|(6), (7), and (8).|First multiply Eq. (9) by cos(nax/L), where n is a fixed 
positive integer (n > Q), and integrate with respect to x ads to L. Assuming that 
the integration can be legitimately carried out term by term;7We obtain 


L L oo L 

a a a Tw IW 
/ Fla)eos dx = % f og ee ) a / cos — = Goh ae 
_L L 2 Jet L dan ee L L 


m=1 


oo L 
+>°b,, a sin = cos = dx. (10) 


m=1 


Keeping in mind that n is fixed whereas m ranges over the positive integers, it follows 
from the orthogonality relations|(6)| and|(7)| that the only nonzero term on the right side 
of Eq. (10) is the one for which m = n in the first summation. Hence 


- nIex 
i f (x) cos —— dx = La,, n=1,2,.... (11) 
-L L 
To determine a) we can integrate Eq. (9) from —L to L, obtaining 


e rm a aS Lomax oe L ommx 
f(x) dx = % f dx + a, f cos dx + Db, / sin dx 
i Fg 


= Lay, (12) 


since each integral involving a trigonometric function is zero. Thus 


1 re 
a= | f(syeos™ de, n=0,1,2,.... (13) 


>This is a nontrivial assumption, since not all convergent series with variable terms can be so integrated. For the 
special case of Fourier series, however, term-by-term integration can always be justified. 
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EXAMPLE 


1 


By writing the constant term in|Eq. (9)|as a)/2, itis possible to compute all the a, from 
Eq. (13)} Otherwise, a separate formula would have to be used for ap. 


A similar expression for b,, may be obtained by multiplying|Eq. (9) |by sina x/L), 
integrating termwise from —L to L, and using the orthogonality relations|(7) and 
thus 


b= tf poosin™* a =1,3,3 (14) 
m=Th, x) sin ; x, n=1,2,3,.... 


Equations (13)}and (14) are known as the Euler—Fourier formulas for the coefficients 
in a Fourier series. Hence, if the} series (9) |converges to f(x), and if the series can be 


integrated term by term, then the coefficients must be given by|Eqs. (13) and (14). 
Note that|Eqs. (13)) and (14) are explicit formulas for a, and b, in terms of f, 
and that the determination of any particular coefficient is independent of all the other 


coefficients. Of course, the difficulty in evaluating the integrals in|Eqs. (13)Jand (14) 
depends very much on the particular function f involved. 

Note also that the formulas (13) and (14) depend only on the values of f(x) in the 
interval —L < x < L. Since each of the terms in the Fourier|series (9) is periodic with 
period 2L, the series converges for all x whenever it converges in —L < x < L, and 
its sum is also a periodic function with period 2L. Hence f (x) is determined for all x 
by its values in the interval —-L <x <L. 

It is possible to show (see|Problem 27) that if g is periodic with period T, then every 
integral of g over an interval of length T has the same value. If we apply this result 
to the Euler—Fourier| formulas (13) and (14), it follows that the interval of integration, 
—L <x < L, can be replaced, if it is more convenient to do so, by any other interval 
of length 2L. 


Assume that there is a Fourier series converging to the function f defined by 


—x, —2<x <0, 
fo) =| x O<x <2; 
(15) 
fa@+4 = ff). 


Determine the coefficients in this Fourier series. 


This function represents a triangular wave (see|Figure 10.2.2) and is periodic with 


period 4. Thus in this case L = 2 and the Fourier series has the form 


f@)= 2 + > (4,,c0s — +b, sin —) (16) 


where the coefficients are computed from Eqs. (13)}and (14) with L = 2. Substituting 
for f (x) in/Eq. (13) jwith m = 0, we have 


0 1 2 
(—x) dx 4 [oxax=141=2. (17) 


For m > 0,/Eq. (13) }yields 


1 ik ) mmx d 1 [ mex d 
= cos | cos : 
as ae x 5 x 4 : x 5 x 


m=1 


ay = 
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FIGURE 10.2.2 Triangular wave. 


These integrals can be evaluated through integration by parts, with the result that 


5 |= (Be) +(e) come (Gee) corm (Ge) | 
= { cos mz + | —— ] cosmz — | — 
2 mit mim mim mit 


4 
= —~(cosmz — 1), MH 1 2s ig 
Gam)? ) 
_ J[-8/(mx)?,  m odd, 
— 0, m even. es) 


Finally, from} Eq. (14) it follows in a similar way that 
b, = 9, m=1,2,.... (19) 


By substituting the coefficients from|Eqs. (17), (18), and (19) in the |series (16)|we 


obtain the Fourier series for f: 


f@)=1 8 UX 1 3x 1 5x 
x)= cos cos } cos poses 
nr 2 = 2 5 2 
8 \  cos(mr x /2) 
=, De 


m=1,3,5 m 


8 Qcos(2n — 1)rx/2 
=1-—=)>> 


20 
era ee © oe Ne ms 
Let 
EXAMPLE 
y) 0, —3<x <-l, 
f@a= 41, -l<x<1l, (21) 


0, l<x <3 


and suppose that f(x + 6) = f(x); see |Figure 10.2.3) Find the coefficients in the 


Fourier series for f. 
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EXAMPLE 


3 


FIGURE 10.2.3. Graph of f(x) in Example 2. 


Since f has period 6, it follows that L = 3 in this problem. Consequently, the Fourier 
series for f has the form 


f@= a ns = (, cos = +b, sin =) (22) 
where the coefficients a,, and b,, are given by|Eqs. (13)jand|(14)}with L = 3. We have 
Lf food sf 4 = (23) 
a, == x)dx=- X=. 
ae eo 3 Jy 3 
Similarly, 
1 
1/3 nix 1 nx 2 . nn 
=r. cos dx = sin = sin : n=1,2, » (24) 
” -1 ni 3 , Tt 3 
and 
1 
a i 1 
b =; eal dx = ec = 0, | ee (25) 
. = | 3 nit 3 oa 


Thus the Fourier series for f is 


[o.e) 


1 2 
fQx= 3 ee sin = cos = 
oe ee ee ee ee 
3 a 2 4 5 


Consider again the function in|Example | |and its Fourier|series (20)| Investigate the 


speed with which the series converges. In particular, determine how many terms are 
needed so that the error is no greater than 0.01 for all x. 
The mth partial sum in this series, 


_ 8 Sv cos(2n — 1)rx/2 
S,(X) = 1 =e baie (27) 


can be used to approximate the function f. The coefficients diminish as (2n — 1)~7, so 


the series converges fairly rapidly. This is borne out by) Figure 10.2.4] where the partial 
sums for m = 1 and m = 2 are plotted. To investigate the convergence in more detail 
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we can consider the error e,, (x) = f(x) — s,, (x). Figure 10.2.5 shows a plot of |e,(x)| 
versus x for 0 < x < 2. Observe that |e,(x)| is greatest at the points x = 0 and x = 2 
where the graph of f(x) has comers. It is more difficult for the series to approximate 
the function near these points, resulting in a larger error there for a given n. Similar 
graphs are obtained for other values of m. 

Once you realize that the maximum error always occurs at x = 0 or x = 2, you 
can obtain a uniform error bound for each m simply by evaluating |e,,(x)| at one of 
these points. For example, for m = 6 we have e,(2) = 0.03370, so |e,(x)| < 0.034 
for 0 < x < 2, and consequently for all x. shows corresponding data for 
other values of m; these data are plotted in|Figure 10.2.6} From this information you 
can begin to estimate the number of terms that are needed in the series in order to 
achieve a given level of accuracy in the approximation. For example, to guarantee that 
le, (x)| < 0.01 we need to choose m = 21. 


-4 9 


FIGURE 10.2.4 Partial sums in the Fourier series, Eq. (20), for the triangular wave. 


|e (X)| 


0.035 
0.030 
0.025 
0.020 
0.015 
0.010 
0.005 


xv 


FIGURE 10.2.5 Plot of |e,()| versus x for the triangular wave. 
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PROBLEMS 


TABLE 10.2.1 Values of the Error e,, (2) for 
the Triangular Wave 


m Cn (2) 
2 0.09937 
4 0.05040 
6 0.03370 
10 0.02025 
15 0.01350 
20 0.01013 
25 0.00810 
e (2) 
0.10 e 
0.08 
0.06 
e 
0.04 
e 
0.02 e 
e 
e e 
| | l | | re 
5 10 15 20 25 m 


FIGURE 10.2.6 Plot of e, (2) versus m for the triangular wave. 


In this book Fourier series appear mainly as a means of solving certain problems 
in partial differential equations. However, such series have much wider application 
in science and engineering, and in general are valuable tools in the investigation of 
periodic phenomena. A basic problem is to resolve an incoming signal into its harmonic 
components, which amounts to constructing its Fourier series representation. In some 
frequency ranges the separate terms correspond to different colors or to different audible 
tones. The magnitude of the coefficient determines the amplitude of each component. 
This process is referred to as spectral analysis. 


In each of Problems 1| through 8 determine whether the given function is periodic. If so, find its 
fundamental period. 


. sindx 2. cos2mx 
sinh 2x 4. sinazx/L 
. tanax 6. x? 
~) _ JO, 2n-1l<x <2n, _ ais 
fay = |? er ee n=0,+1,+2,... 


1 _ J(-1l)", 2n-1<x <2n, _ 
fe=(f ee a le eee 
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vvvy 


v 


. If f(x) = —x for -—L <x < L,andif f(x +2L) = f(x), find a formula for f(x) in the 
interval L < x < 2L; in the interval —3L < x < —2L. 


Fo) =| 


x+1, -l<x<0O, 
Ke: O0<x <1, 
the interval 1 < x < 2; inthe interval 8 < x <9. 


and if f(x +2) = f(x), find a formula for f(x) in 


. If f®) =L—-x forO <x <2L, andif f(x +2L) = f(x), find a formula for f(x) in 


12. 


the interval —L < x <0. 
Verify Eqs. (6) and (7) of the text by direct integration. 


In each of Problems 13 through 18: 


(a) 
(b) 


13. 
14. 


15. 


16. 


17. 


18. 


Sketch the graph of the given function for three periods. 
Find the Fourier series for the given function. 


—-L<x<L; f(x +2L) = f(x) 


—-L<x <0, = 
Devel,  fet2L)= fe) 

—m <x <0, 
O<x <7; 


fe + 2x) = f(x) 
-l<x <0, - 
decen f@42=f@) 
—-L<x<0O, _ 
jc. cr 69f@+2D =F) 


—2<x<-l, 
-l<x <1, fat+4 = f(x) 


In each of Problems 19 through 24: 


(a) 
(b) 
(c) 
(d) 


19. 
20. 


Sketch the graph of the given function for three periods. 
Find the Fourier series for the given function. 
Plot s_ (x) versus x form = 5, 10, and 20. 


m 
Describe how the Fourier series seems to be converging. 


-1l, —2<x <0, 


fy={ [gener f@44=f@) 

f(x) =x, -l<x<l1; f(x +2) = f(x) 

f(x) =x°/2, —2<x <2; fa+4) = f@) 
x+2, —2<x <0, 

fe) = eee Jerez f@+)= fe) 


- —2<x <0 
=_— 7; — b | 
f() ie _ ie O<x <2; 


fe +4) = fx) 


—3<x <0, 
—x), O0<x <3; 


fo) = {6 P(x +6) = fix) 


. Consider the function f defined in Problem 21 and lete,, (x) = f(x) — s,, (x). Plot Je, (x)| 


versus x for 0 < x < 2 for several values of m. Find the smallest value of m for which 
le,,(x)| < 0.01 for all x. 


. Consider the function f defined in Problem 24 and let e, (x) = f(x) — 5,,(x). Plot le, (x)| 


27, 


versus x for 0 < x < 3 for several values of m. Find the smallest value of m for which 
le, (x)| < 0.1 for all x. 
Suppose that g is an integrable periodic function with period T. 
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(a) If0 <a < T, show that 


T a+T 
/ g(x) dx = i, g(x) dx. 
0 a 


a a+T 
Hint: Show first that g(x) dx = / g(x) dx. Consider the change of variable s = 
T 


0 
x — T in the second integral. 
(b) Show that for any value of a, not necessarily in0 <a < T, 


T a+T 
/ g(x) dx = / g(x) dx. 
0 a 


(c) Show that for any values of a and b, 


a+T b+T 
/ g(x) dx = / g(x) dx. 
a b 


If f is differentiable and is periodic with period T, show that f’ is also periodic with 
period T. Determine whether 


Fay= fo soa 
0 


29, 


is always periodic. 

In this problem we indicate certain similarities between three-dimensional geometric vec- 
tors and Fourier series. 

(a) Let v,, v,, and v, be a set of mutually orthogonal vectors in three dimensions and let u 
be any three-dimensional vector. Show that 


u=a4,V, +4,V, +43, (i) 

where 
uv; r oe 
a, = : i=1,2, 3: (ii) 


v.°V. 
i i 


Show that a, can be interpreted as the projection of u in the direction of v, divided by the 
length of v,. 
(b) Define the inner product (u, v) by 


L 
(u,v) = i] u(x)v(x) dx. (iii) 
-L 
Also let 
o, (x) = cos(nax/L), n= Op1, Qc 
(iv) 
w,, (x) = sin(nwx/L), | a ee 
Show that Eq. (10) can be written in the form 
a CO CO 
(f, ?,) — 5 (to, ?,) a > Gn Ons ?,) oF > ae Vn» ?,): (v) 


m=1 m=1 


(c) Use Eq. (v) and the corresponding equation for (f, y,,) together with the orthogonality 
relations to show that 


a = PF) n=0,1,2,...; b= n=1,2,.... (vi) 
"—— (G,,9%,) "4. V,) 


Note the resemblance between Eqs. (vi) and Eq. (ii). The functions @, and y, play a role 
for functions similar to that of the orthogonal vectors v,, v,, and v, in three-dimensional 


(FV) 
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space. The coefficients a, and b, can be interpreted as projections of the function f onto 
the base functions ¢, and y,. 

Observe also that any vector in three dimensions can be expressed as a linear combination 
of three mutually orthogonal vectors. In a somewhat similar way any sufficiently smooth 
function defined on —L < x < L can be expressed as a linear combination of the mutually 
orthogonal functions cos(nzx/L) and sin(nzx/L), that is, as a Fourier series. 


10.3 The Fourier Convergence Theorem 


In the preceding section we showed that if the Fourier series 


lo) 
S + > (4, cos — + b,, sin ~~) (1) 


m=1 


converges and thereby defines a function f, then f is periodic with period 2L, and the 
coefficients a,, and b,, are related to f(x) by the Euler—Fourier formulas: 


m i f( ) d ’ ’ 1, 2, ei (2) 
a = x) cos x m= (@) 
L L L 


m 


b =f res ay =i 3) 
m=T], x) sin >— dx, m=1,2,.... 


In this section we adopt a somewhat different point of view. Suppose that a function 
f is given. If this function is periodic with period 2Z and integrable on the interval 
[—L, L], then a set of coefficients a,, and b,, can be computed from Eqs. (2) and (3), 
and a series of the form (1) can be formally constructed. The question is whether this 
series converges for each value of x and, if so, whether its sum is f (x). Examples have 
been discovered showing that the Fourier series corresponding to a function f may not 
converge to f (x), or may even diverge. Functions whose Fourier series do not converge 
to the value of the function at isolated points are easily constructed, and examples will 
be presented later in this section. Functions whose Fourier series diverge at one or more 
points are more pathological, and we will not consider them in this book. 

To guarantee convergence of a Fourier series to the function from which its coef- 
ficients were computed it is essential to place additional conditions on the function. 
From a practical point of view, such conditions should be broad enough to cover all 
situations of interest, yet simple enough to be easily checked for particular functions. 
Through the years several sets of conditions have been devised to serve this purpose. 

Before stating a convergence theorem for Fourier series, we define a term that 
appears in the theorem. A function f is said to be ee a an 
interval a < x <b if the interval can be partitioned by a finite number of points 
aA=X) <x, <--: <x, =b so that 


1. f is continuous on each open subinterval x,_, < x < x,. 


2. f approaches a finite limit as the endpoints of each subinterval are approached 
from within the subinterval. 


The graph of a piecewise continuous function is shown in|Figure 10.3.1 
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FIGURE 10.3.1 A piecewise continuous function. 


The notation f(c+) is used to denote the limit of f(x) as x — c from the right; 
similarly, f(c—) denotes the limit of f(x) as x approaches c from the left. 

Note that it is not essential that the function even be defined at the partition points x,. 
For example, in the following theorem we assume that f’ is piecewise continuous; but 
certainly f’ does not exist at those points where f itself is discontinuous. It is also not 
essential that the interval be closed; it may also be open, or open at one end and closed 
at the other. 


Suppose that f and f’ are piecewise continuous on the interval —L < x < L. Further, 
suppose that f is defined outside the interval —L < x < L so that it is periodic with 
period 2L. Then f has a Fourier series 


f@= = = SS (4, cos — +b, sin —) ; (4) 


m=1 


whose coefficients are given by Eqs. (2 and (3).| The Fourier series converges to f (x) 
at all points where f is continuous, and to [f(x«+) + f(«—)]/2 at all points where 
f is discontinuous. 


Note that [f(«+) + f(x—)]/2 is the mean value of the right- and left-hand limits 
at the point x. At any point where f is continuous, f(x+) = f(x—) = f(x). Thus it 
is correct to say that the Fourier series converges to [f(x+) + f(«—)]/2 at all points. 
Whenever we say that a Fourier series converges to a function f, we always mean that 
it converges in this sense. 

It should be emphasized that the conditions given in this theorem are only sufficient 
for the convergence of a Fourier series; they are by no means necessary. Neither are 
they the most general sufficient conditions that have been discovered. In spite of this, 
the proof of the theorem is fairly difficult and is not given here! 

To obtain a better understanding of the content of the theorem it is helpful to consider 
some classes of functions that fail to satisfy the assumed conditions. Functions that 
are not included in the theorem are primarily those with infinite discontinuities in the 
interval [—L, L], such as Lie as x — 0, or In|x — L| as x — L. Functions having 
an infinite number of jump discontinuities in this interval are also excluded; however, 
such functions are rarely encountered. 


3Proofs of the convergence of a Fourier series can be found in most books on advanced calculus. See, for example, 
Kaplan (Chapter 7) or Buck (Chapter 6). 
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EXAMPLE 


1 


It is noteworthy that a Fourier series may converge to a sum that is not differentiable, 
or even continuous, in spite of the fact that each term in the series (4) is continuous, 


and even differentiable infinitely many times. The example below is an illustration of 
this, as is|Example 2 in Section 10.2. 


Let 
0, -L<x <0, 


oa O0O<x <L, (5) 


and let f be defined outside this interval so that f(x + 2L) = f(x) for all x. We will 
temporarily leave open the definition of f at the points x = 0,+L, except that its 
value must be finite. Find the Fourier series for this function and determine where it 
converges. 


FIGURE 10.3.2 Square wave. 


The equation y = f (x) has the graph shown in Figure 10.3.2, extended to infinity 
in both directions. It can be thought of as representing a square wave. The interval 
[—L, L] can be partitioned to give the two open subintervals (—L, 0) and (0, L). In 
(0, L), f(x) = Land f'(x) = 0. Clearly, both f and f’ are continuous and furthermore 
have limits as x — 0 from the right and as x — L from the left. The situation in (—L, 0) 
is similar. Consequently, both f and f’ are piecewise continuous on [—L, L), so f 
satisfies the conditions oy END the coefficients a,, and b,, are computed 
from[Egs. (2)|and|(3)} the convergence of the resulting Fourier series to f (x) is assured 
at all points where f is continuous. Note that the values of a,, and b,, are the same 
regardless of the definition of f at its points of discontinuity. This is true because the 
value of an integral is unaffected by changing the value of the integrand at a finite 
number of points. From|Eq. (2)| 


1 7B L 
al fix) dx = | dx = L; 
LJet 0 


1 L L 
a= al f (x) cos oe dx = cos se 
m L ae L 0 
= 0, m #0. 


Similarly, from|Eq. (3) 
1 re L 
be al f(x) sin dx =i sin dx 
mL Jey L 0 L 
L 


= —(l —cosmz) 
mi 


A 


0, m even; 
2L/mm, m odd. 
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Hence 
Ly. 2L mx 1. 3mx 1. Sax | 
IO= 5 © (sin F 3 sin — + 5 sin ) 
_L a 3 sin(max /L) 
2 m=1,3,5,... uy 
_ Li 2L o sin(2n — Vax /L 6) 
2 W 2n—1 


n=1 


At the points x = 0, +nL, where the function f in the example is not continuous, 
all terms in the series after the first vanish and the sum is L/2. This is the mean value 
of the limits from the right and left, as it should be. Thus we might as well define f 
at these points to have the value L/2. If we choose to define it otherwise, the series 
still gives the value L/2 at these points, since none of the preceding calculations is 
altered in any detail; it simply does not converge to the function at those points unless 
f is defined to have this value. This illustrates the possibility that the Fourier series 
corresponding to a function may not converge to it at points of discontinuity unless the 
function is suitably defined at such points. 

The manner in which the partial sums 


L 2Lf. mx 1 . (Qn —1)nrx 
(= ots tr eae sin —————— ], [i Pee 


I 2n— 1 L 


of the Fourier series (6) converge to f (x) is indicated in Figure 10.3.3, where L has 
been chosen to be one and the graph of s(x) is plotted. The figure suggests that at points 
where f is continuous the partial sums do approach f(x) as n increases. However, in 
the neighborhood of points of discontinuity, such as x = 0 and x = L, the partial sums 
do not converge smoothly to the mean value. Instead they tend to overshoot the mark 
at each end of the jump, as though they cannot quite accommodate themselves to the 
sharp turn required at this point. This behavior is typical of Fourier series at points of 
discontinuity, and is known as the Gibb phenomenon. 


FIGURE 10.3.3. The partial sum s,(x) in the Fourier series, Eq. (6), for the square wave. 


Additional insight is attained by considering the error e, (x) = f(x) — s, (x). Figure 
10.3.4 shows a plot of |e, (x)| versus x forn = 8 and for L = 1. The least upper bound 
of |e,(x)| is 0.5 and is approached as x — 0 and as x — I. As n increases, the error 


“The Gibbs phenomenon is named after Josiah Willard Gibbs (1839-1903), who is better known for his work on 
vector analysis and statistical mechanics. Gibbs was professor of mathematical physics at Yale, and one of the 
first American scientists to achieve an international reputation. Gibbs’ phenomenon is discussed in more detail 
by Carslaw (Chapter 9). 
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PROBLEMS 


decreases in the interior of the interval [where f (x) is continuous] but the least upper 
bound does not diminish with increasing n. Thus one cannot uniformly reduce the error 
throughout the interval by increasing the number of terms. 

Figures|10.3.3]and 10.3.4 also show that the series in this example converges more 


slowly than the one in|Example 1 in Section 10.2.) This is due to the fact that the 
coefficients in the| series (6) fare proportional only to 1/(2n — 1). 


e3(%)| 4 
0.5 


0.4 
0.3 
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xv 
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FIGURE 10.3.4 A plot of the error |e,(x)| versus x for the square wave. 


In each of Problems | through 6 assume that the given function is periodically extended outside 
the original interval. 
(a) Find the Fourier series for the extended function. 
(b) Sketch the graph of the function to which the series converges for three periods. 
_j-l, -l<x <0, _4j0, -w<x <0, 
- ry =| 1, O0<x<l 7 rey = |? O<x<az 


L+x, -L<x <0, 
L—-x, O<x<L 


4 fe 


—m <x <—7/2, 
5. fw= —m/2<x <27/2, 
w/2<x<a7 
In each of Problems 7 through 12 assume that the given function is periodically extended outside 
the original interval. 
(a) Find the Fourier series for the given function. 


(b) Lete, (x) = f(x) — s, (x). Find the least upper bound or the maximum value (if it exists) 
of |e, (x)| for n = 10, 20, and 40. 


(c) If possible, find the smallest n for which |e, (x)| < 0.01 for all x. 


—m <x <0, 


62H: f(x +27) = f(x) (see Section 10.2, Problem 15) 


10.3 The Fourier Convergence Theorem 563 


_Jx+il1, -l<x <0, 
a ce als O0<x <1; 
9. fix)=x, -l<x<l; f(x +2) = f(x) (see Section 10.2, Problem 20) 


x —2Z<x <0, 


Bs I 5 ey 


f(x +2) = f(x) (see Section 10.2, Problem 16) 


Pete Fe) Problem 22) 


—-l<x <0, 


O<x<l; f(x +2) = f(x) (see Problem 6) 


Me f0)= {2 
P12. fw=x-2x7, -l<x <1]; f@ +2) = fx) 


Periodic Forcing Terms. In this chapter we are concerned mainly with the use of Fourier series 
to solve boundary value problems for certain partial differential equations. However, Fourier 
series are also useful in many other situations where periodic phenomena occur. Problems 13 
through 16 indicate how they can be employed to solve initial value problems with periodic 
forcing terms. 


13. Find the solution of the initial value problem 
y” +o°y = sinnt, y(0)=0, y(0)=0, 


where n is a positive integer and wm” 4 n>. What happens if w” = n7? 
. Find the formal solution of the initial value problem 


y’+o°y=) bd, sinat, y(0)=0, y'(0) =0, 


n=1 


where w > 0 is not equal to a positive integer. How is the solution altered if @ = m, where 
m is a positive integer? 
. Find the formal solution of the initial value problem 


y’to"y=fO,  yO)=0, yO) =0, 
where f is periodic with period 27 and 


O<t<TZ; 
fO= t=0,7, 27; 
nm <t <2n7. 


See Problem 1. 
. Find the formal solution of the initial value problem 


y"toey=fO, yO=Hl, y'O=0, 
where f is periodic with period 2 and 


1-t, O<t<l1; 
—-l+t, 1l<t<2. 


ro 


See Problem 8. 
17. Assuming that 


a = nx | nx ; 
f(x) = + D(a, 08 a +b, sin ae . (i) 


n=1 


show formally that 


I fe 2 ay 2 2 
— dx = —+ y +b*). 
L [tren * 2, ie ” 
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18. 


19. 


This relation between a function f and its Fourier coefficients is known as Parseval’s 
(1755-1836) equation. Parseval’s equation is very important in the theory of Fourier series 
and is discussed further in Section 11.6. 

Hint: Multiply Eq. (i) by f (x), integrate from — L to L, and use the Euler—Fourier formulas. 
This problem indicates a proof of convergence of a Fourier series under conditions more 
restrictive than those in Theorem 10.3.1. 

(a) If f and f’ are piecewise continuous on —L < x < L, andif f is periodic with period 
2L, show that na, and nb, are bounded as n — oo. 

Hint: Use integration by parts. 

(b) If f is continuous on —L < x < L and periodic with period 2L, and if f’ and f” are 
piecewise continuous on —L < x < L, show that na, and wb, are bounded as n — oo. 
Use this fact to show that the Fourier series for f converges at each point in-—L <x < L. 
Why must f be continuous on the closed interval? 

Hint: Again, use integration by parts. 


Acceleration of Convergence. In the next problem we show how it is sometimes possible 
to improve the speed of convergence of a Fourier, or other infinite, series. 
Suppose that we wish to calculate values of the function g, where 


= 2n — 1 
g(x) = > i : = a sin(2n — 1)rx. (i) 


n=1 


It is possible to show that this series converges, albeit rather slowly. However, observe that 
for large n the terms in the series (i) are approximately equal to [sin(2n — 1)wx]/(2n — 1) 
and that the latter terms are similar to those in the example in the text, Eq. (6). 

(a) Show that 


Y[sin@Qn — 1)xx]/(2n — 1) = Gr/2)LF (x) — 41, (ii) 


n=1 


where f is the square wave in the example with L = 1. 
(b) Subtract Eq. (ii) from Eq. (1) and show that 


sin(2n — 1)mx 
2n — 1)[1 + (Qn — 197] 


eG) = Ff@)-1- >> , (iii) 
n=1 


The series (iii) converges much faster than the series (i) and thus provides a better way to 
calculate values of g(x). 


10.4 Even and Odd Functions 


Before looking at further examples of Fourier series it is useful to distinguish two 
classes of functions for which the Euler—Fourier formulas can be simplified. These 
are even and odd functions, which are characterized geometrically by the property of 


symmetry with respect to the y-axis and the origin, respectively (see|Figure 10.4.1). 


Analytically, f is an even function if its domain contains the point —x whenever it 
contains the point x, and if 


f(-—x) = f(x) d) 
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(a) (b) 


FIGURE 10.4.1 (a) An even function. (b) An odd function. 


for each x in the domain of f. Similarly, f is an odd function if its domain contains 
—x whenever it contains x, and if 


f(x) = —f (x) (2) 


for each x in the domain of f. Examples of even functions are 1, x, cosnx, |x|, and 
x". The functions x, x°*, sinnx, and x2”! are examples of odd functions. Note that 
according to Eq. (2), f (0) must be zero if f is an odd function whose domain contains 
the origin. Most functions are neither even nor odd, for instance, e*. Only one function, 
f identically zero, is both even and odd. 

Elementary properties of even and odd functions include the following: 


1. The sum (difference) and product (quotient) of two even functions are even. 


The sum (difference) of two odd functions is odd; the product (quotient) of two 
odd functions is even. 


3. The sum (difference) of an odd function and an even function is neither even nor 
odd; the product (quotient) of two such functions is odd 


The proofs of all these assertions are simple and follow directly from the definitions. 
For example, if both f, and f, are odd, and if g(x) = f,(x) + f,(), then 


g(x) = f,(-2) + A(-*) = -f,@) — £@) 
= —[f,@) + f,@)] = -8@), (3) 
so f, + f, is an odd function also. Similarly, if h(x) = f, (x) f,(*), then 
h(-x) = f,{ on f(—») =f, @I-AOI=fOA@=ho, 


so that f, f, is even. 
Also of importance are the following two integral properties of even and odd 
functions: 


4. If f is an even function, then 


L L 
/ f(x) dx = 2f f(x) dx. (5) 
-L 0 


These statements may need to be modified if either function vanishes identically. 
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5. If f is an odd function, then 


L 
i f(x) dx =0. (6) 
=e 


These properties are intuitively clear from the interpretation of an integral in terms 
of area under a curve, and also follow immediately from the definitions. For example, 
if f is even, then 


L 0 z 
i f(x) ax= f f(x) ax+ f f(x) dx. 
ay _L 0 


Letting x = —s in the first term on the right side, and using |Eq. (1)} we obtain 


L 0 L ih 
i; fix) dx =~ f foyas+ [ fx) dx =2 f f(x) dx. 
=f L 0 0 


The proof of the corresponding property for odd functions is similar. 

Even and odd functions are particularly important in applications of Fourier se- 
ries since their Fourier series have special forms, which occur frequently in physical 
problems. 


Cosine Series. Suppose that f and f’ are piecewise continuous on —L < x < L, and 
that f is an even periodic function with period 2L. Then it follows from properties 1 
and 3 that f(x) cos(nwx/L) is even and f(x) sin(nax/L) is odd. As a consequence 
of Eqs. (5) nd (6), the Fourier coefficients of f are then given by 


= [4 ce 0.1.2 
a= x) cos —— dx, n=0,1,2,...; 
ar am Fe L (7) 
b, =9, a eee 


Thus f has the Fourier series 
a ce a 
fwa= a + Lae Ss 


In other words, the Fourier series of any even function consists only of the even 
trigonometric functions cos(nzx/L) and the constant term; it is natural to call such a 
series a|Fourier cosine series.|From a computational point of view, observe that only 
the coefficients a,, forn = 0, 1, 2,..., need to be calculated from the integral formula 
(7). Each of the b,, forn = 1,2, ..., is automatically zero for any even function, and 
so does not need to be calculated by integration. 


Sine Series. Suppose that f and f’ are piecewise continuous on —L < x < L, and 


that f is an odd periodic function of period 2L. Then it follows from|properties 2|and 


[3]that f (x) cos(nzx/L) is odd and f(x) sin(nzx/L) is even. In this case the Fourier 


coefficients of f are 


a, =0, N= 05.14.23 ccing 
L (8) 
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EXAMPLE 


1 


and the Fourier series for f is of the form 
° nwx 
a ) b_ sin —. 
SQ) 24? sin ; 


Thus the Fourier series for any odd function consists only of the odd trigonometric 


functions sin(nz.x /L); such a series is called a[Fourier sine series} Again observe that 
only half of the coefficients need to be calculated by integration, since each a,, for 
n=0,1,2,..., 1s zero for any odd function. 


Let f(x) =x, -L <x < L,andlet f(—L) = f(L) = 0. Let f be defined elsewhere 
so that it is periodic of period 2L (see Figure 10.4.2). The function defined in this 
manner is known as a sawtooth wave. Find the Fourier series for this function. 

Since f is an odd function, its Fourier coefficients are, according tolEq. (8)] 


a, = 9, n=0,1,2,...; 


B) L 
b == / oa 
" —L Jo L 


Oe ote _ AMX Nnax NIX 
ee eee sin cos 
L \nw L L L 


pag 
= (-)""*, a ae eee 
nie 


Hence the Fourier series for f, the sawtooth wave, is 


2 Sel .. nx 
= i ; 9 
f(x) == dX ——— sin — (9) 
Observe that the periodic function f is discontinuous at the points +L,+3L,..., as 


shown in Figure 10.4.2. At these points the series (9) converges to the mean value of 


the left and right limits, namely, zero. The partial sum of the series (9) for n = 9 is 
shown in| Figure 10.4.3] The Gibbs phenomenon (mentioned in|Section 10.3) again 


occurs near the points of discontinuity. 


FIGURE 10.4.2 Sawtooth wave. 
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FIGURE 10.4.3 A partial sum in the Fourier series, Eq. (9), for the sawtooth wave. 


Note that in this example f(—L) = f(L) = 0, as wellas f (0) = 0. This is required 
if the function f is to be both odd and periodic with period 2L. When we speak of 
constructing a sine series for a function defined on 0 < x < L, it is understood that, if 
necessary, we must first redefine the function to be zero at x = 0 and x = L. 

It is worthwhile to observe that the triangular wave function 
10.2) and the sawtooth wave function just considered are identical on the interva 
0 <x < L. Therefore, their Fourier series converge to the same function, f(x) = x, 
on this interval. Thus, if it is required to represent the function f(x) =x on0<x <L 
by a Fourier series, it is possible to do this by either a cosine series or a sine series. 
In the former case f is extended as an even function into the interval -—L < x <0 
and elsewhere periodically (the triangular wave). In the latter case f is extended into 
—L <x <0 as an odd function, and elsewhere periodically (the sawtooth wave). If 
f is extended in any other way, the resulting Fourier series will still converge to x in 
0 < x < L but will involve both sine and cosine terms. 

In solving problems in differential equations it is often useful to expand in a Fourier 
series of period 2L a function f originally defined only on the interval [0, L]. As indi- 
cated previously for the function f (x) = x several alternatives are available. Explicitly, 
we can: 


1. Define a function g of period 2L so that 


_ | f@), O<x<L, 

g(x) = ee —L<x <0. oo 
The function g is thus the even periodic extension of f. Its Fourier series, which 
is a cosine series, represents f on [0, L]. 


2. Define a function h of period 2L so that 


ff), O<x <L, 
h(x) = 0, x =0,L, (11) 
—f(-x), -L<x <0. 


The function h is thus the odd periodic extension of f. Its Fourier series, which is 
a sine series, also represents f on (0, L). 
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2 


3. Define a function k of period 2L so that 
k(x) = f(x), O<x<L, (12) 


and let k(x) be defined for (—L,0) in any way consistent with the conditions 
of Theorem 10.3.1. Sometimes it is convenient to define k(x) to be zero for 
—L <x <0. The Fourier series for k, which involves both sine and cosine terms, 
also represents f on [0, L], regardless of the manner in which k(x) is defined in 
(—L, 0). Thus there are infinitely many such series, all of which converge to f (x) 
in the original interval. 


Usually, the form of the expansion to be used will be dictated (or at least suggested) 
by the purpose for which it is needed. However, if there is a choice as to the kind 
of Fourier series to be used, the selection can sometimes be based on the rapidity of 
convergence. For example, the cosine series for the triangular wave 
converges more rapidly than the sine series for the sawtooth wave 


section], although both converge to the same function for 0 < x < L. This is due to 
the fact that the triangular wave is a smoother function than the sawtooth wave and is 
therefore easier to approximate. In general, the more continuous derivatives possessed 
by a function over the entire interval —co < x < o, the faster its Fourier series will 


converge. See|Problem 18 of Section 10.3 


Suppose that 


l—-x, O<x<l, 
Fa) = C l<x <2. ae 
As indicated previously, we can represent f either by a cosine series or by a sine series. 
Sketch the graph of the sum of each of these series for —6 < x < 6. 

In this example L = 2, so the cosine series for f converges to the even periodic 
extension of f of period 4, whose graph is sketched in Figure 10.4.4. 

Similarly, the sine series for f converges to the odd periodic extension of f of 
period 4. The graph of this function is shown in Figure 10.4.5. 


FIGURE 10.4.4 Even periodic extension of f(x) given by Eq. (13). 


FIGURE 10.4.5 Odd periodic extension of f(x) given by Eq. (13). 
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PRO B LE M S In each of Problems 1 through 6 determine whether the given function is even, odd, or neither. 


3. tan2x 


6. e* 


In each of Problems 7 through 12 a function f is given on an interval of length L. In each case 
sketch the graphs of the even and odd extensions of f of period 2L. 


x, O<x=2, _ 40, O0<x <li, 

Ly io, 2<x <3 one l<x<2 

9. f(x) =2-x, O<x<2 10. fx) =x-3, O<x <4 
- 0, 0<x <1, a ee 

11. faa) [2x29 12. f(x) =4-x', O<x<1 


13. Prove that any function can be expressed as the sum of two other functions, one of which is 
even and the other odd. That is, for any function {, whose domain contains —x whenever 
it contains x, show that there is an even function g and an odd function A such that 
f(@) = g(x) +h). 

Hint: Assuming f (x) = g(x) + h(x), what is f(—x)? 
14. Find the coefficients in the cosine and sine series described in Example 2. 


In each of Problems 15 through 22 find the required Fourier series for the given function and 
sketch the graph of the function to which the series converges over three periods. 


15. fx)= fe (ee ae 


cosine series, period 4 
, L<x <2; 


Compare with Example | and Problem 5 of Section 10.3. 
f@a= [ : : > : sine series, period 4 
f@)=1, O<x<7; cosine series, period 27 
f@)=1, O<x <7; sine series, period 27 
O<x <7, 
uw <x < 27, sine series, period 677 
2n <x <3 
20. f(x) =x, O<x <1; series of period 1 
21. f@~)=L—-x, O0<x<L; cosine series, period 2L 
Compare with Example 1| of Section 10.2. 
22. f(x)=L—-x, O<x<L; sine series, period 2L 


In each of Problems 23 through 26: 
(a) Find the required Fourier series for the given function. 


(b) Sketch the graph of the function to which the series converges for three periods. 
(c) Plot one or more partial sums of the series. 


_ jx, O<x <a, ; ; : 
23. f(xyy= i pees cosine series, period 47 


24. f(x) =-x, —t <x <0; sine series, period 27 
25. f(x)=2- x, 0<x <2; sine series, period 4 
26. f(x)= x? — 2x, O0<x <4; cosine series, period 8 


vvviyv 


In each of Problems 27 through 30 a function is given on an interval 0 < x < L. 


(a) Sketch the graphs of the even extension g(x) and the odd extension h(x) of the given 
function of period 2L over three periods. 
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(b) Find the Fourier cosine and sine series for the given function. 
(c) Plot a few partial sums of each series. 
(d) For each series investigate the dependence on n of the maximum error on [0, L]. 


0<x <1, 
0, l<x<2 


f(x) =3-x, 0O<x <3 > 28. fey ={ 


f (x) = (4x? — 4x — 3)/4, O<x <2 
f(x) =x? -5x? 45x41, O<x <3 


31. Prove that if f is an odd function, then 


L 
f(x) dx =0. 
-L 


32. Prove properties 2 and 3 of even and odd functions, as stated in the text. 
33. Prove that the derivative of an even function is odd, and that the derivative of an odd 
function is even. 


34. Let F(x) = / f(t) dt. Show that if f is even, then F is odd, and that if f is odd, then 
0 


F is even. 
35. From the Fourier series for the square wave in Example | of Section 10.3, show that 


CO 


1m ft 1 (iy 
4 Ga i al dL n+l 


This relation between z and the odd positive integers was discovered by Leibniz in 1674. 
36. From the Fourier series for the triangular wave (Example 1 of Section 10.2), show that 


nm 1 1 in = 1 
5 — A¥ Qn +1)? 


37. Assume that f has a Fourier sine series 


f(x) = ob, sin(ax/L), O<x<L. 


n=1 


(a) Show formally that 


2 . 2 = = 2 
al (fcoP dx = Db, 


Compare this result with that of Problem 17 in Section 10.3. What is the corresponding 
result if f has a cosine series? 
(b) Apply the result of part (a) to the series for the sawtooth wave given in Eq. (9), and 
thereby show that 

1 a 
a a ae? 


n= 7 


This relation was discovered by Euler about 1735. 


More Specialized Fourier Series. Let f be a function originally defined on 0 < x < L. In this 
section we have shown that it is possible to represent f either by a sine series or by a cosine 
series by constructing odd or even periodic extensions of f, respectively. Problems 38 through 
40 concern some other more specialized Fourier series that converge to the given function f 
on (0, L). 
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38. Let f be extended into (L, 2L] in an arbitrary manner. Then extend the resulting function 
into (—2L, 0) as an odd function and elsewhere as a periodic function of period 4L (see 
Figure 10.4.6). Show that this function has a Fourier sine series in terms of the functions 
sin(nwx/2L),n = 1,2,3,...; that is, 


CO 
f(x) = ob, sin(ax/2L), 
n=1 
where 
1 2L 
b,= L Ff (x) sin(nax/2L) dx. 
0 


This series converges to the original function on (0, L). 


FIGURE 10.4.6 Graph of the func- FIGURE 10.4.7 Graph of the func- 
tion in Problem 38. tion in Problem 39. 


39. Let f first be extended into (L,2Z) so that it is symmetric about x = L; that is, so as 
to satisfy f(2L — x) = f(x) for 0 < x < L. Let the resulting function be extended into 
(—2L, 0) as an odd function and elsewhere (see Figure 10.4.7) as a periodic function of 
period 4L. Show that this function has a Fourier series in terms of the functions sin(zx/2L), 
sin(3mx/2L), sin(52x/2L),...; that is, 


fx) = 0b, sin A 


n=1 


where 


oon 
-if Ff (x) si dx. 


This series converges to the original function on (0, L]. 
. How should /, originally defined on [0, ZL], be extended so as to obtain a Fourier se- 
ries involving only the functions cos(z7x/2L), cos(3ax/2L), cos(57x/2L), ...? Refer to 


Problems 38 and 39. If f(x) = x for 0 < x < L, sketch the function to which the Fourier 
series converges for —4L < x <4L. 
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10.5 Separation of Variables; Heat Conduction in a Rod 


The basic partial differential equations of heat conduction, wave propagation, and po- 
tential theory that we discuss in this chapter are associated with three distinct types 
of physical phenomena: diffusive processes, oscillatory processes, and time indepen- 
dent or steady processes. Consequently, they are of fundamental importance in many 
branches of physics. They are also of considerable significance from a mathemati- 
cal point of view. The partial differential equations whose theory is best developed 
and whose applications are most significant and varied are the linear equations of 
second order. All such equations can be classified into one of three categories; the 
heat conduction equation, the wave equation, and the potential equation, respectively, 
are prototypes of each of these categories. Thus a study of these three equations 
yields much information about more general second order linear partial differential 
equations. 

During the last two centuries several methods have been developed for solving partial 
differential equations. The method of separation of variables is the oldest systematic 
method, having been used by D’ Alembert, Daniel Bernoulli, and Euler in about 1750 
in their investigations of waves and vibrations. It has been considerably refined and 
generalized in the meantime, and remains a method of great importance and frequent 
use today. To show how the method of separation of variables works we consider 
first a basic problem of heat conduction in a solid body. The mathematical study of 
heat conduction originated” about 1800, and it continues to command the attention 
of modern scientists. For example, the analysis of the dissipation and transfer of heat 
away from its sources in high-speed machinery is frequently an important technological 
problem. 

Let us now consider a heat conduction problem for a straight bar of uniform cross 
section and homogeneous material. Let the x-axis be chosen to lie along the axis 
of the bar, and let x = 0 and x = L denote the ends of the bar (see Figure 10.5.1). 
Suppose further that the sides of the bar are perfectly insulated so that no heat passes 
through them. We also assume that the cross-sectional dimensions are so small that the 
temperature u can be considered as constant on any given cross section. Then u is a 
function only of the axial coordinate x and the time f. 


FIGURE 10.5.1 A heat-conducting solid bar. 


°The first important investigation of heat conduction was carried out by Joseph Fourier (1768-1830) while he 
was serving as prefect of the department of Isére (Grenoble) from 1801 to 1815. He presented basic papers on 
the subject to the Academy of Sciences of Paris in 1807 and 1811. However, these papers were criticized by the 
referees (principally Lagrange) for lack of rigor and so were not published. Fourier continued to develop his ideas 
and eventually wrote one of the classics of applied mathematics, Théorie analytique de la chaleur, published in 
1822. 
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The variation of temperature in the bar is governed by a partial differential equation 


whose derivation appears in Appendix A at the end of the chapter. The equation is 
called the| heat conduction equation, and has the form 
au. =u O<x <UL, t > 0, (1) 


where a” is a constant known as the| thermal diffusivity! The parameter aw” depends 


only on the material from which the bar is made, and is defined by 


a? = K/ps, (2) 
where x is the thermal conductivity, o is the density, and s is the specific heat of the 
material in the bar. The units of a7 are (length) /time. Typical values of a’ are given 
in Table 10.5.1. 


TABLE 10.5.1 Values of the Thermal 
Diffusivity for Some Common Materials 


Material a? (cm? /sec) 
Silver 1.71 
Copper 1.14 
Aluminum 0.86 
Cast iron 0.12 
Granite 0.011 
Brick 0.0038 
Water 0.00144 


In addition, we assume that the initial temperature distribution in the bar is given; 
thus 


u(x,0) = f(x), O<x<L, (3) 


where f is a given function. Finally, we assume that the ends of the bar are held at fixed 
temperatures: the temperature 7, at x = 0 and the temperature T, at x = L. However, 
it turns out that we need only consider the case where T, = T, = 0. We show in Section 
[10.6]how to reduce the more general problem to this special case. Thus in this section 
we will assume that u is always zero when x = 0 or x = L: 


u(O, t) = 0, u(L,t) =0, t>0. (4) 


The fundamental problem of heat conduction is to find u(x, t) that satisfies the differ- 
ential equation (1) for 0 < x < L and for t > 0, the initial condition (3) when t = 0, 
and the boundary conditions (4) at x = O and x = L. 

The problem described by Eqs. (1), (3), and (4) is an initial value problem in the 
time variable t; an initial condition is given and the differential equation governs 
what happens later. However, with respect to the space variable x, the problem is 
a boundary value problem; boundary conditions are imposed at each end of the bar 
and the differential equation describes the evolution of the temperature in the interval 
between them. Alternatively, we can consider the problem as a boundary value problem 
in the xt-plane (see[Figure 10.5.2). The solution u(x, t) of Eq. (1) is sought in the semi- 
infinite strip 0 < x < L, t > O subject to the requirement that u(x,t) must assume a 
prescribed value at each point on the boundary of this strip. 
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t 


u(0,t) =0 u(L,t) =0 


u(x, 0) = f(x) 


FIGURE 10.5.2 Boundary value problem for the heat conduction equation. 


The heat conduction] problem (1) s linear since u appears only to the 
é differential equati 


first power throughout. on and boundary conditions are also 
homogeneous. This suggests that we might approach the problem by seeking solutions 
of the differential equation and boundary conditions, and then superposing them to 
satisfy the initial condition. The remainder of this section describes how this plan can 
be implemented. 

One solution of the differential hat satisfies the boundary conditions 
(4) |is the function u(x,t) = 0, but this solution does not satisfy the initial condition 
(3) {except in the trivial case in which f(x) is also zero. Thus our goal is to find other, 
nonzero, solutions of the differential equation and boundary conditions. To find the 
needed solutions, we start by making a basic assumption about the form of the solutions 
that has far-reaching, and perhaps unforeseen, consequences. The assumption is that 
u(x,t) is a product of two other functions, one depending only on x and the other 
depending only on ¢; thus 


u(x,t) = X(x)T(t). (5) 
Substituting from Eq. (5) for uw in the differential] equation (1)}yields 
a?X"T = XT’, (6) 


where primes refer to ordinary differentiation with respect to the independent variable, 
whether x or ¢. Equation (6) is equivalent to 

x" 1 Te 

Xo T’ % 
in which the variables are separated; that is, the left side depends only on x and the right 
side only on ft. For Eq. (7) to be valid for 0 < x < L,t > 0, it is necessary that both 
sides of Eq. (7) be equal to the same constant. Otherwise, by keeping one independent 
variable (say, x) fixed and varying the other, one side (the left in this case) of Eq. (7) 
would remain unchanged while the other varied, thus violating the equality. If we call 
this separation constant —A, then Eq. (7) becomes 

x 1 T’ 


= =-A. 8 
XY ot (8) 


576 


Chapter 10. Partial Differential Equations and Fourier Series 


Hence we obtain the following two ordinary differential equations for X (x) and T(t): 


X”" +1X =0, (9) 
T’+o°AT =0. (10) 


We denote the separation constant by —A (rather than A) because it turns out that it 
must be negative, and it is convenient to exhibit the minus sign explicitly. 

The {assumption (5)|has led to the replacement of the partial differentiallequation (1) | 
by the two ordinary differential equations (9) and (10). Each of these equations can be 
readily solved for any value of 4. The product of two solutions of Eq. (9) and (10), 


respectively, provides a solution of the : artial differential] equation (1)} However, we 


are interested only in those solutions of|Eq. (1)|that also satisfy the boundary conditions 


As we now show, this severely restricts the possible values of i. 
ubstituting for u(x, t) from) Eq. (5) |in the boundary condition at x = 0, we obtain 


u(O,t) = X(0)T(t) = 0. (11) 


If Eq. (11) is satisfied by choosing T(t) to be zero for all t, then u(x, t) is zero for 
all x and t, and we have already rejected this possibility. Therefore Eq. (11) must be 
satisfied by requiring that 


X (0) = 0. (12) 

Similarly, the boundary condition at x = L requires that 
X(L) = 0. (13) 
We now want to consider Eq. (9) subject to the boundary conditions (12) and (13). 
This is an eigenvalue problem and, in fact, is the same problem that we discussed in 
detail at the end of|Section 10.1{ see especially the paragraph following |Eq. (29) in that 
section. The only difference is that the dependent variable there was called y rather 


than X. If we refer to the results obtained earlier [IEq. (31) of Section 10.1I], the only 


nontrivial solutions of Eqs. (9), (12), and (13) are the eigenfunctions 
X (x) =sintnwx/L), n=1,2,3,..., (14) 
associated with the eigenvalues 
Nan: RD as (15) 
Turning now to Eq. (10) for T(t) and substituting nm / L? for 4, we have 
T' + (n’n?a?/L”)T = 0. (16) 


Thus T(t) is proportional to exp(—n?27a7t/L”). Hence, multiplying solutions of 
Eqs. (9) and (10) together, and neglecting arbitrary constants of proportionality, we 
conclude that the functions 


u(x,t) =e" Cl’ sin(nnx/L),  n=1,2,3,... (17) 


satisfy the partial differential] equation (1) |jand the boundary|conditions (4)| for each 


positive integer value of n. The functions u,, are sometimes called fundamental solutions 
of the heat conduction problem((D}(3) and 
It remains only to satisfy the initial Condition 


u(x, 0) = f(x), O<x<lL. (18) 
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1 


Recall that we have often solved initial value problems by forming linear combinations 
of a set of fundamental solutions, and then choosing the coefficients to satisfy the initial 
conditions. The analogous step in the present problem is to form a linear combination 


of the|functions (17)jand then to choose the coefficients to satisfy|Eq. (18).!The main 


difference now from earlier problems is that there are infinitely many}functions (17)} 
so a general linear combination of them is an infinite series. Thus we assume that 


as ~ 1 0c eh. NIX 
w=) Cia) ee ee on a (19) 


n=1 n=1 


where the coefficients c,, are as yet undetermined. The individual terms in the series 


(19) satisfy the differential] equation (1) |and boundary|conditions (4)| We will assume 
that the infinite series of Eq. (19) converges and also satisfies |Eqs. (1) and| (4). To 


satisfy the initial |condition (3)}we must have 
— nix 
,0) = in — = ; 20 
u(x,0) =) ¢, sin —— = fx) (20) 


n=1 
In other words, we need to choose the coefficients c,, so that the series of sine functions 
in Eq. (20) converges to the initial temperature distribution f(x) for 0 < x < L. The 


series in Eq. (20) is just the Fourier sine series for f; according to |Eq. (8) of Section 
ts coefficients are given by 


L 
c, = al f(x) sin dx. (21) 


Hence the solution of the heat conduction problem of|Eqs. DI) and @) S$ given by 
(21). 


the series in Eq. (19) with the coefficients computed from Eq. 


Find the temperature u(x,t) at any time in a metal rod 50 cm long, insulated on the 
sides, which initially has a uniform temperature of 20°C throughout, and whose ends 
are maintained at 0°C for all t > 0. 


The temperature in the rod satisfies the heat conduction] problem (1),}\(3),J|(4) }with 


L = 50 and f(x) = 20 for 0 < x < 50. Thus, from Eq. (19), the solution is 


= 22.2 nwx 
Het) ce ee sin agit (22) 
n=1 


where, from Eq. (21), 


mS 
4 80/nz, n odd; 
— en —cosn) = to. een: (23) 
Finally, by substituting for c,, in Eq. (22) we obtain 
80 BG 1 _2 22 NITX 
t)=— Sonim at /2500 sin ——. 24 
eee a 0 as 


The expression (24) for the temperature is moderately complicated, but the negative 
exponential factor in each term of the series causes the series to converge quite rapidly, 
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except for small values of t or a”. Therefore accurate results can usually be obtained 
by using only a few terms of the series. 

In order to display quantitative results let us measure ¢ in seconds; then a has the 
units of cm?/sec. If we choose a” = 1 for convenience, this corresponds to a rod of a 
material whose thermal properties are somewhere between copper and aluminum. The 
behavior of the solution can be seen from the graphs in Figures 10.5.3 through|10.5.5. 
In Figure 10.5.3 we show the temperature distribution in the bar at several different 
times. Observe that the temperature diminishes steadily as heat in the bar is lost through 
the endpoints. The way in which the temperature decays at a given point in the bar is 
indicated in Figure 10.5.4, where temperature is plotted against time for a few selected 
points in the bar. Finally, [Figure 10.5.5| is a three-dimensional plot of w versus both x 
and t. Observe that the graphs in Figures 10.5.3 and 10.5.4 are obtained by intersecting 
the surface in|Figure 10.5.5] by planes on which either ¢ or x is constant. The slight 


FIGURE 10.5.3. Temperature distributions at several times for the heat conduction problem 
of Example 1. 


100 200 300 400 500 t 


FIGURE 10.5.4 Dependence of temperature on time at several locations for the heat conduc- 
tion problem of Example 1. 
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FIGURE 10.5.5 Plot of temperature u versus x and f for the heat conduction problem of 
Example 1. 


A question with possible practical implications is to determine the time t at which the 
entire bar has cooled to a specified temperature. For example, when is the temperature 
in the entire bar no greater than 1°C? Because of the symmetry of the initial temperature 
distribution and the boundary conditions, the warmest point in the bar is always the 
center. Thus, t is found by solving u(25,t) = 1 for t. Using one term in the series 


expansion (24), we obtain 
_ 2500 


T= 
2 


In(80/z) = 820 sec. 


PRO B LE M S In each of Problems | through 6 determine whether the method of separation of variables can be 
used to replace the given partial differential equation by a pair of ordinary differential equations. 
If so, find the equations. 


2. tu,, +xu,=0 
[p(x)u,], —r@)u,,=0 5. uy. +taty)u,, =0 


yy 
. Find the solution of the heat conduction problem 
100u,. =u,, O<x<l, t>0; 


u(O, t) = 0, u(1l,t)=0, t>0; 


u(x, 0) = sin27x — sin5z7x, O<x <1. 


. Find the solution of the heat conduction problem 


Uu =4u,, O<x<2, t>0; 


xx 


u(0O, t) = 0, u(2,t)=0, t>O0; 
u(x, 0) = 2sin(zx/2) — sinax + 4sin27x, O<x <2. 
Consider the conduction of heat in a rod 40 cm in length whose ends are maintained at 0°C for 


all t > 0. In each of Problems 9 through 12 find an expression for the temperature u(x, f) if the 
initial temperature distribution in the rod is the given function. Suppose that a? = 1. 


580 


Chapter 10. Partial Differential Equations and Fourier Series 


9. u(x,0)=50, O<x <40 10. u(x,0) = F40 _ ee 


U; a U; 
50, 10<-x < 30, 12. u(x,0) =x, 0<x < 40 
0, 30<x<40 


13. Consider again the rod in Problem 9. For t = 5 and x = 20 determine how many terms are 
needed to find the solution correct to three decimal places. A reasonable way to do this is 
to find n so that including one more term does not change the first three decimal places of 
u(20, 5). Repeat for t = 20 and t = 80. Form a conclusion about the speed of convergence 
of the series for u(x, f). 

p> 14. For the rod in Problem 9: 
(a) Plot uw versus x for t = 5, 10, 20, 40, 100, and 200. Put all the graphs on the same 
set of axes and thereby obtain a picture of the way in which the temperature distribution 
changes with time. 
(b) Plot u versus t for x = 5, 10, 15, and 20. 
(c) Draw a three-dimensional plot of uw versus x and t. 
(d) How long does it take for the entire rod to cool off to a temperature of no more than 
1°C? 
Follow the instructions in Problem 14 for the rod in Problem 10. 
Follow the instructions in Problem 14 for the rod in Problem 11. 
17. For the rod in Problem 12: 
a) Plot wu versus x for t = 5, 10, 20, 40, 100, and 200. 
(b) For each value of f used in part (a) estimate the value of x for which the temperature 


vVvVV 


is greatest. Plot these values versus ¢ to see how the location of the warmest point in the 
rod changes with time. 
c) Plot wu versus ¢t for x = 10, 20, and 30. 
(d) Draw a three-dimensional plot of u versus x and f. 
(e) How long does it take for the entire rod to cool off to a temperature of no more than 


1°C? 

p> |18. Let a metallic rod 20 cm long be heated to a uniform temperature of 100°C. Suppose that 
at t = 0 the ends of the bar are plunged into an ice bath at 0°C, and thereafter maintained 
at this temperature, but that no heat is allowed to escape through the lateral surface. Find 
an expression for the temperature at any point in the bar at any later time. Determine the 
temperature at the center of the bar at time t = 30 sec if the bar is made of (a) silver, 
(b) aluminum, or (c) cast iron. 

> |19. For the rod of Problem 18 find the time that will elapse before the center of the bar cools 
to a temperature of 5°C if the bar is made of (a) silver, (b) aluminum, or (c) cast iron. 


20. In solving differential equations the computations can almost always be simplified by 
the use of dimensionless variables. Show that if the dimensionless variable € = x/L is 
introduced, the heat conduction equation becomes 


au soi a 
ae 0<é<1, ¢>0. 
0g a’ ot 


Since L?/a has the units of time, it is convenient to use this quantity to define a di- 
mensionless time variable t = (a7/L”)t. Then show that the heat conduction equation 
reduces to 


—;. ==, O<&<1, 1t>0. 


21. Consider the equation 


au,, — bu, + cu = 0, 


where a, b, and c are constants. 
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(a) Let u(x,t) = e w(x, t), where 6 is constant, and find the corresponding partial dif- 
ferential equation for w. 
(b) If b £0, show that 6 can be chosen so that the partial differential equation found in 
part (a) has no term in w. Thus, by a change of dependent variable, it is possible to reduce 
Eq. (i) to the heat conduction equation. 

. The heat conduction equation in two space dimensions is 


2 = 
au + uy.) = U,. 


Assuming that u(x, y,t) = X(x)Y(y)T (2), find ordinary differential equations satisfied 
by X(x), Y(y), and T(t). 

. The heat conduction equation in two space dimensions may be expressed in terms of polar 
coordinates as 


a[u,, + (/r)u, + (/r?)ugg] = u,. 


Assuming that u(r, 0, t) = R(r)O(@)T (2), find ordinary differential equations satisfied by 
R(r), OO), and T(t). 


10.6 Other Heat Conduction Problems 


In| Section 10.5}we considered the problem consisting of the heat conduction equation 


anu, =U,, O<x<L, t>0, (1) 
the boundary conditions 
u(0, t) = 0, u(L,t)=0, t>0, (2) 
and the initial condition 
u(x,0) = f(x), O<x<L. (3) 
We found the solution to be 
oe 2.2.22 . MIX 
u(x,t) = Diet ee Sin a (4) 
where the coefficients c,, are the same as in the series 
f@= ee (5) 
a L 


The series in Eq. (5) is just the Fourier sine series for f; according to|Section 10.4|its 


coefficients are given by 


=F [peo sin™ a (6) 
cha oe ar? Xs 


Hence the solution of the heat conduction problem, Eqs. (1) to (3), is given by the 
series in Eq. (4) with the coefficients computed from Eq. (6). 

We emphasize that at this stage the solution (4) must be regarded as a formal solution; 
that is, we obtained it without rigorous justification of the limiting processes involved. 
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Such a justification is beyond the scope of this book. However, once the 
has been obtained, it is possible to show that in 0 < x < L, t > O it converges to a 
continuous function, that the derivatives uw, , and uv, can be computed by differentiating 


the{series (4) term by term, and that the heat conduction|equation (1) is indeed satisfied. 
series (4) 


The argument rests heavily on the fact that each term of the}series (4) contains a negative 
exponential factor, and this results in relatively rapid convergence of the series. A further 
argument establishes that the function u given by Es. at satisfies the boundary 
and initial conditions; this completes the justification of the formal solution. 

It is interesting to note that although f satisfies the conditions of the Fourier con- 
vergence theorem (Theorem 10.3.1), it may have points of discontinuity. In this case 
the initial temperature distribution u(x, 0) = f(x) is discontinuous at one or more 
points. Nevertheless, the solution u(x, t) is continuous for arbitrarily small values of 
t > 0. This illustrates the fact that heat conduction is a diffusive process that instantly 
smooths out any discontinuities that may be present in the initial temperature distribu- 
tion. Finally, since f is bounded, it follows from|Eq. (6)|that the coefficients c, are also 
bounded. Consequently, the presence of the negative exponential factor in each term 


of the series (4)/ guarantees that 


im u(x,t) =0 (7) 


for all x regardless of the initial condition. This is in accord with the result expected 
from physical intuition. 

We now consider two other problems of one-dimensional heat conduction that can 
be handled by the method developed in{Section 10.5] 


Nonhomogeneous Boundary Conditions. Suppose now that one end of the bar is held 
at a constant temperature 7, and the other is maintained at a constant temperature T,. 
Then the boundary conditions are 


u(0O,t) = T,, u(L,t) =T,, t>0. (8) 
The differential/equation (1)|and the initial|condition (3)/remain unchanged. 


This problem is only slightly more difficult, because of the nonhomogeneous bound- 


ary conditions, than the one in|Section 10.5.) We can solve it by reducing it to a problem 
having homogeneous boundary conditions, which can then be solved as in Section 


et technique for doing this is suggested by the following physical argument. 

After along time, that is, as t > 00, we anticipate that a steady temperature distribu- 
tion v(x) will be reached, which is independent of the time ¢ and the initial conditions. 
Since v(x) must satisfy the equation of heat conduction (1), we have 


v(x) = 0, O<x <L. (9) 


Hence the steady-state temperature distribution is a linear function of x. Further, v(x) 
must satisfy the boundary conditions 


v0)=7,, v(L)=T,, (10) 


which are valid even as t + ov. The solution of Eq. (9) satisfying Eqs. (10) is 


v(x) = (,-T)> +7. a 
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Returning to the original problem} Eqs. (1) [(3),Jand (8), e will try to express u(x, t) 


as the sum of the steady-state temperature distribution v(x) and another (transient) 
temperature distribution w(x, t); thus we write 


u(x,t) = v(x) + w(x, f). (12) 
Since v(x) is given by Eq. (11)} the problem will be solved provided we can determine 


w(x, t). The boundary value problem for w(x, t) is found by substituting the expression 


in Eq. (12) for u(x, t) infEgs. (1), [(3)} and|(8)} 


From Eq. (1) we have 
a2(u + Ww), = (tw), 
it follows that 


aw, = w,, (13) 


since v,,, = O and v, = 0. Similarly, from Eqs. (12) | (8),Jand (10)} 

w(0, t) =u(0O,t) — v0) = 7, —T, = 0, 

1 1 (14) 

w(L,t) =u(L,t) — v(L) = T, — T, = 0. 

Finally, from Eqs. (12) and (3), 

w(x, 0) = u(x, 0) — vx) = f(x) — v&), (15) 
where v(x) is given by|Eq. (11)} Thus the transient part of the solution to the original 
problem is found by solving the problem consisting of Eqs. (13), (14), and (15). This 
latter problem is precisely the one solved in Section 10.5 provided that f(x) — v(x) is 


now regarded as the initial temperature distribution. Hence 


CO 
uot) = (y= T= ++ aaa sin (16) 
where 
[ye (T, T= — 7, ] sin a (17) 
( (i — os xXx)—- _ == sin — ax. 
n L 6 2 VL 1 L 


This is another case in which a more difficult problem is solved by reducing it to a 
simpler problem that has already been solved. The technique of reducing a problem with 
nonhomogeneous boundary conditions to one with homogeneous boundary conditions 
by subtracting the steady-state solution is capable of wide application. 


Consider the heat conduction problem 


Uy, =U, O0O<x <30, t>0, (18) 
u(0, t) = 20, u(30, t) = 50, t>0, (19) 
u(x, 0) = 60 — 2x, 0 <x < 30. (20) 


Find the steady-state temperature distribution and the boundary value problem that 
determines the transient distribution. 
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The steady-state temperature satisfies v” (x) = 0 and the boundary conditions v(0) = 
20 and v(30) = 50. Thus v(x) = 20+ x. The transient distribution w(x, t) satisfies 
the heat conduction equation 


w..=w., (21) 
the homogeneous boundary conditions 
w(0, t) = 0, w (30, t) = 0, (22) 
and the modified initial condition 


w(x,0) = 60 — 2x — (20+ x) = 40 — 3x. (23) 


Note that this problem is of the form) (1), (2), (3) with) f(~) = 40 — 3x, a” = 1, and 
L = 30. Thus the solution is given by) Eqs. (4) and (6). 

Figure 10.6.1 shows a plot of the initial temperature distribution 60 — 2x, the final 
temperature distribution 20 + x, and the temperature at two intermediate times found 
by solving Eqs. (21) through (23). Note that the intermediate temperature satisfies the 
boundary} conditions (19) |for any t > 0. As ¢ increases, the effect of the boundary 
conditions gradually moves from the ends of the bar toward its center. 


5 10 15 20 25 30 x 


FIGURE 10.6.1 Temperature distributions at several times for the heat conduction problem 
of Example 1. 


Bar with Insulated Ends. A slightly different problem occurs if the ends of the bar 


are insulated so that there is no passage of heat through them. According to}Eq. (2) in 
Appendix A\ the rate of flow of heat across a cross section is proportional to the rate o 


change of temperature in the x direction. Thus in the case of no heat flow the boundary 
conditions are 


u,(0, t) = 0, u,(L,t) =0, t>0. (24) 


The problem posed by |Eqs. (DI | and (24) can also be solved by the method of 
we let 


separation of variables. 


u(x,t) = X(x)T(t), (25) 
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and substitute for u in|Eq. (1)} then it follows as in}Section 10.5 |that 


Xx” 1 T’ 
= =-h, 26 
XY ot (26) 
where A is a constant. Thus we obtain again the two ordinary differential equations 
X"+AX =0, (27) 
T' +o°AT =0. (28) 


For any value of 4 a product of solutions of Eqs. (27) and (28) is a solution of the 
partial differential However, we are interested only in those solutions that 
also satisfy the boundary conditions (24), 

If we substitute for u(x, t) from in the boundary condition at x = 0, we 
obtain X’(0)T (t) = 0. We cannot permit T(t) to be zero for all t, since then u(x, f) 
would also be zero for all t. Hence we must have 


X’(0) = 0. (29) 
Proceeding in the same way with the boundary condition at x = L, we find that 
X'(L) = 0. (30) 


Thus we wish to solve Eq. (27) subject to the boundary conditions (29) and (30). It is 
possible to show that nontrivial solutions of this problem can exist only if A is real. One 
way to show this is indicated in[Problem 18] alternatively, one can appeal to a more 
general theory to be discussed later in Section 11.2. We will assume that A is real and 
consider in turn the three cases A < 0, A = 0, and A > 0. 

If A < 0, it is convenient to let A = —ju, where yu is real and positive. Then Eq. (27) 
becomes X” — y.”X = 0 and its general solution is 


X (x) =k, sinh wx + k, cosh px. (31) 


In this case the boundary conditions can be satisfied only by choosing k, = k, = 0. 
Since this is unacceptable, it follows that 2 cannot be negative; in other words, the 
problem (27), (29), (30) has no negative eigenvalues. 

If A = 0, then Eq. (27) is X” = 0, and therefore 


X(x) =kyx +k. (32) 


The boundary conditions (29) and (30) require that k, = 0 but do not determine k,. 
Thus A = 0 is an eigenvalue, corresponding to the eigenfunction X (x) = 1. For’ = 0 
it follows from Eq. (28) that T(r) is also a constant, which can be combined with k,. 
Hence, for A = 0, we obtain the constant solution u(x, t) = k,. 

Finally, if 4 > 0, let A = ju”, where pu is real and positive. Then Eq. (27) becomes 
X" + u*X =0, and consequently 


X (x) =k, sinux +k, cos wx. (33) 


The boundary condition (29) requires that k, = 0, and the boundary condition (30) 
requires that uw = nz/L forn = 1, 2,3,..., but leaves k, arbitrary. Thus the problem 
(27), (29), (30) has an infinite sequence of positive eigenvalues 4 = nen? / L? with the 
corresponding eigenfunctions X (x) = cos(nzx/L). For these values of 4 the solutions 
T (t) of Eq. (28) are proportional to exp(—n?17a7t/L”). 
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Sbiem CH Oh] these results, we have the following fundamental solutions for the 


u(x,t) =1, 


22072 nex (34) 
ruD=<_ er cos = —, n=1,2,..., 


where arbitrary constants of proportionality have been dropped. Each of these functions 
satisfies the sepia Wenn) wa the boundary Because both 
the differential equation and boundary conditions are linear and homogeneous, any 
finite linear combination of the fundamental solutions satisfies them. We will assume 
that this is true for convergent infinite linear combinations of fundamental solutions as 


well. Thus, to satisfy the initial|condition (3), we assume that u(x, t) has the form 


II 


u(x, t) Pug(x.t) +) eyut,(%51) 
n=1 


Cc ~ 29 O79 nex 
+ oe OE” eas a (35) 


n= 


NI 


The coefficients c, are determined by the requirement that 
c = nex 
u(x, 0) = Qt Loos a = FO) (36) 


Thus the unknown coefficients in Eq. (35) must be the coefficients in the Fourier cosine 
series of period 2L for f. Hence 


=F [to od =0,1,2 (37) 
“1 = 7 F a a XxX, (oe Ue eee eer 


With this choice of the coefficients cy, c;, C,..., the series (35) provides the so- 
lution to the heat conduction problem for a rod with insulated ends, (3) 
and}(24) 

It is worth observing that the solution (35) can also be thought of as the sum of a 
steady-state temperature distribution (given by the constant c,/2), which is independent 
of time f, and a transient distribution (given by the rest of the infinite series) that vanishes 
in the limit as ¢ approaches infinity. That the steady-state is a constant is consistent 
with the expectation that the process of heat conduction will gradually smooth out the 
temperature distribution in the bar as long as no heat is allowed to escape to the outside. 
The physical interpretation of the term 


co _ 1 f" pay a 38 
27 f f(x) dx (38) 


is that it is the mean value of the original temperature distribution. 
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EXAMPLE 


2 


Find the temperature u(x, t) in a metal rod of length 25 cm that is insulated on the 
ends as well as on the sides and whose initial temperature distribution is u(x, 0) = x 
for0 <x < 25. 


The temperature in the rod satisfies the heat conduction|problem (1)}) (3),J(24) |with 
L = 25. Thus, from|Eq. (35)| the solution is 


Cc ia nx 
we, = 2+) reer #1 cos, (39) 
n=1 


where the coefficients are determined from|Eq. (37). We have 


2 25 
= 5 | x dx = 25 (40) 
and, forn > 1, 
2 25 
i 35 : cos —— d 
= _ 2 J-100/(nz)*, n odd; 
= 50(cos na — 1)/(n7) =| 0, aren (41) 
Thus 
25 100 — 1 
uaN=F-—z De er 125 cos (nx /25) (42) 


n 


is the solution of the given problem. 

For a” = 1 Figure 10.6.2 shows plots of the temperature distribution in the bar at 
several times. Again the convergence of the series is rapid so that only a relatively few 
terms are needed to generate the graphs. 


FIGURE 10.6.2 Temperature distributions at several times for the heat conduction problem 
of Example 2. 
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PROBLEMS 


More General Problems. The method of separation of variables can also be used to 


solve heat conduction problems with other boundary conditions than those given by 
Eqs. (8)/and|Eqs. (24)| For example, the left end of the bar might be held at a fixed 


temperature T while the other end is insulated. In this case the boundary conditions are 
u(O,t) = T, u,(L,t)=0, t>0. (43) 


The first step in solving this problem is to reduce the given boundary conditions to 
homogeneous ones by subtracting the steady-state solution. The resulting problem is 
solved by essentially the same procedure as in the problems previously considered. 
However, the extension of the initial function f outside of the interval [0, L] is some- 
what different from that in any case considered so far (see[Problem 15). 

A more general type of boundary condition occurs when the rate of heat flow through 
the end of the bar is proportional to the temperature. It is shown in [Appendix Al that 
the boundary conditions in this case are of the form 


u,(0,t)—hwO,t)=0, u,(L,t)+hu(L,t)=0, 1t>0, (44) 


where /, and h, are nonnegative constants. If we apply the method of separation of 


variables to the problem consisting of}Eqs. (1) and (44), we find that X (x) must 
be a solution of 


X" +1XK =0, X'(0) —h,X(0) =0, X'(L) +h, X(L) =0, (45) 


where A is the separation constant. Once again it is possible to show that nontrivial 
solutions can exist only for certain nonnegative real values of i, the eigenvalues, but 
these values are not given by a simple formula (see[Problem 20}. It is also possible 
to show that the corresponding solutions of Eqs. (45), the eigenfunctions, satisfy an 
orthogonality relation, and that one can satisfy the initial] condition (3) by superposing 
solutions of Eqs. (45). However, the resulting series is not included in the discussion of 
this chapter. There is more general theory that covers such problems, and it is outlined 
in Chapter 11. 


In each of Problems | through 8 find the steady-state solution of the heat conduction equation 


wu. = u, that satisfies the given set of boundary conditions. 


u(0O,t)= 10, u(50,t) = 40 . u(O,t) = 30, u(40,t) = —20 
u,(0,t)=0, u(L,t) =0 . u,,t)=0, u(L,t)=T 
u(0,t)=0, u,(L,t) =0 . uO,t)=T, u,(L,t) =0 
u,(0,t)—u(0,t)=0, u(L,t)=T . uO,t)=T, u(L,t)+u(L,t) =0 


. Let an aluminum rod of length 20 cm be initially at the uniform temperature of 25°C. 
Suppose that at time t = 0 the end x = 0 is cooled to 0°C while the end x = 20 is heated 
to 60°C, and both are thereafter maintained at those temperatures. 

(a) Find the temperature distribution in the rod at any time f. 

(b) Plot the initial temperature distribution, the final (steady-state) temperature distribu- 
tion, and the temperature distributions at two representative intermediate times on the same 
set of axes. 

(c) Plot uw versus ¢ for x = 5, 10, and 15. 

(d) Determine the time interval that must elapse before the temperature at x = 5 cm comes 
(and remains) within 1% of its steady-state value. 

(a) Let the ends of a copper rod 100 cm long be maintained at 0°C. Suppose that the center 
of the bar is heated to 100°C by an external heat source and that this situation is maintained 
until a steady-state results. Find this steady-state temperature distribution. 
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11. 


> |12. Consider a uniform rod of length L with an initial temperature given by u(x, 0) = 


13. 


(b) Atatime ¢ = 0 [after the steady-state of part (a) has been reached] let the heat source 
be removed. At the same instant let the end x = 0 be placed in thermal contact with a 
reservoir at 20°C while the other end remains at 0°C. Find the temperature as a function of 
position and time. 

(c) Plot u versus x for several values of t. Also plot u versus t for several values of x. 

(d) What limiting value does the temperature at the center of the rod approach after a long 


time? How much time must elapse before the center of the rod cools to within 1 degree of 
its limiting value? 

Consider a rod of length 30 for which a” = 1. Suppose the initial temperature distribution 
is given by u(x, 0) = x(60 — x)/30 and that the boundary conditions are u(0, t) = 30 and 
u(30, t) = 0. 

(a) Find the temperature in the rod as a function of position and time. 

(b) Plot u versus x for several values of t. Also plot u versus t for several values of x. 

(c) Plot u versus t for x = 12. Observe that wu initially decreases, then increases for a 
while, and finally decreases to approach its steady-state value. Explain physically why this 
behavior occurs at this point. 


sin(x/L),0 <x < L. Assume that both ends of the bar are insulated. 

(a) Find the temperature u(x, ft). 

(b) What is the steady-state temperature as t > 00? 

(c) Let a~ = 1 and L = 40. Plot u versus x for several values of t. Also plot u versus f¢ 
for several values of x. 

d) Describe briefly how the temperature in the rod changes as time pro 
Consider a bar of length 40 cm whose initial temperature is given by u(x, 0) = x(60 — 
x)/30. Suppose that a” = 1/4 cm?/sec and that both ends of the bar are insulated. 

(a) Find the temperature u(x, ft). 


(d) Determine how much time must elapse before the temperature at x = 40 comes within 
1 degree of its steady-state value. 


insulated. Suppose that the initial temperature is zero except for the interval 5 < x < 10, 
where the initial temperature is 25°. 


15. 


(a) Find the temperature u(x, ft). 

ot u versus x for several values of t. Also plot u versus ¢ for several values of x. 

(c) Plot u(4,t) and u(11,t) versus ¢. Observe that the points x = 4 and x = 11 are 
symmetrically located with respect to the initial temperature pulse, yet their temperature 
plots are significantly different. Explain physically why this is so. 

Consider a uniform bar of length L having an initial temperature distribution given by 
f(x), 0 < x < L. Assume that the temperature at the end x = 0 is held at 0°C, while the 
end x = L is insulated so that no heat passes through it. 

(a) Show that the fundamental solutions of the partial differential equation and boundary 
conditions are 


u(x,t) = eR HAL? sint(2n — 1)wx/2L],  n=1,2,3,.... 


(b) Find a formal series expansion for the temperature u(x, ft), 


lo.e) 


u(x,t) = ae t), 


n=1 


that also satisfies the initial condition u(x, 0) = f(x). 


Hint: Even though the fundamental solutions involve only the odd sines, it is still possible 
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18. 


to represent f by a Fourier series involving only these functions. See Problem 39 of 
Section 10.4. 

In the bar of Problem 15 suppose that L = 30, a” = 1, and the initial temperature distri- 
bution is f(x) = 30 — x forO < x < 30. 

(a) Find the temperature u(x, f). 


Suppose that the conditions are as in Problems 15 and 16 except that the boundary condition 
at x = Ois u(0, t) = 40. 

(a) Find the temperature u(x, ft). 

(b) Plot u versus x for several values of t. Also plot u versus t for several values of x. 

(c) Compare the plots you obtained in this problem with those from Problem 16. Explain 
how the change in the boundary condition at x = 0 causes the observed differences in the 
behavior of the temperature in the bar. 

Consider the problem 


X"+ax=0, xX'0)=0, X(L)=0. (i) 


LetA = we, where « = v + io with v ando real. Show that if o + 0, then the only solution 
of Eqs. (i) is the trivial solution X (x) = 0. 

Hint: Use an argument similar to that in Problem 17 of Section 10.1. 

The right end of a bar of length a with thermal conductivity «, and cross-sectional area 
A, is joined to the left end of a bar of thermal conductivity «, and cross-sectional area A,. 
The composite bar has a total length L. Suppose that the end x = 0 is held at temperature 
zero, while the end x = L is held at temperature 7. Find the steady-state temperature in 
the composite bar, assuming that the temperature and rate of heat flow are continuous at 


q. (2) of Appendix A. 
Consider the problem 


O<x<L, t>0; 
u(0, t) = 0, u,(L,t)+yu(L,t)=0, t>0; 
u(x,0) = f(x), O<x<L. 


(a) Let u(x,t) = X(x)T(t) and show that 
X"+1X =0, X (0) = 0, X'(L) + yX(L) = 0, 


and 


T'+Ae?T =0, 


where A is the separation constant. 

(b) Assume that A is real, and show that problem (ii) has no nontrivial solutions if 4 < 0. 
(c) IfA > 0, let A = pe? with pw > 0. Show that problem (ii) has nontrivial solutions only 
if ~ is a solution of the equation 


ucosuL+ysinuLl = 0. (ili) 


(d) Rewrite Eq. (iii) as tan wL = —j/y. Then, by drawing the graphs of y = tan wL and 
y = —pL/yL for jz > 0 on the same set of axes, show that Eq. (iii) is satisfied by infinitely 
many positive values of jz; denote these by j4,, U5,..-, 4,,-.+, ordered in increasing size. 
(e) Determine the set of fundamental solutions u, (x, t) corresponding to the values jz, 
found in part (d). 
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10.7 The Wave Equation: Vibrations of an Elastic String 


A second partial differential equation occurring frequently in applied mathematics 
is the wavéequation. Some form of this equation, or a generalization of it, almost 
inevitably arises in any mathematical analysis of phenomena involving the propagation 
of waves in a continuous medium. For example, the studies of acoustic waves, water 
waves, electromagnetic waves, and seismic waves are all based on this equation. 

Perhaps the easiest situation to visualize occurs in the investigation of mechanical 
vibrations. Suppose that an elastic string of length L is tightly stretched between two 
supports at the same horizontal level, so that the x-axis lies along the string (see 
Figure 10.7.1). The elastic string may be thought of as a violin string, a guy wire, or 
possibly an electric power line. Suppose that the string is set in motion (by plucking, 
for example) so that it vibrates in a vertical plane, and let u(x, t) denote the vertical 
displacement experienced by the string at the point x at time t. If damping effects, such 
as air resistance, are neglected, and if the amplitude of the motion is not too large, then 
u(x,t) satisfies the partial differential equation 


au. =u (1) 


in the domain 0 < x < L, t > 0. Equation (1) is known as pg CLAS is 


derived in) Appendix B at the end of the chapter. The constant coefficient a~ appearing 
in Eq. (1) is given by 


a=T/p, (2) 
where T is the tension (force) in the string, and p is the mass per unit length of the 
string material. It follows that a has the units of length/time, that is, of velocity. In 
Problem 14|it is shown that a is the velocity of propagation of waves along the string. 

To describe the motion of the string completely it is necessary also to specify suitable 


initial and boundary conditions for the displacement u(x, t). The ends are assumed to 
remain fixed, and therefore the boundary conditions are 


u(0,t) = 0, u(L,t) =0, t>0. (3) 


Since the differential equation (1) is of second order with respect to f, it is plausible to 
prescribe two initial conditions. These are the initial position of the string, 


u(x, 0) = f(x), O<x<L, (4) 


FIGURE 10.7.1 A vibrating string. 


’The solution of the wave equation was one of the major mathematical problems of the mid-eighteenth century. 
The wave equation was first derived and studied by D’ Alembert in 1746. It also attracted the attention of Euler 
(1748), Daniel Bernoulli (1753), and Lagrange (1759). Solutions were obtained in several different forms, and the 
merits of, and relations among, these solutions were argued, sometimes heatedly, in a series of papers extending 
over more than 25 years. The major points at issue concerned the nature of a function, and the kinds of functions 
that can be represented by trigonometric series. These questions were not resolved until the nineteenth century. 
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and its initial velocity, 
u,(x, 0) = g(x), O<x<L, (5) 
where f and g are given functions. In order for|Eqs. (3) and (5) to be consistent 


it is also necessary to require that 
fO) = f(L) =0, g0) = g(L) = 0. (6) 


The mathematical problem then is to determine the solution of the wave equation (1) 
that also satisfies the boundary and the initial|conditions (4) and (5). Like 
the heat conduction problem offSections 10.5]and[10.6, this problem is an initial value 
problem in the time variable f, and a boundary value problem in the space variable x. 
Alternatively, it can be considered as a boundary value problem in the semi-infinite strip 
0 <x < L,t > Oof the xt-plane (see Figure 10.7.2). One condition is imposed at each 
point on the semi-infinite sides, and two are imposed at each point on the finite base. 

It is important to realize that|Eq. (1)} governs a large number of other wave problems 
besides the transverse vibrations of an elastic string. For example, it is only necessary 
to interpret the function wu and the constant a appropriately to have problems dealing 
with water waves in an ocean, acoustic or electromagnetic waves in the atmosphere, 
or elastic waves in a solid body. If more than one space dimension is significant, then 


Eq. (1))must be slightly generalized. The two-dimensional wave equation is 


aU, +U,)= by. (7) 


This equation would arise, for example, if we considered the motion of a thin elastic 
sheet, such as a drumhead. Similarly, in three dimensions the wave equation is 


a*(u,, Ag U,,) =Upy- (8) 


In connection with the latter two equations, the boundary and initial conditions must 
also be suitably generalized. 

We now solve some typical boundary value problems involving the one-dimensional 
wave equation. 


u(0, t) =0 


u(x, 0) = f (x) 
u,(x, 0) = g(x) 


FIGURE 10.7.2. Boundary value problem for the wave equation. 
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Elastic String with Nonzero Initial Displacement. First suppose that the string is 
disturbed from its equilibrium position, and then released at time tf = 0 with zero 
velocity to vibrate freely. Then the vertical displacement u(x, t) must satisfy the wave 


equation (1) 


O<x<L, t>0; 
the boundary [conditions (3)| 
u(O, t) = 0, u(L,t) = 0, t > 0; 
and the initial conditions 
u(x,0) = f(x), u,(x, 0) =0, O<x<L, (9) 


where f is a given function describing the configuration of the string at t = 0. 
The method of separation of variables can be used to obtain the solution of|Eqs. (1) 


[B} and (9). Assuming that 


u(x,t) = X(x)T(t) (10) 
and substituting for u in|Eq. (1), we obtain 
x” 1 ya 
= =-), 11 
x ar ” 


where A is a separation constant. Thus we find that X (x) and T(t) satisfy the ordinary 
differential equations 

Xx” +AX =0, (12) 

tLe xr =0, (13) 


Further, by substituting from Eq. (10) for u(x, t) in the boundary] conditions (3)| we 


find that X (x) must satisfy the boundary conditions 
X(0) =0, X(L) = 0. (14) 


Finally, by substituting from Eq. (10) into the second of the initial conditions (9), we 
also find that 7 (t) must satisfy the initial condition 


T’(0) =0. (15) 


Our next task is to determine X (x), T(t), and A by solving Eq. (12) subject to the 
boundary conditions (14) and Eq. (13) subject to the initial condition (15). 

The problem of solving the differential equation (12) subject to the boundary condi- 
tions (14) is precisely the same problem that arose inl Section 10.5 in connection with 
the heat conduction equation. Thus we can use the results obtained there and at the end 


of|Section 10.1) The problem (12) and (14) has nontrivial solutions if and only if is 
an eigenvalue, 


A= n'n?/L’, n=1,2,..., (16) 
and X (x) is proportional to the corresponding eigenfunction sin(nzx/L). 


Using the values of 4 given by Eq. (16) in Eq. (13), we obtain 


nna 


ee 7-7 =0. (17) 
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Therefore 


nat _ nat 
T(t) =k, cos 7 + k, sin ak (18) 


where k, and k, are arbitrary constants. The initial]condition (15)jrequires that k, = 0, 


so T(t) must be proportional to cos(nzrat/L). 
Thus the functions 


NITX niat 


,t) = sin — ; = 1,2) 444, 19 
u,,(x,t) = sin L cos L n (19) 
satisfy the partial differential]equation (1), the boundary} conditions (3), and the sec- 
ond initial]condition (9)| These functions are the fundamental solutions for the given 


problem. 

To satisfy the remaining (nonhomogeneous) initial e will consider 
a superposition of the fundamental solutions (19) with properly chosen coefficients. 
Thus we assume that u(x,t) has the form 


oe) 


[e.e) 
t 
u(x,t) = »y, c,U, (x,t) = bie sin “= cos = : (20) 


n=1 n=1 


where the constants c, remain to be chosen. The initial condition u(x, 0) = f(x) 
requires that 


oe | nx 
u(x, 0) = Be sin — = f(x). (21) 


Consequently, the coefficients c, must be the coefficients in the Fourier sine series of 
period 2L for f; hence 


2 fh 
«=f f(x) sin dx, RS 12,052 (22) 


Thus the formal solution of the problem of |Eqs. (1), and|(9)}is given by Eq. (20) 


with the coefficients calculated from Eq. (22). 

For a fixed value of n the expression sin(nzx /L) cos(nzat/L) in Eq. (19) is periodic 
in time ¢ with the period 2L./na; it therefore represents a vibratory motion of the string 
having this period, or having the frequency nza/L. The quantities Aa = nza/L for 
n=1,2,...are the natural frequencies of the string, that is, the frequencies at which 
the string will freely vibrate. The factor sin(nz x /L) represents the displacement pattern 
occurring in the string when it is executing vibrations of the given frequency. Each 
displacement pattern is called a natural mode of vibration and is periodic in the space 
variable x; the spatial period 2L./n is called the wavelength of the mode of frequency 
nia/L. Thus the eigenvalues n7x7/L* of ip mE, (14) Jare proportional to 
the squares of the natural frequencies, and the eigenfunctions sin(nax/L) give the 
natural modes. The first three natural modes are sketched in|Figure 10.7.3] The total 
motion of the string, given by the function u(x, t) of Eq. (20), is thus a combination 
of the natural modes of vibration, and is also a periodic function of time with period 
2L/a. 
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EXAMPLE 


1 


UA u 
TF a 1 

L xX L x 
eile -1 


(a) (c) 


FIGURE 10.7.3 First three fundamental modes of vibration of an elastic string. (a) Frequency 
= ma/L, wavelength = 2L; (b) frequency = 27ra/L, wavelength = L; (c) frequency = 3za/L, 
wavelength = 2L/3. 


Consider a vibrating string of length L = 30 that satisfies the wave equation 


4u. =u O<x <30, t>0 (23) 


XX tt? 


Assume that the ends of the string are fixed, and that the string is set in motion with no 
initial velocity from the initial position 


x/10, O=7 = 10, 


u(x,0) = f(x) = nee 10 <x <30. (24) 


Find the displacement u(x, t) of the string and describe its motion through one period. 


The solution is given by Eq. (20)}with a = 2 and L = 30, that is, 


(x, ft) 3 sin = cos ms (25) 
u(x,t) = Cc — : 
= 30 30 
where c,, is calculated from Substituting from Eq. (24) into] Eq. (22)) we 
obtain 
2 10 2 30 30 — 
= / ~ sin —— dx 4 } * sin —— dx. (26) 
30 Jo «10 30 30 Jig =. 20 30 
By evaluating the integrals in Eq. (26), we find that 
2 gig 1,2 (27) 
c= sssin—, n=1,2,.... 
ST 3 


The solution (25), (27) gives the displacement of the string at any point x at any time f. 
The motion is periodic in time with period 30, so it is sufficient to analyze the solution 
for 0 < t < 30. 

The best way to visualize the solution is by a computer animation showing the 
dynamic behavior of the vibrating string. Here we indicate the motion of the string in 


Figures 10.7.4}|10.7.5| and|10.7.6] Plots of uw versus x for t = 0, 4, 7.5, 11, and 15 
are shown in Observe that the maximum initial displacement is positive 


and occurs at x = 10, while at t = 15, a half period later, the maximum displacement 
is negative and occurs at x = 20. The string then retraces its motion and returns to 
its original configuration at tf = 30,[Figure 10.7-5]shows the behavior of the points 
x = 10, 15, and 20 by plots of u versus t for these fixed values of x. The plots confirm 
that the motion is indeed periodic with period 30. Observe also that each interior point 
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on the string is motionless for one-third of each period.|Figure 10.7.6 shows a three- 
dimensional plot of u versus both x and t, from which the overall nature of the solution 


is apparent. Of course, the curves in Figures 10.7.4 and 10.7.5 lie on the surface shown 
in|Figure 10.7.6. 


FIGURE 10.7.5 Plots of u versus ¢ for fixed values of x for the string in Example 1. 


ustification of the Solution. As in the heat conduction problem considered earlier 


a (20)| with the coefficients c,, given by|Eq. (22)|is only a formal solution of|Eqs. (1) 
jand|(9)} To ascertain whether|Eq. (20) |actually represents the solution of the given 
C blem = vires some further investigation. As in the heat conductio 


n problem 3) is 
tempting to try to show this directly by substituting | Eq. (20)] | Eq. (20)] )ifor u(x, t)i Eqs. (1) Eqs. (D||3)] 
and (9). However, on formally computing uw... for example, we obtain 


Se nu\2 . nx nat 
u,,(x,t) = — we, ( ) sin cos : 
rae L L L 
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u 


FIGURE 10.7.6 Plot of u versus x and ¢ for the string in Example 1. 


due to the presence of the n” factor in the numerator this series may not converge. This 


would not necessarily mean that the series (20)|for u(x, ft) is incorrect, but only that the 
series (20)}cannot be used to calculate u,.. and u,,. A basic difference between solutions 


of the wave equation and those of the heat conduction equation is that the latter contain 
negative exponential terms that approach zero very rapidly with increasing n, which 
ensures the convergence of the series solution and its derivatives. In contrast, series 
solutions of the wave equation contain only oscillatory terms that do not decay with 
increasing n. 

However, there is an alternative way to establish the validity off Eq. (20)] indirectly. At 
the same time we will gain additional information about the structure of the solution. 
First we will show that{Eq, (20] is equivalent to 


u(x,t) = 5[h(x — at) +h +ar)], (28) 


where / is the function obtained by extending the initial data f into (—L, 0) as an odd 
function, and to other values of x as a periodic function of period 2L. That is, 


_} f(x), O<x<L, 
AG) scar -L <x <0; (29) 
h(x +2L) = h(x). 
To establish Eq. (28) note that h has the Fourier series 
— nIcx 
h(x) = in —. 30 
(x) sD c,, sin L (30) 


Then, using the trigonometric identities for the sine of a sum or difference, we obtain 


oe | nx nat nux . nat 
h(x —at) = ) c, | sin z cos — cos —— sin ; 


vr i i fi 

ee nmux niat nx . nzat 
h t)= sin cos + COS sin : 
(x + at) a ( 7 Lt F3 : ) 
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and| Eq. (28)} follows immediately upon adding the last two equations. From|Eq. (28)] 
we see that u(x, tf) is continuous for 0 < x < L, t > 0 provided that h is continuous 
on the interval (—oo, oo). This requires that f be continuous on the original interval 
[0, L]. Similarly, wu is twice continuously differentiable with respect to either variable 
in0 <x < L,t > 0, provided that h is twice continuously differentiable on (—oo, oo). 
This requires that f’ and f” be continuous on [0, L]. Furthermore, since h” is the odd 
extension of f”, we must also have f”(0) = f”(L) = 0. However, since h’ is the even 


extension of f’, no further conditions are required on f’. Provided that these conditions 
are met, vu, and u,, can be computed from|Eq. (28), and it is an elementary exercise 


to show that these derivatives satisfy the wave equation. Some of the details of the 
argument just indicated are given in[Problems 20 and 21 

If some of the continuity requirements stated in the last paragraph are not met, then u 
is not differentiable at some points in the semi-infinite strip 0 < x < L,t > 0, and thus 
is a solution of the wave equation only in a somewhat restricted sense. An important 
physical consequence of this observation is that if there are any discontinuities present 
in the initial data f, then they will be preserved in the solution u(x, t) for all time. 
In contrast, in heat conduction problems initial discontinuities are instantly smoothed 
out es Suppose that the initial displacement f has a jump discontinuity 
at x =X, 0 < Xp < L. Since h is a periodic extension of f, the same discontinuity is 
present in h(&) at € = x) + 2nL and at § = —x, + 2nL, where n is any integer. Thus 
h(x — at) is discontinuous when x — at = x, + 2nL, or when x — at = —Xx,) + 2nL. 
For a fixed x in [0, L] the discontinuity that was originally at x) will reappear in 
h(x — at) at the times t = (x + x) — 2nL)/a. Similarly, h(x + at) is discontinuous at 
the point x at the times t = (—x + x) + 2mL)/a, where m is any integer. If we refer 
ofa 28) then follows that the solution u(x, t) is also discontinuous at the given 
point x at these times. Since the physical problem is posed for t > 0, only those values 
of m and n yielding positive values of ¢ are of interest. 


General Problem for the Elastic String. Let us modify the problem considered pre- 
viously by supposing that the string is set in motion from its equilibrium position 


with a given velocity. Then the vertical displacement u(x,t) must satisfy the wave 
equation (1)} 


2 = 
au,, =u 


the boundary conditions (3) 
u(0,t) = 0, u(L,t) =0, t>0; 


as O0<x <L, t > 0; 


and the initial conditions 
u(x,0) = 0, u,(x,0) = g(x), O<x<L, (31) 


where g(x) is the initial velocity at the point x of the string. 

The solution of this new problem can be obtained by following the procedure de- 
scribed above for yi ane) |) and|()} Upon separating variables, we find that 
the problem for X (x) is exactly the same as before. Thus, once again A = n?27/L? 
and X (x) is proportional to sin(nzx/L). The differential equation for T(t) is again 
but the associated initial condition is now 


T(O) =0. (32) 
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corresponding to the first of the initial] conditions (31), The general solution of|Eq. (17) 
is given by|Eq. (18)} but now the initial|condition (32)|requires that k, = 0. Therefore 


T (t) is now proportional to sin(nzat/L) and the fundamental solutions for the problem 


and|(3 1) are 
niat 


Xx sin sin oeee 
u ; [ ’ n oat Made) 


Each of the functions u, (x, t) satisfies the wave the boundary conditions 
(3)] and the first of the initial conditions|(31)| The main consequence of using the initial 
pe OD ase thanl (9) js that the time-dependent factor in wu, (x, t) involves a 
sine rather than a cosine. 

To satisfy the remaining (nonhomogeneous) initial condition we assume that u(x, ft) 
can be expressed as a linear combination of the fundamental solutions (33), that is, 


nat 


u(x,t) = ku, (x,t) = dk, sin“ sin (34) 
n=1 n=1 


To determine the values of the coefficients k, we differentiate Eq. (34) with respect 


to t, set t = 0, and use the second initial|condition (31) this gives the equation 


“S.ntda. . nx 
Vad =>. ——k, sin >— = 8). (35) 


n=1 


Hence the quantities (nzra/L)k,, are the coefficients in the Fourier sine series of period 
2L for g; therefore 
nwa 2 


L 
ins f g(x)sin = dx, n=1,2,.... (36) 


Thus Eq. (34), with the coefficients given by Eq. (36), constitutes a formal solution 
en 


to the problem of and The validity of this formal solution can 
be established by arguments similar to those previously indicated for the solution of 
and] (9)} 

nally, we turn to the problem consisting of the wave the boundary 
and the general initalfconditions (J) 


u(x,0)= ft), u,%,0)=g), O<x<L, (37) 


where f(x) and g(x) are the given initial position and velocity, respectively, of the 
string. Although this problem can be solved by separating variables, as in the cases 
discussed previously, it is important to note that it can also be solved simply by adding 
together the two solutions that we obtained above. To show that this is true, let u(x, f) 
be the solution of the problem and and let w(x, t) be the solution of the 
proble and (31) Thus v(x, ft) is given by|Eqs. (20)|and|(22)| while w(x, f) is 
given by Eqs. (34) and (36). Now let u(x, t) = v(x, t) + w(x, t); what problem does 
u(x,t) satisfy? First, observe that 

au,, —u,, = (a’v,, a fees (aw, — w,) =0+0=0, (38) 


so u(x, t) satisfies the wavelequation (1), Next, we have 
u(0,t) = v(0,t) + w0,t) =0+0=0, u(L,t) = v(L,t)+w(L,t) =0+0=0, 
(39) 


600 Chapter 10. Partial Differential Equations and Fourier Series 


so u(x, t) also satisfies the boundary conditions (3). Finally, we have 


u(x, 0) = v(x, 0) + w(x, 0) = f(x) +0= fr) (40) 


and 
u(x, 0) = v,(x, 0) + w,(x, 0) = 0+ g(x) = g(x). (41) 
Thus u(x, t) satisfies the general initial] conditions (37) 


We can restate the result we have just obtained in the following way. To solve the wave 
equation with the general initial|conditions (37)|you can solve instead the somewhat 
simpler problems with the initial] conditions (9)| and] (31), respectively, and then add 
together the two solutions. This is another use of the principle of superposition. 


PROBLEMS Consider an elastic string of length L whose ends are held fixed. The string is set in motion 
with no initial velocity from an initial position u(x, 0) = f(x). In each of Problems | through 4 
carry out the following steps. Let L = 10 and a = 1 in parts (b) through (d). 


Find the displacement u(x, t) for the given initial position f(x). 

Plot u(x, t) versus x for 0 < x < 10 and for several values of t between t = 0 and t = 20. 
Plot u(x, t) versus t for 0 < t < 20 and for several values of x. 

Construct an animation of the solution in time for at least one period. 

Describe the motion of the string in a few sentences. 


_ J2x/L, O<x <L/2, 
FO yi, L/2<x<L 


4x/L, O<x<L/4, 
f@)= 71, L/4 <x <3L/4, 

4A(L—x)/L, 3L/4<x<L 
f(x) = 8x(L — x)?/L? 


fa) = {0 LO=— Lage Lat (632), 


otherwise 


Consider an elastic string of length L whose ends are held fixed. The string is set in motion from 
its equilibrium position with an initial velocity u,(x,0) = g(x). In each of Problems 5 through 
8 carry out the following steps. Let L = 10 and a = 1 in parts (b) through (d). 

(a) Find the displacement u(x, t) for the given g(x). 

(b) Plot u(x,t) versus x for 0 < x < 10 and for several values of t between t = 0 and t = 20. 
(c) Plot u(x, t) versus t for 0 < t < 20 and for several values of x. 

(d) Construct an animation of the solution in time for at least one period. 

(e) Describe the motion of the string in a few sentences. 


(x) = 2x/L, O0<x<L/2, 
t= Laah, L2<2<L 

4x/L, O<x<L/4, 
g(x) = 41, L/4 <x < 3L/4, 

A(L—x)/L, 3L/4<x<L 
g(x) = 8x(L — x)°/L? 

_ jl, L/2-1<x<L/24+1 (L>2), 

g(x) = i otherwise 
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9. If an elastic string is free at one end, the boundary condition to be satisfied there is that 
u, = 0. Find the displacement u(x, ft) in an elastic string of length L, fixed at x = 0 and 
free atx = L, set in motion with no initial velocity from the initial position u(x, 0) = f(x), 
where f is a given function. 

Hint: Show that the fundamental solutions for this problem, satisfying all conditions except 
the nonhomogeneous initial condition, are 


u (x,t) =sindA xcosd at, 
n n n 


where A,, = (2n — 1)r/2L,n = 1,2,.... Compare this problem with Problem 15 of Sec- 
tion 10.6; pay particular attention to the extension of the initial data out of the original 
interval [0, L]. 

Consider an elastic string of length L. The end x = 0 is held fixed while the end x = L 
is free; thus the boundary conditions are u(0, t) = 0 and u, (L, t) = 0. The string is set in 
motion with no initial velocity from the initial position u(x, 0) = f(x), where 


jl, L/2-1l<x<L/24+1 (L>2), 
ff) = i otherwise. 


(a) Find the displacement u(x, t). 

(b) With Z = 10 anda = 1 plot u versus x forO0 < x < 10 and for several values of t. Pay 
particular attention to values of t between 3 and 7. Observe how the initial disturbance is 
reflected at each end of the string. 

(c) With LZ = 10 and a = 1 plot wu versus t for several values of x. 

(d) Construct an animation of the solution in time for at least one period. 

(e) Describe the motion of the string in a few sentences. 


Dimensionless variables can be introduced into the wave equation a°u,, =u,, in the 
following manner. Let s = x/Z and show that the wave equation becomes 


nn) 
au,, = L*u,, 


Then show that L/a has the dimensions of time, and thus can be used as the unit on the 
time scale. Finally, let t = at/L and show that the wave equation then reduces to 


Problems 13 and 14 indicate the form of the general solution of the wave equation and the 
physical significance of the constant a. 


13. Show that the wave equation 


can be reduced to the form u,,, = 0 by change of variables § = x — at, n = x + at. Show 


that u(x, t) can be written as 
u(x,t) = (x —at)+ W(x +a), 


where ¢ and yw are arbitrary functions. 

Plot the value of (x — at) for t = 0, 1/a, 2/a, and t,/a if @(s) = sins. Note that for 
any t #0 the graph of y = @(x — af) is the same as that of y = (x) when t = 0, but 
displaced a distance at in the positive x direction. Thus a represents the velocity at which 
a disturbance moves along the string. What is the interpretation of @(x + at)? 


A steel wire 5 ft in length is stretched by a tensile force of 50 1b. The wire has a weight per 
unit length of 0.026 Ib/ft. 
(a) Find the velocity of propagation of transverse waves in the wire. 
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18. 


(b) Find the natural frequencies of vibration. 

(c) If the tension in the wire is increased, how are the natural frequencies changed? Are 
the natural modes also changed? 

A vibrating string moving in an elastic medium satisfies the equation 


2 Oe i 
Ur —-au= Ups 


where a” 


is proportional to the coefficient of elasticity of the medium. Suppose that the 
string is fixed at the ends, and is released with no initial velocity from the initial position 
u(x,0) = f(x),0 <x < L. Find the displacement u(x, f). 

onsider the wave equation 


in an infinite one-dimensional medium subject to the initial conditions 
u(x,0) = f(x), u,(x,0) = 0, -—0O <x <O. 
(a) Using the form of the solution obtained in Problem 13, show that ¢ and y must satisfy 
P(x) + W(x) = f(a), 
—$'(x) + W(x) = 0. 
(b) Solve the equations of part (a) for @ and y, and thereby show that 
u(x,t) = 5[ f(x — at) + f(x +at)]. 


This form of the solution was obtained by D’ Alembert in 1746. 
Hint: Note that the equation w’(x) = ¢’(x) is solved by choosing w(x) = $(x) +c. 
(c) Let 


2, -l<x<l, 
iay— i otherwise. 
Show that 
—_ 42, -l+at<x<1+at, 
Se fe otherwise. 


Also determine f(x + at). 

(d) Sketch the solution found in part (b) att = 0, t = 1/2a,t = 1/a, and t = 2/a, obtain- 
ing the results shown inlFigure 10.7.7 Dbserve that an initial displacement produces two 
waves moving in opposite directions away from the original location; each wave consists 


of one-half of the initial displacement. 
Consider the wave equation 


in an infinite one-dimensional medium subject to the initial conditions 
u(x, 0) = 0, u,(x,0) = g(x), —-0 <x < om. 
(a) Using the form of the solution obtained in Problem 13, show that 


b(x) + w(x) =0, 
—ag'(x) + ap’ (x) = g(x). 


(b) Use the first equation of part (a) to show that y'(x) = —¢’(x). Then use the second 
equation to show that —2a¢’(x) = g(x), and therefore that 


1 x 
w= —5 | e(E) dé +$(%), 
a Xo 


where x, is arbitrary. Finally, determine y(x). 
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FIGURE 10.7.7 Propagation of initial disturbance in an infinite one-dimensional medium. 


(c) Show that 


u(x,t) = a 
a 


1 x+at 
i g(&) dé. 


—at 


19. By combining the results of Problems 17 and 18 show that the solution of the problem 


2 


au 


u(x, 0) = f(x), 


is given by 


u,(x, 0) = g(x), 


=U, 


—0oOo < xX < © 


1 1 x-+at 
uct) = Sif at) + foetani+ 5 f g(§) dé. 


2a 


x—at 


Problems 20 and 21 indicate how the formal solution (20), (22) of Eqs. (1), (3), and (9) can be 
shown to constitute the actual solution of that problem. 


20. By using the trigonometric identity sin A cos B = S[sin(A + B)+sin(A — B)] show that 
the solution (20) of the problem of Eqs. (1), (3), and (9) can be written in the form (28). 

21. Let A(é) represent the initial displacement in [0, L], extended into (—L, 0) as an odd 
function and extended elsewhere as a periodic function of period 2Z. Assuming that 
h, h', and h” are all continuous, show by direct differentiation that u(x,t) as given in 
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Eq. (28) satisfies the wave equation (1) and also the initial conditions (9). Note also that 
since Eq. (20) clearly satisfies the boundary conditions (3), the same is true of Eq. (28). 
Comparing Eq. (28) with the solution of the corresponding problem for the infinite string 
(Problem 17), we see that they have the same form provided that the initial data for the 
finite string, defined originally only on the interval 0 < x < L, are extended in the given 
manner over the entire x-axis. If this is done, the solution for the infinite string is also 
applicable to the finite one. 


The motion of a circular elastic membrane, such as a drumhead, is governed by the two- 
dimensional wave equation in polar coordinates 


u,, + U/r)u, + (Ler lite, = ies 


Assuming that u(r, 0, t) = R(r)O(@)T (¢), find ordinary differential equations satisfied by 
R(r), O(), and T(t). 
The total energy E(t) of the vibrating string 1s given as a function of time by 


L 
Ea =f [sour 1) + S7u2(x,1)] dx; (i) 
0 


the first term is the kinetic energy due to the motion of the string, and the second term is 
the potential energy created by the displacement of the string away from its equilibrium 
position. 

For the displacement u(x,t) given by Eq. (20), that is, for the solution of the string 
problem with zero initial velocity, show that 


B= we Gi) 


Note that the right side of Eq. (ii) does not depend on f¢. Thus the total energy E is a 
constant, and therefore is conserved during the motion of the string. 

Hint: Use Parseval’s equation (Problem 37 of Section 10.4 and Problem 17 of Section 
10.3), and recall that a= T/p. 


10.8 Laplace’s Equation 


One of the most important of all partial differential i ae occurring in applied 
mathematics is that associated with the name of Laplace*: in two dimensions 


U,, tuy, =0, d) 
and in three dimensions 
Fu, tu, = 0. (2) 


For example, in a two-dimensional heat conduction problem, the temperature u(x, y, ft) 
must satisfy the differential equation 


Oo (U,, + Uy) = Uy, (3) 


yy 


51 aplace’s equation is named for Pierre-Simon de Laplace, who, beginning in 1782, studied its solutions ex- 
tensively while investigating the gravitational attraction of arbitrary bodies in space. However, the equation first 
appeared in 1752 in a paper by Euler on hydrodynamics. 
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where q” is the thermal diffusivity. If a steady-state exists, u is a function of x and y 


only, and the time derivative vanishes; in this ee pele tofEq. (1)| Similarly, 
for the steady-state heat conduction problem in three dimensions, the temperature must 
satisfy the three-dimensional form of Laplace’s cation Equations (1) pe) so 
occur in other branches of mathematical physics. In the consideration of electrostatic 
fields the electric potential function in_a dielectric medium containing no electric 
charges must satisfy either|Eq. (1)] or|Eq. (2) depending on the number of space 
dimensions involved. Similarly, the potential function of a particle in free space acted 
on only by gravitational forces satisfies the same equations. Consequently, Laplace’s 
equation is often referred to as fe ue Another example arises in the 
study of the steady (time-independent), two-dimensional, inviscid, irrotational motion 
of an incompressible fluid, which centers about two functions, known as the velocity 
potential function and the stream function, both of which satisfy In elasticity 
the displacements that occur when a perfectly elastic bar is twisted are described in 
terms of the so-called warping function, which also satisfies[Eq. (1)} 

Since there is no time dependence in any of the problems mentioned previously, 
there are no initial conditions to be satisfied by the solutions of Fa. Dol 2] They 
must, however, satisfy certain boundary conditions on the bounding curve or surtace of 
the region in which the differential equation is to be solved. Since Laplace’s equation 
is of second order, it might be plausible to expect that two boundary conditions would 
be required to determine the solution completely. This, however, is not the case. Recall 
that in the heat conduction problem for the finite bar {Sections 10.5 ]and {10.6} it was 
necessary to prescribe one condition at each end of the bar, that is, one condition 
at each point of the boundary. If we generalize this observation to multidimensional 
problems, it is then natural to prescribe one condition_on the function u at each point 
on the boundary of the region in which a solution ofa, Op) sought. The most 
common boundary condition occurs when the value of u is specified at each boundary 
point; in terms of the heat conduction problem this corresponds to prescribing the 
temperature on the boundary. In some problems the value of the derivative, or rate of 
change, of u in the direction normal to the boundary is specified instead; the condition 
on the boundary of a thermally insulated body, for example, is of this type. It is entirely 
possible for more complicated boundary conditions to occur; for example, u might be 
prescribed on part of the boundary, and its normal derivative specified on the remainder. 
The problem of finding a solution of Laplace’s equation that takes on eo boundary 
values is known as a[Dirichlet problem] in honor of P. G. L. Dirichlet!“In contrast, if 
the values of the normal derivative are prescribed on the boundary, the problem is said 
to be a[Neumann problem| in honor of K. G. Neumann“ The Dirichlet and Neumann 
problems are also known as the first and second boundary value problems of potential 
theory, respectively. 

Physically, it is plausible to expect that the types of boundary conditions just men- 
tioned will be sufficient to determine the solution completely. Indeed, it is possible to 
establish the existence and uniqueness of the solution of Laplace’s equation under the 


°Peter Gustav Dirichlet (1805-1859) was a professor at Berlin and, after the death of Gauss, at Gottingen. In 
1829 he gave the first set of conditions sufficient to guarantee the convergence of a Fourier series. The definition 
of function usually used today in elementary calculus is essentially the one given by Dirichlet in 1837. While he 
is best known for his work in analysis and differential equations, Dirichlet was also one of the leading number 
theorists of the nineteenth century. 

‘0K arl Gottfried Neumann (1832-1 925), professor at Leipzig, made contributions to differential equations, integral 
equations, and complex variables. 
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boundary conditions mentioned, provided the shape of the boundary and the functions 
appearing in the boundary conditions satisfy certain very mild requirements. However, 
the proofs of these theorems, and even their accurate statement, are beyond the scope 
of the present book. Our only concern will be solving some typical problems by means 
of separation of variables and Fourier series. 

While the problems chosen as examples are capable of interesting physical interpre- 
tations (in terms of electrostatic potentials or steady-state temperature distributions, for 
instance), our purpose here is primarily to point out some of the features that may occur 
during their mathematical solution. It is also worth noting again that more complicated 


problems can sometimes be solved by expressing the solution as the sum of solutions 
of several simpler problems (see Problems 3 and 4}. 
Dirichlet Problem for a Rectangle. Consider the mathematical problem of finding 
the function u satisfying Laplace’s| equation (1)} 
ui, + by = 0, 

in the rectangle 0 < x < a,0 < y < b, and also satisfying the boundary conditions 

u(x,0) = 0, u(x,b) =0, 0<x <a, 

u(0, y) = 0, ua,y)=f(), Ox<y<b, 


where f is a given function on 0 < y < b (see Figure 10.8.1). 

To solve this problem we wish to construct a fundamental set of solutions satisfying 
the partial differential equation and the homogeneous boundary conditions; then we 
will superpose these solutions so as to satisfy the remaining boundary condition. Let 
us assume that 


(4) 


u(x, y) = X(x)¥(y) (5) 
and substitute for uv in/Eq. (1)| This yields 
xX" y” 
—=—_|- SS Ss SS x, 
Xx Y 


where A is the separation constant. Thus we obtain the two ordinary differential 
equations 


xX" —1X =0, (6) 
Y"+AY =0. (7) 
y 
u(x, b) =0 


b (a, b) 


u(a,y) = f(y) 


u(x,0) =0 a x 


FIGURE 10.8.1 Dirichlet problem for a rectangle. 
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If we now substitute for u from|Eq. (5)jin each of the homogeneous boundary conditions, 
we find that 


X(0) =0 (8) 
and 


Y(0) = 0, Y(b) = 0. (9) 
We will first determine the solution of the differential equation (7) |subject to the 


boundary conditions (9). However, this problem is essentially identical to one encoun- 


tered previously in|Sections 10.1] and 10.7, We conclude that there are nontrivial 


solutions if and only if A is an eigenvalue, namely, 
d= (n/b)*, n=1,2,...; (10) 


and Y(y) is proportional to the corresponding eigenfunction sin(nzy/b). Next, we 
substitute from Eq. (10) for A in Eq. (6) and solve this equation subject to the boundary 
condition (8). It is convenient to write the general solution of|Eq. (6) ps 


X (x) =k, cosh(nzx /b) + k, sinh(nzx/b), (11) 
and the boundary condition (8) then requires that k, = 0. Therefore X (x) must be 
proportional to sinh(nzx /b). Thus we obtain the fundamental solutions 

.. Amx , ny 
OE eee era a a) ee ree (12) 


These functions satisfy the differential equation (1) and all the homogeneous boundary 
conditions for each value of n. 

To satisfy the remaining nonhomogeneous boundary condition at x = a we assume, 
as usual, that we can represent the solution u(x, y) in the form 


[o.e) oe) 


., Amx . ny 
u(x, y)= Cu (x,y)= c, sinh —— sin —. (13) 
y a non y ps n b 
The coefficients c,, are determined by the boundary condition 
- |. nma , nay 
y= sinh —— sin — = : 14 
u(a, y) dion ; sin = £0) (14) 


Therefore the quantities c, sinh(nzra/b) must be the coefficients in the Fourier sine 
series of period 2b for f and are given by 
nw 


2 b 
c, sinh — = al #6) sin dy. (15) 


Thus the solution of the partial at seats Equsnon aie the boundary 
[tions (4)]is given by Eq. (13) with the coefficients c, computed from Eq. (15). 

From Eqs. (13) and (15) we see that the solution contains the factor 
sinh(nzx/b)/sinh(nza/b). To estimate this quantity for large n we can use the 


approximation sinh € = e* /2, and thereby obtain 
sinh(nzx/b) _ : exp(nzx/b) 
sinh(nza/b) 5 exp(nza/b) 


= exp[—nz(a — x)/b]. 


Thus this factor has the character of a negative exponential; consequently, the series 
(13) converges quite rapidly unless a — x is very small. 
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EXAMPLE 


1 


To illustrate these results, let a = 3, b = 2, and 


_|y, O<ysl, 
fo) = on is (16) 
By evaluating c,, from |Eq. (15) |we find that 
8 sin(nz /2) (17) 


0 ex? sinhGnx/2) 


Then u(x, y) is given by| Eq. (13)} Keeping 20 terms in the series we can plot u versus 
x and y, as shown in Figure 10.8.2. Alternatively, one can construct a contour plot 
showing level curves of u(x, y); Figure 10.8.3 is such a plot, with an increment of 0.1 
between adjacent curves. 


FIGURE 10.8.3 Level curves of u(x, y) for Example 1. 
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Dirichlet Problem for a Circle. Consider the problem of solving Laplace’s equation 
in a circular region r < a subject to the boundary condition 


u(a,0) = f(@), (18) 


where f is a given function on 0 < @ < 27 (see Figure 10.8.4). In polar coordinates 
Laplace’s equation takes the form 


1 1 
- = = 0. 19 
Uy re eo oi i) ( ) 


To complete the statement of the problem we note that for u(r, @) to be single-valued, 
it is necessary that u be periodic in 6 with period 27. Moreover, we state explicitly that 
u(r, 8) must be bounded for r < a, since this will become important later. 

To apply the method of separation of variables to this problem we assume that 


u(r, 6) = RVr)O@), (20) 


and substitute for u in the differential equation (19). This yields 


" 1 / 1 no 
R°O+ -RO+—RO =0, 
r re. 


or 
> R" R’ oe” 
r -r— = =i, (21) 
R R (3) 
where A is the separation constant. Thus we obtain the two ordinary differential 
equations 
rR" +rR'—1R =0, (22) 
0” +20 = 0. (23) 


In this problem there are no homogeneous boundary conditions; recall, however, that 
solutions must be bounded and also periodic in 6 with period 27. It is possible to show 
that the periodicity condition requires that A must be real. We will consider 
in turn the cases in which A is negative, zero, and positive. 


u(a, 4) = f(0) 


FIGURE 10.8.4 Dirichlet problem for a circle. 
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If 4 <0, let 4 = —”, where us > 0. Then|Eq. (23) becomes 8” — .7© = 0, and 
consequently 


@(6) =c,e + c,e". (24) 


Thus ©(6) can be periodic only if c, = c, = 0, and we conclude that 4 cannot be 
negative. 


If A = 0, then| Eq. (23)/becomes ©” = 0, and thus 


O(@) =c, + 6,6. (25) 
For ©(@) to be periodic we must have c, = 0, so that ©(@) is a constant. Further, for 
A = 0,)Eq. (22)|becomes 

r?R" +rR' =0. (26) 


This equation is of the Euler type, and has the solution 
R(r) =k, +k, Inr. (27) 


The logarithmic term cannot be accepted if u(r, @) is to remain bounded asr — 0; hence 
k, = 0. Thus, corresponding to 4 = 0, we conclude that u(r, @) must be a constant, 
that is, proportional to the solution 


ug(r, 0) = 1. (28) 
Finally, if 4 > 0, we let 4 = 2? where ys > 0. Then Eqs.|(22) hind (23)|become 
rR" +rR'—wR=0 (29) 
and 
"+O =0, (30) 
respectively. Equation (29) is an Euler equation and has the solution 
RO Sky he (31) 
while Eq. (30) has the solution 
O(@) = c, sin “6 +c, cos WO. (32) 


In order that © be periodic with period 27 it is necessary that jz be a positive integer 
n. With = n it follows that the solution r~“ in Eq. (31) must be discarded since it 
becomes unbounded as r — 0. Consequently, k, = 0 and the appropriate solutions of 


u(r,6) =r" cosné, vu, (7,0) =r" sinné, n=1,2,.... (33) 


These functions, together with uy(r, 0) = 1, form a set of fundamental solutions for 
the present problem. 

In the usual way we now assume that u can be expressed as a linear combination of 
the fundamental solutions; that is, 


u(r, 0) = 2 +5 or", cosn6 +k, sinnd). (34) 


n=1 
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The boundary|condition (18) then requires that 
Co Wn . 
u(a,0)= + ) /a"(c, cosnd +k, sinnd) = f(@) (35) 
n=1 


for 0 < 6 < 2z. The function f may be extended outside this interval so that it is 
periodic with period 27r, and therefore has a Fourier series of the form (35). Since 
the extended function has period 277, we may compute its Fourier coefficients by 
integrating over any period of the function. In particular, it is convenient to use the 
original interval (0, 277); then 


2n 
ae, = f (@)cosné dé, n=0,1,2,...; (36) 
wT Jo 
1 20 
ok = f (@) sinné dé, | ee (37) 
wT Jo 


With this choice of the coefficients, Eq. (34)|represents the solution of the boundary 
value problem oe SEE (ED Note that in this problem we needed both sine 
and cosine terms in the solution. This is because the boundary data were given on 
0 <6 < 27 and have period 27. As a consequence, the full Fourier series is required, 
rather than sine or cosine terms alone. 


PROBLEMS 


> 


(a) Find the solution u(x, y) of Laplace’s equation in the rectangle 0 <x <a,0<y <b, 
also satisfying the boundary conditions 


u(0, vy) =0, u(a,y) =0, O<y<b, 
u(x,0)=0, u(x,b)=e(x), O<x <a. 


(b) Find the solution if 
O<x <a/2, 
—x, a/2<x<a. 


g(x) = {* 


(c) Fora = 3 and b = 1 plot uw versus x for several values of y and also plot wu versus y for 
several values of x. 
(d) Plot uw versus both x and y in three dimensions. Also draw a contour plot showing 
several level curves of u(x. y) in the xy-plane. 
. Find the solution u(x, y) of Laplace’s equation in the rectangle 0 < x <a,0 < y <b, also 
satisfying the boundary conditions 


u(0, y) = 0, u(a,y)=0, O<y<b, 

u(x,0)=h(x), u(x,b)=0, O<x <a. 
(a) Find the solution u(x, y) of Laplace’s equation in the rectangle 0 <x <a,0<y <b, 
also satisfying the boundary conditions 


u(0, y) = 0, u(a,y)= f(y), O<y<B, 
u(x,0)=hA(x), u(x, b) =0, O<x <a. 


Hint: Consider the possibility of adding the solutions of two problems, one with homo- 
geneous boundary conditions except for u(a, y) = f(y), and the other with homogeneous 
boundary conditions except for u(x, 0) = h(x). 

(b) Find the solution if h(x) = (x/a)? and f(y) = 1—(y/b). 

(c) Let a = 2 and b = 2. Plot the solution in several ways: u versus x, u versus y, u versus 
both x and y, and a contour plot. 
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4. Show how to find the solution u(x, y) of Laplace’s equation in the rectangle 0 < x <a, 
0 < y <b, also satisfying the boundary conditions 


uO, y)=k(y), ulay)=fly), O<y <b, 
u(x,0)=h(x), utx,b)=e(x%), O<x <a. 


Hint: See Problem 3. 
Find the solution u(r, 0) of Laplace’s equation 


u,, + A/r)u, + (1/r?)utg, = 0 


outside the circle r = a, also satisfying the boundary condition 
u(a,0) = f (0), 0<9@ <2n, 


on the circle. Assume that u(r, @) is single-valued and bounded for r > a. 
> |6. (a) Find the solution u(r, 6) of Laplace’s equation in the semicircular region r < a, 
0 < 6 < , also satisfying the boundary conditions 


u(r, 0) = 0, u(r, 7) = 0, O0<r <a, 
u(a, 0) = f(), 0<6<n. 


Assume that u is single-valued and bounded in the given region. 

(b) Find the solution if f(9) = O(a — 8). 

(c) Let a = 2 and plot the solution in several ways: u versus r, u versus 0, u versus both 
r and @, and a contour plot. 

Find the solution u(r, 0) of Laplace’s equation in the circular sector0 <r <a,0<0@ <a, 
also satisfying the boundary conditions 


u(r, 0) = 0, u(r, a) = 0, 0<r <a, 
u(a,0) = f(@), 0<6 <a. 


Assume that u is single-valued and bounded in the sector. 
(a) Find the solution u(x, y) of Laplace’s equation in the semi-infinite strip 0 < x <a, 
y > 0, also satisfying the boundary conditions 


u(O, y) = 0, u(a, y) =0, y>0, 
u(x, 0) = f(), O<x<a 


and the additional condition that u(x, y) > 0 as y > oo. 
(b) Find the solution if f(x) = x(a — x). 
(c) Let a = 5. Find the smallest value of y, for which u(x, y) < 0.1 for all y > yp. 
9. Show that Eq. (23) has periodic solutions only if A is real. 
Hint: Let A = —” where wp = v +io with v and real. 
Consider the problem of finding a solution u(x, y) of Laplace’s equation in the rectangle 
0 <x <a,0 <y <b, also satisfying the boundary conditions 


u.0,y)=0, u(ayy=fiy), O<y<b, 
u,(x,0)=0, u,v, b)=9, O<x <a. 


This is an example of a Neumann problem. 
(a) Show that Laplace’s equation and the homogeneous boundary conditions determine 
the fundamental set of solutions 


Ug (xX, y) =Cos 
u(x, y) =c, cosh(nzx/b) cos(ny/b), NSAP 2 Bice 


(b) By superposing the fundamental solutions of part (a), formally determine a function u 
also satisfying the nonhomogeneous boundary condition u,(a, y) = f(y). Note that when 
u,.(a, y) is calculated, the constant term in u(x, y) is eliminated, and there is no condition 
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from which to determine cy). Furthermore, it must be possible to express f by means of a 
Fourier cosine series of period 2b, which does not have a constant term. This means that 


b 
i fly) dy =0 


is a necessary condition for the given problem to be solvable. Finally, note that cy remains 
arbitrary, and hence the solution is determined only up to this additive constant. This is a 
property of all Neumann problems. 

Find a solution u(r, 0) of Laplace’s equation inside the circle r = a, also satisfying the 
boundary condition on the circle 


u(a, 0) = g(9), 0<06 <2z. 


Note that this is a Neumann problem, and that its solution is determined only up to an 
arbitrary additive constant. State a necessary condition on g(@) for this problem to be 
solvable by the method of separation of variables (see Problem 10). 

(a) Find the solution u(x, y) of Laplace’s equation in the rectangle0 <x <a,0<y <b, 
also satisfying the boundary conditions 


u(0,y)=0, u(a,y) =0, O0<y<b, 
u, (x, 0) =0, u(x,b)=g(x) O<x <a. 


Note that this is neither a Dirichlet nor a Neumann problem, but a mixed problem in which 
u is prescribed on part of the boundary and its normal derivative on the rest. 
(b) Find the solution if 


a-—x, a/2<x<a. 


go = [> O0<x <a/2, 


(c) Leta = 3andb = 1. By drawing suitable plots compare this solution with the solution 
of Problem 1. 

(a) Find the solution u(x, y) of Laplace’s equation in the rectangle0 <x <a,0<y <b, 
also satisfying the boundary conditions 


u0,y)=0, ula,y)=f(y), O<y <b, 
u(x, 0) = 0, u,(x, b) = 0, 0<x <a. 


Hint: Eventually it will be necessary to expand f(y) in a series making use of the functions 
sin(zy/2b), sin(3ay/2b), sin(Szy/2b), ... (see Problem 39 of Section 10.4). 
(b) Find the solution if f(y) = y(2b — y). 


(c) Let a = 3 and b = 2; plot the solution in several ways. 
(a) Find the solution u(x, y) of Laplace’s equation in the rectangle0 <x <a,0<y <b, 
also satisfying the boundary conditions 


u,(0,y)=0, u,(a,y)=0, O0<y<b, 
u(x, 0) = 0, u(x,b)= g(x), O<x <a. 


15. 


(b) Find the solution if g(x) = 1 + x?(x — a)’. 

(c) Let a = 3 and b = 2; plot the solution in several ways. 

By writing Laplace’s equation in cylindrical coordinates r, #, and z and then assuming that 
the solution is axially symmetric (no dependence on @), we obtain the equation 


u,, + (/r)u, +u,, = 0. 


A 


Assuming that u(r, z) = R(r)Z(z), show that R and Z satisfy the equations 
rR" +R +VrR =0, ZH =0, 


The equation for R is Bessel’s equation of order zero with independent variable Ar. 
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APPENDIX 


A 


Derivation of the Heat Conduction Equation. In this section we derive the differ- 
ential equation that, to a first approximation at least, governs the conduction of heat 
in solids. It is important to understand that the mathematical analysis of a physical 
situation or process such as this ultimately rests on a foundation of empirical knowl- 
edge of the phenomenon involved. The mathematician must have a place to start, so 
to speak, and this place is furnished by experience. Consider a uniform rod insulated 
on the lateral surfaces so that heat can flow only in the axial direction. It has been 
demonstrated many times that if two parallel cross sections of the same area A and 
different temperatures 7, and T,, respectively, are separated by a small distance d, 
an amount of heat per unit time will pass from the warmer section to the cooler one. 
Moreover, this amount of heat is proportional to the area A, the temperature difference 
| T, — T,|, and inversely proportional to the separation distance d. Thus 


Amount of heat per unit time = « A| T, — T,|/d, (1) 


where the positive proportionality factor « is called the thermal conductivity and 
depends primarily on the material/of the rod. The relation (1) is often called Fourier’s 
law of heat conduction. We repeat that Eq. (1) is an empirical, not a theoretical, result 
and that it can be, and has often been, verified by careful experiment. It is the basis of 
the mathematical theory of heat conduction. 

Now consider a straight rod of uniform cross section and homogeneous material, 
oriented so that the x-axis lies along the axis of the rod (see Figure 10.A.1). Let x = 0 
and x = L designate the ends of the bar. 


xv 


H =-rAu, —}+ -|—-# = KAU, 


X=X) X=X_ +Ax 


FIGURE 10.A.1 Conduction of heat in an element of a rod. 


We will assume that the sides of the bar are perfectly insulated so that there is no 
passage of heat through them. We will also assume that the temperature u depends 
only on the axial position x and the time f, and not on the lateral coordinates y and z. 
In other words, we assume that the temperature remains constant on any cross section 
of the bar. This assumption is usually satisfactory when the lateral dimensions of the 
rod are small compared to its length. 

The differential equation governing the temperature in the bar is an expression of a 
fundamental physical balance; the rate at which heat flows into any portion of the bar 
is equal to the rate at which heat is absorbed in that portion of the bar. The terms in the 
equation are called the flux (flow) term and the absorption term, respectively. 

We will first calculate the flux term. Consider an element of the bar lying between 
the cross sections x = x, and x = x, + Ax, where x, is arbitrary and Ax is small. The 


"actually, « also depends on the temperature, but if the temperature range is not too great, it is satisfactory to 
assume that « is independent of temperature. 


Appendix A 


615 


instantaneous rate of heat transfer H(x,), t) from left to right across the cross section 
X =X, is given by 
U(X) + d/2, t) — u(xXy — d/2, t) 


d 
= —K Au, (Xp, Ff). (2) 


AH (xo) = — lim «A 


The minus sign appears in this equation since there will be a positive flow of heat from 
left to right only if the temperature is greater to the left of x = x, than to the right; in 
this case u, (X,, ¢) is negative. In a similar manner, the rate at which heat passes from 
left to right through the cross section x = x) + Ax is given by 


A(x) + Ax,t) = —K Au, (X%) + Ax, ft). (3) 


The net rate at which heat flows into the segment of the bar between x = x, and 
X =X, + Ax is thus given by 


QO = H(x,t) — W(x) + Ax, t) = KA[U,. (Xp + Ax, 1) — u.(%, 0], (4) 
and the amount of heat entering this bar element in time At is 
O At = KAlu,(%) + Ax,t) — u,(%, t)] At. (5) 


Let us now calculate the absorption term. The average change in temperature Au, 
in the time interval Ar, is proportional to the amount of heat Q At introduced and 
inversely proportional to the mass Am of the element. Thus 

1QAt At 
oa 6) 
s Am soA Ax 
where the constant of proportionality s is known as the specific heat of the material 
of the bar, and p is its density The average temperature change Aw in the bar 
element under consideration is the actual temperature change at some intermediate 
point x = x) + 6 Ax, where 0 < 6 < 1. Thus Eq. (6) can be written as 


QO At 
U(x) +0 Ax, t + At) — u(x) +6 Ax, t) = yee (7) 
or as 
QO At = [u(x +6 Ax, t + At) — u(x, +9 Ax, t)]spA Ax. (8) 


To balance the flux and absorption terms, we equate the two expressions for Q Af: 
KA[U,. (Xp) + Ax, t) — uy. (%, t)] At 
= spA[u(X%) + 8 Ax, t + At) —u(x) + 6 Ax, t)] Ax. (9) 


On dividing Eq. (9) by Ax At and then letting Ax — 0 and At — 0, we obtain the 
heat conduction or diffusion equation 


Ol, =U (10) 
The quantity a” defined by 


a? =k/ps (11) 


The dependence of the density and specific heat on temperature is relatively small and will be neglected. Thus 
both p and s will be considered as constants. 
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is called the|thermal diffusivity} and is a parameter depending only on the material of 


the bar. The units of a” are (length) /time. Typical values of a” are given in{Table 10.5.1. 
Several relatively simple conditions may be imposed at the ends of the bar. For 


example, the temperature at an end may be maintained at some constant value 7. This 
might be accomplished by placing the end of the bar in thermal contact with some 
reservoir of sufficient size so that any heat that may flow between the bar and reservoir 
does not appreciably alter the temperature of the reservoir. At an end where this is done 
the boundary condition is 


“= T, (12) 


Another simple boundary condition occurs if the end is insulated so that no heat 
passes through it. Recalling the[expression (2)| for the amount of heat crossing any 
cross section of the bar, we conclude that the condition of insulation is that this 
quantity vanish. Thus 


u, =0 (13) 


is the boundary condition at an insulated end. 

A more general type of boundary condition occurs if the rate of flow of heat through 
an end of the bar is proportional to the temperature there. Let us consider the end x = 0, 
where the rate of flow of heat from left to right is given by —« Au, (0, f); see 
Hence the rate of heat flow out of the bar (from right to left) at x = 0 is Au, (0, f). 
If this quantity is proportional to the temperature (0, ft), then we obtain the boundary 
condition 


u,(0,t)—hw0,t)=0, +t>0, (14) 


where /, is a nonnegative constant of proportionality. Note that h, = 0 corresponds to 
an insulated end, while h, — oo corresponds to an end held at zero temperature. 

If heat flow is taking place at the right end of the bar (x = L), then in a similar way 
we obtain the boundary condition 


u(L,t)+hwu(L,t)=0, t>0, (15) 


where again /, is a nonnegative constant of proportionality. 

Finally, to determine completely the flow of heat in the bar it is necessary to state 
the temperature distribution at one fixed instant, usually taken as the initial time t = 0. 
This initial condition is of the form 


u(x,0) = f(x), O<x<lL. (16) 


The problem then is to determine the solution of the differential] equation (10)|subject 


to one of the boundary conditions (12) to (15) at each end, and to the inifial condition 
(16) at t = 0. 

Several generalizations of the het Equstons(l)]a0 occur in practice. First, the 
bar material may be nonuniform and the cross section may not be constant along the 
length of the bar. In this case, the parameters «, 0, s, and A may depend on the axial 
variable x. Going back tofEq. (2) we see that the rate of heat transfer from left to right 
across the cross section at x = X, is now given by 


A (Xo, t) = —K (xy )A)U, %, F) (17) 
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with a similar expression for H (x) + Ax, t). If we introduce these quantities intojEq. (4) 
and eventually into|Eq. (9)| and proceed as before, we obtain the partial differentia 
equation 


(kAu,), = SoAu,. (18) 
We will usually write Eq. (18) in the form 
r(x)u, = [p(x)u,],, (19) 


where p(x) = xk(x)A(x) andr(x) = s(x)p(x) A(x). Note that both these quantities are 
intrinsically positive. 

A second generalization occurs if there are other ways in which heat enters or leaves 
the bar. Suppose that there is a source that adds heat to the bar at a rate G(x, f, u) 
per unit time per unit length, where G(x, t, u) > 0. In this case we must add the term 
G(x,t,u) Ax At to the left side offEq. (9)} and this leads to the differential equation 


r(x)u, = [p(x)u,], + G@&,t, u). (20) 


If G(x, t,u) < 0, then we speak of a sink that removes heat from the bar at the rate 
G(x, ft, uw) per unit time per unit length. To make the problem tractable we must restrict 
the form of the function G. In particular, we assume that G is linear in wu and that the 
coefficient of u does not depend on t. Thus we write 


G(x, t,u) = F(x, t) —q(a)u. (21) 


The minus sign in Eq. (21) has been introduced so that certain equations that appear 
later will have their customary forms. Substituting from Eq. (21) into Eq. (20), we 
obtain 


r(x)u, = [p(@)u,], —q@)ut F(x, ft). (22) 
This equation is sometimes called the generalized heat conduction equation. Boundary 
value problems for Eq. (22) will be discussed to some extent in) Chapter 11 
Finally, if instead of a one-dimensional bar, we consider a body with more than one 
significant space dimension, then the temperature is a function of two or three space 
coordinates rather than of x alone. Considerations similar to those leading to} Eq. (10) 
can be employed to derive the heat conduction equation in two dimensions, 
2 
ar (uy, + Uyy) =U,, (23) 
or in three dimensions, 


a7 (u,, tu, +u,,) = U,. (24) 


The boundary conditions corresponding to|Eqs. (12)|and (13) jfor multidimensional 


problems correspond to a prescribed temperature distributior on the boundary, or to an 
insulated boundary. Similarly, the initial temperature distribution will in general be a 
function of x and y for Eq. (23), and a function of x, y, and z for Eq. (24). 


Derivation of the Wave Equation. In this appendix we derive the wave equation in 
one space dimension as it applies to the transverse vibrations of an elastic string, or 
cable; the elastic string may be thought of as a violin string, a guy wire, or possibly an 
electric power line. The same equation, however, with the variables properly interpreted, 
occurs in many other wave problems having only one significant space variable. 
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Consider a perfectly flexible elastic string stretched tightly between supports fixed 
at the same horizontal level (see Figure 10.B.1a). Let the x-axis lie along the string 
with the endpoints located at x = 0 and x = L. If the string is set in motion at some 
initial time t = 0 (by plucking, for example) and is thereafter left undisturbed, it will 
vibrate freely in a vertical plane provided that damping effects, such as air resistance, 
are neglected. To determine the differential equation governing this motion we will 
consider the forces acting on a small element of the string of length Ax lying between 
the points x and x + Ax (see Figure 10.B.1b). We assume that the motion of the string 
is small, and as a consequence, each point on the string moves solely in a vertical 
line. We denote by u(x, t) the vertical displacement of the point x at the time ¢. Let 
the tension in the string, which always acts in the tangential direction, be denoted by 
T(x, t), and let p denote the mass per unit length of the string. 

Newton’s law, as it applies to the element Ax of the string, states that the net external 
force, due to the tension at the ends of the element, must be equal to the product of the 
mass of the element and the acceleration of its mass center. Since there is no horizontal 
acceleration, the horizontal components must satisfy 


T (x + Ax, t) cos(@ + A@) — T(x, t)cos6 = 0. (1) 


If we denote the horizontal component of the tension (see Figure 10.B.1c) by H, then 
Eq. (1) states that H is independent of x. 
On the other hand, the vertical components satisfy 


T(x + Ax, t)sin(@@ + A@) — T(x, t) sind = p Axu,, (%, 1), (2) 


where X is the coordinate of the center of mass of the element of the string under 
consideration. Clearly, x lies in the interval x < x < x + Ax. The weight of the string, 


T T 
x=0 xX=L 
(a) 
T(x + Ax, t) 


0 +40 


V=T sing 


T(x, t) - H =T cos@ 


x|—------- 


x + Ax 
(b) (c) 


FIGURE 10.B.1 (a) An elastic string under tension. (b) An element of the displaced string. 
(c) Resolution of the tension T into components. 
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which acts vertically downward, is assumed to be negligible, and has been neglected 


iE. 


the vertical component of T is denoted by V, then] Eq. (2) can be written as 
V@+Ax,t)-—VG@,b) _ 


ve = pu,,(X, t). 
Passing to the limit as Ax — 0 gives 
V(x, t) = pu,,(%, f). (3) 


To express Eq. (3) entirely in terms of u we note that 
V(x,t) = H(t) tand = H(t)u, (x, ft). 


Hence Eq. (3) becomes 
(Hu,), = pu 


tt’ 


or, since H is independent of x, 
Hu, = pu,,. (4) 


For small motions of the string it is permissible to replace H = T cos@ by T. Then 
Eq. (4) takes its customary form 


' xX tt? (5) 


where . 
a“ =T/p. (6) 


We will assume further that a? is a constant, although this is not required in our 
derivation, even for small motions. Equation (5) is called the wave equation for one 
space dimension. Since T has the dimension of force, and p that of mass/length, it 
follows that the constant a has the dimension of velocity. It is possible to identify a as 
the velocity with which a small disturbance (wave) moves along the string. According 
to Eq. (6) the wave velocity a varies directly with the tension in the string, but inversely 
with the density of the string material. These facts are in agreement with experience. 

As in the case of the heat conduction equation, there are various generalizations of 
the wave equation (5). One important equation is known as the telegraph equation and 
has the form 


u,, + cu, +ku= au,, + F(x,t), (7) 


where c and k are nonnegative constants. The terms cu,, ku, and F(x, t) arise from a 
viscous damping force, an elastic restoring force, and an external force, respectively. 
Note the similarity of Eq. (7), except for the term au... with the equation for the 
spring—mass system derived in the additional term au,, arises from a 
consideration of internal elastic forces. 

For a vibrating system with more than one significant space coordinate, it may be 
necessary to consider the wave equation in two dimensions, 


2 
al 0 U,,) =U,,; (8) 
or in three dimensions, 


a (Uy, + Uy, +2) = yy. (9) 


620 


Chapter 10. Partial Differential Equations and Fourier Series 


REFERENCES 


The following books contain additional information on Fourier series: 
Buck, R. C., and Buck, E. F., Advanced Calculus (3rd ed.) (New York: McGraw-Hill, 1978). 


Carslaw, H. S., Introduction to the Theory of Fourier’s Series and Integrals (3rd ed.) (Cambridge: 
Cambridge University Press, 1930; New York: Dover, 1952). 

Courant, R., and John, F., Introduction to Calculus and Analysis (New York: Wiley-Interscience, 
1965; reprinted by Springer-Verlag, New York, 1989). 

Kaplan, W., Advanced Calculus (4th ed.) (Reading, MA: Addison-Wesley, 1991). 
A brief biography of Fourier and an annotated copy of his 1807 paper are contained in: 

Grattan-Guinness, I., Joseph Fourier 1768—1830 (Cambridge, MA: MIT Press, 1973). 


Useful references on partial differential equations and the method of separation of variables include the 
following: 


Churchill, R. V., and Brown, J. W., Fourier Series and Boundary Value Problems (Sth ed.) (New 
York: McGraw-Hill, 1993). 


Haberman, R., Elementary Applied Partial Differential Equations (3rd ed.) (Englewood Cliffs, NJ: 
Prentice Hall, 1998). 


Pinsky, M. A., Partial Differential Equations and Boundary Value Problems with Applications (3rd 
ed.) (Boston: WCB/McGraw-Hill, 1998). 


Powers, D. L., Boundary Value Problems (4th ed.) (San Diego: Academic Press, 1999). 
Strauss, W. A., Partial Differential Equations, an Introduction (New York: Wiley, 1992). 


Weinberger, H. F., A First Course in Partial Differential Equations (New York: Wiley, 1965; New 
York: Dover, 1995). 


CHAPTER 


11 


Boundary Value 
Problems and 
Sturm-Liouville 
Theory 


As a result of separating variables in a partial differential equation in Chapter 10 we 
repeatedly encountered the differential equation 


xX” +1X =0, O<x<L 
with the boundary conditions 
X (0) = 0, X(L) = 0. 


This boundary value problem is the prototype of a large class of problems that are impor- 
tant in applied mathematics. These problems are known as Sturm—Liouville boundary 
value problems. In this chapter we discuss the major properties of Sturm—Liouville 
problems and their solutions; in the process we are able to generalize somewhat the 
method of separation of variables for partial differential equations. 


11.1 The Occurrence of Two-Point Boundary Value Problems 
ieee oye described the method of separation of variables as a means of solving 


certain problems involving partial differential equations. The heat conduction problem 
consisting of the partial differential equation 


au =u O<x<L, t>0 (1) 
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subject to the boundary conditions 
u(O, t) = 0, u(L,t) = 0, t>0 (2) 
and the initial condition 
u(x,0) = f(x), O<x<L, (3) 


is typical of the problems considered there. A crucial part of the process of solving 
such problems is to find the eigenvalues and eigenfunctions of the differential equation 


X"+AaX =0, te aoe (4) 
with the boundary conditions 
X(0) =0, X(L) =0 (5) 
or perhaps 
X'(0) = 0, X'(L) =0, (6) 


The sine or cosine functions that result from solving Eq. (4) subject to the boundary 
conditions (5) or (6) are used to expand the initial temperature distribution f(x) in a 
Fourier series. 

In this chapter we extend and generalize the results of Our main goal 
is to show how the method of separation of variables can be used to solve problems 
somewhat more general than that of (2), and (3). We are interested in three 
types of generalizations. 

First, we wish to consider more general partial differential equations, for example, 
the equation 


r(x)u, = [p@)u,), —q@)u + FQ, t). (7) 


This equation can arise, as indicated in| Appendix A of Chapter 10,]in the study of heat 


conduction in a bar of variable material properties in the presence of heat sources. If 
p and r are constants, and if the source terms gu and F are zero, then Eq. (7) reduces 
to|Eq. (1), The partial differential equation (7) also occurs in the investigation of other 
phenomena of a diffusive character. 

A second generalization is to allow more general boundary conditions. In particular, 
we wish to consider boundary conditions of the form 


u(0,t)—h,w(0,t)=0, — u, (L,t) +h u(L, t) = 0. (8) 


Such conditions occur when the rate of heat flow through an end of the bar is pro- 
portional to the temperature there. Usually, h, and h, are nonnegative constants, but 
in some cases they may be negative or depend on t. The boundary conditions (2) are 
obtained in the limit as h, + oo and h, — oo. The other important limiting case, 
h, =h, =0, gives the boundary conditions for insulated ends. 

The final generalization that we discuss in this chapter concerns the geometry of 
the region in which the problem is posed. The results of|Chapter 10] are adequate only 
for a rather restricted class of problems, chiefly those in which the region of interest 
is rectangular or, in a few cases, circular. Later in this chapter we consider certain 
problems posed in a few other geometrical regions. 

Let us consider the equation 


r(x)u, = [p@)u,], — a(x)u (9) 
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obtained by setting the term F(x, ft) in| Eq. (7) equal to zero. To separate the variables 
we assume that 


u(x,t) = X(x)T(t), (10) 
and substitute for u inf Eq. 9) We obtain 
r(x)XT! = [p(x) XT — q(x) XT (11) 


or, upon dividing by r(x) XT, 


TT’ [p@)X'T q(x) | 
T ~~ r(x)X r(x) 


(12) 


We have denoted the separation constant by —A in anticipation of the fact that usually 
it will turn out to be real and negative. From Eq. (12) we obtain the following two 
ordinary differential equations for X and T: 


[p(x) XJ — q(@x)X + Ar(x)X =0, (13) 
CAs a0. (14) 


If we substitute from Eq. (10) for w in| Eqs. (8)|and assume that /, and h, are constants, 
then we obtain the boundary conditions 


X'(0) —h,X (0) = 0, X'(L) + h,X(L) =0. (15) 


To proceed further we need to solve Eq. (13) subject to the boundary conditions (15). 
While this is a more general linear homogeneous two-point boundary value problem 
than the problem consisting of the differential{equation (4)|and the boundary conditions 

(5) 6 solutions behave very much the same way. For every value of A, the 
problem (13), (15) has the trivial solution X (x) = 0. For certain values of A, called 
there are also other nontrivial solutions, Saree SUE These 
eigenfunctions form the basis for series solutions of a variety of problems in partial 
differential equations, such as the generalized heat conduction equation (9) subject to 
the boundary|conditions (8) and the pealcoomian 

In this chapter we discuss some of the properties of solutions of two-point boundary 
value problems for second order linear equations. Sometimes we consider the general 
linear homogeneous equation 


P(x)y” + O(x)y’ + R(x)y = 0, (16) 


investigated in}Chapter 3] However, for most purposes it is better to discuss equations 
in which the first and second derivative terms are related as in Eq. (13). It is always 


possible to transform the general equation (16) so that the derivative terms appear as 
in Eq. (13) (see|Problem 11). 


Boundary value problems with higher order differential equations can also occur; 
in them the number of boundary conditions must equal the order of the differential 
equation. As a rule, the order of the differential equation is even, and half the boundary 
conditions are given at each end of the interval. It is also possible for a single boundary 
condition to involve values of the solution and/or its derivatives at both boundary 
points; for example, 


y(0) — y(Z) = 0. (17) 
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EXAMPLE 


1 


The following example involves one boundary condition of the}form (15)| and is 
(Section 10.1] 10.1 


therefore more complicated than the problems in 


Find the eigenvalues and the corresponding eigenfunctions of the boundary value 
problem 

y”+ay =0, (18) 

y(0) =90, y() + yl) = 0. (19) 

One place where this problem occurs is in the heat conduction problem in a bar of unit 


length. The boundary condition at x = 0 corresponds to a zero temperature there. The 
boundary condition at x = | corresponds to a rate of heat flow that is proportional to 


the temperature there, and units are chosen so that the constant of proportionality is 1 
(see| Appendix A of Chapter 10). 


The solution of the differential equation may have one of several forms, depending 
on A, so it is necessary to consider several cases. First, if 4 = 0, the general solution of 
the differential equation is 

YHOQX+C. (20) 
The two boundary conditions require that 


c, = 0, 2c, +c, = 0, (21) 


respectively. The only solution of Eqs. (21) is c,; =c, =0, so the boundary value 
problem has no nontrivial solution in this case. Hence 4 = 0 is not an eigenvalue. 
If A > O, then the general solution of the differential equation (18) is 


y=c,sinVAx +c, cos AX, (22) 


where /A > 0. The boundary condition at x = 0 requires that c, = 0; from the bound- 
ary condition at x = | we then obtain the equation 


c,(sin vA + /1 cos V1) = 0. 


For a nontrivial solution y we must have c, 4 0, and thus 4 must satisfy 


sinvVrA + Vacos VA = 0. (23) 


Note that if A is such that cos /A = O, then sin ag # 0, and Eq. (23) is not satisfied. 
Hence we may assume that cos V/A # 0; dividing Eq. (23) by cos V/A, we obtain 


Ji = —tanv. (24) 


The solutions of Eq. (24) can be determined numerically. They can also be found 
approximately by sketching the graphs of f(/2) = V/A and g(/A) = —tan V/A for 
/i > 0 on the same set of axes, and identifying the points of intersection of the 
two curves (see peewee), The point A = 0 is specifically excluded from this 
argument because the solution (22) is valid only for /A 4 0. Despite the fact that the 
curves intersect there, A = 0 is not an eigenvalue, as we have already shown. The first 
three positive solutions of Eq. (24) are \/A, = 2.029, /A, = 4.913, and \/2, = 7.979. 


As can be seen from) Figure 11.1.1, the other roots are given with reasonable accuracy 
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by /A,, = (2n — 1)r/2 forn = 4,5,..., the precision of this estimate improving as 
n increases. Hence the eigenvalues are 


A, 24.116, 9 A, = 24.14, 


a (25) 
Az = 63.66, A, = Qn —1)°n*/4 forn =4,5,.... 
Finally, since c, = 0, the eigenfunction corresponding to the eigenvalue A, is 
@, (x, A,,) =K, Sia / AX; N= 152} eas (26) 
where the constant k,, remains arbitrary. 
Next consider 4 < 0. In this case it is convenient to let } = —y so that uw > 0. Then 
Eq. (14)|/becomes 
y”—py =0, (27) 
and its general solution is 
y =c, sinh ./ux +c, cosh,/ux, (28) 
where ,/ > 0. Proceeding as in the previous case, we find that must satisfy the 


equation 
J = — tanh /p. (29) 
From|Figure 11.1.2 {tis clear that the graphs of f(./) = ./wand g(,/) = — tanh ,/ 


intersect only at the origin. Hence there are no positive values of ./w that satisfy 


Eq. (29), and hence the boundary valug problem (18)/(19) |has no negative eigenvalues. 


FIGURE 11.1.1 Graphical solution of /2A = — tan /2. 
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PROBLEMS 


-1 


FIGURE 11.1.2 Graphical solution of ./u = — tanh //. 


Finally, it is necessary to consider the possibility that A may be complex. It is possible 
to show by direct calculation that hfproblem (18)[ 19) no complex eigenvalues. 
However, in [Section 11.2 }we consider in more detail a large class of problems that 
includes this example. One of the things we show there is that every problem in this 


class has only real eigenvalues. Therefore we omit the discussion of the nonexistence of 


complex eigenvalues here. Thus we conclude that all the eigenvalues and eigenfunctions 
of the problem (18) are given by) Eqs. (25) jand| (26) 


In each of Problems | through 6 state whether the given boundary value problem is homogeneous 
or nonhomogeneous. 


y” +4y =0, y(-1) = 0, y(1) =0 

[1d +x°)yJ+4y=0, yO)=0, yd)=1 

y” +4y = sinx, y(0) = 0, yl) =0 

-y"+x°y=Ay, yO)-y0)=0,  y')+y) =0 
[(d4+x%)yJ=ay+l, y-l=0, yl) =0 

-y"=AL+x°)y, -y(0) =0, ~~ -y'(1) +3) = 0 


In each of Problems 7 through 10 determine the form of the eigenfunctions and the determinantal 
equation satisfied by the nonzero eigenvalues. Determine whether A = 0 is an eigenvalue, and 
find approximate values for A, and A,, the nonzero eigenvalues of smallest absolute value. 
Estimate 4, for large values of n. Assume that all eigenvalues are real. 


bay =0, 8. y"+Ay=0, 
yr) + y(t) = 0 yO) =0, yd) + yd) =0 
y’ +hry =0, 10. y’—Ay =0, 
y0)—y'0)=0, yd)+y') =0 yO) + y'(0) = 0, yl) =0 
11. Consider the general linear homogeneous second order equation 
P(x)y" + O(x)y' + R(x)y = 0. (i) 


We seek an integrating factor z(x) such that, upon multiplying Eq. (i) by (x), the resulting 
equation can be written in the form 


[w(x)P(x)y'] + w@)R(x)y = 0. (ii) 
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(a) By equating coefficients of y’, show that jz must be a solution of 
Pu =(O- P')u. (iit) 
(b) Solve Eq. (iii) and thereby show that 


* OS) 4 


PQ) J, POs) ~ 


M(x) = 


Compare this result with that of Problem 27 in Section 3.2. 


In each of Problems 12 through 15 use the method of Problem 11 to transform the given equation 
into the form [p(x)y']’ + q(x)y = 0. 


y” —2xy'’ +Ary =0, Hermite equation 
x7y" + xy’ + (x? — v?)y =0, Bessel equation 


. xy” +(1—x)y’ +ay =0, Laguerre equation 


(1 —x?)y” — xy’ +a7y =0, Chebyshev equation 


The equation 


u,, + cu, + ku =au,, + F(x,t), (i) 


where a? > 0,c > 0,andk > Oare constants, is known as the telegraph equation. It arises 
in the study of an elastic string under tension (see Appendix B of Chapter 10). Equation 
(i) also occurs in other applications. Assuming that F(x, t) = 0, let u(x, t) = X(x)T(t), 
separate the variables in Eq. (i), and derive ordinary differential equations for X and T. 
Consider the boundary value problem 


y’ —2y' + (1 +A)y =0, y0)=0, y(l)=0. 


(a) Introduce a new dependent variable u by the relation y = s(x)u. Determine s(x) so 
that the differential equation for u has no u’ term. 

(b) Solve the boundary value problem for u and thereby determine the eigenvalues and 
eigenfunctions of the original problem. Assume that all eigenvalues are real. 


Consider the boundary value problem 
y" +4y’+ (44 9)y = 0, y(0)=0, y(L)=0. 


(a) Determine, at least approximately, the real eigenvalues and the corresponding eigen- 
functions by proceeding as in Problem 17(a, b). 

(b) Also solve the given problem directly (without introducing a new variable). 

Hint: In part (a) be sure to pay attention to the boundary conditions as well as the differential 
equation. 


The differential equations in Problems 19 and 20 differ from those in previous problems in that 
the parameter ). multiplies the y’ term as well as the y term. In each of these problems determine 
the real eigenvalues and the corresponding eigenfunctions. 


19. y"+y'+AQ'+ y) =0, 20. x?y” — A(xy’ — y) = 0, 


21. 


yO) =0, yd) =0 y(1) = 0, y(2) — y'(2) =0 
Consider the problem 
y’+ay=0, 2y0)+y'0)=0, y)=0. 


(a) Find the determinantal equation satisfied by the positive eigenvalues. Show that 
there is an infinite sequence of such eigenvalues. Find 1, and 4,. Then show that 1, 
[(Qn + 1)x/2P for large n. 
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22, 


23, 


Consider the problem 
y"+ay=0, ayO)+y'0)=0, y)=0, 


where aq is a given constant. 

(a) Show that for all values of @ there is an infinite sequence of positive eigenvalues. 

(b) Ifa < 1, show that all (real) eigenvalues are positive. Show that the smallest eigenvalue 
approaches zero as a approaches 1| from below. 

(c) Show that A = 0 is an eigenvalue only if a = 1. 

(d) If @ > 1, show that there is exactly one negative eigenvalue and that this eigenvalue 
decreases as a increases. 

Consider the problem 


y’ +Aay =0, y0)=0, y(L)=0. 


Show that if ¢,, and ¢, are eigenfunctions, corresponding to the eigenvalues 2, and 4,,, 
respectively, with 4,, # 4,,, then 


L 
/ $,,(X), (x) dx = 0. 
0 
Hint: Note that 


bin te dinPm = 0, bn + 1? = 0. 


Multiply the first of these equations by ¢,, the second by @,,, and integrate from 0 to L, 
using integration by parts. Finally, subtract one equation from the other. 
In this problem we consider a higher order eigenvalue problem. In the study of transverse 
vibrations of a uniform elastic bar one is led to the differential equation 


yi — dy —0, 


where y is the transverse displacement and 4 = mw”/ETI; m is the mass per unit length of 
the rod, EF is Young’s modulus, 7 is the moment of inertia of the cross section about an 
axis through the centroid perpendicular to the plane of vibration, and w is the frequency of 
vibration. Thus for a bar whose material and geometric properties are given, the eigenvalues 
determine the natural frequencies of vibration. Boundary conditions at each end are usually 
one of the following types: 


clamped end, 
simply supported or hinged end, 
free end. 


For each of the following three cases find the form of the eigenfunctions and the equation 
satisfied by the eigenvalues of this fourth order boundary value problem. Determine 4, and 
A,, the two eigenvalues of smallest magnitude. Assume that the eigenvalues are real and 
positive. 

(a) y(0) = y"(0) =0, y(L) = y"(L) =0 

(b) yO) = y"(0) =0, y(L) = y'(L) = 0 

(c) y(0) = y'(0) =0, y"(L) = y"(L) =0 (cantilevered bar) 

This problem illustrates that the eigenvalue parameter sometimes appears in the boundary 
conditions as well as in the differential equation. Consider the longitudinal vibrations of a 
uniform straight elastic bar of length L. It can be shown that the axial displacement u(x, t) 
satisfies the partial differential equation 


(E/p)u,, = Uy,3 O<x<L, t>0O, (1) 
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where EF is Young’s modulus and p is the mass per unit volume. If the end x = 0 is fixed, 
then the boundary condition there is 


u(0, t) = 0, t>0. (ii) 


Suppose that the end x = L is rigidly attached to a mass m but is otherwise unrestrained. 
We can obtain the boundary condition here by writing Newton’s law for the mass. From 
the theory of elasticity it can be shown that the force exerted by the bar on the mass is given 
by —E Au, (L, t). Hence the boundary condition is 


EAu,(L, t) +mu,,(L,t) =0, t>0. (iii) 


(a) Assume that u(x,t) = X (x)T (t), and show that X (x) and T (t) satisfy the differential 
equations 


X”+1X =0, (iv) 
T’ +X(E/p)T = 0. (v) 


(b) Show that the boundary conditions are 
X(0) = 0, X'(L) — yALX(L) = 0, (vi) 


where y = m/pAL is a dimensionless parameter that gives the ratio of the end mass to the 
mass of the rod. 

Hint: Use the differential equation for T(t) in simplifying the boundary condition at x = L. 
(c) Determine the form of the eigenfunctions and the equation satisfied by the real eigen- 
values of Eqs. (iv) and (vi). Find the first two eigenvalues 1, and A, if y = 0.5. 
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We now consider two-point boundary value problems of the type obtained in Section 
[11.1] by separating the variables in a heat conduction problem for a bar of variable 
material properties and with a source term proportional to the temperature. This kind 
of problem also occurs in many other applications. 

These boundary value problems are commonly associated with the names of Sturm 
and Liouville!’ They consist of a differential equation of the form 


[py] —4q(x)y + Are)y =0 (1) 
on the interval 0 < x < 1, together with the boundary conditions 
a,y(O) + ayy’) = 0, b,y(1) + bay’) = 0 (2) 


‘Charles-Frangois Sturm (1803-1855) and Joseph Liouville (1809-1882), in a series of papers in 1836 and 1837, 
set forth many properties of the class of boundary value problems associated with their names, including the 
results stated in|Theorems 11.2.1 to 11.2.4] Sturm is also famous for a theorem on the number of real zeros of a 
polynomial, and in addition, did extensive work in physics and mechanics. Besides his own research in analysis, 
algebra, and number theory, Liouville was the founder, and for 39 years the editor, of the influential Journal de 
mathématiques pures et appliquées. One of his most important results was the proof (in 1844) of the existence of 
transcendental numbers. 
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at the endpoints. It is often convenient to introduce the linear homogeneous differential 
operator L defined by 


Lily] = —[p@)y'T + a@)y. (3) 
Then the differential] equation (1)\can be written as 
Lly] =Ar(x)y. (4) 


We assume that the functions p, p’, g, andr are continuous on the interval 0 < x < 1 
and, further, that p(x) > 0 andr(x) > Oat all points inO < x < 1. These assumptions 
are necessary to render the theory as simple as possible while retaining considerable 
generality. It turns out that these conditions are satisfied in many significant problems in 


mathematical physics. For example, the equation y” + Ay = 0, which arose repeatedly 
in the preceding chapter, is of the( form (1) with p(x) = 1, q(x) = 0, and r(x) = 1. 
The boundary [oondiions pr said to be separated; that is, each involves only one 
of the boundary points. These are the most general separated boundary conditions that 
are possible for a second order differential equation. 
Before proceeding to establish some of the properties of the Sturm—Liouville problem 
it is necessary to derive an identity, known aefaeranse’s Went, which is 
basic to the study of linear boundary value problems. Let u and_v be functions having 
continuous second derivatives on the interval 0 < x < 1. The 


1 1 
/ L[u]ju dx = / [—(pu’)'v + quo] dx. 
0 0 


Integrating the first term on the right side twice by parts, we obtain 


1 1 


1 1 
/ L{ulv dx = —p(x)u'(x)v(x)} + p(x)u(x)u' (x) +f [—u(pv’)' + uqv] dx 
0 0 JO 


0 


= —p(x)[u'(x)vQx) — u(x)u'(x)] 


1 1 
+ uL[v] dx. 
0 0 


Hence, on transposing the integral on the right side, we have 
1 


1 
| {L{u]v — uL[v]} dx = —p(x)[u' (x) v(x) — u(x)v'(x)] (5) 


0 
which is Lagrange’s identity. 
Now let us suppose that the functions u and v in Eq. (5) also satisfy the boundary 


conditions (2)} Then, if we assume that a, # 0 and b, 0, the right side of Eq. (5) 


becomes 
1 
—p(x)[u'(x)v(x) — w(xo'x)]]. 
= —p(1)[w' (Lv) — w(1)u'A)] + p)[w’(O)v(0) — wO)v'(O)] 
b b 
= —p(l) [— Puce i Pu(tu(t)| + p(0) [Stu ‘: “110010 
b, b, ay ay 
= 0. 


1 1 
"For brevity we sometimes use the notation f f dx rather than f J (x) dx in this chapter. 
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Theorem 11.2.1 


The same result holds if either a, or b, is zero; the proof in this case is even simpler, 
and is left for you. Thus, if the differential operator L is defined by|Eq. (3), and if the 


functions u and v satisfy the boundary|conditions (2), Lagrange’s identity reduces to 
1 
/ {L[u]v — uL[v]} dx =0. (6) 
0 
Let us now write Eq. (6) in a slightly different way. In|Eq. (4) of Section 10.2}we 


introduced the inner product (u, v) of two real-valued functions u and v on a given 
interval; using the interval 0 < x < 1, we have 


1 
(u,v) = i u(x)v(x) dx. (7) 
0 


In this notation Eq. (6) becomes 


(L[u], v) — Gu, L[v]) = 0. (8) 


In proving Theorem 11.2.1 below it is necessary to deal with complex-valued func- 
tions. By analogy with the definition in for vectors, we define the inner 


product of two complex-valued functions on 0 < x < Las 


1 
(u, v) = u(x)v(x) dx, (9) 
0 


where v is the complex conjugate of v. Clearly, Eq. (9) coincides with Eq. (7) if u(x) 

and v(x) are real. It is important to know that Eq. (8) remains valid under the stated 

conditions if u and v are complex-valued functions and if the inner product (9) is used. 
1 

To see this, one can start with the quantity f L[u]v dx and retrace the steps leading to 


Eq. (6), making use of the fact that p(x), q(x), a,, a), b,, and b, are all real quantities 
(see Problem 22). 
We now consider some of the implications of Eq. (8) for the Sturm—Liouville bound- 


ary value|problem (1), We assume without proof! that this problem actually has 
unc 


eigenvalues and eigen ions. In Theorems 11.2.1 to|11.2.4 below, we state several 
of their important, but relatively elementary, properties. Each of these properties is 
illustrated by the basic Sturm—Liouville problem 


y" +ay =0, y(0)=0, yQ)=9, (10) 
whose eigenvalues are A,, = n°x”, with the corresponding eigenfunctions @, (x) = 


sin nx. 


All the eigenvalues of the Sturm—Liouville} problem (1) [(2)Jare real. 


To prove this theorem let us suppose that A is a (possibly complex) eigenvalue of the 


problem (1 and that ¢ is a corresponding eigenfunction, also possibly complex- 
valued. Let us write A = w+iv and d(x) = U(x) +iV(a), where yp, v, U(x), and 
V(x) are real. Then, if we let u = ¢ and also v = ¢ in Eq. (8), we have 


(L[¢], 6) = @, LI). (1) 


>The proof may be found, for example, in the references by Sagan (Chapter 5) or Birkhoff and Rota (Chapter 10). 
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However, we know that L[@] = Ar@, so|Eq. (11) becomes 
(Ard, p) = (, Arg). (12) 
Writing out Eq. (12) in full, using the|definition (9) of the inner product, we obtain 


1 1 
[ were ax = f P(X)AF(x)P(X) dx. (13) 


Since r(x) is real, Eq. (13) reduces to 


1 
(—3) i r(x)b(x)B(x) dx =0, 


or 
1 
— » | r(x)[U7(x) + V7(x)] dx = 0. (14) 
0 


The integrand in Eq. (14) is nonnegative and not identically zero. Since the integrand is 


also continuous, it follows that the integral is positive. Therefore, the factor 1 — 2 = 2iv 
must be zero. Hence v = 0 and A is real, so the theorem is proved. 
An important consequence of|Theorem 11.2.1) is that in finding eigenvalues and 


eigenfunctions of a Sturm—Liouville boundary value problem, one need look only for 
real eigenvalues. Recall that this is what we did in|Chapter 10} It is also possible to 
problem (1)} 


show that the eigenfunctions of the boundary value [2)]are real. A proof 
is sketched in Problem 23 


If @, and @, are two eigenfunctions of the Sturm—Liouville| problem (1) | 2)|corre- 
, then 


sponding to eigenvalues 1, and 1,, respectively, and if 7, 4 A, 


il 
i r(x), (x)b,(x) dx = 0. (15) 


This theorem expresses the property of|orthogonality| of the eigenfunctions with 


respect to the weight function r. To prove the theorem we note that ¢, and ¢, satisfy 
the differential equations 


L[¢,] =A,r¢, (16) 
and 

L[g,] = 4,°¢); (17) 
respectively. If we let u = $,, v = @,, and substitute for L[u] and L[v] in] Eq. (8)| we 


obtain 
(Arg,, oy) = (9g), AV >) = 0, 


or, using|Eq. (9)| 


1 1 
i | r(x), ()b,(x) dx — i, | , (x)F(x)b,(x) dx = 0. 
( ¢ 
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Theorem 11.2.3 


Because A,, r(x), and @,(x) are real, this equation becomes 


1 
29) / r(x), (2), (x) dx = 0. (18) 
¢ 


Since by hypothesis A, 4 A,, it follows that ¢, and ¢, must satisfy|Eq. (15)| and the 
theorem is proved. 


The eigenvalues of the Sturm—Liouville problem (1) (2) are all simple; that is, to each 


eigenvalue there corresponds only one linearly independent eigenfunction. Further, 
the eigenvalues form an infinite sequence, and can be ordered according to increasing 
magnitude so that 


Be Sly Sy EZ Ota, eae 


Moreover, A,, > 00 asin — Od. 


The proof of this theorem is somewhat more advanced than those of the two previous 
theorems, and will be omitted. However, a proof that the eigenvalues are simple is 


indicated in|Problem 20. 
Again we note that all the properties stated in}Theorems 11.2.1 to 11.2.3 |are ex- 


emplified by the eigenvalues 1,, = n°s* and eigenfunctions @, (x) = sinnzx of the 
example|problem (10). Clearly, the eigenvalues are real. The eigenfunctions satisfy the 


orthogonality relation 


1 1 
/ G(X), (x) dx = / sinmmx sinnax dx = 0, m#~n, (19) 
0 0 


which was established in|Section 10.2}by direct integration. Further, the eigenvalues can 
be ordered so thatA, < A, <---,andd, + ooasn — ov. Finally, to each eigenvalue 


there corresponds a single linearly independent eigenfunction. 


We will now assume that the eigenvalues of the Sturm—Liouville|] problem (1) 


are ordered as indicated in Theorem 11.2.3. Associated with the eigenvalue 4, 18 a 
corresponding eigenfunction ¢,, determined up to a multiplicative constant. It is often 
convenient to choose the arbitrary constant multiplying each eigenfunction so as to 


satisfy the condition 


1 
i r(x)b2(x) dx = 1, aD fi (20) 
0 


Equation (20) is called a normalization condition, and eigenfunctions satisfying this 
condition are said to be normalized. Indeed, in this case, the eigenfunctions are said 


to form anjorthonormal set [with respect to the weight function r) since they already 
satisfy the sea gman) SE It is sometimes useful to combine|Eqs. (15)]and 
0 


(20) into a single equation. s end we introduce the symbol 6 nown as the 


mn?’ 


Kronecker (1823-1891) delta and defined by 


ee = Ke ae # ee (21) 


1, ifm =n. 
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EXAMPLE 


1 


EXAMPLE 


2 


Making use of the Kronecker delta, we can write|Eqs. (15) jand (20) as 


1 
[ FX) Py), ) dX = bys (22) 


Determine the normalized eigenfunctions of the} problem (10): 


y’ +ay = 0, y(0) = 0, y() = 0. 


The eigenvalues of this problem are A, = nm, A, = An?,..., A, = nm,..., and 
the corresponding eigenfunctions are k, sinwx, k,sin27x,...,k,sinnwx,..., re- 


spectively. In this case the weight function is r(x) = 1. To satisfy |Eq. (20)| we must 
choose k,, so that 


1 
/ (k, sinnax)* dx = 1 (23) 
0 
for each value of n. Since 
1 1 
a | sin? nx dx = a | G oa + cos 2nmx) dx = tke, 
0 0 


Eq. (23) is satisfied if k,, is chosen to be ./2 for each value of n. Hence the normalized 
eigenfunctions of the given boundary value problem are 


, (x) = V2sinnzx, a ee a (24) 


Determine the normalized eigenfunctions of the problem 


y"+ay =0, y(0)=0, yd) +y() =0. (25) 


In[Example | of Section 11.1]we found that the eigenvalues A, satisfy the equation 
sin i + hn cos nee = 0, (26) 

and that the corresponding eigenfunctions are 
$,(x) =k, sin Ven %; (27) 


where k,, is arbitrary. We can determine k,, from the normalization|condition (20)! Since 


r(x) = 1 in this problem, we have 


1 1 
oo(x) dx =k? i sin? /A, x dx 
| , mi 


: in2,/d 
=i) (4 - $c0s2\/2, x) rang (3-) 
a 
ag? 2/4, — sin2./h, — 72 vn ~ Sit yp, COS Vn 

n 4/2, n 2.) dn 


2 
5 1+ cos’ /A, 
n 2 > 


1 


0 
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where in the last step we have used| Eq. (26)) Hence, to normalize the eigenfunctions 
@, we must choose 


1/2 
k= 2 (28) 
"~\ 14 cos? Van : 


The normalized eigenfunctions of the given problem are 
/2sin ,/ A, x 
qad+ cos’. aye 


$, (x) = AST ss (29) 


We now turn to the question of expressing a given function f as a series of eigen- 
functions of the Sturm—Liouville|problem (1)}|(2)} We have already seen examples of 
such expansions in|Sections 10.2 to 10.4./For example, it was shown there that if f is 
continuous and has a piecewise continuous derivative on 0 < x < 1, and satisfies the 
boundary conditions f(0) = f(1) = 0, then f can be expanded in a Fourier sine series 


of the form 
fwm= 3 b, sinnmx. (30) 
n=1 
The functions sinnax,n = 1,2,..., are precisely the eigenfunctions of the boundary 
valud problem (10)| The coefficients b, are given by 
b= 2f f (x) sinnax dx (31) 


and the series (30) converges for each x in 0 < x < 1. In a similar way f can be 
expanded in a Fourier cosine series using the eigenfunctions cosnax,n = 0,1,2,..., 
of the boundary value problem y” + Ay = 0, y’(0) = 0, y’(1) = 0. 

Now suppose that a given function /f, satisfying suitable conditions, can be expanded 
in an infinite series of eigenfunctions of the more general Sturm—Liouville problem 


If this can be done, then we have 


[oe 


{OH > o.m), (32) 


n=1 


where the functions ¢,, (x) satisfy and also the orthogonality condition 
To compute the coefficients in the series (32) we multiply Eq. (32) by r(x)¢@,, (x), 
where m is a fixed positive integer, and integrate from x = 0 to x = 1. Assuming that 
the series can be integrated term by term we obtain 


[o.e) 


1 oo 1 
, ra)iad,~ dx= >a, / r(x) Gy (Xb, (8) dx = YO 6, 5yun- (33) 
n=1 


n=1 


Hence, using the definition of 6, we have 


mn? 


1 
cm = | r(x) f (x)d,,(x) dx =(f,rd,,),  m=1,2,.... (34) 
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The coefficients in the series (32)} have thus been formally determined. |Equation (34) 


has the same structure as the Euler—Fourier formulas for the coefficients in a Fourier 


series, and the eigenfunction|series (32)| also has convergence properties similar to 
those of Fourier series. The following theorem is analogous to/Theorem 10.3.1. 


Theorem 11.2.4 Let¢,, ¢,,...,¢,,...bethe normalized eigenfunctions of the Sturm—Liouville prob- 
== Ilem (1) 


EXAMPLE 


3 


Ip@y I —gG)y + Array —0) 
a,y(0) + a,y’(0) = 0, b,y) + by’) = 0. 


Let f and f’ be piecewise continuous on 0 < x < 1. Then the |series (32)| whose 
coefficients c,, are given by| Eq. (34) converges to [f(x+) + f(x—)]/2 at each point 


in the open interval 0 < x < 1. 


If f satisfies further conditions, then a stronger conclusion can be established. 
Suppose that, in addition to the hypotheses of Theorem 11.2.4, the function f is 


continuous on 0 < x < 1. If a, = 0 in the first of|/Eqs. (2)|[so_that ( ie = 0], then 


assume that f(0) = 0. Similarly, if b, = 0 in the second of|Eqs. (2), assume that 
(1) = 0. Otherwise no boundary conditions need be prescribed for f. Then the series 
(32)/converges to f(x) at each point in the closed interval 0 < x < 1. 


Expand the function 
f@y=x, Osx (35) 


in terms of the normalized eigenfunctions ¢, (x) of the problem (25). 
In| Example 2 jwe found the normalized eigenfunctions to be 


¢, (x) =k, sin,/r, x, (36) 
where k,, is given by} Eq. (28)}and A,, satisfies Eq. (26), To find the expansion for f in 


terms of the eigenfunctions ¢, we write 


[o.e) 


f(x) = >> c,6,(@), (37) 


n=1 


where the coefficients are given by Eq. (34). Thus 


1 1 
= dx =k in,/A x dx. 
Ch, i f (x)o, (x) dx "i xsin JA, x x 


Integrating by parts, we obtain 


- sin /A,, cos \/h,, _ sin /A,, 
Cc, = n d, we ™~ "n a ? 


n 
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where we have used|Eq. (26)}in the last step. Upon substituting for k, from |Eq. (28) 


we obtain 
2/2 sin ate 
t= ree Vay (38) 
Thus 


© sin,/A_ sin ,/A. x 
=4 ee eS ae 39 
POT Gece fi os 


Observe that although the right side of Eq. (39) is a series of sines, it is not included in 
the discussion of Fourier sine series in|Section 10.4. 


Self-adjoint Problems. Sturm—Liouville boundary value problems are of great im- 
portance in their own right, but they can also be viewed as belonging to a much more 
extensive class of problems that have many of the same properties. For example, there 
are many similarities between Sturm—Liouville problems and the algebraic system 


Ax = Xx, (40) 


where the n x n matrix A is real symmetric or Hermitian. Comparing the results 
mentioned in| Section 7.3] with those of this section, we note that in both cases the 
eigenvalues are real and the eigenfunctions or eigenvectors form an orthogonal set. 
Further, the eigenfunctions or eigenvectors can be used as the basis for expressing an 
essentially arbitrary function or vector, respectively, as a sum. The most important dif- 
ference is that a matrix has only a finite number of eigenvalues and eigenvectors, while 
a Sturm—Liouville problem has infinitely many. It is interesting and of fundamental 
importance in mathematics that these seemingly different problems—the matrix prob- 
lem (40) and the Sturm—Liouville[problem (1) [()}—which arise in different ways, are 
actually part of a single underlying theory. This theory is usually referred to as linear 
operator theory, and is part of the subject of functional analysis. 

We now point out some ways in which Sturm—Liouville problems can be generalized, 


while still preserving the main results of [Theorems IT.2-T fo|11.2.4}the existence of a 


sequence of real eigenvalues tending to infinity, the orthogonality of the eigenfunctions, 
and the possibility of expressing an arbitrary function as a series of eigenfunctions. In 
making these generalizations it is essential that the crucial|relation (8)}remain valid. 


Let us consider the boundary value problem consisting of the differential equation 


Lly] = ar(x)y, O0<x <1, (41) 
where 
d"y dy 
Lily] = FC) Ta fe leo es + Po(x)y, (42) 


and n linear homogeneous boundary conditions at the endpoints. If Eq. (8)]is valid for 
every pair of sufficiently differentiable functions that satisfy the boundary conditions, 
then the given problem is said to be|self-adjoint| It is important to observe that|Eq. (8)| 
involves restrictions on both the differential equation and the boundary conditions. The 
differential operator L must be such that the same operator appears in both terms of 


638 


Chapter 11. Boundary Value Problems and Sturm-Liouville Theory 


EXAMPLE 


4 


Eq (8)| This requires that L be of even order. Further, a second order operator must 
ave the form (3), a fourth order operator must have the form 


Lily] = [p@)y")" — [a@) y'T + s(@)y, (43) 


and higher order operators must have an analogous structure. In addition, the boundary 
conditions must be such as to eliminate the boundary terms that arise during the 
integration by parts used in deriving|Eq. (8)] For example, in a second order problem 
this is true for the separated boundary} conditions (2){and also in certain other cases, 
one of which is given in Example 4 below. 

Let us suppose that we have a self-adjoint boundary value problem for 
where L[y] is given now by Eq. (43). We assume that p, g,r, and s are continuous on 
0 < x < 1, and that the derivatives of p and qg indicated in Eq. (43) are also continuous. 
If in addition p(x) > 0 andr(x) > 0 for 0 < x < 1, then there is an infinite sequence 
of real eigenvalues tending to +00, the eigenfunctions are orthogonal with respect 
to the weight function 7, and an arbitrary function can be expressed as a series of 
eigenfunctions. However, the eigenfunctions may not be simple in these more general 
problems. 

We turn now to the relation between Sturm—Liouville problems and Fourier series. 
We have noted previously that Fourier sine and cosine series can be obtained by 
using the eigenfunctions of certain Sturm—Liouville problems involving the differential 
equation y” + Ay = 0. This raises the question of whether we can obtain a full Fourier 
series, including both sine and cosine terms, by choosing a suitable set of boundary 
conditions. The answer is provided by the following example, which also serves to 
illustrate the occurrence of nonseparated boundary conditions. 


Find the eigenvalues and eigenfunctions of the boundary value problem 


y" +Ay =0, (44) 

y(—L) — y(L) = 0, y(-L) —y'(L) =0. (45) 

This is not a Sturm—Liouville problem because the boundary conditions are not 
separated. The boundary conditions (45) are called) periodic boundary conditions 
since they require that y and y’ assume the same values at x = L as at x = —L. 


Nevertheless, it is straightforward to show that the problem (44), (45) is self-adjoint. A 
simple calculation establishes that 4, = 0 is an eigenvalue and that the corresponding 
eigenfunction is ¢,(x) = 1. Further, there are additional eigenvalues 4, = (z/ Ly, 
Ay = (22/L)*, AL = (nx /L)?, .... To each of these nonzero eigenvalues there 
correspond two linearly independent eigenfunctions; for example, corresponding to 
i, are the two eigenfunctions $, (x) = cos(nmx/L) and wy, (x) = sin(nzx/L). This 
illustrates that the eigenvalues may not be simple when the boundary conditions are 
not separated. Further, if we seek to expand a given function f of period 2L in a series 
of eigenfunctions of the problem (44), (45), we obtain the series 


Co 
fx= 2+) (a, cos = + b, sin =), 


n=1 


which is just the Fourier series for /. 
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We will not give further consideration to problems that have nonseparated boundary 
conditions, nor will we deal with problems of higher than second order, except in a 
few problems. There is, however, one other kind of generalization that we do wish 
to discuss. That is the case in which the coefficients p, g, and r in[Eq. (1 do not 
quite satisfy the rather strict continuity and positivity requirements laid down at the 


beginning of this section. Such problems are called singular Sturm—Liouville problems, 
and are the subject of Section 11.4. 


PROBLEMS 


In each of Problems | through 5 determine the normalized eigenfunctions of the given problem. 


y@)=0, y(I)=0 

y@)=0, yd)=0 

y0)=0, y(l)=0 

y'(0)=0, y(1)+y(1)=0; © see Section 11.1, Problem 8. 
y”—2y'+(1+A)y =0, y(0)=0, y(1)=0; © see Section 11.1, Problem 17. 


lo.e) 

In each of Problems 6 through 9 find the eigenfunction expansion )° a,¢, (x) of the given 
n=1 

function, using the normalized eigenfunctions of Problem 1. 


[o.<) 
In each of Problems 10 through 13 find the eigenfunction expansion )° a,, (x) of the given 


n=1 
function, using the normalized eigenfunctions of Problem 4. 


10. f@)=1, {OSR 
13. f@= {0 


O<x<l1 11. 
12. f@~=1-x, 


O<x<l 

S*S8 0, 
In each of Problems 14 through 18 determine whether the given boundary value problem is 
self-adjoint. 


14. ty’ +2y=0, y(0)=0, y(1)=0 

15. y'(0)=0, yd)+2y'(1)=0 

16. y'(0) — y(1) =0 

17. y(O) — y'(1) = 0, 

18. tray =0, y(0)=0, y(r)+y (xr) =0 

19. Show that if the functions wu and v satisfy Eqs. (2), and either a, = 0 or b, = 0, or both, 
then 


y'(0) +2y(1) =0 


1 
p(x)[u'(x)v(x) — u(x)v"(x)]] = 0. 
0 
20. In this problem we outline a proof of the first part of Theorem 11.2.3: that the eigenvalues 
of the Sturm—Liouville problem (1), (2) are simple. For a given suppose that @, and ¢, 
are two linearly independent eigenfunctions. Compute the Wronskian W(@,, ¢,)(x) and 
use the boundary conditions (2) to show that W(¢,, @,)(0) = 0. Then use Theorems 3.3.2 
and 3.3.3 to conclude that ¢, and ¢, cannot be linearly independent as assumed. 
. Consider the Sturm-—Liouville problem 


—[p(x)y') + 4@)y = Ar(x)y, 
b,yQ) a b,y'(1) =0, 


a,y(0) + a,y'(0) = 0, 
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where p, g, and r satisfy the conditions stated in the text. 
(a) Show that if A is an eigenvalue and ¢ a corresponding eigenfunction, then 


1 1 b 
h i ré? dx = j (po? +49?) dx + 2 pc1yg2() — © p0)d20), 
0 0 b, a, 


provided that a, ~ 0 and b, # 0. How must this result be modified if a, = 0 or b, = 0? 
(b) Show that if g(x) = 0 and if b,/b, and —a, /a, are nonnegative, then the eigenvalue A 
is nonnegative. 
(c) Under the conditions of part (b) show that the eigenvalue A is strictly positive unless 
q(x) = 0 for each x inO<x < 1 and also a, =b, = 0. 

22. Derive Eq. (8) using the inner product (9) and assuming that uv and v are complex-valued 
functions. 


Hint: Consider the quantity f Bar: v dx, split u and v into real and imaginary parts, and 
proceed as in the text. 

23. In this problem we indicate a proof that the eigenfunctions of the Sturm—Liouville problem 
(1), (2) are real. 
(a) Let A be an eigenvalue and ¢ a corresponding eigenfunction. Let #(x) = U(x) + 
iV (x), and show that U and V are also eigenfunctions corresponding to i. 
(b) Using Theorem 11.2.3, or the result of Problem 20, show that U and V are linearly 
dependent. 
(c) Show that @ must be real, apart from an arbitrary multiplicative constant that may be 
complex. 

24. Consider the problem 


x*y"=A(xy’-y), yU)=0, y2)=0. 


Note that 4 appears as a coefficient of y’ as well as of y itself. It is possible to extend 
the definition of self-adjointness to this type of problem, and to show that this particular 
problem is not self-adjoint. Show that the problem has eigenvalues, but that none of them 
is real. This illustrates that in general nonself-adjoint problems may have eigenvalues that 
are not real. 


Buckling of an Elastic Column. In an investigation of the buckling of a uniform elastic 
column of length L by an axial load P (Figure 11.2.1a) one is led to the differential equation 


y +ay” =0, O<x<L. (i) 


The parameter A is equal to P/E, where E is Young’s modulus and J is the moment of inertia of 
the cross section about an axis through the centroid perpendicular to the x y-plane. The boundary 
conditions at x = 0 and x = L depend on how the ends of the column are supported. Typical 
boundary conditions are 


y=y' =0, clamped end; 
y =y"=0, _ simply supported (hinged) end. 


The bar shown in| Figure 11.2.1a is simply supported at x = 0 and clamped at x = L. It is 


desired to determine the eigenvalues and eigenfunctions of Eq. (i) subject to suitable boundary 
conditions. In particular, the smallest eigenvalue 1, gives the load at which the column buckles, 
or can assume a curved equilibrium position, as shown i The corresponding 
eigenfunction describes the configuration of the buckled column. Note that the differential 
equation (i) does not fall within the theory discussed in this section. It is possible to show, 
however, that in each of the cases given here all the eigenvalues are real and positive. Problems 
25 and 26 deal with column buckling problems. 
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y 


(a) (b) 


FIGURE 11.2.1 (a) A column under compression. (b) Shape of the buckled column. 


25. For each of the following boundary conditions find the smallest eigenvalue (the buckling 
load) of y” + Ay” = 0, and also find the corresponding eigenfunction (the shape of the 
buckled column). 

(a) yO)=y"0)=0, = y(L) = y"(L) =0 
(b) yO) = y"(0) =9, y(L) = y'(L) = 0 
(c) y(0) = y'(0) = 9, y(L) = y'(L) =0 

. In some buckling problems the eigenvalue parameter appears in the boundary conditions 
as well as in the differential equation. One such case occurs when one end of the column 
is clamped and the other end is free. In this case the differential equation y'” + Ay” = 0 
must be solved subject to the boundary conditions 


y(0) =0, yO) =0, y"(L) = 0, y"(L) + ay'(L) = 0. 


Find the smallest eigenvalue and the corresponding eigenfunction. 


11.3 Nonhomogeneous Boundary Value Problems 


In this section we discuss how to solve nonhomogeneous boundary value problems, 
both for ordinary and partial differential equations. Most of our attention is directed 
toward problems in which the differential equation alone is nonhomogeneous, while the 
boundary conditions are homogeneous. We assume that the solution can be expanded 
in a series of eigenfunctions of a related homogeneous problem, and then determine 
the coefficients in this series so that the nonhomogeneous problem is satisfied. We first 
describe this method as it applies to boundary value problems for second order linear 
ordinary differential equations. Later we illustrate its use for partial differential equa- 
tions by solving a heat conduction problem in a bar with variable material properties 
and in the presence of source terms. 


Nonhomogeneous Sturm-Liouville Problems. Consider the boundary value problem 
consisting of the nonhomogeneous differential equation 


Lily] = —[p@)y' +4@)y = ur(x)y + fF), (1) 


where pu is a given constant and f is a given function on 0 < x < 1, and the boundary 
conditions 


a,y(0) + ay’) = 0, b,y(1) + bay’) = 0. (2) 


642 


Chapter 11. Boundary Value Problems and Sturm-Liouville Theory 


As in| Section 11.2} we assume that p, p’, g, and r are continuous on 0 < x < 1 and 
that p(x) > 0 and r(x) > 0 there. We will solve the |problem (1)} (2) [by making use 
O 


of the eigenfunctions of the corresponding homogeneous proble nsisting of the 
differential equation 


Lily] = Ar(x)y (3) 
and the boundary|conditions (2)} Let A, <A, <--: <A, <--- be the eigenvalues 
of this problem, and let ¢,, @,,...,¢,,-.. be the corresponding normalized eigen- 


functions. 
We now assume that the solution y = ¢(x) of the nonhomogeneous problem (1), (2) 
can be expressed as a series of the form 


(x) = °b,o,(). (4) 
n=1 
1 
b= i r(x)(x)o, (x) dx, n=1,2,.... (5) 
0 


However, since we do not know ¢(x), we cannot use Eq. (5) to calculate b,,. Instead, we 


will try to determine b,, so that the|problem (1)} s satisfied, and then use Eq. (4) to 
find ¢ (x). Note first that @ as given by Eq. (4) always satisfies the boundary conditions 


since each ¢,, does. 


Now consider the differential equation that @ must satisfy. This is just|Eq. (1)| with 
y replaced by ¢: 


L{P\(x) = mr (x)b(x) + f(x). (6) 


We substitute the series (4) into the differential equation (6) and attempt to determine 
b,, so that the differential equation is satisfied. The term on the left side of Eq. (6) 
becomes 


LIO\(x) = L bs 16 (x) = 50d, L16,1@) 


n=1 n=1 


= )°b,A,7(x)o,(%), (7) 
n=1 
where we have assumed that we can interchange the operations of summation and 
differentiation. 
Note that the function r appears in Eq. (7) and also in the term pr (x) (x) in Eq. (6). 
This suggests that we rewrite the nonhomogeneous term in Eq. (6) as r(x) Lf (x)/r(x)] 


so that r(x) also appears as a multiplier in this term. If the function f/r satisfies the 
conditions of/Theorem 11.2.4] then 


LO) _¥*0,6,00); (8) 


r(x) 7 n=1 


where, using Eq. (5) with @ replaced by f/r, 


1 1 
oa) rey 5 ax= f f0od,«)dx, n=1,2,.... (9) 
0 r(x) 0 
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Upon substituting for d(x), L[@](x), and f(x) in[Eq. (6)|from[Eqs. (4)(7) andj (8),| 


respectively, we find that 


(oe) 


b, Ayr), (2) = ure) 92 bb, (x) +17) Yb, 00). 
=1 n=1 n=1 


n 


After collecting terms and canceling the common nonzero factor r(x) we have 


[o.e) 


> [G, — 4b, —¢,]¢,@) =0. (10) 


n=1 


If Eq. (10) is to hold for each x in the interval 0 < x < 1, then the coefficient of ¢, (x) 


must be zero for each n; see Problem 14|for a proof of this fact. Hence 
(A, — Lb, —¢, =9, n= 1,255.50. (11) 


We must now distinguish two main cases, one of which also has two subcases. 
First suppose that « # 4, forn = 1, 2,3,...; thatis, jis not equal to any eigenvalue 
of the corresponding homogeneous problem. Then 


b= a, n=1,2,3,..., (12) 


and 


o.e) 


y=o@)= 05 Hy (0). (13) 


n=1 n 


Equation (13), with c, given by is a formal solution of the nonhomogeneous 
boundary value} problem (1)| Our argument does not prove that the series (13) 
converges. However, any solution of the boundary value[problem (1)|(2)flearly satisfies 
the conditions off Toren 1.2. indo it satisfies the more stringent conditions given 
in the paragraph following that theorem. Thus it is reasonable to expect that the series 
(13) does converge at each point, and this fact can be established provided, for example, 
that f is continuous. 

Now suppose that jz is equal to one of the eigenvalues of the corresponding homo- 
geneous problem, say, 4 = 1.,,; then the situation is quite different. In this event, for 
n = m Eq. (11) has the form 0-5, — c,, = 0. Again we must consider two cases. 

If w=A,, and c,, #0, then it is impossible to solve Eq. (11) for b,,, and the 


nonhomogeneous|problem (1)4 (2) has no solution. 7 


If ~=A,, and c,, = 0, then Eq. (11) is satisfied regardless of the value of b,,; in 


other words, b,, remains arbitrary. In this case the boundary value |problem (1) 


does have a solution, but it is not unique, since it contains an arbitrary multiple of the 
eigenfunction ¢,,. 


Since c,, is given by|Eq. (9)| the condition c,, = 0 means that 
1 
/ f(x)o,, (x) dx = 0. (14) 
0 
Thus, if 2 = A,,,, the nonhomogeneous boundary value|problem (D]]2Jean be solved 


only if f is orthogonal to the eigenfunction corresponding to the eigenvalue 4. 
The results we have formally obtained are summarized in the following theorem. 
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Theorem 11.3.1 


Theorem 11.3.2 


EXAMPLE 


1 


The nonhomogeneous boundary value|problem (1 (2) | as a unique solution for each 
continuous f whenever jz is different from all the eigenvalues of the corresponding 
homogeneous problem; the solution is given by|Eq. (13)J and the series converges 


for each x in 0 < x < 1. If mw is equal to an eigenvalue 1, of the corresponding 
homogeneous problem, then the nonhomogeneous boundary value problem has no 
solution unless f is orthogonal to @,,; that is, unless the|condition (14){holds. In that 


case, the solution is not unique and contains an arbitrary multiple of ¢,, (x). 


The main part of Theorem 11.3.1 is sometimes stated in the following way: 


For a given value of jz, either the nonhomogeneous| problem (1) has a unique 


solution for each continuous f (if jz is not equal to any eigenvalue”, of the cor- 
responding homogeneous problem), or else the homogeneous |problem (3)42)| as a 
nontrivial solution (the eigenfunction corresponding to 1,,,). 


This latter form of the theorem is known as the Fredhol nf Iternative theorem. This 
is one of the basic theorems of mathematical analysis and occurs in many different 
contexts. You may be familiar with it in connection with sets of linear algebraic equa- 
tions where the vanishing or nonvanishing of the determinant of coefficients replaces 


the statements about yu and 4,,,. See the discussion in|Section 7.3. 


Solve the boundary value problem 
x F2y= —x, (15) 
y(0) = 0, yl) + y') = 0. (16) 


This particular problem can be solved directly in an elementary way and has the 
solution 


_ sin /2 x x 
~ sin /2+/2c0s/2 2 


The method of solution described below illustrates the use of eigenfunction expan- 


sions, a method that can be employed in many problems not accessible by elementary 
procedures. To identify Eq. (15) with|Eq. (1) |it is helpful to write the former as 


(17) 


Hy = Oy 4x, (18) 


We seek the solution of the given problem as a series of normalized eigenfunctions 
¢,, of the corresponding homogeneous problem 


y"+ay =0, yO)=0, yI+y() =0. (19) 


4The Swedish mathematician Erik Ivar Fredholm (1866-1927), professor at the University of Stockholm, estab- 
lished the modern theory of integral equations in a fundamental paper in 1903. Fredholm’s work emphasized the 
similarities between integral equations and systems of linear algebraic equations. There are also many interrelations 


between differential and integral equations; for example, see and|Problem 21 of Section 6.6. 
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These eigenfunctions were found in|Example 2 of Section 11.2, and are 


0, (x) = k, sin 2, 2, (20) 


where 


‘ 1/2 
k= | ——_.—_ 21 
(ae) ~ 


and 2, satisfies 


sin Vn + Vn cos i, = 0. (22) 
Recall that inJExample 1 of Section 11.1|/we found that 


A, =4.116, A, = 24.14, 
A, = 63.66, A, =(2n-1)'n7/4  forn =4,5,.... 


We assume that y is given by|Eq. (4) 
y=)_b,¢, (x), 
n=1 


and it follows that the coefficients b,, are found from|Eq. (12) 


Cc 


n 


b= 5 
Beg 


where the c,, are the expansion coefficients of the nonhomogeneous term f(x) = x in 
Eq. (18) in terms of the eigenfunctions ¢,. These coefficients were found in Example 


3 of Section 11.2, and are 
2/2 sin, /h,, 
c= : 
"4,1 + cos” /a,)'/? 

Putting everything together, we finally obtain the solution 

a sin ,/A 

y=4)0 “_. sin /A,, x. (24) 

fal An (A, — 2) + cos* /A,,) 

While} Eqs. (17)| and (24) are quite different in appearance, they are actually two 
different expressions for the same function. This follows from the uniqueness part of 
Theorem 11.3.1 brj11.3.2/since A = 2 is not an eigenvalue of the homogeneous problem 

9). Alternatively, one can show the equivalence of |Eqs. (17) and (24) by expanding 
the right side of|Eq. (17)|in terms of the eigenfunctions ¢, (x). For this problem it is 
fairly obvious that the formula (17)|is more convenient than the series formula (24). 


However, we emphasize again that in other problems we may not be able to obtain the 
solution except by series (or numerical) methods. 


(23) 
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Nonhomogeneous Heat Conduction Problems. To show how eigenfunction expan- 
sions can be used to solve nonhomogeneous problems for partial differential equations, 
let us consider the generalized heat conduction equation 


r(x)u, = [p@)u,], —@(@)u + F(, f) (25) 
with the boundary conditions 
u,(0,t) — h,u(0, t) = 0, u,(1,t) +h,u(1,t) =0 (26) 
and the initial condition 
u(x, 0) = f(x). (27) 


This problem was previously discussed in| Appendix A of Chapter 10 And in Section 


In the latter section we let u(x,t) = X(x)T(t) in the homogeneous equation 
obtained by setting F(x,t) =0, and showed that X(x) must be a solution of the 
boundary value problem 


— [p(x)X") + q(x)X = Ar(x)X, (28) 
X'(0) -—h,X@)=0,  — X’'(1) +, X(1) = 0. (29) 


If we assume that p, qg, and r satisfy the proper continuity requirements and that p(x) 
and r(x) are always positive, the problem (28), (29) is a Sturm—Liouville problem as 
discussed in{Section 11.2] Thus we obtain a sequence of eigenvalues 4, < A, <--+ < 
A, < +++ and corresponding normalized eigenfunctions ¢, (x), $,(x), ...,0,(%),.-.- 


We will solve the given nonhomogeneous boundary value problem (25) to (27) by 
assuming that u(x, t) can be expressed as a series of eigenfunctions, 


u(x,t) = >) b, (4, (), (30) 


n=1 


and then showing how to determine the coefficients b, (¢). The procedure is basically 
the same as that used in py ee [(2)|considered earlier, although it is more 
complicated in certain respects. For instance, the coefficients b, must now depend 
on t, because otherwise u would be a function of x only. Note that the boundary 
conditions (26) are automatically satisfied by an expression of the form (30) because 
each ¢, (x) satisfies the boundary conditions (29). 

Next we substitute from Eq. (30) for u in Eq. (25). From the first two terms on the 
right side of Eq. (25) we formally obtain 


0 CO ; CO 
[p@)u J, — ae) = ron dX b(t), «| — q(x) x b,, (to, (x) 
= )°d, {Ip 9), (2) — 4&4, 0}. (31) 


n=1 


Since [p(x)/,(x)]' — q(x)@,(«) = —A,r(x)@, (), we obtain finally 


[p(x)u,], — q(x)u = —r(x) 92, (2,0, (2). (32) 


n=1 
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Now consider the term on the left side of|Eq. (25), We have 
R) CO 
rau, =r) 2 b, (1), (x) 


=r(x) ¥°b,O¢, (x). (33) 


n=1 


We must also express the nonhomogeneous term in|Eq. (25)as a series of eigenfunc- 
tions. Once again, it is convenient to look at the ratio F(x, t)/r(x) and to write 


F(x,t) & 
Gi) = Ly y, (td, (x), (34) 


where the coefficients are given by 


nio= fp r(x) “ OO, (x) dx 


-[ F(x,t)o,(x)dx, = n=1,2,.... (35) 
0 


Since F(x, f) is given, we can consider the functions y, (t) to be known. 
ee all these results together, we substitute from Eqs. (32) (32), (33), and (34) in 


and find that 
r(x) > b), (0, (2) = —r(x) 9b, ()A,6,08) +r) doy, (08,0). 6) 


n=1 n=1 n=1 


To simplify Eq. (36) we cancel the common nonzero factor r(x) from all terms, and 
write everything in one summation: 


[o.e) 


[1 (0) +.4,0,(0) — v7, ]¢, 0) = 0. (37) 


n=1 


Once again, if Eq. (37) is to hold for all x inO < x < 1, itis necessary that the quantity 
in square brackets be zero for each n (again see Problem 14). Hence b, (t) is a solution 
of the first order linear ordinary differential equation 


bha)+a,b,()=y,), n=1,2,..., (38) 


where y, (t) is given by Eq. (35). To determine b, (¢) completely we must have an initial 
condition 


b, 0) =a,, i ee Pee (39) 
for Eq. (38). This we obtain from the initial] condition (27)| Setting t = 0 in Eq. (30) 


and using) Eq. (27), we have 


u(x,0) = 5° b,(0)d, (x) = Do a,9,(%) = fx). (40) 
n=1 n=1 
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EXAMPLE 


2 


Thus the initial values a, are the coefficients in the eigenfunction expansion for f(x). 
Therefore, 


1 
a, =f r(x) f (x)o,(%) dx, n=1,2,.... (41) 
0 


Note that everything on the right side of Eq. (41) is known, so we can consider a, as 
known. 


The initial value|problem (38)! (39)|is solved by the methods of The 


integrating factor is (tf) = exp(A,,f), and it follows that 


t 
b(t) =a,e*" +f e n'y (5) ds, n=1,2,.... (42) 

0 
The details of this calculation are left to you. Note that the first term on the right side 
of Eq. (42) depends on the function f through the coefficients a,,, while the second 


depends on the nonhomogeneous term F through the coefficients y, (s). 


Thus an explicit solution of the boundary value] problem (25) to (27)|is given by 


u(x,t) = >) b,(0)o, (x), 


n=1 


where the coefficients b, (t) are determined from Eq. (42). The quantities w, and y, (s) 
in Eq. (42) are found in turn from Eqs. (41) andj (35)| respectively. 


Summarizing, to use this method to solve a boundary value problem such as that 
given by| Eqs. (25) to (27) we must 


1. Find the eigenvalues 1, and the normalized eigenfunctions ¢,, of the homogeneous 
problem (28), (29). 


2. Calculate the coefficients a, and y, (t) from Eqs. (41) and (35), respectively. 
3. Evaluate the integral in Eq. (42) to determine b, (f). 


4. Sum the infinite series (30) 

Since any or all of these steps may be difficult, the entire process can be quite 
formidable. One redeeming feature is that often the|series (30) converges rapidly, in 
which case only a very few terms may be needed to obtain an adequate approximation 


to the solution. 


Find the solution of the heat conduction problem 


u,=u,,+xe™, (43) 
u(O, ft) = 0, u,(1,t) +u(1,t) =0, (44) 
u(x,0) =0. (45) 


Again we use the normalized eigenfunctions ¢, of the problem (19), and assume that 


u is given by|Eq. (30)] 


u(x,t) = Db, ()o, (x). 


n=1 
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The coefficients b,, are determined from the differential equation 


bi +4,b, =y,(t), (46) 


non 


where A,, is the nth eigenvalue of the|/problem (19)|and y, (¢) is the nth expansion 


coefficient of the nonhomogeneous term xe “ in terms of the eigenfunctions ¢,. Thus 
we have 


1 1 
e.0)= i xe). )dx= ef xo, (x) dx 
0 0 
=e, (47) 


1 
where c, = / x@,,(x) dx is given by|Eq. (23)) The initial condition for Eq. (46) is 
0 


b, (0) =0 (48) 
since the initial temperature] distribution (45)}is zero everywhere. The solution of the 
initial value problem (46), (48) is 

Qy-Dt _ 1 


t 
_ _ 4,e 
b (t)=e iw f enc eS ds =c_ ern! 
n n n Wa] 
0 n 


Cc 
= ae = en’), (49) 


Thus the solution of the heat conduction|problem (43) to (45) lis given by 
© sin /A. (e! — en") sin /A_ x 
u(x,t)=4)0 t 3 = 
“yA, (A, — DC + cos” \/2,,) 
The solution given by Eq. (50) is exact, but complicated. To judge whether a sat- 
isfactory approximation to the solution can be obtained by using only a few terms in 


this series, we must estimate its speed of convergence. First we split the right side of 
Eq. (50) into two parts: 


F >> sin /A, sin /2,, x 4s) e*n' sin \/X,, sin /A, x 

t)= . 

aaa (A, — DC + cos? Vay) i (A, — DU + cos” Vay) 
(51) 


Recall from|Example | in Section 11.1) that the eigenvalues A,, are very nearly propor- 


tional to n”. In the first series on the right side of Eq. (51) the trigonometric factors 
are all bounded as n — oo; therefore, this series converges similarly to the series 


(50) 


CO Cc 
>> A,? or 5> n~*. Hence at most two or three terms are required to obtain an excellent 
n=1 n=1 

approximation to this part of the solution. The second series contains the additional 


factor e~*n", so its convergence is even more rapid for t > 0; all terms after the first are 
almost surely negligible. 


Further Discussion. Eigenfunction expansions can be used to solve a much greater 
variety of problems than the preceding discussion and examples may suggest. The 
following brief remarks are intended to indicate to some extent the scope of this 
method: 
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Nonhomogeneous Time-Independent Boundary Conditions. Suppose that 


the boundary|conditions (26)|in the heat conduction problem are replaced by 


u(0,t) = T,, u(1,t) =T,. (52) 


Then we can proceed much as in{Section 10.6]to reduce the problem to one with 
homogeneous boundary conditions; that is, we subtract from u a function v that 
is chosen to satisfy Eqs. (52). Then the difference w = u — v satisfies a problem 
with homogeneous boundary conditions, but with modified forcing term and initial 
condition. This problem can be solved by the procedure described in this section. 


Nonhomogeneous Time-Dependent Boundary Conditions. Suppose that the 
boundary|conditions (26)|are replaced by 
u(0,t) = T,(@), u(1,t) = T,(). (53) 


If T, and T, are differentiable functions, one can proceed just as in paragraph 
1. In the same way it is possible to deal with more general boundary conditions 
involving both u and u,. If 7, and T, are not differentiable, however, then the 
method fails. A further refinement of the method of eigenfunction expansions can 
be used to cope with this type of problem, but the procedure is more complicated 
and we will not discuss it. 

Use of Functions Other Than Eigenfunctions. One potential difficulty in using 
eigenfunction expansions is that the normalized eigenfunctions of the correspond- 
ing homogeneous problem must be found. For a differential equation with variable 
coefficients this may be difficult, if not impossible. In such a case it is sometimes 
possible to use other functions, such as eigenfunctions of a simpler problem, that 
satisfy the same boundary conditions. For instance, if the boundary conditions are 


u(O, t) = 0, u(1,t) =0, (54) 


then it may be convenient to replace the functions @, (x) in by sinnzx. 
These functions at least satisfy the correct boundary conditions, although in general 
they are not solutions of the corresponding homogeneous differential equation. 
Next we expand the nonhomogeneous term F(x, ft) in a series of the 
again with @, (x) replaced by sinnzx, and then substitute for both uw and F in 
Upon collecting the coefficients of sinnzx for each n, we have an 
infinite set of linear first order differential equations from which to determine 
b(t), b(t), .... The essential difference between this case and the one considered 
earlier is that now the equations for the functions b(t) are coupled. Thus they 
cannot be solved one by one, as before, but must be dealt with simultaneously. In 
practice, the infinite system is replaced by an approximating finite system, from 
which approximations to a finite number of coefficients are calculated. Despite 
its complexity, this procedure has proved very useful in solving certain types of 
difficult problems. 

Higher Order Problems. Boundary value problems for equations of higher than 
second order can often be solved by eigenfunction expansions. In some cases the 
procedure parallels almost exactly that for second order problems. However, a 


variety of complications can also arise, and we will not discuss such problems in 
this book. 


Finally, we emphasize that the discussion in this section has been purely formal. 


Separate and sometimes elaborate arguments must be used to establish convergence of 
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eigenfunction expansions, or to justify some of the steps used, such as term-by-term 
differentiation of eigenfunction series. 

There are also other altogether different methods for solving nonhomogeneous 
boundary value problems. One of these leads to a solution expressed as a definite 
integral rather than as an infinite series. This approach involves certain functions 
known as Green’s functions, and for ordinary differential equations is the subject of 


Problems 28 through 36 


PROBLEMS 


In each of Problems | through 5 solve the given problem by means of an eigenfunction expansion. 


7) =o) 
yYQ= : see Section 11.2, Problem 7. 


y’(1) : a ae =0; see Secdon 11.2, Problem 11. 
y +2y=—1+ |1 —2s|, y0)=0, yd)=0 


In each of Problems 6 through 9 determine a formal eigenfunction series expansion for the 
solution of the given problem. Assume that f satisfies the conditions of Theorem 11.3.1. State 
the values of yz for which the solution exists. 


y(0)=0, y(U)=0 
y(0)=0, y)=0 
y(0)=0, yd)=0 

t wy = —f (x), y(0)=0, yd)+yd)=0 


In each of Problems 10 through 13 determine whether there is any value of the constant a for 
which the problem has a solution. Find the solution for each such value. 


10. y+ my =atx, y(0)=0, y(1)=0 

ll. y"+4n?y =a+x, y(0)=0, yd)=0 

12. = y(0)=0, yd)=0 

13. y"+n°y =a—cos mx, y(0)=0, yd)=0 


14. Let¢,,...,,,...be the nonnald eigenfunctions of the differential equation (3) subject 
to the boundary conditions (2). If = c,®, (x) converges to f(x), where f(x) = 0 for each 


xin0Q <x <1, show thatc, <i erence, 
Hint: Multiply by r(x)¢@,, (x), integrate, and use the orthogonality property of the eigen- 
functions. 

15. Let L be a second order linear differential operator. Show that the solution y = ¢(x) of the 
problem 


Lly] = f@), 
a,y(0) +a,y'(0) =a, by) +b,y') = B 
can be written as y = u + v, where u = , (x) and v = @, (x) are solutions of the problems 
L{u] = 0, 
a,u(0) + a,u'(0) =a, b,u(1) + b,u'(1) =f 
and 
L[v] = f(@), 
a,v(0) + a,v'(0) = 0, bv) + b,v'(1) =0 


respectively. 
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16. 


Show that the problem 
y’+n’y = 1x, y@0)=1, y(l)=0 
has the solution 
y =c, sinwx + cosmx +X. 


Also show that this solution cannot be obtained by splitting the problem as suggested in 
Problem 15, since neither of the two subsidiary problems can be solved in this case. 


. Consider the problem 


y" + pQx)y’ + q(x)y = 0, yOl=a,, 90) =—s 


Let y =u-+ uv, where v is any twice differentiable function satisfying the boundary con- 
ditions (but not necessarily the differential equation). Show that wu is a solution of the 
problem 


u" + p(x)u' + q(x)u = g(x), u(0)=0, u(l) =0, 


where g(x) = —[v” + p(x)v’ + q(x)v], and is known once v is chosen. Thus nonhomo- 
geneities can be transferred from the boundary conditions to the differential equation. Find 
a function v for this problem. 


. Using the method of Problem 17, transform the problem 


y” + 2y = 24a, yO)=1, y)+y (1) =-2 


into a new problem in which the boundary conditions are homogeneous. Solve the latter 
problem by reference to Example | of the text. 


In each of Problems 19 through 22 use eigenfunction expansions to find the solution of the given 
boundary value problem. 


19. 


20. 


21. 


22: 


23. 


eg Ms u(0,t)=0, u.d,t)=0, u(x, 0) = sin(rx/2); 
see Problem 2. 
“=u te’, 4u,0,0=0, 4,0,)+u0,0=0, u@,0)=1—-2; 
see Section 11.2, Problems 10 and 12. 
u,=u,, +1—|1—2x|, u(0,t)=0, ul,t)=0, u(x,0) =0; 
see Problem 5. 
u,=Uuy,+ e‘(1—x), u(0,t)=0, u,d,t)=0, u(x, 0) =0; 
see Section 11.2, Problems 6 and 7. 


Consider the boundary value problem 
r(x)u, = [p@)u,], —q@)u + F(x), 
u(0,t) = T,, u(l,t)=T,, u(x,0) = f(x). 
(a) Let v(x) be a solution of the problem 
[p(x)u'J — q(@x)v = —F(x), vOo=7T,, vd)=7,. 


If w(x, t) = u(x, t) — v(x), find the boundary value problem satisfied by w. Note that this 
problem can be solved by the method of this section. 

(b) Generalize the procedure of part (a) to the case where wu satisfies the boundary 
conditions 


u,(0,t) —h,u(0, t) = T,, u,(1,t) +h,u(1,t) = 75. 


In each of Problems 24 and 25 use the method indicated in Problem 23 to solve the given 
boundary value problem. 
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24. 


26. 


27. 


u, =u, — 2, 25. u,=u,, — > cos 7x, 
u(0,t)=1, ud,t)=0, u,(0,t)=0, u(l,t)=1, 
u(x, 0) =x? —2x +2 u(x, 0) = cos(3m2x/2) — cos mx 


The method of eigenfunction expansions is often useful for nonhomogeneous problems 
related to the wave equation or its generalizations. Consider the problem 


r(x)u,, = [p@)u,], — Qu + F(x, 0), (i) 
u,(0,t) —h,u(0, t) = 0, u,(,t)+h,u(,t) =0, (ii) 
u(x, 0) = f(x), u,(x, 0) = g(x). (ii1) 


This problem can arise in connection with generalizations of the telegraph equation (Prob- 
lem 16 in Section 11.1) or the longitudinal vibrations of an elastic bar (Problem 25 in 
Section 11.1). 

(a) Let u(x, t) = X(x)T(t) in the homogeneous equation corresponding to Eq. (i) and 
show that X(x) satisfies Eqs. (28) and (29) of the text. Let 2, and $,(x) denote the 
eigenvalues and normalized eigenfunctions of this problem. 


CO 
(b) Assume that u(x,t) = >> b(t), (x), and show that b, (¢) must satisfy the initial value 
n=1 
problem 


bi (t) oF An Pn (t) — Vn (t), b, (0) => an by, (0) = By, 


where a,,, B,, and y, (t) are the expansion coefficients for f(x), g(x), and F(x, t)/r(x) in 
terms of the eigenfunctions ¢,(x),...,0,(X),..-. 

In this problem we explore a little further the analogy between Sturm—Liouville bound- 
ary value problems and Hermitian matrices. Let A be an n x n Hermitian matrix with 


eigenvalues A,,...,,, and corresponding orthogonal eigenvectors eM, €™. 
Consider the nonhomogeneous system of equations 
Ax — ux=b, (i) 


where py is a given real number and b is a given vector. We will point out a way of solving 
Eq. (i) that is analogous to the method presented in the text for solving Eqs. (1) and (2). 
(a) Show that b = >> b,é, where b, = (b, €). 


i=1 
n 


(b) Assume that x = > we” and show that for Eq. (i) to be satisfied, it is necessary that 
i=l 
a, = b./(A,; — »). Thus 


n b, (i) ; 
x= bs) e”, (ii) 
ia 4; — 
provided that yu is not one of the eigenvalues of A, w # A; fori = 1, ...,. Compare this 


result with Eq. (13). 


Green’ Functions. Consider the nonhomogeneous system of algebraic equations 


Ax — ux =b, (i) 


5Green’s functions are named after George Green (1793-1841) of England. He was almost entirely self-taught 
in mathematics, and made significant contributions to electricity and magnetism, fluid mechanics, and partial 
differential equations. His most important work was an essay on electricity and magnetism that was published 
privately in 1828. In this paper Green was the first to recognize the importance of potential functions. He introduced 
the functions now known as Green’s functions as a means of solving boundary value problems, and developed 
the integral transformation theorems of which Green’s theorem in the plane is a particular case. However, these 
results did not become widely known until Green’s essay was republished in the 1850s through the efforts of 
William Thomson (Lord Kelvin). 
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where A is ann x n Hermitian matrix, jz is a given real number, and b is a given vector. Instead 
of using an eigenvector expansion as in Problem 27, we can solve Eq. (i) by computing the 
inverse matrix (A —I)~!, which exists if jz is not an eigenvalue of A. Then 


x= (A—yuD'b. (ii) 


Problems 28 through 36 indicate a way of solving nonhomogeneous boundary value problems 
that is analogous to using the inverse matrix for a system of linear algebraic equations. The 
Green’s function plays a part similar to the inverse of the matrix of coefficients. This method 
leads to solutions expressed as definite integrals rather than as infinite series. Except in Problem 
35 we will assume that jz = 0 for simplicity. 


28. (a) Show by the method of variation of parameters that the general solution of the differ- 
ential equation 


—y" = f@) 
can be written in the form 
x 
y=) =c,+qx—- | 5) f(s) ds, 
0 
where c, and c, are arbitrary constants. 


(b) Let y = @(x) also be required to satisfy the boundary conditions y(0) = 0, y(1) = 0. 
Show that in this case 


1 
c, = 9, oa} (d—s) f(s) ds. 


(c) Show that, under the conditions of parts (a) and (b), @(x) can be written in the form 


1 


oof s(l—x) f(s) as+ f x(1—s) f(s) ds. 
0 


x 


(d) Defining 


sdi-x), O<s<x, 
x(Q-s), x<s<l, 


G(x, s) = 


show that the solution takes the form 


1 
ox) =f G(x, s) f(s) ds. 
0 


The function G(x, s) appearing under the integral sign is a Green’s function. The usefulness 
of a Green’s function solution rests on the fact that the Green’s function is independent of 
the nonhomogeneous term in the differential equation. Thus, once the Green’s function is 
determined, the solution of the boundary value problem for any nonhomogeneous term f (x) 
is obtained by a single integration. Note further that no determination of arbitrary constants 
is required, since @(x) as given by the Green’s function integral formula automatically 
satisfies the boundary conditions. 

29. By aprocedure similar to that in Problem 28 show that the solution of the boundary value 
problem 


—(y" + y) = f@), y(0)=0, yl) =0 


iS 


1 
y= OQ) = ii G(x, s) f(s) ds, 
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where 
sins sin(1 — x) 
aa a O<s<x, 
COa4 a 
sinx sin(1 — s) 
——ee ST 


sin | 


30. It is possible to show that the Sturm—Liouville problem 


Lly] = —[p@)y'T + 4@)y = f), (i) 
a, yO) + a,y'(0) = 0, b,yQ) + by’) = 0 (ii) 


has a Green’s function solution 


1 
= [ Coie) di, aii) 


provided that 2 = 0 is not an eigenvalue of L[y] = Ay subject to the boundary conditions 
(ii). Further, G(x, s) is given by 


es (s)y,(x)/p(x)W(y,, yx), OSs <x, 
G(x, s)= (iv) 
—y,(x)y,(s)/pO)Wiy,,y)Q), x<s<1, 


where y, is a solution of L[y] = 0 satisfying the boundary condition at x = 0, y, is a 
solution of L[y] = 0 satisfying the boundary condition at x = 1, and W(y,, y,) is the 
Wronskian of y, and y,. 

(a) Verify that the Green’s function obtained in Problem 28 is given by formula (iv). 

(b) Verify that the Green’s function obtained in Problem 29 is given by formula (iv). 

(c) Show that p(x)W(y,, y,)(x) is a constant, by showing that its derivative is zero. 

(d) Using Eq. (iv) and the result of part (c), show that G(x, s) = G(s, x). 

(e) Verify that y = $(x) from Eq. (iii) with G(x, s) given by Eq. (iv) satisfies the differ- 
ential equation (i) and the boundary conditions (ii). 


In each of Problems 31 through 34 solve the given boundary value problem by determining the 


appropriate Green’s function and expressing the solution as a definite integral. Use Eqs. (i) to 
(iv) of Problem 30. 


34. —y" = f(x), y0)=0, yd) =0 


35. Consider the boundary value problem 


Lly] = —[p@)y'T + q(x)y = ur(x)y + f(x), (i) 
a,y(0) +a,y'(0)=0, —-b,y(1) +b, y'1) = 0. (ii) 


According to the text, the solution y = (x) is given by Eq. (13), where c,, is defined by 
Eq. (9), provided that jz is not an eigenvalue of the corresponding homogeneous problem. 
In this case it can also be shown that the solution is given by a Green’s function integral of 
the form 


1 
=eG)= [ CRE IOUT (ii) 
¢ 


Note that in this problem the Green’s function also depends on the parameter p. 
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36. 


(a) Show that if these two expressions for #(x) are to be equivalent, then 


= $3 (x)$ (5) 
G(x,s, = ss. 
(x, 5, 1) 2, aa (iv) 


where A, and @, are the eigenvalues and eigenfunctions, respectively, of Eqs. (3), (2) of the 
text. Again we see from Eq. (iv) that jz cannot be equal to any eigenvalue 4,. 
(b) Derive Eq. (iv) directly by assuming that G(x, s, 2) has the eigenfunction expansion 


oo 


G(x, s,n) =D a(x, )$,(s); (v) 


i=1 


determine a, (x, 4) by multiplying Eq. (v) by r(s)Q; (s) and integrating with respect to s 
from s = Otos = 1. 
Hint: Show first that A, and ¢, satisfy the equation 


1 
$)(x) = (A, - H) / G(x, 8, w)r(s)6,(s) ds. (vi) 
0 
Consider the boundary value problem 
—d’y/ds?=3(s—x), — y(0) = 0, -y(1) =, 


where s is the independent variable, s = x is a definite point in the interval 0 < s < 1, and 
6 is the Dirac delta function (see Section 6.5). Show that the solution of this problem is the 
Green’s function G(x, s) obtained in Problem 28. 

In solving the given problem, note that 5(s — x) = 0 in the intervals 0 < s < x and 
x <s <1. Note further that —dy/ds experiences a jump of magnitude 1 as s passes 
through the value x. 

This problem illustrates a general property, namely, that the Green’s function G(x, s) can 
be identified as the response at the point s to a unit impulse at the point x. A more general 
nonhomogeneous term f on 0 < x < 1 can be regarded as a continuous distribution of 
impulses with magnitude f(x) at the point x. The solution of a nonhomogeneous boundary 
value problem in terms of a Green’s function integral can then be interpreted as the result 
of superposing the responses to the set of impulses represented by the nonhomogeneous 
term f(x). 


11.4 Singular Sturm- Liouville Problems 


In the preceding sections of this chapter we considered Sturm—Liouville boundary 
value problems: the differential equation 


Lily] = —[p@)y'T + q(@)y =ar(a)y, O<2x <1, (1) 


together with boundary conditions of the form 


a,y(0) + a,y'(0) = 0, (2) 
by) + by") = 0. (3) 


Until now, we have always assumed that the problem is regular; that is, p is differen- 
tiable, g and r are continuous, and p(x) > 0 and r(x) > 0 at all points in the closed 
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interval. However, there are also equations of physical interest in which some of these 
conditions are not satisfied. 

For example, suppose that we wish to study Bessel’s equation_of order v on the 
interval 0 < x < 1. This equation is sometimes written in the for 


I ee: 
(xy) + = y=Axy, (4) 


so that p(x) = x, g(x) = v?/x, and r(x) = x. Thus p(0) = 0, r(0) = 0, and q(x) is 
unbounded and hence discontinuous as x — 0. However, the conditions imposed on 
regular Sturm—Liouville problems are met elsewhere in the interval. 

Similarly, for Legendre’s equation we have 


—[(1 — x”) y'J = Ady, =[ ee <I, (5) 


where A = a(a+ 1), p(x) = 1—- x’, q(x) = 0, and r(x) = 1. Here the required con- 
ditions on p, q, and r are satisfied in the interval 0 < x < 1 except at x = 1 where p 
is Zero. 

We use the term singular Sturm—Liouville problem to refer to a certain class of 
boundary value problems for the differential equation (1) in which the functions p, q, 
and r satisfy the conditions stated earlier on the open interval 0 < x < 1, but at least 
one of these functions fails to satisfy them at one or both of the boundary points. We 
also prescribe suitable separated boundary conditions, of a kind to be described in more 
detail later in this section. Singular problems also occur if the interval is unbounded, 
for example, 0 < x < oo. We do not consider this latter kind of singular problem in 
this book. 

As an example of a singular problem on a finite interval, consider the equation 


xy" +y'+Aaxy =0, (6) 
or 
—(xy')’ = Axy, (7) 


on the interval 0 < x < 1, and suppose that A > 0. This equation arises in the study of 
free vibrations of a circular elastic membrane, and is discussed further in|Section 11.5. 
If we introduce the new independent variable ¢ defined by t = V/A x, then 


dy _ pay dy dy 
—— Xr 7 => x . 
dx dt ax? dt? 
Hence Eq. (6) becomes 
t .d’y dy t 
r Li aba = 0, 
Vi dt? dt fi 
or, if we cancel the common factor ./A in each term, 
d’y | dy 
t—>+—4+ty=0. 8 
Ae 23 oF hy (8) 


®The substitution t = \/A x reduces Eq. (4) to the standard form ¢?y” + ty’ + (7 — v?)y = 0. 
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Equation (8)/is Bessel’s equation of order zero (see Section 5.8). The general solution 
of Eq. @) 


$)ifort > Ois 
Y= Ct) + YO 


hence the general solution of|Eq. (7)/ for x > 0 is 


y =C,J)(VAx) + 65¥,(VAx), (9) 
where J, and Y) denote the Bessel functions of the first and second kinds of order zero. 
From) Eqs. (7) pnd|(13) of Section 5.8 we have 

ie ee ae ie a 
Ig(Vrx) = 14 . Bee, 10 
o(VAx) = "on? (10) 
2 | Vix | ee) Ci" a ae 
Yo(WAx) = — (> ee Jn(Va.x) 4 2 a?  & ae 


m 


J)(x) and y = Y)(x) are given in| Figure 5.8.2. 


Suppose that we seek a solution of Eq. (7) that also satisfies the boundary conditions 


where H, = 1+ (1/2) +---+(1/m),and y = lim (H,, — In m).The graphs of y = 


y(O) = 0, (12) 
y(1) = 90, (13) 


which are typical of those we have met in other problems in this chapter. Since J, (0) = 1 
and Y)(x) + —ooas x — 0, the condition y(0) = 0 can be satisfied only by choosing 
Cc; = Cc, = 0 in Eq. (9). Thus the boundary value[problem (7)| (12), (13) has only the 
trivial solution. 

One interpretation of this result is that the boundary condition (12) at x = 0 is too 
restrictive for the differential equation (7)] This illustrates the general situation, namely, 
that at a singular boundary point it is necessary to consider a modified type of boundary 
condition. In the present problem, suppose that we require only that the solution (9) 
and its derivative remain bounded. In other words, we take as the boundary condition 
at x = 0 the requirement 


y, y’ bounded as x > 0. (14) 


This condition can be satisfied by choosing c, = 0 in Eq. (9), so as to eliminate the 
unbounded solution Y). The second boundary condition, y(1) = 0, then yields 


Iy(Va) = 0. (15) 


It is possible to show that Eq. (15) has an infinite set of discrete positive roots, 
which yield the eigenvalues 0 < A, <A, <--- <A, <--- of the given problem. The 
corresponding eigenfunctions are 


$,(x) = FAC wee) (16) 


The function Jy is well tabulated; the roots of Eq. (15) can be found in various tables, for example, those in 
Jahnke and Emde or Abramowitz and Stegun. The first three roots of Eq. (15) are Vi = 2.405, 5.520, and 8.654, 
respectively, to four significant figures; /A,, = (n — 1/4)z for large n. 
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determined_only up to a multiplicative constant. The boundary value|problem (7) 
gu Ge an example of a singular Sturm—Liouville problem. This example 
illustrates that if the boundary conditions are relaxed in an appropriate way, then a 
singular Sturm—Liouville problem may have an infinite sequence of eigenvalues and 
eigenfunctions, just as a regular Sturm—Liouville problem does. 

Because of their importance in applications, it is worthwhile to investigate singular 
boundary value problems a little further. There are two main questions that are of 
concern. 


1. Precisely what type of boundary conditions can be allowed in a singular Sturm— 
Liouville problem? 


2. To what extent do the eigenvalues and eigenfunctions of a singular problem share 
the properties of eigenvalues and eigenfunctions of regular Sturm—Liouville prob- 
lems? In particular, are the eigenvalues real, are the eigenfunctions orthogonal, 
and can a given function be expanded as a series of eigenfunctions? 


Both these questions can be answered by a study of the identity 


1 
/ {L[u]v — uL[v]} dx = 0, (17) 
0 


which played an essential part in the development of the theory of regular Sturm— 
Liouville problems. We therefore investigate the conditions under which this relation 
holds for singular problems, where the integral in Eq. (17) may now have to be exam- 
ined as an improper integral. To be definite we consider the differential}equation (1) | 
and assume that x = 0 is a singular boundary point, but that x = 1 is not. The bound- 
ary {condition (3) is imposed at the nonsingular boundary point x = 1, but we leave 
unspecified, for the moment, the boundary condition at x = 0. Indeed, our principal 
object is to determine what kinds of boundary conditions are allowable at a singular 
boundary point if Eq. (17) is to hold. 

Since the boundary value problem under investigation is singular at x = 0, we choose 


1 I 
€ > 0 and consider the integral [ L[u]v dx, instead of f L[u]v dx, as in Section 


€ 0 
111.2. |Afterwards we let € approach zero. Assuming that u and v have at least two 
continuous derivatives on € < x < 1, and integrating twice by parts, we find that 


1 


1 
/ {L[uJu — wL[v]} dx = —p(x)[u'(x)u(x) — u(x)v'(x) I} (18) 


€ 


The boundary term at x = | is again eliminated if both u and v satisfy the boundary 
condition (3)} and thus, 


1 
i {L[uJu — uL[v]} dx = p(e)[u'(e)v(e) — u(e)v'(e)]. (19) 


Taking the limit as € — 0 yields 


1 
/ {L[u]v — uL[v]} dx = a p(e)[u' (e)v(e) — u(e)v'(e)]. (20) 
0 E> 
Hence Eq. (17) holds if and only if, in addition to the assumptions stated previously, 
lim p(e)[u'(e)v(€) — u(e)u'(e)] = 0 (21) 
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for every pair of functions u and v in the class under consideration.|Equation (21)]is 


therefore the criterion that determines what boundary conditions are allowable at x = 0 
if that point is a singular boundary point. A similar condition applies at x = 1 if that 
boundary point is singular, namely, 


lim p(1 — €)[u'(1 — €)vd ~€) — ud ~e)v'(1 — 6] = 0. (22) 


In summary, as in |Section 11.2} a singular boundary value problem for|Eq. (1)]is 
said to be self-adjoint if Eq. (I7)]is valid, possibly as an improper integral, for each 


pair of functions uw and v with the following properties: They are twice continuously 
differentiable on the open interval 0 < x < 1, they satisfy a boundary condition of the 
[form (2)fat each regular boundary point, and they satisfy a boundary condition sufficient 
to ensurelEg, 21) ff x = Oisa singular boundary point, or Eq. (22) ifx = 1 isa singular 
boundary point. If at least one boundary point is singular, then the differential equation 
(1), {together with two boundary conditions of the type just described, are said to form 
a[singular Sturm—Liouville problem] 

For example, for|Eq. (7) we have p(x) =x. If both u and v satisfy the boundary 
[condition (14) hit x = 0, itis clear that| Eq. (21)|will hold. Hence the singular boundary 
value problem, consisting of the differential the boundary| condition (14)| 
at x = 0, and any boundary condition of the at x = 1, is self-adjoint. 

The most striking difference between regular and singular Sturm—Liouville prob- 
lems is that in a singular problem the eigenvalues may not be discrete. That is, the 
problem may have nontrivial solutions for every value of A, or for every value of 2 
in some interval. In such a case the problem is said to have a continuous spectrum. 
It may happen that a singular problem has a mixture of discrete eigenvalues and also 
a continuous spectrum. Finally, it is possible that only a discrete set of eigenvalues 
exists, just as in the regular case discussed in For example, this is true 
of the problem consisting of and](14)| In general, it may be difficult to 
determine which case actually occurs in a given problem. 

A systematic discussion of singular Sturm—Liouville problems is quite sophisticated 
indeed, requiring a substantial extension of the methods presented in this book. We 
restrict ourselves to some examples related to physical applications; in each of these 
examples it is known that there is an infinite set of discrete eigenvalues. 


If a singular Sturm—Liouville ae does have only a discrete set of eigenvalues 


and eigenfunctions, then] Eq. (17)|can be used, just as in|Section 11.2,|to prove that the 
eigenvalues of such a problem are real, and that the eigenfunctions are orthogonal with 


respect to the weight function r. The expansion of a given function in terms of a series 
of eigenfunctions then follows as in[Section 11.2) 

Such expansions are useful, as in the regular case, for solving nonhomogeneous 
boundary value problems. The procedure is very similar to that described in Section 
[11.3.]Some examples for ordinary differential equations are indicated in 
and some problems for partial differential equations appear in[Section 11.5.| 


For instance, the eigenfunctions ¢, (x) = J)(,/A,, x) of the singular Sturm—Liouville 
problem 


—(xy’)’ =Axy, 0<x <1, 
y, y’ bounded as x > 0, y(1) =0 


8See, for example, Chapter 5 of the book by Yosida. 
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satisfy the orthogonality relation 


1 
/ X¢,, (x)h, (x) dx = 0, mAézn (23) 
0 


with respect to the weight function r(x) = x. Then, if f is a given function, we assume 
that 


FO) = Deg gly) ¥y®)- (24) 


n=1 


Multiplying Eq. (24) by x J)(,/4,,, ©) and integrating term by term from x = 0 tox = 1 


yield 
1 oo 1 
i xf 2) Joly in ¥) ax= Joe, f XJo [an 2) Solan) dx. 25) 


n=1 


Because of the orthogonality condition (23), the right side of Eq. (25) collapses to a 


single term; hence 
1 
/ Xf (X)IQG/ A, ©) Ex 
=" (26) 


I 
SIGIR x) dx 
i 0) m 


which determines the coefficients in the series (24). 

The convergence of the series (24) is established by an extension of 
to cover this case. This theorem can also be shown to hold for other sets of Bessel 
functions, which are solutions of appropriate boundary value problems, for Legendre 
polynomials, and for solutions of a number of other singular Sturm—Liouville problems 
of considerable interest. 

It must be emphasized that the singular problems mentioned here are not necessarily 
typical. In general, singular boundary value problems are characterized by continuous 
spectra, rather than by discrete sets of eigenvalues. The corresponding sets of eigen- 
functions are therefore not denumerable, and series expansions of the type described in 


Theorem 11.2.4/do not exist. They are replaced by appropriate integral representations. 


m 


PROBLEMS 1. Find a formal solution of the nonhomogeneous boundary value problem 


— (xy’y’ = pxy + f(x), 
y, y bounded as x > 0, y(1) =0, 


where f is a given continuous function on 0 < x < 1, and y is not an eigenvalue of the 
corresponding homogeneous problem. 
Hint: Use a series expansion similar to those in Section 11.3. 

. Consider the boundary value problem 


—(xy’)’ = Axy, 


y, y’ bounded as x > 0, yd) =0. 


(a) Show that 4, = 0 is an eigenvalue of this problem corresponding to the eigenfunc- 
tion ¢,(x) = 1. If 4 > 0, show formally that the eigenfunctions are given by $, (x) = 
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Jo/%,, x), where ,/A,, is the nth positive root (in increasing order) of the equation 


Jp (/) = 0. It is possible to show that there is an infinite sequence of such roots. 
(b) Show thatifm, n =0,1,2,..., then 


1 
i XG, (X)P, (4) dx = 0, meén. 
0 


(c) Find a formal solution to the nonhomogeneous problem 


— (xy’y’ = pxy + f(x), 
y, y’ bounded as x > 0, y’(1) = 0, 


where f is a given continuous function on 0 < x < 1, and y is not an eigenvalue of the 
corresponding homogeneous problem. 
Consider the problem 


— (xy) + (P/x)y = dxy, 
y, y’ bounded as x — 0, yd) =0, 


where k is a positive integer. 

(a) Using the substitution t = s/A x, show that the given differential equation reduces to 
Bessel’s equation of order k (see Problem 9 of Section 5.8). One solution is J, (¢); a second 
linearly independent solution, denoted by Y, (¢), is unbounded as t — 0. 

(b) Show formally that the eigenvalues 1,,2,,... of the given problem are the squares 
of the positive zeros of J, (/A), and that the corresponding eigenfunctions are ¢, (1) = 
J. (Jy, x). It is possible to show that there is an infinite sequence of such zeros. 

(c) Show that the eigenfunctions ¢, (x) satisfy the orthogonality relation 


1 
i: XO, (x)b, (x) dx = 0, msn. 
0 


(d) Determine the coefficients in the formal series expansion 


lo.e) 


fx) => a,¢,(x). 


n=1 


(e) Find a formal solution of the nonhomogeneous problem 
— (xy + /x)y = wxy + £0), 
y, y bounded as x — 0, y(1) =0, 


where f is a given continuous function on 0 < x < 1, and y is not an eigenvalue of the 
corresponding homogeneous problem. 
Consider Legendre’s equation (see Problems 22 through 24 of Section 5.3) 


[0 = x*)y'J = ay 
subject to the boundary conditions 
y(0) = 0, y, y’ bounded as x > 1. 


The eigenfunctions of this problem are the odd Legendre polynomials ¢, (x) = P, (x) = x, 
by (x) = P(x) = (5x? — 3x)/2,...,0,(%) = P,,_,(%), ... corresponding to the eigen- 
values A, = 2,4, =4-3,...,A, = 2n(2n — 1),.... 

(a) Show that 


\ 
i P(x), (x) dx = 0, meénN. 
0 
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(b) Find a formal solution of the nonhomogeneous problem 


[1 —x7)y') = wy + fQ@), 


y(0) =0, y, y’ bounded as x > 1, 


where f is a given continuous function on 0 < x < 1, and y is not an eigenvalue of the 
corresponding homogeneous problem. 
5. The equation 


(l—x*)y” — xy’ +ay =0 (i) 


is Chebyshev’s equation; see Problem 10 of Section 5.3. 
(a) Show that Eq. (i) can be written in the form 


—[(1 — x7)? y'J = ad —x?)7!/y, -l<x<l. (ii) 
(b) Consider the boundary conditions 
y, y’ bounded as x > —1, y, y’ bounded as x > 1. (iii) 


Show that the boundary value problem (ii), (iii) is self-adjoint. 

(c) It can be shown that the boundary value problem (ii), (iii) has the eigenvalues A, = 0, 
A, =1,4,=4,...54, = n’,.... The corresponding eigenfunctions are the Chebyshev 
polynomials T (x): Ty(x) = 1, T,@) =x, 7,7) =1—- 2x7,.... Show that 


fi T,,)T,,@) 


Note that this is a convergent improper integral. 


x =0, meén. (iv) 


11.5 Further Remarks on the Method of Separation of Variables: 
A Bessel Series Expansion 


In this chapter we are interested in extending the method of separation of variables 


developed in{ Chapter 10]to a larger class of problems—to problems involving more 
general differential equations, more general boundary conditions, or different geomet- 
rical regions. We indicated in| Section TL.3]how to deal with a class of more general 
differential equations or boundary conditions. Here we concentrate on problems posed 
in various geometrical regions, with emphasis on those leading to singular Sturm— 
Liouville problems when the variables are separated. 

Because of its relative simplicity, as well as the considerable physical significance 
of many problems to which it is applicable, the method of separation of variables 
merits its important place in the theory and application of partial differential equations. 
However, this method does have certain limitations that should not be forgotten. In 
the first place, the problem must be linear so that the principle of superposition can 
be invoked to construct additional solutions by forming linear combinations of the 
fundamental solutions of an appropriate homogeneous problem. 

As a practical matter, we must also be able to solve the ordinary differential equations, 
obtained after separating the variables, in a reasonably convenient manner. In some 
problems to which the method of separation of variables can be applied in principle, it 
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is of very limited practical value due to lack of information about the solutions of the 
ordinary differential equations that appear. 

Furthermore, the geometry of the region involved in the problem is subject to rather 
severe restrictions. On one hand, a coordinate system must be employed in which the 
variables can be separated, and the partial differential equation replaced by a set of 
ordinary differential equations. For Laplace’s equation there are about a dozen such 
coordinate systems; only rectangular, circular cylindrical, and spherical coordinates 
are likely to be familiar to most readers of this book. On the other hand, the boundary 
of the region of interest must consist of coordinate curves or surfaces, that is, curves or 
surfaces on which one variable remains constant. Thus, at an elementary level, one is 
limited to regions bounded by straight lines or circular arcs in two dimensions, or by 
planes, circular cylinders, circular cones, or spheres in three dimensions. 

In three-dimensional problems the separation of variables in Laplace’s operator 
Uy. + Uyy +U,, leads to the equation X” + AX =0 in rectangular coordinates, to 
Bessel’s equation in cylindrical coordinates, and to Legendre’s equation in spherical 
coordinates. It is this fact that is largely responsible for the intensive study that has 
been made of these equations and the functions defined by them. It is also noteworthy 
that two of the three most important situations lead to singular, rather than regular, 
Sturm—Liouville problems. Thus, singular problems are by no means exceptional and 
may be of even greater interest than regular ones. The remainder of this section is 
devoted to an example involving an expansion of a given function as a series of Bessel 
functions. 


The Vibrations of a Circular Elastic Membrane. In|Section 10.7 [Eq. (7)] |we noted 
that the transverse vibrations of a thin elastic membrane are governed by the two- 
dimensional wave equation 

au, +u,,) = uy. (1) 


To study the motion of a circular membrane it is convenient to write Eq. (1) in polar 
coordinates: 


; 1 1 
a Ui, a —U, 2 7466 = Uy, (2) 
r r 


We will assume that the membrane has unit radius, that it is fixed securely around its 
circumference, and that initially it occupies a displaced position independent of the 
angular variable 6, from which it is released at time t = 0. Because of the circular 
symmetry of the initial and boundary conditions, it is natural to assume also that u is 
independent of 0; that is, u is a function of r and ¢ only. In this event the differential 
equation (2) becomes 


1 
a’ («, + v1.) =4U,; O<r<l, t>0. (3) 


r 


The boundary condition at r = | is 
u(1,t) =0, r= 0, (4) 
and the initial conditions are 


u(r, 0) = f(r), 0<r<lil, (5) 
u,(r,0) = 0, O<r<l, (6) 
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where f(r) describes the initial configuration of the membrane. For consistency we 
also require that f (1) = 0. Finally, we state explicitly the requirement that u(r, t) is to 
be bounded for 0 <r < 1. 

Assuming that u(r, t) = R(r)T (t), and substituting for u(r, t) infEq. (3)| we obtain 


R" 1 R’ 17” 
+0/yR 17 a o 
R a’ T 


We have anticipated that the separation constant must be negative by writing it as —A? 
with 2 > 02 IThen Eq. (7) yields the following two ordinary differential equations: 


PR" +rR'+V77°R=0, (8) 
T" L 2 a2T —0. (9) 

Thus, from Eq. (9), 
T(t) =k, sinAat + k, cos dat. (10) 


Introducing the new independent variable € = Ar into Eq. (8), we obtain 


BOE OE ay (11) 
de> dé i 
which is Bessel’s equation of order zero. Thus, 
R=c,J)(&) + 658), (12) 


where J) and Y) are Bessel functions of the first and second kinds, respectively, of 


order zero (see|Section 11.4). In terms of r we have 
R=c,J)(Ar) + ¢,Y)(ar). (13) 


The boundedness condition on u(r, f) requires that R remain bounded as r — 0. Since 
Y,(Ar) + —oo as r — 0, we must choose c, = 0. The boundary condition (4) then 
requires that 


a) =0. (14) 


Consequently, the allowable values of the separation constant_are obtained from the 


roots of the transcendental equation (14). Recall from|Section 11.4|that J)(A) has an 


infinite set of discrete positive zeros, which we denote by 1.,,A,,A3,.-.,4,,. +++, ordered 
in increasing magnitude. Further, the functions J)(A,,r) are the eigenfunctions of a 
singular Sturm—Liouville problem, and can be used as the basis of a series expansion for 
the given function f. The fundamental solutions of this problem, satisfying the partial 


differential]equation (3)} the boundary|condition (4)} and boundedness condition, are 
u, (r,t) = Jo(a,r) sina, at, | a es (15) 
v, (7, t) = Jo(A,r) cos A,at, | ail a) eae (16) 


By denoting the separation constant by —A”, rather than simply by —A, we avoid the appearance of numerous 
radical signs in the following discussion. 
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Next we assume that u(r, t) can be expressed as an infinite linear combination of the 


fundamental] solutions (15)]| (16) 


co 


u(r, t) = > [k,,U, (r,t) +c,u,(7, t)| 


n=1 


= y [k,J)(A,7) sinda,at +c, J,(A,,7) cosa, at]. (17) 
n=l 
The initial conditions require that 
u(r, 0) = ya = f(r) (18) 
n=l 
and 
u(r, 0) = ‘ 1,ak,, Jy(a,7r) = 0. (19) 
n=l 
[ rf (r)J,(A,r) dr 
k,=0, ea : n=1,2,.... (20) 


n 1 
/ r[Jo(A,r)V dr 
0 
Thus, the solution of the partial differential|equation (3)|satisfying the boundary con- 


dition (4)/and the initial|conditions (5) and (6)|is given by 


u(r,t) = °c, Jg(A,r) cos, at (21) 


n=1 


with the coefficients c, defined by Eq. (20). 


1. Consider Laplace’s equation u,. + uw, = 0 in the parallelogram whose vertices are (0, 0), 


PROBLEMS 


(2, 0), (3, 2), and (1, 2). Suppose that on the side y = 2 the boundary condition is u(x, 2) = 
Ff (x) for 1 < x < 3, and that on the other three sides u = 0 (see Figure 11.5.1). 


xv 
z 
Ss 
j=) 


A | (0, 0) B (2, 0) 
(a) (b) 


B’ (2, 0) S 


FIGURE 11.5.1 The region in Problem 1. 
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(a) Show that there are no nontrivial solutions of the partial differential equation of the 
form u(x, y) = X(x)Y that also satisfy the homogeneous boundary conditions. 

(b) Let § =x — sy, n = y. Show that the given parallelogram in the x y-plane transforms 
into the square 0 < € < 2,0 < n <2 in the €n-plane. Show that the differential equation 
transforms into 


5 = 
ques — Un + Uy = 0. 


How are the boundary conditions transformed? 
(c) Show that in the 7-plane the differential equation possesses no solution of the form 


u(§,n) = U(E)V(m). 


Thus in the xy-plane the shape of the boundary precludes a solution by the method of the 
separation of variables, while in the €7-plane the region is acceptable but the variables in 
the differential equation can no longer be separated. 

Find the displacement u(r, t) ina vibrating circular elastic membrane of radius | that satisfies 
the boundary condition 


u(1,t) = 0, t > 0, 
and the initial conditions 
u(r, 0) = 0, u,(r, 0) = g(r), O0<r<1l, 


where g(1) = 0. 

Hint: The differential equation to be satisfied is Eq. (3) of the text. 

Find the displacement u(r, t) ina vibrating circular elastic membrane of radius | that satisfies 
the boundary condition 


u(1,t) = 0, t > 0, 


and the initial conditions 


u(r, 0) = f(r), u,(r, 0) = g(r), O0<r<1l, 


where f(1) = g(1) = 0. 
q. € wave equation in polar coordinates is 


u,, + U/r)u, + (1/r?)itg, — aie. 


Show that if u(r, 0, tf) = R(r)O(@)T (ft), then R, ©, and T satisfy the ordinary differential 
equations 
rR" +rR' + (02r? —n7)R=0, 
0” +n’ =0, 
T’ +aT =0. 
5. In the circular cylindrical coordinates r, 0, z defined by 


x =rcosé, y=rsind, Z=%, 


Laplace’s equation is 
u,, + (/r)u, + (/r?)ug, + u,, = 0. 
(a) Show that if u(r, 0, z) = R(r)O(@)Z(z), then R, ©, and Z satisfy the ordinary differ- 
ential equations 
rR" +rR + (Vr? —n’)R=0, 
0” +n’ =0, 
Adee a 
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(b) Show that if u(r, 6, z) is independent of 9, then the first equation in part (a) becomes 
r?>R" +rR' +17r?R =0, 


the second is omitted altogether, and the third is unchanged. 

Find the steady-state temperature in a semi-infinite rod 0 < z < «w,0 <r <1, if the tem- 
perature is independent of @ and approaches zero as z —> oo. Assume that the temperature 
u(r, Z) satisfies the boundary conditions 


u(1,z) =0, 
u(r,0) = f(r), 
Hint: Refer to Problem 5. 
The equation 
v,, tv, $v =0 
is a generalization of Laplace’s equation, and is sometimes called the Helmholtz (1821- 
1894) equation. 


v,, + (/r)v, + A/r?)v_, +? = 0. 
If v(v, 8) = R(r)©(@), show that R and © satisfy the ordinary differential equations 
72R" + rR’ + (Kr? —22)R =0, Ee” +170 =0. 


(b) Consider the Helmholtz equation in the disk r < c. Find the solution that remains 
bounded at all points in the disk, that is periodic in 9 with period 27:, and that satisfies the 
boundary condition v(c, 9) = f(@), where f is a given function on 0 < 6 < 2z. 

Hint: The equation for R is a Bessel equation. See Problem 3 of Section 11.4. 

Consider the flow of heat in an infinitely long cylinder of radius 1:0 <r < 1,0 <0 < 2z, 
—oo < z < oo. Let the surface of the cylinder be held at temperature zero, and let the initial 
temperature distribution be a function of the radial variable r only. Then the temperature u 
is a function of r and ¢ only, and satisfies the heat conduction equation 


a[u,, + (A/r)u,] =u,, O<r<il, t>0, 
and the following initial and boundary conditions: 


u(r,0) = f(r), O<r<l, 
u(1, t) = 0, t>0. 
Show that 


[o,@) 


2,2 
u(r, t) = eine Ant 


n=1 


where J,(A,,) = 0. Find a formula for c,. 
In the spherical coordinates p, 0, 6 (9 > 0, O<0 <2, 0< <2) defined by the 
equations 


x = pcos@sing, y= psiné sing, Z=pcos¢, 
Laplace’s equation is 
pu, + 2pu, + (csc? P)Ugy + Ugg + (cot¢)u, =0. 


(a) Show that if u(o, 0, 6) = P(p)O(6) P(A), then P, ©, and © satisfy ordinary differential 
equations of the form 
p-P” a 2pP! _ wP =0, 
0” +170 =0, 
(sin? 6) ®” + (sind cos )®’ + (u" sin? d — A7)® = 0. 
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The first of these equations is of the Euler type, while the third is related to Legendre’s 
equation. 

(b) Show that if u(p, 6, @) is independent of 0, then the first equation in part (a) is un- 
changed, the second is omitted, and the third becomes 


(sin? $) ©” + (sing cos) ®’ + (wu sin? 6) ® = 0. 


(c) Show that if'a new independent variable is defined by s = cos ¢, then the equation for ® 
in part (b) becomes 


da’® d® 
(1 —s?) 73 2s a +170 =0, -l<s<1l. 


Note that this is Legendre’s equation. 


10. Find the steady-state temperature u(p, @) in a sphere of unit radius if the temperature is 
independent of 6 and satisfies the boundary condition 


u(l, b) = f@), O<@<nx. 


Hint: Refer to Problem 9 and to Problems 22 through 29 of Section 5.3. Use the fact 
that the only solutions of Legendre’s equation that are finite at both +1 are the Legendre 
polynomials. 


11.6 Series of Orthogonal Functions: Mean Convergence 


In[Section 11.2] we Stated that under certain restrictions a given function f can be 
expanded in a series of eigenfunctions of a Sturm—Liouville boundary value problem, 
the series converging to [ f(x+) + f(x—)]/2 at each point in the open interval. Under 
somewhat more restrictive conditions the series converges to f (x) at each point in the 
closed interval. This type of convergence is referred to as pointwise convergence. In 
this section we describe a different kind of convergence that is especially useful for 
series of orthogonal functions, such as eigenfunctions. 

Suppose that we are given the set of functions ¢,, ¢,,...,,, which are continuous 
on the interval 0 < x < 1 and satisfy the orthonormality condition 


1 pe 
—J9, iF), 
[ r(Xx)b;(x)b; 0) dx = te a (1) 
where r is a nonnegative weight function. Suppose also that we wish to approximate a 
given function f, defined on 0 < x < 1, by a linear combination of ¢,,..., ¢,. That 
is, if 
S,(%) = > 4,¢,(), (2) 


i=1 


we wish to choose the coefficients a,,...,a,, So that the function S$, will best approx- 
imate f on 0 <x <1. The first problem that we must face in doing this is to state 
precisely what we mean by “best approximate f on 0 < x < 1.” There are several 
reasonable meanings that can be attached to this phrase. 
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1. 


We can choose n points x,,..., x, in the interval 0 < x < 1, and require that S| (x) 
have the same value as f(x) at each of these points. The coefficients a,,..., a, 
are found by solving the set of linear algebraic equations 


\ 462) = fe), FS bavi (3) 
i=1 


This procedure is known as the method of collocation. It has the advantage that 
it is very easy to write down Eqs. (3); one needs only to evaluate the functions 
involved at the points x,,..., x,,. If these points are well chosen, and if n is fairly 
large, then presumably S,, (x) will not only be equal to f(x) at the chosen points 
but will be reasonably close to it at other points as well. However, collocation has 
several deficiencies. One is that if one more base function @,,, , is added, then one 
more point x, , , is required, and all the coefficients must be recomputed. Thus, it is 
inconvenient to improve the accuracy of a collocation approximation by including 
additional terms. Further, the coefficients a, depend on the location of the points 
X,,...,X,, and it is not obvious how best to select these points. 


Alternatively, we can consider the difference | f(x) — S,(x)| and try to make it 
as small as possible. The trouble here is that | f(x) — S,(x)| is a function of x 
as well as of the coefficients a,,...,a,, and it is not clear how to calculate a;. 
The choice of a, that makes | f(x) — S, (x)| small at one point may make it large 
at another. One way to proceed is to consider instead the least upper bound of 
| f(x) — S,(x)| for x in 0 < x < 1, and then to choose a,,...,a, so as to make 
this quantity as small as possible. That is, if 


E,(a),+--54,) = lub |f() — S,@)1, (4) 


then choose a,,..., a,, 80 as to minimize E,,. This approach is intuitively appealing, 
and is often used in theoretical calculations. However, in practice, it is usually 
very hard, if not impossible, to write down an explicit formula for EF, (a,,...,4,,). 
Further, this procedure also shares one of the disadvantages of collocation; namely, 
on adding an additional term to S,,(x), one must recompute all the preceding 
coefficients. Thus, it is not often useful in practical problems. 


Another way to proceed is to consider 


1 
Inlays) = ff Fe) HS, ax, (5) 


If r(x) = 1, then /, is the area between the graphs of y = f(x) and y= S$, (x) 
(seclFigure 11.61) We can then determine the coefficients a, so as to minimize 
I, To avoid the complications resulting from calculations with absolute values, it 
is more convenient to consider instead 


1 
R, (Qs +++ 4,) = / rx) f(x) — S,0x)P dx (6) 
0 


as our measure of the quality of approximation of the linear combination S, (x) to 
f (x). While R,, is clearly similar in some ways to J,,, it lacks the simple geometric 
interpretation of the latter. Nevertheless, it is much easier mathematically to deal 


'OThe least upper bound (lub) is an upper bound that is smaller than any other upper bound. The lub of a bounded 
function always exists, and is equal to its maximum if the function has one. 
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y 


FIGURE 11.6.1 Approximation of f(x) by S, (x). 


with R, than with J,. The quantity R, is called the mean square error of the 


approximation S, to f.Ifa,,...,a, are chosen so as to minimize R,,, then S,, is 
said to approximate f in the mean square sense. 
To choose a,,..., a, SO as to minimize R,, we must satisfy the necessary conditions 
dR, /da; = 0, i=l,...,n. (7) 
Writing out Eq. (7), and noting that 0S, (x; a,,...,a,,)/da, is equal to f(x), we obtain 
OR, ! 
= a r(x)[f@) — S10; (x) dx = 0. (8) 
i 0 
Substituting for S, (x) from|Eq. (2)}and making use of the orthogonality relation (1) 
lead to 
1 
a; = r(x) f (x)G,(x) dx, i=l,...,n. (9) 
0 


The coefficients defined by Eq. (9) are called the Fourier coefficients of f with respect 
to the orthonormal set ¢,, ¢,,...,, and the weight function r. Since the conditions 
(7) are only necessary and not sufficient for KR, to be a minimum, a separate argument 
is required to show that_R, is actually minimized if the a, are chosen by Eq. (9). This 
argument is outlined in 

Note that the coefficients (9) are the same as those in the eigenfunction series whose 
convergence, under certain conditions, was stated in Ferem 1-2. Thus, S, (x) is 
the nth partial sum in this series, and constitutes the best mean square approximation 
to f(x) that is possible with the functions ¢,,...,¢,. We will assume hereafter that 
the coefficients a, in S,, (x) are given by Eq. (9). 

Equation (9) is noteworthy in two other important respects. In the first place, it 
gives a formula for each a, separately, rather than a set of linear algebraic equations for 
d,,-.-,@, as in the method of collocation, for example. This is due to the orthogonality 
of the base functions ¢,,...,@,. Further, the formula for a, is independent of n, the 
number of terms in S$, (x). The practical significance of this is as follows. Suppose 
that, to obtain a better approximation to f, we desire to use an approximation with 
more terms, say, k terms, where k > n. It is then unnecessary to recompute the first n 
coefficients in S, (x). All that is required is to compute from Eq. (9) the coefficients 


., a, arising from the additional base functions ¢ .,@,- Of course, if 


Anes? n+1?"* 
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f,r,and the ¢, are complicated functions, it may be necessary to evaluate the integrals 
numerically. 

Now let us suppose that there is an infinite sequence of functions ¢,,...,,,-.-, 
which are continuous and orthonormal on the interval 0 < x < 1. Suppose further that, 
as n increases without bound, the mean square error R,, approaches zero. In this event 
the infinite series 


[o.e) 


Y\a,0;(x) 


i=1 


is said to converge in the mean square sense (or, more simply, in the mean) to f (x). 
Mean convergence is an essentially different type of convergence than the pointwise 
convergence considered up to now. A series may converge in the mean without con- 
verging at each point. This is plausible geometrically because the area between two 
curves, which behaves in the same way as the mean square error, may be zero even 
though the functions are not the same at every point. They may differ on any finite set 
of points, for example, without affecting the mean square error. It is less obvious, but 
also true, that even if an infinite series converges at every point, it may not converge in 
the mean. Indeed, the mean square error may even become unbounded. An example of 
this phenomenon is given if Peoblem 

Now suppose that we wish to know what class of functions, defined on0 < x < 1,can 
be represented as an infinite series of the orthonormal set ¢,, i = 1, 2, .... The answer 
depends on what kind of convergence we require. We say that the set g,,...,@,,... 
is complete with respect to mean square convergence for a set of functions F, if for 
each function f in f, the series 


[o.e) 


f(x) =) a,6,(x), (10) 


i=1 


with coefficients given by| Eq. (9) converges in the mean. There is a similar definition 
for completeness with respect to pointwise convergence. 


Theorems having to do with the convergence of series such as that_in Eq. (10) can 
now be restated in terms of the idea of completeness. For example,|Theorem 11.2.4 
can be restated as follows: The eigenfunctions of the Sturm—Liouville problem 

—[p@)yT +q@)y=ar@)y, O<x <1, (11) 
a,y(0) + ayy’) = 0, by) +b,y'A) =0 (12) 


are complete with respect to ordinary pointwise convergence for the set of functions 

that are continuous on 0 < x < 1, and have a piecewise continuous derivative there. 
If pointwise convergence is replaced by mean convergence Theorem 11.2.4] can 

be considerably generalized. Before we state such a companion theorem to Theorem 


11.2.4] we first define what is meant by a square integrable function. A function f is said 


to be square integrable on the interval 0 < x < 1 if both f and f are integrablé! bn 


"For the Riemann integral used in elementary calculus the hypotheses that f and f? are integrable are independent; 
that is, there are functions such that f is integrable but f? is not, and conversely (see Problem 6). A generalized 
integral, known as the Lebesgue integral, has the property (among others) that if f7 is integrable, then f is 
also necessarily integrable. The term square integrable came into common use in connection with this type of 
integration. 
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Theorem 11.6.1 


EXAMPLE 


1 


that interval. The following theorem is similar to} Theorem 11.2.4/except that it involves 


mean convergence. 


The eigenfunctions ¢, of the Sturm—Liouville|problem (11)}}(12) jare complete with 


respect to mean convergence for the set of functions that are Square integrable on 


0 <x <1. In other words, given xc square integrable function f, the series (10), 


whose coefficients are given by|Eq. (9)| converges to f(x) in the mean square sense. 


It is significant that the class of functions specified in Theorem 11.6.1 is very large 
indeed. The class of square integrable functions contains some functions with many 
discontinuities, including some kinds of infinite discontinuities, as well as some func- 
tions that are not differentiable at any point. All these functions have mean convergent 


expansions in the eigenfunctions of the boundary value problem (11)}|(12)} However, 


in many cases these series do not converge pointwise, at least not at every point. Thus 
mean convergence is more naturally associated with series of orthogonal functions, 


such as eigenfunctions, than ordinary pointwise convergence. 
The theory of Fourier series discussed in]Chapter 10}is just a special case of the 
general theory of Sturm—Liouville problems. For instance, the functions 
, (x) = V2sinnax (13) 
are the normalized eigenfunctions of the Sturm—Liouville problem 
y" +ay =0, y(0)=0, yd)=0. (14) 


Thus, if f is a given square integrable function on 0 < x < 1, then according to 
Theorem 11.6.1, the series 


f@)= So bin Pn) = V25°b,, sinmzx, (15) 
m=1 m=1 
where 
1 1 
Dy =) f(x)@,, (x) dx = vif f(x) sinmrx dx, (16) 
0 0 


converges in the mean. The series (15) is precisely the Fourier sine series discussed in 

If f satisfies the further conditions stated in[Theorem 11.2.4] then this 
series converges pointwise as well as in the mean. Similarly, a Fourier cosine series is 
associated with the Sturm—Liouville problem 


y"+ay =0, y(0)=0, y'(1)=0. (17) 


Let f(x) = 1 forO < x < 1. Expand f(x) using the eigenfunctions (13) and discuss 
the pointwise and mean square convergence of the resulting series. 
The series has the form (15) and its coefficients b,, are given by Eq. (16). Thus 


1 
2. 
b, = v3 f sinmax dx = v2 — cosmz) (18) 
0 mit 


674 


Chapter 11. Boundary Value Problems and Sturm-Liouville Theory 


and the nth partial sum of the series is 


"\1—cosmz 
S,(x) =2 >> ——™* sina. (19) 
m=1 mi 


The mean square error is then 


1 
R, = / [f(~) — S,@)P dx. (20) 
0 


By calculating R, for several values of n and plotting the results, we obtain Figure 
11.6.2. This figure indicates that R, steadily decreases as n increases. Of course, 
Theorem 11.6.1 asserts that R, — 0 as n — ov. Pointwise, we know that S, (x) > 
f(x) = 1 asn — oo; further, S, (x) has the value zero for x = 0 or x = 1 for every n. 
Although the series converges pointwise for each value of x, the least upper bound of 
the error does not diminish as n increases. For each n there are points close to x = 0 
and x = | where the error is arbitrarily close to 1. 


FIGURE 11.6.2 Dependence of the mean square error R,, on n in Example 1. 


Theorem 11.6.1) can be extended to cover self-adjoint boundary value problems 


having periodic boundary conditions, such as the problem 


y"+ay =0, (21) 


y(—L) — y(L) = 90, y(-L) —y'(L) =0 (22) 
considered in|Example 4 of Section 11.2.) The eigenfunctions of the problem (21), 
(22) are $, (x) = cos(nax orn =0,1,2,... and w(x) = sin(nax/L) for n = 
1,2,....If f is a given square integrable function on —L < x < L, then its expansion 
in terms of the eigenfunctions ¢, and y,, is of the form 


a CO 
fx) = a + ) (a, cos = + b sin =) ; (23) 
n=1 
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where 


+f Fe se 0,1,2 (24) 
= cos —— = 2 
a 7. - XxX L Xx, n p45 ms ’ 
1 re 
b =7f foosin™ as, n=1,2,.... (25) 


This expansion is exactly the Fourier series for f discussed in|Sections 10.2 and| 10.3, 
According to the generalization of|Theorem 11.6.1}, the |series (23) |converges in the 


mean for any square integrable function f,even though f may not satisfy the conditions 
of [Theorem 10.3.1] which assure pointwise convergence. 


PROBLEMS 


P| 1. Extend the results of Example 1 by finding the smallest value of n for which R, < 0.02, 
where R,, is given by Eq. (20). 

Pm) 2. Let f(x) = x forO < x < Land let, (x) = J2 sin mmx. 

(a) Find the coefficients b,,, in the expansion of f(x) in terms of ¢, (x), @,(x),.... 

b) Calculate the mean square error R for several values of n and plot the results. 


(c) Find the smallest value of n for which R_ <0.01. 
> 
4. In this problem we show that pointwise convergence of a sequence S, (x) does not imply 
mean convergence, and conversely. 
(a) Let Sx) = nJxe® (2, 0 <x <1. Show that S,(x) > 0 as n > oo for each x 
in 0 < x < 1. Show also that 


1 
R= | [0-S,WPdx==U-e%), 
n 0 n 2 
and hence that R, — oo as n — oo. Thus pointwise convergence does not imply mean 


convergence. 
(b) Let S, (x) =x" forO < x < | and let f(x) = 0 for 0 < x < 1. Show that 


1 
Z _ 2 = 
x, = | [f() - $,Q0P dx = >. 


and hence S, (x) converges to f(x) in the mean. Also show that S, (x) does not converge to 
f(x) pointwise throughout 0 < x < 1. Thus mean convergence does not imply pointwise 
convergence. 

5. Suppose that the functions ¢,,...,@, satisfy the orthonormality relation (1), and that a 
given function f is to be approximated by S, (x) =c,¢,(x) +---+c,¢,(), where the 
coefficients c, are not necessarily those of Eq. (9). Show that the mean square error R,, given 
by Eq. (6) may be written in the form 


n 


1 n 
R, =] r(x) f?(x) dx—J a7 +), —a,)’, 
0 1 i=l 


i= 


where the a, are the Fourier coefficients given by Eq. (9). Show that R,, is minimized if 
c,; = a; for each i. 

6. In this problem we show by examples that the (Riemann) integrability of f and f? are 
independent. 
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1? 0<x <1, 


(a) Let f(x) = ( eeh, 


1 1 
Show that f Ff (x) dx exists as an improper integral, but f f (x) dx does not. 
(b) Let f(x) = {_ 


1, x rational, 
1, x irrational. 


Show that ; f° (x) dx exists, but [| Ff (x) dx does not. 

Suppose that it is desired to construct a set of polynomials fo(x), f,@), fp@),.--. 
f,(*),..., where f,(x) is of degree k, that are orthonormal on the interval 0 < x < I. 
That is, the set of polynomials must satisfy 


1 
f= f hOhG) d= 5. 


(a) Find f,(x) by choosing the polynomial of degree zero such that (fp, fy) = 1. 
(b) Find f,(x) by determining the polynomial of degree one such that (fo, f,) =0 
and (f,, f,) = 1. 
(c) Find f,(~). 
(d) The normalization condition (f,, f,.) = 1 is somewhat awkward to apply. Let g)(x), 
8 (X),-.+, 8, (%), ... be the sequence of polynomials that are orthogonal on 0 < x < | and 
that are normalized by the condition g, (1) = 1. Find g)(x), g, (x), and g,(x) and compare 
them with f)(x), f(x), and f,(x). 
Suppose that it is desired to construct a set of polynomials P)(x), P)(x),.--, P.(®),.+-; 
where P, (x) is of degree k, that are orthogonal on the interval —1 < x < 1; see Problem 7. 
Suppose further that P, (x) is normalized by the condition P,(1) = 1. Find P,(x), P,(x), 
P,(x), and P,(x). Note that these are the first four Legendre polynomials (see Problem 24 
of Section 5.3). 

9. This problem develops some further results associated with mean convergence. Let 
R,,(a,,-.-,4,), 8, (x), and a, be defined by Eqs. (6), (2), and (9), respectively. 
(a) Show that 


1 n 
R,= i r(x) f2(x) dx — Y-a?. 
Hint: Substitute for S, (x) in Eq. (6) and integrate, using the orthogonality relation (1). 
1 


(b) Show that >> a? < / r(x) f7(x) dx. This result is known as Bessel’s inequality. 
i=l 0 
CO 
(c) Show that >> a? converges. 
i=l 


1 love) 
(d) Show that lim R, = i r(x) f?(x) dx — )a?. 
noo 0 =A 


[oe] 
(e) Show that >> a;;(x) converges to f(x) in the mean if and only if 
i=l 


1 oo 

[ ore a= Ya. 
0 i=l 

This result is known as Parseval’s equation. 


In Problems 10 through 12 let ¢,,@,,...,@,,... be the normalized eigenfunctions of the 
Sturm—Liouville problem (11), (12). 


10. Show that if a, is the nth Fourier coefficient of a square integrable function /, then 


lim a, =0. 
noo | 


Hint: Use Bessel’s inequality, Problem 9(b). 
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Answers to 
Problems 


CHAPTER 1 |Section 1.1, page 8 


1. y— 3/2ast > c 2. y diverges from 3/2 as t + oo 
3. y diverges from —3/2 as t + oo 4. y> -1/2ast > oo 
5. y diverges from —1/2 as t + co 6. y diverges from —2 as t + 00 
7. y=3-y 8. y =2-3y 
See SSM for 9. y=y-2 10. y =3y-1 
detailed solutions to 11. y =O and y = 4 are equilibrium solutions; y > 4 if initial value is positive; y diverges 
2, 4, 7, 11, 13, from 0 if initial value is negative. 
15ab. 12. y =Oand y = 5 are equilibrium solutions; y diverges from 5 if initial value is greater than 
5; y — Oif initial value is less than 5. 
13. y = Ois equilibrium solution; y — O if initial value is negative; y diverges from 0 if initial 
value is positive. 
14. y=Oand y = 2 are equilibrium solutions; y diverges from 0 if initial value is negative; 
y — 2 if initial value is between 0 and 2; y diverges from 2 if initial value is greater than 
2. 
15. (a) dg/dt = 300(10-7 — g10~°) (b) ¢q > 104 g; no 
16, 21, 22 16. dV/dt = —kV7/ for some k > 0. 


17. (a) dq/dt = 500 — 0.4q (b) q > 1250 mg 

18. (a) mv! = mg — kv? (b) v > /mg/k (c) k = 2/49 

19. y is asymptotic to t — 3 ast > co 20. y > Oast> ow 
21. y— oo, 0, or —oo depending on the initial value of y 

22. y — oo or —oo depending on the initial value of y 

23. y — ooor—ovoor y oscillates depending on the initial value of y 
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Answers to Problems 


See SSM for 
detailed solution 
for 24. 


1b 


4ab, 6b, 
8ab,10a, 13abc 


2, 6, 8, 14, 16, 19 


22, 26 


CHAPTER 


1,2,3 


2 


24. 
25. 
26. 


y —> —oo or is asymptotic to /2t — | depending on the initial value of y 
y — 0 and then fails to exist after some t, > 0) 
y — oo or —oo depending on the initial value of y 


Section 1.2, page 14 


1. 


@y=S5t+O)-Set — (b) y = 5/2) + Ly) — 6/2]e™ 

(©) y=5+(y—- Se” 

Equilibrium solutionis y = 5 in (a) and (c), y = 5/2 in (b); solution approaches equilibrium 
faster in (b) and (c) than in (a). 

@y=S+(y—Se (y= G/2) + Lp — G/DIe* 

(c) y= 5+ (yy — S)e* 

Equilibrium solution is y = 5 in (a) and (c), y = 5/2 in (b); solution diverges from equi- 
librium faster in (b) and (c) than in (a). 

(a) y = ce + (b/a) 

(c) (4) Equilibrium is lower and is approached more rapidly. (11) Equilibrium is higher. 
(iii) Equilibrium remains the same and is approached more rapidly. 

(a) y,(t)=ce" —(b) y = ce + (B/a) 

y =ce™ + (b/a) 

(a) T = 21n18 = 5.78 months (b) T = 2 1n[900/(900 — p,)] months 

(c) py = 900(1 — e~®) = 897.8 

(a) r = (In 2)/30 day! (b) r = (In2)/N day! 

(a) T = 51n50 = 19.56 sec (b) 718.34 m 

(a) dv/dt =9.8, v(0)=0 (b) T = ./300/4.9 = 7.82 sec 

(c) v = 76.68 m/sec 

(a) r = 0.02828 day! (b) O(t) = 100e~ 97828" (c) T = 24.5 days 

1620 In(4/3)/In2 = 672.4 years 


- @MOH=CVA-eNR) — b) O) + CV =O, 


(c) O(t) = CV exp[—(t — t,)/RC] 

(a) Q’=3(1- 10), Q(0) =0 

(b) Q(t) = 10*(1 — e*"/"), ¢ in hrs; after 1 year Q = 9277.77 g 
(c) O' = -30/10*, O(0) = 9277.77 

(d) Q(t) = 9277.77e~>"/"™ + in hrs; after 1 year O & 670.07 g 
(e) T = 2.60 years 


. (a q' = —g/300, (0) = 5000g (b) g(t) = 5000e7*/7 (c) no 


(d) T = 300 In(25/6) = 7.136 hr 
(e) r = 250 In(25/6) = 256.78 gal/min 


Section 1.3, page 22 


. Second order, linear 2. Second order, nonlinear 
Fourth order, linear 4. First order, nonlinear 
Second order, nonlinear 6. Third order, linear 

._r=—2 16. r=1 
r=2,-3 18. r=0,1,2 
r=-—l,-2 20. r=1,4 

. Second order, linear 22. Second order, nonlinear 

. Fourth order, linear 24. Second order, nonlinear 


Section 2.1, page 38 


1. 
2. 
3. 


(c) y =ce~* + (t/3) — (1/9) +e’; y is asymptotic to t/3 — 1/9 as t > co 
(c) y= ce" +1 e"/3; y > coast > 00 
(c) y=ce'+14+e"/2; y> Last > 
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See SSM for 
detailed solutions 
te4, 6, 7, 11,13, 
15, 18, 20. 


21b, 24bc, 28 


30, 32, 35, 36, 37 


1,4 


6, 10ac, 13, 15, 17a 


17c, 19ac 


(c) y = (c/t) + 3cos 2t)/4t + (3 sin2t)/2; y is asymptotic to (3 sin2t)/2 as t > co 


2t 


(c) y = ce —3e'; y > cor —coast 


> CO 


(c)y= (c —tcost +sint)/t?; y—>Oast> oc 


(c)y =e" tce"; y—> Oast—>oo 


(c)y= (arctant + c)/(1 + 7)’; y—> Oast > o 
(c) y =ce/? + 3t — 6; y is asymptotic to 3t — 6 as tf > 00 
(c) y=—te'+ ct; y > 00,0, or —00 as t > 00 


. (c)y =ce' +sin2t —2cos2r; y is asymptotic to sin 2t — 2cos 2t as t > 00 


(c) y =ce/? + 31? — 12t + 24; y is asymptotic to 31? — 12t + 24 as t + 00 


y = 3e' + 2(t — le” 


. y = Bt* — 403 + 6t? + 1)/1227 


y=(t+2)e" 
y=—(l+ ne /t4, t#0 


. (bby= —tcost+ $sint + (a+ ze”; 


(c) y oscillates for a = a, 


. (b) y= 32? + (a +3)e”; dy = -3 


(c) y > —oo for a = ay 


. db) y=te'+(a—le"/t a,=1/e 


(c) y > Oast > Ofora =a, 


14. 
16. 


y=(?? — De /2 
y = (sint)/t? 


18. y =¢-7[(2?/4) —1 —tcost +sint] 


20. 


a= 


(b) y = —cost/t? + 27a/4??; a= 4/1? 


(c)y> 5 ast—> Ofora=a 
(t, y) = (1.364312, 0.820082) 


(b) t = 10.065778 


| Yy = —5/2 


26. 


y=(t—1+4+2e")/t, t#0 
4 


Vp = — 1.642876 


. (a)y=124+ a cos 2t + s sin 2t — BB e-t/4, y oscillates about 12 as t > oo 


Yo = —16/3; y > —00 ast > ov for yy = —16/3 


See Problem 2. 
See Problem 4. 


Section 2.2, page 45 


A aera ae 


3y?-2x7=c; yO 
3y?-—2Injl+2x79]=c; x4#-l,y#0 


y }+cosx =cify 40; alsoy=0; everywhere 


3yty—x+x=c5 y#-3/2 
2tan2y — 2x —sin2x =c if cos2y £0; 
everywhere 

y = sin{In |x| +c] if x 4 Oand |y| < 1; 
yr x? 428 —e*) =c; yte? 40 
3y+ eo —x=c; everywhere 

(a) y = 1/2? —x —6) 

(c) -2<x <3 


. (dy = 20 — xe — 14!” 


(c) —1.68 < x < 0.77 approximately 


. (a) y = —[2 In + x”) +4)!” 


(c) -—CO <x < oO 


. (ay =—} + 4V 4x? — 15 


(c)x > 5715 

(a) y =5/2—/x? — e&* + 13/4 

(c) —1.4445 < x < 4.6297 approximately 
(a) y = [m — arcsin(3 cos? x))/3 

(c) |x — 2 /2| < 0.6155 


also y = +(2n+ 1)x/4 for any integer n; 


also y = +1 


(a) y = —JV2x —2x7 +4 


(c)-l<x<2 
(a)r = 2/(1 — 21n6) 


(c)0<60< Je 
(ayy =[3-2V1 4x7] 7 
(c) Ix] < 55 


@) y=-V(@’?+1/2 

(c) —-CO <x < oO 

(a) y =—7 + 5V65 — Be* — 8e™* 
(c) |x| < 2.0794 approximately 
(a)y= [3 (arcsin x)]' : 

(c) -l<x<l 


682 Answers to Problems 


See SSM for 21. y? 3y" x—-x°4+2=0, |x| <1 
detailed solutions 22. y>—4y—x°=-1,) |x?-1| < 16/33 or —1.28 < x < 1.60 
to 21, 23. 23. y=—I/(x?/24+2x—1); x=-2 


24. y= —3/24./2x —e* + 13/4, x=In2 

25. y=—3/2+ JSsin2x+1/4; x=7/4 

26. y= tan(x? +2x); x=-l 

25, 27ab 27. (dy > 4ify,>0; y=O0ify,=0; y—> -oify, <0 

(b) T = 3.29527 

28. (a) y > 4ast > co 
(b) T = 2.84367 
(c) 3.6622 < yy) < 4.4042 


29, 30bd, 31, 33 29. x= fy 4 5 as Injay+bl| +k; a0, ay+b40 


a 
30. (e) ly +2x/7|y — 2x] =c 
31. (b) arctan(y/x) —In|x| =c 
32. (b) x7 + y?-—cx? =0 
33. (b) y —x| =cly + 3x); also y = —3x 
34. (b) ly +x] ly + 4x? =c 
356 35. (b)2x/(xa+y)4+In|x+y|=c; alsoy = —x 
36. (b)x/(x+y)+In|x]=c; also y = —x 
37. (b) |x|?|x2 — Sy] =c 
38. (b) clx|? = |y? — x?| 


Section 2.3, page 57 


Tee 1. t = 1001n100 min = 460.5 min 

2. Q(t) = 120y[1 — exp(—t/60)]; 1207 

3. O=50e-°7(1 — e°7) Ib & 7.42 Ib 
4, Zabc, 9, 10, 4. Q(t) = 200 +1 — [100(200)7/(200 + t)7] Ib, t < 300; c= 121/125 lb/gal; 
12a, 16a Jim. c = | lb/gal 

5. (a) 0G = Bie ie eee £ cost + aaa sint 


(c) level = 25; amplitude = 25 2501/5002 = 0.24995 

6. (a) (In2)/r years (b) 9.90 years (c) 8.66% 

7. (a) k(e" —1)/r (b) k = $3930 (c) 9.77% 

8. (a) A: $337,733.85; B: $250,579.41 

(b) A: 2000e7"" (ec! — 1)/r;  B: 2000(e7 — 1)/r 
(d) r = 0.0609 

9. k =$3086.64/year; $1259.92 

10. (a) $89,034.79 (b) $102,965.21 

11. (a) $99,498.08 (b) $188,501.92 

12. (a) t = 135.36 months 
(b) $152,698.56 

13. (a) (k/r) +[S, — (k/r)Je" (b) rS, (c) (l/r) In[k/(k — k,)] years 
(d) T = 8.66 years (e) rSye"" /(e"" — 1) (f) $119,716 

14. (a) 0.00012097 year! (b) Q, exp(—0.000120971), ¢ in years 
(c) 13,305 years 

15. P = 201,977.31 — 1977.31e™™", O<t< t, = 6.6745 (weeks) 

16. (a) t = 2.9632; no 
(b) t = 101In2 = 6.9315 
(c) tT = 6.3805 

17. (b) y, = 0.83 

18 18. t= 8B 2 /In 3 min = 6.07 min 
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See SSM for 19. 


detailed solutions 
to 19, 20ab, 21ab, 
22, 24ab 


27ab, 28 


33. 


(a) x = 0.04[1 — exp(—t/12,000)] (b) t = 36min 
ok (P/ryle"; lim c =k +(P/r) 
too 
(b) T =(V1In2)/r; T =(V1n10)/r 
(c) Superior, T = 431 years; Michigan, T = 71.4 years; Erie, T = 6.05 years; Ontario, 
T = 17.6 years 


. (a) 50.408 m (b) 5.248 sec 22. (a) 45.783 m (b) 5.129 sec 
. (a) 48.562 m (b) 5.194 sec 
24cd, 26ab, 24. 


(a) 176.7 ft/sec (b) 1074.5 ft (c) 15 ft/sec (d) 256.6 sec 


2 ku mu kv 
. (ax ih 1 2}. 4 0 t = in Lae! 
m k mg mg 


k eK 
(a) v = —(mg/k) + [vg + (mg/k)] exp(—kt/m) (b) v=, — gt; yes 
(c)v =Ofort > 0 


. (av, =2a°g(p— p')/9u (be = 4a g(p — p')/3E 
. (a) 11.58 m/sec (b) 13.45 m (c) k > 0.2394 kg/sec 
29b, 30, 31bdef 29. 


(a) v = R./2¢/(R+ x) (b) 50.6 hr 


2gR 1/2 
v= (5) ; altitude = 1536 miles 


. (b)x =utcosA, y = —gt?/2+utsnA+h 


(d) —16L7/(u? cos? A) + LtanA+3>H 

(e) 0.63 rad < A < 0.96 rad 

(f) u = 106.89 ft/sec, A = 0.7954 rad 

(a) v = (ucos Aje", w=—g/rt+(usinA+t g/rje" 

(b)x =ucosA(1—e")/r, y=—gt/r+(usinA+g/r)\1—e")/r+h 
(d) u = 145.3 ft/sec, A = 0.644 rad 

(d) k = 2.193 


Section 2.4, page 72 


1,4, 8,11, 13, 17 


22abc 22. 


0<t<3 2, 0<t<4 

mw/2<t <3n/2 4. -—o0 <t<-—2 
—2<t<2 6. l<t<z 

2t+5y > Oor2t+5y <0 8 fy <1 
1-?4+y>0orl-?’+y? <0, +40, y#0 

Everywhere ll. y#O, y#3 

t #£nx forn = 0, +1,+2,...; 13, y = by)/y2 — 47 if yy #0: 
y= It] < ly9l/2 


y=([C/y) —27)"' if yy 40; y=Oif yy =0; interval is |t| < 1/,/¥> 
if yy > 0; -co < t < wif yy <0 


. Y=VJo/s/2ty5 + lify), #0; y=Oif y,=0; interval is 


—1/2y5 <t < coif yy #0; —0o <t<oify=0 


y= 4/2in +7) +98: —[1 — exp(—3y9/2)]!7 <t<@w 
y—> 3ify) > 0; y=Oif y, =0; y > —coif y) <0 
yo —-oify, <0; y>O0ify,=0 19. y>Oify, <9; y> coify, > 9 


y > —ooif y) < y, © —0.019; otherwise y is asymptotic to /t — 1 


. (a) No (b) Yes; set 4) = 1/2 in Eq. (19) in text. 


(c) |y| < (4/3)7/? = 1.5396 
(a) y,(¢) isasolution fort > 2;  y,(t) is a solution for all t 
(b) f, is not continuous at (2, —1) 
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Answers to Problems 


See SSM for 
detailed solutions 
to 23a, 24, 25, 27ab 


28, 29, 32 


3, 6, 76,9 


11,14. 16be; 
17a, 18abc 


20bd, 21 abd, 
24abc, 26ab 


3 
5,4, 9, 12, 14 


15 


1 1 t 
6 @yO=TH w= TH J MOs6) ds 
28. y =4[5t/(2+ S5ct>)]/? 29. y=r/(k+cre") 
30. y =4+fe/(o + cee)” " 
31. y= {un/ 2 fo 6s) s+ || where ji(t) = expQ2P sint +271) 
0 
32. y=5(l-e“)forO<t<1; y= h(e?—De* fort >1 
33. yoe“for0<t<1; y=e“* fort>1 
1. y =O is unstable 
2. y =~—a/b is asymptotically stable, y = 0 is unstable 
3. y = 1 is asymptotically stable, y = 0 and y = 2 are unstable 
4. y =0is unstable 5. y =O is asymptotically stable 
6. y =0 is asymptotically stable 
7. ()y=[y)9 + A — yo)ktl/L + 1 — yoke] 
8. y = 1 is semistable 
9. y =—1is asymptotically stable, y = 0 is semistable, y = 1 is unstable 
10. y =~—1 and y = | are asymptotically stable, y = 0 is unstable 
11. y =0 is asymptotically stable, y = b*/a? is unstable 
12. y =2 is asymptotically stable, y = 0 is semistable, y = —2 is unstable 
13. y =Oand y = 1 are semistable 
15. (a) t = (l/r) In4; 55.452 years (b) T = (1/r) In[BC — @)/d — B)a]; 
175.78 years 
16. (a) y =Ois unstable, y = K is asymptotically stable 
(b) Concave up for 0 < y < K/e, concave down for K/e < y < K 
17. @y=K exp{[In(y)/K)le~"} (b) y(2) = 0.7153 K = 57.6 x 10° kg 
(c) tT = 2.215 years 
18. (b) (h/a)./k/az; yes 19. (b) k*/2g(aa)* 
(c) k/a < mae 
20. (c) ¥ = Ey, = KE[1 — (E/r)] (d) ¥Y,, = Kr/4 for FE =r/2 
21. @y,,=KUFV1— G4h/rK)]/2 
22. (a) y =Ois unstable, y = | is asymptotically stable 
(b) y = yo/L¥y9 + 1 — ye] 
23. @y=yeM — (b)x = xyexpl—ayy(1—e*"')/B] (©) Xy exp(—@Yy/B) 
24. (b)z=1/[v+(—v)e"] — (ce) 0.0927 
; pale" ** — 1) 
26. (a) lim x(t) =min(p,g); x) = = 


a(q—p)t __ 

. qe Pp 
pat 

pat+1 


(b) lim x(t) = ps x) = 


Section 2.6, page 95 


1. 
3. 


x7 43x 4 y? —2y=c 2. Not exact 

xe—x?y42x42y?4+3y=c 4. xy? +2xy=c 

ax’? + 2bxy+cy’? =k 6. Not exact 

e‘siny+2ycosx=c; alsoy=0 8. Not exact 

e*’ cos2x + x7 —3y =c 10. yinx +3x?-2y=c 
. Not exact 12. x*+y?=c 


y = [x + ¥28—3x7]/2, |x| < /2873 
y = [x — (24x? + x? — 8x — 16)”71/4, x > 0.9846 
b=3; xy? +2x3y=c 16. b=1; e% 4x2 =c 
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See SSM for 
detailed solutions 
to 19, 22, 23 


25, 26, 27, 29, 31 


1d, 3a 
3bcd, 4d, 6, 9 
13a, 15ac, 16 


17. fue, ydy+ f [Mey — fa. y) dy] dx 
19. x7 4+2In|y|—y?=c; alsoy =0 20. e“siny+2ycosx =c 
21. xy*—(y? —2y42)e% =c 22. x*e*siny =c 
24. w(t) = exp [RO dt, where t = xy 
25. w(x) =e*; Bx2yt+ye*%=c 26. w(x) =e7; y=ce*+1+e* 
27. wy) =y; xy+ycosy—sny=c 
28. u(y) =e” /y; xe?” —In|y| =c; alsoy =0 
29. u(y) =siny; e*siny+ y? =c¢ 30. uly) = y?; xt + 3xy + y4 =C 
31. u(x, y) = xy; xvyt3xr7+y=c 
1. (a) 1.2, 1.39, 1.571, 1.7439 
(b) 1.1975, 1.38549, 1.56491, 1.73658 
(c) 1.19631, 1.38335, 1.56200, 1.73308 
(d) 1.19516, 1.38127, 1.55918, 1.72968 
2. (a) 1.1, 1.22, 1.364, 1.5368 
(b) 1.105, 1.23205, 1.38578, 1.57179 
(c) 1.10775, 1.23873, 1.39793, 1.59144 
(d) 1.1107, 1.24591, 1.41106, 1.61277 
3. (a) 1.25, 1.54, 1.878, 2.2736 
(b) 1.26, 1.5641, 1.92156, 2.34359 
(c) 1.26551, 1.57746, 1.94586, 2.38287 
(d) 1.2714, 1.59182, 1.97212, 2.42554 
4. (a) 0.3, 0.538501, 0.724821, 0.866458 
(b) 0.284813, 0.513339, 0.693451, 0.831571 
(c) 0.277920, 0.501813, 0.678949, 0.815302 
(d) 0.271428, 0.490897, 0.665142, 0.799729 
5. Converge for y > 0; undefined for y < 0 6. Converge for y > 0; diverge for y < 0 
7. Converge 
8. Converge for |y(0)| < 2.37 (approximately); diverge otherwise 
9. Diverge 10. Diverge 
11. (a) 2.30800, 2.49006, 2.60023, 2.66773, 2.70939, 2.73521 
(b) 2.30167, 2.48263, 2.59352, 2.66227, 2.70519, 2.73209 
(c) 2.29864, 2.47903, 2.59024, 2.65958, 2.70310, 2.73053 
(d) 2.29686, 2.47691, 2.58830, 2.65798, 2.70185, 2.72959 
12. (a) 1.70308, 3.06605, 2.44030, 1.77204, 1.37348, 1.11925 
(b) 1.79548, 3.06051, 2.43292, 1.77807, 1.37795, 1.12191 
(c) 1.84579, 3.05769, 2.42905, 1.78074, 1.38017, 1.12328 
(d) 1.87734, 3.05607, 2.42672, 1.78224, 1.38150, 1.12411 
13. (a) —1.48849, —0.412339, 1.04687, 1.43176, 1.54438, 1.51971 
(b) —1.46909, —0.287883, 1.05351, 1.42003, 1.53000, 1.50549 
(c) —1.45865, —0.217545, 1.05715, 1.41486, 1.52334, 1.49879 
(d) —1.45212, —0.173376, 1.05941, 1.41197, 1.51949, 1.49490 
14. (a) 0.950517, 0.687550, 0.369188, 0.145990, 0.0421429, 0.00872877 
(b) 0.938298, 0.672145, 0.362640, 0.147659, 0.0454100, 0.0104931 
(c) 0.932253, 0.664778, 0.359567, 0.148416, 0.04695 14, 0.0113722 
(d) 0.928649, 0.660463, 0.357783, 0.148848, 0.0478492, 0.0118978 
15. (a) —0.166134, —0.410872, —0.804660, 4.15867 
(b) —0.174652, —0.434238, —0.889140, —3.09810 
16. A reasonable estimate for y at t = 0.8 is between 5.5 and 6. No reliable estimate is possible 


at t = | from the specified data. 
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Answers to Problems 


See SSM for 
detailed solutions 
to 18, 22. 


1, 4a 


4c, 7 


2, 3 


17. 


18. 


A reasonable estimate for y at t = 2.5 is between 18 and 19. No reliable estimate is possible 
at t = 3 from the specified data. 
(b) 2.37 < a, < 2.38 19. (6) 0.67 < a, < 0.68 


Section 2.8, page 113 


1. 


dw/ds =(s+1)?+(w+2)’, w(0)=0 


2. dw/ds =1—(w+3)*, w(0)=0 
kk 


n 


ait ; 2t 
(a) od, (t) = — (c) lim @ (t) =e7 —1 
ms ra k! nso '" 
n 1k ek 
@4,0= COT © jim 4) =e 1 


(a) ¢,0) = > CIty + 2k 
k=1 
(c) lim  (t) = 4e/? + 2 —4 
tae n+l n pek-l 
@?,0=1~ Coy (aura 


(c) lim $,(¢) =t 
n— 00 n 3k-1 


t 
(a) ¢,0 = » 2-5-8---3k—1) 


k=1 


\¢ w BP é w P 4 t’ 4 w P ‘ t! s oyna) e ao 
a =—-; =—_— ——— = 
! 3 s 3-7-9 3 3-7-9 3-7-9-11 (7-9)? - 15 
tt ti 347 3119 2 
@MOAZO=t @&M=t-—, 60H=¢t 4° 4.9 16-10 ' 64-13 


2: 4 16 5 
._@egO=t, &M=t ata 61 + O(t'), 
eo oF Fe ae aii 
3) =1 at ata st 6! ae 
ae ae see) até 
Gl) =t ey fe 6! Oe 
3 
t 
(a) o,(t) = -t-1 — a 
(f) =-+t a + a + ae + ot’) 
90) = 2 6 4 #5 + 24 ; 
o,(t) t e + eee + i + O(t') 
= 2 12 20 45 , 
ee ee : 
o,(t) = —-t + +—+0(t’) 


Section 2.9, page 124 


1. 


y, =(—1"0.9)"yy3_-y, > Oasn > 0 


2. y,=\VY/a+);  y, > 0asn— co 


3 


4. 
5. 


oS 


Y, =YV+2)(a+ 1)/2; y, > coasn > oo 
_ J yo, ifn =4k orn =4k —1; 
Yn |-y,, ifn = 4k —2 orn = 4k —3; 

y, = (0.5)" (yy — 12) +12; y, > 12asn > co 
y, =(-1"0.5)"(y, -4) +45 y, > 4asn— oo 
7.25% 8. $2283.63 9. $258.14 


y,, has no limit as n > oo 
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See SSM for 
detailed solutions 
to 10, 13, 14, 17, 
17a 


17b, 18 


8 - 32 


10. (a) $804.62 (b) $877.57 


11. 30 years: $804.62/month; $289,663.20 total 


$215,935.20 total 
12. $103,624.62 
16. (b)u, + —ooasn > co 


19. (a) 4.7263  (b) 1.223% ~—_( 


Miscellaneous Problems, page 126 


1. y = (c/x?) + (x°/5) 
3. x? +xy—3y—-y?=0 
5. eye ay ae =,c 

7. (r+ty?+De" =c 
9, xytxt+y=c 

11. x7/34+xy+e%=c 
13. 2(y/x)'/? —In|x| =c; 
15. y =c/cosh*(x/2) 


also y 


(c) $1028.61 
20 years: $899.73/month; 


13. 9.73% 


c) 3.5643 (e) 3.5699 


. arctan(y/x) —In veo e y- = 6 


2 

4. x =ce’+ ye 

6. y=x l(1—e!) 

8. y = (4+ cos2—cosx)/x? 

10. (9°/x*) + (y/x”) =e 

12. y=ce* +e In(l +e*) 
=0 14. x? 4+2xy 4 2y? = 34 


16. (2/73) arctan[(2y — x)/V3x] —In|x| =c 


17. y=ce* —e* 

19. 3y —2xy? — 10x =0 

21. e°/¥ +In|x| =c 

1 ex 

~=-x | > dx +cx; also 
5 x 

25. x“/y + arctan(y/x) =c 

27. sinxcos2y — 5 sin? x =c 

29. arcsin(y/x) —In|x|=c; also 

30. xy? —In|y| =0 


18. y=cx’—x 

20. ew“ +te*=c 

22, 9° £3p— x9 3x = 2 
y=0 24. sin’ xsiny =c 

26. x? 42x7y —y=c 

28. 2xy+xy—x3=c 
y=xandy=-—x 


31. x+Injx|t+x7'+y—2Inly|=c; alsoy =0 


32. xy + xy? =-—4 


CHAPTER 3 |Section 3.1, page 136 


3,0, 7; 10,15 


Tf, 13,21 


a t —3t 
- yH=ce +c,e 


t/2 1/3 
: y=c,e/ +c,e t/ 
t 


_ , 73t/2 —31/2 
6 y=cje’ +c,e 


. y =c,expl9 + 3V5)t/2] + c, expl — 3V5)t/2] 


1 
3 
5. y=, t ce 
7 
8 


. y=c,exp[(1 + J/3)t] + C, exp 
; y—> coast > co 

10. y= 3e%— he; y > Oas 
11. y = 12e'/3 — 8e'/?, 
12. y=-l-e*; ys-tlast 


13. y = £(13 + 5V13) expl(—5 + V13)t/2] + £(13 — 513) expl(—5 — V13)t/21; 


y > Oast > oo 


[d — v3)r] 


t> oo 


ya -—oast > € 


> ©€ 


14. y = (2/V33) exp[(—1 + V33)t/4] — (2/733) expl(—1 — 33)t/4); 


y > coast > 00 
15. y= we + ne: 
is. $= —1ettt/2 4 3429/2, 
17. y"+y'—6y =0 
19. y= ze" +e: 


yo wast> ow 


y > —00 as tf > 00 
18. 2y"+5y’+2y=0 


minimum is y = 1 att = In2 


20. y = —e' +3e/*; maximum is y = $ at = In(9/4), y =Oatr =1n9 


21. a=-2 


22. B=-1 
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See SSM for 23. y > 0 fora <0; y becomes unbounded for a > 1 
detailed solutions 24. y — 0 fora <1; there is no a for which all nonzero solutions become unbounded. 
to 24, 25a. 25. (a) y = 5 (1+ 2B)e™ + 3(4 — 2B)e? 


(b) y = 0.71548 when t = 21In6 = 0.71670 = (c) B= 2 

26. (a)y =(6+ Ble * — (44+ B)e* 
(b) 4, = In[(12 +38)/12+2,)1, y,, = 7+ by /4+ By 
(c) B = 6(1 + V3) = 16.3923 (d) t,, > In/2), y,, > ~ 


27. y" +3y’ + 2y =0 is one such equation. 


25c, 27, 28, 30, 34 


28. y=ct'+c,+Int 29. y=c,Int+c,+t 

30. y= (U/k)Infk—1t)/(K+1)| +c, tfc, = kh >0; y = (2/k) arctan(t/k) +c, if 
c,=—-k? <0; y= -20!+c, ifc,=0; alsoy=c 

31. y= £2 (¢ — 2c,),/t +c¢,+c,; alsoy=c Hint: w(v) = vis an integrating 
factor. 


t 


32. yee’ +a,—-te 
33. cry =ct—In|l+c,t| +c, ifc, £0; y=30 +c, ifc, =0; alsoy=c 


34. y =e +c, 35. y=c,sin(t+c,) =k, sint +k, cost 
36. sy —2cyy +e, = 28; also y=c 37. ttc, = +3(y —2c,)(y +e)!” 
38. yIn|y|—y+e,y+t=c,;alsoy =c 39, e=(tt+o,) +e, 

39, 40, 43 40. y= 4413721 41. y=20-1)? 


42. y= 3Int— 3 In(t? + 1) — Sarctant +2 + 3In2+ 3x 
3. y=trP+3 


Section 3.2, page 145 


Tt [2 
2,4,8 ae ye 
ot 3. e 4. xe“ 

5. —e7 6. 0 
7. 0O<t<o 8. -—co<t<l 
9. O<t<4 10. 0<t<o@ 
ll. O<x <3 12. 2<x <3/2 

Tey Ty Vs 18, 2A 14. The equation is nonlinear. 15. The equation is nonhomogeneous. 
16. No 17. 3te* + ce™ 
18. te’ +ct 19. 5W(f, g) 


20. —4(tcost — sint) 
21. y= te + ze", yy(t) = je" + ie! 
22. y, (t) = —je3e) 4+ see, y(t) = aige' 4 set") 


23. Yes 24. Yes 
PO, 61, 30, oe, 25. Yes ; — , 26. Yes 
34, 36 28. Yes, y=ce~* ey el dt + ne? 
29. No ° 
1 * w(t) 1 cosx 
30. Yes, y= C —dt+c,}, p(x) =exp + dx 
M(x) x t x x 
31. Yes, y =p5-" + ,x 33. x7" 43x’ + (14x72 —v?)u =0 
34. (l— x7)” — 2x’ ta(a+ lu =0 35. pw” —xu=0 
oF 37. The Legendre and Airy equations are self-adjoint. 
Section 3.3, page 152 
1. Independent 2. Dependent 
By fa 18 18 3. Independent 4. Dependent 
5. Dependent 6. Independent 
7. Independent if origin is interior to interval; otherwise dependent 
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See SSM for 
detailed solutions 
to 20, 24, 26, 27 


28 


Ned, £ 


11, 14, 18, 22, 
23a 


23b, 25abcd, 31, 
33 


35, 38, 39 


1,9; 12 


8. 

9. 
11. 
13. 
16. 
18. 
21. 
26. 


Independent if origin is interior to interval; otherwise dependent 


Independent; W is not always zero 10. Independent; W is not always zero 
W(C,Y1 Ca¥2) = €C,W(Y,, Yn) FO 12. W(y3, 4) = —2W(y,, Yo) 

a,b, — a,b, #0 15. ct’e! 

c cost 17. c/x 

c/( — x”) 20. 2/25 

3./e = 4.946 22. p(t) = 0 for all t 


If f) is an inflection point, and y = $(f) is a solution, then from the differential equation 


Pity) (ty) + (ty) P (ty) =0 


Section 3.4, page 158 


35. 
36. 
37. 
39. 
41. 


ecos2+iesin2 = —1.13124 2.4717i 

e* cos 3 — ie* sin3 = —7.3151 — 1.0427: 

—1 

e” cos(/2) — ie* sin(a/2) = —e?i = —7.3891i 

2cos(In2) — 2i sin(In2) = 1.5385 — 1.27797 

x! cos(2Inz) + ix! sin(2Inz) = —0.20957 + 0.23959i 


y=c,e cost +c,e' sint 8. y=c,e'cosV5t+c,e' sinJ/5t 

y= ce = ie 10.. y=ce" cost+c.e" sint 

y =c,e* cos2t +c,e™ sin 2r 12. y =c, cos(3t/2) +c, sin(3t/2) 

y =c,e' cos(t/2) + c,e~ sin(t/2) 1A. Sey ae t+o,e "8 

y = ce "cost +c, e/? sint 16. y=c,e" * cos(3t/2) + c,¢ *t sin(3t /2) 
y= 5 sin2t; steady oscillation 


y=e"cost+2e~ sint; decaying oscillation 


e'7/? sin2t, growing oscillation 

y= -a + 2,/3) cost — (2 — J3)sint; steady oscillation 

y =3e" cost + $e‘ sint; decaying oscillation 

y = V2e7/4) ae +/2e-"—"/ sint; decaying oscillation 

(a) u = 2e'/® cos(/23 t/6) — (2/V23)e'"* sin(./23 t/6) 

(b) t = 10.7598 

(a) u = 2e~"/> cos(V34t/5) + (7/734) ec? sin(/34 t/5) 

(b) T = 14.5115 

(a) y = 2e' cos /5t +[(a + 2)//5]e7 sin /5t (b) w = 1.50878 
(c)t= {x - — arctan [2V5/(2 +a)]}//5 (d) 2/V5 

(a) y =e “cost +ae sint (b) T = 1.8763 
(e@=4,FT=T4as4; ws, T=430% v= 2, T= 15116 


rn 
Yes, yeu, cosx+e,sinz, x= joe dt 

No 2, 3 

Yes, y=c,e' “ cos(/3 17/4) + c,e* 4 sin(/3 17/4) 

yc coed t) +c, sin(In p) 40. y=c, a ty of 
y=ct ~! cos(4 Int) + c,t7 " sin(s Int) 42. y=c,t5 + Cot 


Section 3.5, page 166 


y=ce + cyte 2 y=ce PB + ete? 

y= ag —t/2 +c, eot/2 4 y=ce 31/2 + cyte? 

y =c,e' cos 3t + c,e' sin 3t 6. y=c,e" +c, te™ 

y=cye ch C5€ a 8. y=cye SA 4 ete ad 

y= ce + eieo 10. y=e”? cos(t/2) +c, e~/? sin(t /2) 
yar lie, ys coast > co 

y =2te*, y— coast > oo 

y= ‘® cos 3t + 2e"? sin 31, y > Oast > co 
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See SSM for 14. y=Te 7) 4 5te 72D oy + Cast > oo 
detailed solutions 15. (a)y =e? — 3te 2 (b)t = 2 
to 14, 17ab (c) ty = 16/15, y, = —3e* = —0.33649 


@y=e*" 4+ (64+ 3)te FW"; b= -3 
16. y=2e/? 4+ (b-1)te’?; b=1 
17. (ay =e? + 3tet? (b) tj = 28, yy = Se 4 = 2.24664 


17cd, 19, 21, 25 ()y =e? + (b+ Ste” 
(d) t,, =4b/(1+ 2b) > 2asb—> oo; yy, = 1 +26) exp[—2b/(1 + 2b)] > 00 
as b > oo 
18. (a) y=ae 7 4 (3a =e" (b)a= 3 
3. BOS 24, y,() =t 
25. y(t) =t "Int 26. y,(t) = te’ 
27, a0, Sib 27. yo(x) = cos x” 28. yo(x) =x 
29. y(x) = a ae F : 30. y,(x4) = x! cosx 
32. y= ae 2 f err ds + ie P 
t _» 5 
33, 35, 38 33. y,(t) =y,() f y,2(s) exp | — f[ p(r)dr| ds 
0 50 
34, y,(@) =t Int 35. y,(t) = cost? 
36. y,(x) = x 37. y,(x) = x? cosx 
39. (b) yy + (a/b) 4 Al. y=c,t?+c,t7 Int 
42 42. y a mle as Int 
Section 3.6, page 178 
1,4, 6, 8 l y= ee oe = et 
2. y=c,e' cos2t+c,e~ sin 2t + é sin 2t — 7 cos 2t 
3, y= cen + Ge" + ate! + are! 
4, yo, +c,e "+ 3t- + sin 2t — + cos 2t 
5. y=c,cos3t +c, sin3t + Or — 6 + De* + 3 
6. y=ce +ote + ret 
7. y=ce'+oe'? +r —6t+14— Asint — 4 cost 
8. y =c, cost +c, sint — 5t cos 2t — 3 sin2r 
9. U=C,COSWpt + Cy SIN@pt + (we — aw’)! cosat 
10. u = Cc, COS @pt + Cc, SIN@pt + (1/2 )t Sin Wot 
11, 13, 16 HW. y=cye"? cos(V15 t/2) + ce” sin(V15 t/2) + be’ — te 
12, y= ce" + ee" + ite + ze 13. y=e' se t 5 
14. y= jsin2r— Poos2r+ 407-7 +e! 15. y= 4te! —3e' + pei +4 
16. y =e" + 20% — 2e% — te™ 17. y =2cos2t — 4 sin 2r — 31 cos 2 


18. y=e'cos2t+ se! sin 2t + te sin 2t 


19a, 22a 19. (a) Y(t) =t(Apt* + A, + Ast? + Agt + Ay) + t(Bot? + Bt + Bye™ 

+ Dsin 3t + Ecos 3t 
(b) A, = 2/15, A, = —2/9, A, = 8/27, A, = —8/27, A, = 16/81, B, =—1/9, 
B,=-1/9, B, = —2/27, D=—-1/18, E =—1/18 

20. (a) Y(t) = Apt +A, +t(Bot + B,) sint +t(Dot + D,) cost 
(b) Ay=1, A, =0, By =0, B, = 1/4, D,=—1/4, D, =0 

21. (a) Y(t) = e'(Acos2r + Bsin2t) + (Dyt + D, )e” sint + (Eyt + E, )e” cost 
(b) A=—1/20, B = —3/20, Dy) = —3/2, D, = —5, E, = 3/2, E, =1/2 

22. (a) Y(t) = Ae‘ +t(Bot? + Byt + B,)e cost + t(Dot? + D,t + Dye“ sint 
(b) A=a, B= 273, 8 =0; 8, =1, Dy =0, BD, = 1, DS 1 
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23. (a) Y(t) = Apt? +A,t+ A, +0 (Bot + B Je + (Dot + D,) sin2t + (Egt + E,) cos 2t 
(b) A, =1/2, A, =1, A, = 3/4, By = 2/3, B, =0, Dy =0, D, = —1/16, 
E, = 1/8, E, = 1/16 

24. (a) Y(t) =t(Apt? + Ayt + A,) sin2t + ¢(Byt? + B,t + B,) cos 2r 
(b) A, =0, A, = 13/16, A, =7/4, B, = —1/12, B, =0, B, = 13/32 

25. (a) Y(t) = (Apt? + A,t + A,)e! sin 2t + (Byt? + B,t + B,)e’ cos 2t 
+e '(Dcost+ Esint) + Fe’ 

(b) A, = 1/52, A, = 10/169, A, = —1233/35152, B, = —5/52, B, = 73/676, 
B, = —4105/35152, D = —3/2, E =3/2, F =2/3 

26. (a) Y(t) =t(Apt + A,)e™’ cos 2t + t(Byt + B,)e sin 2t 
+ (Dyt + D,)e~* cost + (Et + E,)e™ sint 
(b) A, =0, A, = 3/16, By =3/8, B, =0, Dy = —2/5, D, = -7/25, Ey = 1/5, 
£,=1725 


N 
27. y=c,cosat+c,sinat+ > [a,,/(? —m’*x7)]sinmzt 


m=1 


t, O<t<az 
ae = ea + 1/2) sint — (1/2) cost +(/2)e7", t>ax 
to 28 55. $e | Z = we sin 2t — te! cos 2r, 0<t<27/2 
—i(1 + e7/)e cos 2t — pC +e" )e" sin2t, t> 2/2 
30, 33 30. No 33. y= ce" +c,e7 — 16 


Section 3.7, page 183 


2 lL Yn=e 2. Y(t) =—4te™ 
3. Y(t) = 3r'e* 4. Y(t) = 2re/? 
By Ve 5. y=c, cost +c, sint — (cos?) In(tant + sec r) 
6. y=c, cos3t +c, sin 3¢ + (sin 3r) In(tan 3t + sec 3t) — 1 
Ty= er + oer —e “Int 
8. y =c, cos 2t +c, sin2t + i (sin 2t) In sin 2t — st cos 2t 
9. y=c,cos(t/2) +c, sin(t/2) + t sin(t/2) + 2[In cos(t/2)] cos(t/2) 
10. y=c,e' +¢,te — se" In(1 + f°) + te’ arctan t 
ll. y= ie + c,e" + f [eee = ef-s] g(s) ds 
12. y =c, cos2t +c, sin 2t + +f tsin2¢ —s)] g(s) ds 
13. Y()=54+e Int 14. Y(t) = —2r? 
15. Y(t) = $(t—1)e™ 16. Y(t) =—3(2t— De 
eta 17. Y(x) = 3x°(Inx)? 18. Y(x) = —3x'/ cosx 
; t —t x 
19. ¥@)= / aap) dt 20. Y(x)=x7!/? f 13/2 sin(x — g(t) dt 
—t)e 
23. (b) y = y,cost+ yy sint + f sin(t — s)g(s) ds 
0 
24. y=(b—a)! f° [e2?—) — 6-9] g(s) ds 
19 
t 
25, 29 25. y=! | b&b sin w(t —s)g(s) ds 
9 
26. y= fo — sje" g(s) ds 29. y=ett+ er +407 Int 
% 
30. vent tot? +t 31, y=e(l+)+oe4+5t- De” 


32. y= be + ¢,t — 5(2t —Ne™ 
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Answers to Problems 


See SSM for 
detailed solutions 
to 2,6 


9.12, 17 


19, 20, 23, 24 


27, 29ac, 30a 


1,5, 7ac, 10, 11a 


11b 


Section 3.8, page 197 


1. u=ScosQ2t—5), 6 =arctan(4/3) = 0.9273 
2. u=2cos(t — 27/3) 
3. u=2V/5cos(3t — 5), 6 = —arctan(1/2) X —0.4636 
4. u=J13cos(at—5), 5=7 + arctan(3/2) = 4.1244 
5. u= 7 COS 8t ft, finsec; w=8rad/sec, T=7/4sec, R=1/4ft 
6. u= 2 sin 14t cm, tinsec; t =2/14sec 
7 u= (1/42) sin(8/2t) — b cos(8V/21) ft, finsec; w= 82 rad/sec, 
T =1/4J/2sec, R = ./11/288 = 0.1954 ft, 5 =m — arctan(3//2) = 2.0113 
8 Q= 10~° cos 2000t coulombs, t in sec 
9. u=e [2 cos(4V6t) + (5/76) sin(4/6t)] cm, ft in sec; 
uw =4VJ6rad/sec, T,=2/2V6sec, T,/T =7/2V6 = 1.4289, 1 = 0.4045 sec 
10. u= (1/8V/31)e"*" sin(2V/31 ft) ft, f in sec; f= x /2/31 sec, t = 1.5927 sec 
11. u &0.057198e~°! cos(3.87008 t — 0.50709) m, tinsec; 4 = 3.87008 rad/sec, 
[./@, = 3.87008//15 = 0.99925 
12, QO = 10-°(2e7 — = 1') coulombs; ¢ in sec 
13. y = 20/9 = 1.4907 
16. r=VA°+ B’, rcos6=B, rsnO0=—A; R=r; 5=04+(4n+1)7/2, 
n=0,1,2,... 
17. y =8 lb-sec/ft 18. R = 10° ohms 
20. Uy < —YUg/2m 22. 2n/J/31 
23. y =5 lb-sec/ft 24. k=6, v=4+2/5 
25. (a) t = 41.715 (d) y% = 1.73, min t = 4.87 
(e) t = (2/y) In(400///4 = y?) 
26. (a) u(t) = even [Hov 4km — y? cos pt + (2mv, + yu) sin yt | /V4km — y? 
(b) R* = 4m(kup + yup’) + mvp)/(4km — y?) 
27. plu” + pygu=0, T =2n,/pl/pyg 
28. (alu = V2sin/2t (c) clockwise 
29. (a) u = (16/V127)e"* sin(/127 t/8) (c) clockwise 
30. (b) u = acos(./k/mt) + b./m/k sin(./k/m t) 
32. (b)u=sint, A=1, T=2z (c) A= 0.98, T = 6.07 
(d)e = 0.2, A=0.96, T=5.90; ©€ =0.3, A=0.94, T = 5.74 
(f)e = —0.1, A=1.03, T=6.55; ¢€ =—0.2, A= 1.06, T = 6.90; 
e=-0.3,A=1.11, T=741 
1. —2sin8tsint 2. 2sin(t/2) cos(13t/2) 
3. 2cos(3mt/2) cos(zt/2) 4. 2sin(7t/2) cos(t/2) 
5. u” +256u = 16cos3t, u(0)= i. u’/(0)=0, win ft, tf in sec 
6. u” + 10u' + 98u = 2sin(t/2), u(0)=0, wu'(0)=0.03, winm,t insec 
7. (gjQu= te cos l6t + or cos 3t (c) w = 16 rad/sec 
8. (a)u = qaq oq [1600 cos(/73 t) + SEB oe sin(/73 t) — 160 cos(t/2) + 3128 sin(t/2)] 
(b) The first two terms are the transient. (d) w = 4/3 rad/sec 
9 u= es (cos 7t — cos 8t) = zea sin(t/2) sin(15t/2) ft, ft in sec 
10. u = (cos 8t + sin 8t — 8t cos 8t)/4 ft, tinsec; 1/8, 2/8, 2/4, 32/8 sec 
11. (a) 587 (30 cos 2t + sin2t) ft, f in sec (b) m = 4 slugs 
12, u= (/2/6) cos(3t — 37/4) m, f in sec 


Answers to Problems 693 


See SSM for Fo — sint), O<t<a 

detailed 15S. u= 4 FlQue—t)—3sint], w<t<2n 

solutions to —4F) sint, Wn <t<o 

15 and 16 16. Q(t) = 10~6(e~40 — 4e—1 4.3) coulombs, ¢ in sec, @(0.001) = 1.5468 x 107°; 


0(0.01) = 2.9998 x 10°°;  O(t) > 3 x 10°° ast > 00 
17. (a) u = [32(2 — w) cos wt + 8w sin wt] /(64 — 630" + 160+) 
2° and 24 (b) A = 8/64 — 630" + 16w4 (d) w = 3V/14/8 = 1.4031, 
A = 64/\/127 = 5.6791 
18. (a) u = 3(cost — cos wt) /(w* —1) 
19. (a) u = [(w* + 2) cost — 3.cos wt] /(w* —1)+sint 


CHAPTER 4 |Section 4.1, page 212 


1. -—co <t <oo 2. t>Oort <0 
B19, Va Te 3. t>1, o0<t <1, ort <0 4. ¢t>0 
5. 0...,-3m/2 <x <—-m/2, -m/2<x<1, 1l<x<a/2, mw/2<x <3m/2,... 
6. —oo<x<-2, —2<x<2, 2<x<ow 
7. Linearly independent 
8. Linearly dependent; f,(4)+3/,@) —2f,(@) =0 
9. Linearly dependent, 2/,(¢) + 13f,0 —3f,0 -—7/f,0 =0 
10. Linearly independent 
fi, 2 12. 1 13. —6e~7 
la 2-7 15. 6x 16. 6/x 
17. sin’ t = 755) — 5 cos 2t 
19. (a) agin(n — 1)(n —2)--- 1] +a,[n(v—1)---2]t+---+a,0" 
(b) (agr” + ar” +-+++a je” 
(c)e’,e",e",e 7 yes, Wle',e", e7,e 7) £0, —00 <t < 
21,27 21. W=ce 22. W=c 
23. W=c/t? 24. W=c/t 
27. y= oie + cyt + cate! 28. y= er + er +c,(t + 1) 
Section 4.2, page 219 
1 /2 ella /4)+2mz] 2. Qeil@x/3)+2mr] 
2, 8, 12 3. 3ei (am +2mz) 4. ei (Gr /2)+2m7] 
5. QeilC17/6)+2mr] 6. Jf 2ellOr/4)+2mz] 
7. 1, $(-1+iv3), 4(-1-iVv3) oe aU Og mns 
9. 1, i, -1, -i 10. (V3 +i)/V2, —(W/3 +i)/V2 
ll. y= ce + cyte! + ee 12, y= Ce + cyte! + c,te! 
13. y= ce + ie" =e ce" 14. y=c,+e,t+ exe" + ee” 
15. 23 15. y=c,cost+c, sint + eV*/(c, cos $f + c, sin lye YG. cos St tC, sin 51) 


16. y=ce' +c,e' +c,e7% +c,e 7 

17, y=ce' +o,te' +c,0e' +ce' +c,te + gt?e7 
18. you, +of+ ce + ce" +0, cost +c, sint 

19. y=c,+c,e +c,e7 +c,cost +c, sint 

20. y=c,+ ee" + e‘(c, cos V3t+ c, sin V3t) 

21. y =e'[(c, + ct) cost + (c, + ¢,f) sint] + e“[(c, + ¢,f) cost + (c, + ¢,f) sint] 
22. y= (c, +c,t) cost + (cy + c,t) sint 23. y=c,e+ c,e ets + c,e2-V5 
4 ce Ptv2n eee TOP 


t 


24. y=cje : 
25. y=ce? +c,e'? cos(t/V3) + c,e"? sin(t//3) 


26. y= cen + ae" + c,eStv9 + Gere 


694 Answers to Problems 


See SSM for 27. y=cjeP +c,e"4 +c,e~ cos 2t + c,e~ sin 2r 
detailed solutions 28. y =c,e ‘cost +c,e“ sint + c,e-~ cos(V3 t) + cye™ sin(/3 £) 
to 27 ,29 ,30, 31 29. y= ae 2cost + sint 
30. y= 3 e/¥? sin(t//2) — 5 etl’? sin(t V2) 
31. = 32. fae aes 
33. y= ze! ne te" Se 2 34. y= qe + ae cost + 3 5 e’? sint 


34,37, 38a,39ac 3 gg 4 gent 


1 


. 17 
36. y= tet cost — #e7 ‘sint — Se? * cos(/3 t) + 


——e™ sin(/3 t) 
37. y= $(cosht — cost) + +(sinht — sin ft) 
38. (a) W =c, aconstant (b) W = -8 (c)W=4 


39. (b)u, =c, cost +c, sint +c,cos/6t +c, sin /6t 


Section 4.3, page 224 


1 1. y=c,e +e,te +c,e° + ste" +3 
2. ya aie Wie ot eg coet # cain = 3t — itsint 
3. y=ce" Pegs 1G sing let 4 4 — 1) 
4, y=c, + icge ie + cost 
5,9,13 5. jae Papees tage ig — a —_0 
6. y=c,cost+c,sint + c,fcost + cyt sint + 3 aig, 1 cos 2t 
7. y=e, tot+ et +e % + Tes cos(v/3 4/2) + C, sin(/3 t/2)] + xt 
8. y=e, tet + cyt? +c,e' + 55 sin2t + 7 cos 2r 
9 y= Zd — cos 2t) + at 
10. y = (t—4)cost — (31 +4) sint + 34 +4 
It, p= i+ or —te! 
12, y= —2 cost — ¢sin¢ + e+ sel + sre ey Z cos 2t s sin 2t 
13. Y(t) =t(Ayt? +A? ere e 
14. Y(t) =t(Apt + A,e' + Boost + C sint 
15. Y(t) = Ate’ + Boost + C sint 
17, 20, eee 16. Y(t) = At? + (Bot + B,)e' + t(C cos 2t + Dsin2r) 
17. Y= t(Agf? +A t+A,)+ (Bot + B,) cost + (Cot + C,) sint 
18. Y(t) = Ae’ + (Byt + Be + te '(C cost + Dsint) 
22be 19. kj =a), k, =a" +aa""!+---+a,,a+a4, 
Section 4.4, page 229 
1, oe y =c, +c, cost +c, sint — Incost — (sint) In(sec ¢ + tant) 


_ t —t_ 142 
yHc, +C,€ + 63e at 


— t —t 2t 1 4t 

y=cye +c,e + ¢3€ + 35e 

y=c, +c, cost +c, sint + In(sect + tant) — tcost + (sint) Incost 
= t Hl ll get 

y=ce +c, cost +c,sint — 5e "cost - 

y =c, cost +c,sint + c,fcost + c,fsint — gt sint 


SAW Pe NS 


y =c,e +c, cost +c, sint — $(cost) Incost + $(sin t) In cos t — St cost — Srsint 


t 
+ ze J (e-*/coss) ds 


Answers to Problems 
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See SSM for 
detailed solutions 
to 11, 14 


16 


» ¢ 


t 
y =c, +c,e' +c,e7 — Insint + In(cost + 1) + Se" f (e"/ sins) ds 
3 é 
t 
+ he (c*/sins) ds 
ret 


c, = 90, c, =2, c,; = 1 in answer to Problem 4 


. 7 7 ite 
c, =2, ¢, 3 C3 q> C4 = 3 In answer to Problem 6 
3 1 5 : 
pS ae Cy = 5 Cy piety O in answer to Problem 7 
. ¢, =3, c,=0, c,= ge. t) = 1/2 in answer to Problem 8 
Y(x) = x*/15 


Y(t) = bf te sin(t — s) — cos(t — s)]g(s) ds 
"9 
os L ftsinne — 5) —sin(t — s)]e(s) ds 
9 
Y(t)= bf etG —s)°g(s) ds; Y(t) =—te' In|e| 


0 


YQ) =F fUa/?) - 20/8) + /VIg@ at 
“0 


CHAPTER 5 |Section 5.1, page 237 


2,5, 98, 12,13 


18, 18, 28; 25,28 


11. 


13. 


15. 


17. 


18. 


21. 


23. 


25. 


27. 


SOF St eS 


p=l1 2. p=2 
p=oo 4, p= 5 
p=t 6. p=l 

=3 8. =e 
e (=1)"x2"4! = n 

, p= 10. = p= 

2 Qaen 8- Be oS 
l+(—D, = 00 12. 1-2@+)D+04+)’, p= 
= n+l (x ~~ 1)” = nn 
xe) , p=l 14. S°(-1)"x", p= 1 
n=1 n n=0 

oe) lee) 
yx; ool 16. Soi)" -2)", p=l 
n=0 n=0 


Paleo er ee tS I 
0 8 De ae Ox eS? Aa ee te $e OY es ik ees 
y =a, +2a,x + 3a,x° + 4a t+---+(n+ la xt ee. 

foe) CO 


= > aa = Yia la) x? 


n=1 n=0 


y= 2a, + 6a,x + 12a,x° + 20a,x° +-+-+(n+2)(n+ 1a, 5x" +. 
foe) CO 
~ Sinn — a,x"? = Yia + 2)(n+ la, , 5x" 
n=2 


n+l 


co a CO 

Yia +2)(n+ 1a, 5x" 22. a a, 9x" 

eu — 

Yin 4 Va,x" 24. S° [(n+2)(n + la, ,, — n(n — Da, ]x" 
ye n=0 = 

Yo [in +.2)(n + Va,,y + na, ]x" 26. a,+ >> [n+ 1)a,,, +4,_)]x" 

wey n=1 

iG + 1)na,., + a, |x" 28. a, =(—2)"a)/n!, n=1,2,...5 age” 


n=0 
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See SSM for 
detailed solutions 
to 2 


5,8 


Section 5.2, page 247 


1. 


10. 


Anyg = 4,/(1 + 2)(n+1) 


2 4 6 oo 2n 
y@=lt+ St T+ ota) = cosh x 
2! 6! <+ Qn)! 

3 re) 7 co 2n+l1 
x xX Xx 2 
yx) = aaa hay = 2 Gea 
y42= ql 042) 
x2 x4 x9 lo) xn 
=] ee a —— 
BONES oad” Sebae * arr 
x) ae x es x7 4 lo) 2 ylx2nt! 
oa ge 
oe Sa aed Ls Qn+1)! 


(n+ 2)a,..—a 
y,@) =14+ 4-1 + 2-1)? +i@—D*+-- 
ye) =@—- +56 —1) +5@— 1) +7 @— Di +e 
G44 = —Ka,/(n+4)(n + 3); d, =a, =0 
k2x4 k4x8 kox 12 
3.4'3.4-7-8 3-4-7-8-11- 12 
=| m+1 k2 4)m+1 
wig (-1" tke? x4) 
44 3-4-7-8--- (4m + 3)(4m + 4) 
235) k4x? box 33 
AS ' 4-5:8.9 405080912018 
yy"* kx 4\m+1 
= 1+. (-1)"* 1? x4) 
4-5-8-9---(4m+4)(4m +5) 


m= 


yQ)=1 


Hint: Let n = 4m in the recurrence relation, m = 1,2,3,.... 


(n+2)(n + 1a, ,. —n@ + 1)a,,, +4, = 0, n=l; Ay = —5ay 
y@=1 5x? x? axes, yy (x) = x ix? ax dare 
G45 =—(n* —2n oe ea n>2; a,=-a, a,=—1a, 
yx) =1—x° + x4 — px 4. y,(x) =x 134 ax A acti 
Gn. = ae eres ar oe 
‘ : 6 ec] n .2n 
aa ae 2s (-1)"x 
= kee | 
a fis ae” ar 3-5. Qn—1) 
3 3 7 n,.2n+1 
is a (—1)"x 
Yy(x) =x 77> 4 74-6. weet Eos “On 
Fn42 = —la + 1 a4 +4, +a,_,]/(n oF l)(n +2), n=l, 2, mene 
= —(ay + a,)/2 


1 Bet sen ly Sa 
y(4) = @-1I)— 30 1+ 1@-18-la-nt+ 
(n+ 2)(n+1)a,,, + (2 —2)(n—3)a,=0; n=0,1,2,... 
HGH 1 — se"; Yiknar— 23 
A(n + 2)a, 15 (n—2)a,=0; n=0,1,2,... 

2 


3 5 7 ent 
y,@)=1- 


x” xX Xx 


Yo(x) =x 


re 12 240 2240 4"(Qn—1)(2n +1) 
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See SSM for 
detailed solutions 
to 14, 16a, 19 


22b, 23, 26 


1, 6, 9afh 


11. 


21. 


22. 


3(n + 2)a, 45 —(n + 1)a, = 0; n=0,1,2,... 


2 4 
x x 5 3-5---(Qn—1) 
=i sid ee ae) aa a ee an 
Se aa Aa GY a Ve TGs 
2 3 8 5 16 7 2-4---(2n) 2n+1 
ae a RA Er ae YC 3".3.5---Qn4+]1) 


(n+2)(n+ 1)a,4,5 — (t+ Dna,,, +(n- la, = 0; n=0,1,2,... 


= a x" _ 
y,Q)= Ty tee ag FO ees Vox) =x 
2(n + 2)(n + 1)a,,, + (n+ 3)a, = 0; n= 071; 2e4c 
3 >) 7 3-5---(Qn+1) 
=] 2 4 6 an 1)" 2n a 
y@) a Pag” agg et — om 
3 5 7 
x x x 4-6---(2n+2) , 
— see 1)” ntl, 
BEES a Fay yg CY oa 


2(n+2)(n + l)a,, +34 Ia, +(+3)a,=0; n=0,1,2,... 
y,@) =1—3@ — 2)? + 2-2) 4+ g@-2)*4+--- 
Yo(x) = (« — 2) — 3@ — 2)? + H@—2)° + A@—2)*4+--- 


: (a)y=2+xtx7 +44 hxt+- (c) about |x| < 0.7 
(a) y= —14+3x 4x7 — 3x8 — dxt +... (c) about |x| < 0.7 
(a) y=4—x-—4x7 + fxP + dxt+-. (c) about |x| < 0.5 
(a) y= —3+2x 3x? 5x3 xt pee (c) about |x| < 0.9 


qyata Gai aly a a 
yx) = (x - 1) —4@—D*- F@-1P 4+ A@-D’ +: 


xr MA-—4 MA — 4)(A — 
(@) y,@) =1- Fat EO a 8) 64. 


a aa ae 51 7 


(b) 1, x, 1 2x2, x — 2x3, 1— 4x2 + 4x4, x — SxF + ax? 
(c) 1, 2x, 4x2 —2, 8x7 —12x, 16x* — 48x? + 12, 32x° — 160x? + 120x 
(b) y=x—-x°/64--- 


Section 5.3, page 253 


80-00 OV ie Oi 


” (0) = =i. o"”"(0) = 0, $" (0) = 3 

¢"(0) =0, ¢”’ (0) = -2, o" (0) =0 

¢"(1) =0, (1) = -6, oy (1) = 42 

¢" (0) =0, ¢"(0)=-a, ¢°(0)=—4a, 

p=WO, p= 

p=1, p=3, p=l1 

pol, pH3 

p=l 

ajp=co (b)p=~ (C)p=CO WMp=H C)p=l1 
Hpav2 Ween Opel Ge=i Qe=2 
(W)p=V3 Mp=1 (mp=c (p= 


4-2 5, G-2DOA-9 5 = DA=6A=10) 
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Answers to Problems 


See SSM for 
detailed solutions 
to 10a 


10b, 11 


18 


20, 22 


26, 28 


10. 


11. 


12. 


13. 


14. 


iby 


16. 


17. 


18. 
19. 


20. 


21. 


23, 
24. 


a ; (2? — a?)a? ; (42 — @)(2? — a) a? : 
Xx 


@y@)=1- 5% | x A 
[(2m — 2)? — a*]---(2? — att) am 
(2m)! 
iw =e =a) 
yo) =x+ 31 xe 51 a 
+ aS scat es Ube a) amt ey 
(2m + 1)! 


(b) y, (x) or y, (x) terminates with x" as a = n is even or odd. 


()n=0, y=1;, n=1, y=x; n=2, y=1 2x?; n=3, y=x— 4x? 
yy) = 1 Gxt ge? t gyre ters, yo) =x ya t age’ t gga te, 
p= 06 
¥@) = 1— Gxt at = Bete, yy) Sx Batt aye — yx te, 
p=o 
yx) = 14x74 bxt 4+ xP ten, yx) =xt pt Bt Dx’ te, 
p=1/2 
y,(x) = 14 px° + bat - x8 tee, yo(x) = x ext gxt t+ Ot , 
p=l 
Cannot specify arbitrary initial conditions at x = 0; hence x = 0 is a singular point. 
2 n 
x x 
y=ltx+tio4---+—4---=e 
2! n! 
hats x4 2 x6 n * yn x 
SE eT Bed. DAs 2a! 
y=ltxtixrt+ jee. 
1 
eS Uae 


n 


_ ‘ x2 x , x? x4 x” 


me) 
=ae +2(e—-1l-x 5 =ce* —2—2x —x? 


A x2 4 x4 xo % in (—1)"x2" ds 
=a ew SS ee 
aa 2 970) 793! 2"n! 


x? x? x4 x 
+ («e+ ee te 


2 3 2-4 3. 


7/2 4 Vz x3 x4 4 x 4 
= a,e Xx wee ie 
9 2 3 2-4 3-5 


1, 1—3x?, 1— 10x? 4+ 2x4; x, x— 3x3, x — Bah + Bx? 

(a) 1, x, (3x? —1)/2, (5x? —3x)/2, (35x* — 30x? + 3)/8, (63x° — 70x? + 15x)/8 
(c) P,, 0; P,, 0.57735; P;, 0, +0.77460; P,, +0.33998, +0.86114; 

P;, 0, £0.53847, 0.90618 
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Section 5.4, page 259 


See SSM for 1. x =0, regular 2. x =0, regular; x =1, irregular 
detailed solutions 3. x =O, irregular; x =1, regular 4. x =O, irregular; x = +1, regular 
to 1,5 5. x =1, regular; x =—1, irregular 6. x =0, regular 
7. x = —3, regular 8. x =0, —1, regular; x =1, irregular 
9. x =1, regular; x = —2, irregular 10. x =0, 3, regular 
42.17 11. x =1, —2, regular 12. x =0, regular 
? 13. x =0, irregular 14. x =0, regular 
15. x =0, regular 16. x =0, nz, regular 
17. x =0, nz, regular 18. x =O, irregular; x =-tnmz, regular 
2 4 
x x 
19,21, 23 19. y=a,{1 me 
- o( 2.512.459 
22. Irregular singular point 23. Regular singular point 
25 24. Regular singular point 25. Irregular singular point 
26. Irregular singular point 27. Irregular singular point 
Section 5.5, page 265 
= =2 —1/2 —3/2 
2, 4,9, 13, 16 ce aS 2 yseye bl? + epix + 1% 
3. y=e,x* +0,x* In|x| 
4. y=c,x'cos(2In|x|) +¢,x7! sin(2 In |x|) 
5. y=c,x+c,x In |x| 6. y=e(a-D?+e,(x—-1)“ 
7. y= ele | 2 + Ela? 
8. y=c, |x)? cos($/3 In |x|) + c5 |x|? sin(5-/3 In |x|) 
9 y= Ce + ax In |x| 
10. y=c,(x — 2) cos(2 In |x — 2|) +.,(x — 2) sin(2 In |x — 2)) 
IL. y=c,|x|7' cos(5.V15 In |x|) + cylx]7'” sin(g V15 In |x|) 
12. y =c,x+c,x4 13. y =2x3/? — x7! 
14. y = 2x7!/? cos(2Inx) — x7! sin(2Inx) 15. y = 2x? — 7x7 In|x| 
ed 
17, 21, 21a, 22, 16. y=x ~~ cos(2Inx) 17. a<1l 
25 34 18. B>0 19. y=2 
7 20. a>1 
21. (a) a<landB>0 
(b) a<landB>0, ora=landfpB>0 
(c) a>landB>0 
(d) a>1landf>0, ora=landpB>0 
(ec) a=landp > 0 
24. y= ex” + ex” | 25. y =c,x? +0,x7Inx + tnx + ; 
26. YS=Cyx +0,x > + x 
27. y=¢,x +0,x° +3x°Inx +Inx + 3 
28. y =c, cos(2Inx) +c, sin(2 Inx) + ; sin(In x) 
29. y= Oe cos(3 Inx) t+,x 3? sin(3 In x) 
31. x>0: c, =k, co =k; x <0: ¢(-l "=k, oc =k, 
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Section 5.6, page 271 


G9 
l. rQr-—1)=0; a= r= 


: 5, 4.0 
»GatnRatn—-y 2” 
2 4 6 
= ;'/21)4 ss a - oer 
nS 1.5 24519 DoAcges O18 


(—1)"x2" 
Y DSO 13g Ty. 
2 4 6 


( ) 1 x re x x ; 
a oe ee rc ee Wee Te On 
(—1)"x?" 
Y Fae Teen T° 
2 1 a a9 . ee | _ 1 
See SSM for 2. F 3 =9; a, = a DD NH =-3 
‘ , (n+r)?—-2 
detailed solutions 9 
to 2 1 x\2 1 x\4 
pre) ee a 1 i (5) 4+ i i (5) - bee 
11 + 4) 211+ 4)(2 + 4) 
(-1)” x 2m 
Le I 1 1 (5) eee 
m\(1+ 3)(2+ 3)++- (m+ 3) 
1 x\2 1 x\4 
=x | 1 + +++: 
sl) = % 11(1 — 4) (5) 21(1 — 4)(2— 4) (5) 
(-1)” x am 
Tanna! _1 (5) aes 
m!(1 — 3)(2— 3)++-(m — 3) 
Hint: Let n = 2m in the recurrence relation, m = 1,2,3,.... 
3. rr-1)=0; a= el ; rp =l,rn=0 
7 (n+r)(n+r-—1) 
(x) fe ah 
x)=xX ere —— 
oA 12! 213! niin+ Dl 
4 4. 7° =0; a= aaa r,=1r,=0 
ase ° 
x n 
y,@) =14+ —+—54+°:'+ ean 
(1)? (21)? mas 
5. r@r—1)=0; = — : -1+,=0 
ee) oo Ga@tnBatn—-y 3”? 


wax]: (2), 1 (#), 
D ie ee ae 2.aGe 
mi 17\2)" 217-13 \2 
—])" a\. 
+ ( ) x fo .-- 
m17-13---(6m +1) \ 2 


fp ta EV Baa he <p" yy 
WO" 15 2 PT 2s 1 2 m!5-11---(6m—1)\ 2 


Hint: Let n = 2m in the recurrence relation, m = 1,2,3,.... 
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See SSM for 
detailed solutions 
to 11 


16ab 


a 


r?—2=0; 7; 7 = V2, 1, =-Vv2 


ars 
” (n+r)*—2 


ya" |1 ee as — 
LO) 210 4 2/3) + 34/2) 


2 


a (-1)" | 
itl A Daf DVO Aa Ds) 2 ne DD) 


yy(x) =x-¥?] 1 sd sd — 
i= 29) Di 9 = 36/2) 


2 


r (-1)" vee] 
AW = B/D) — 24/2) >>> (nn — 2a/2) 


nll<3245+--On—1) 


n=1 


r? = 0; (nt+r)a,=4,)35 1, =r =0 
2 3 n 
y@altxt tote to tenet 
2r? +r—1=0; (Qn+2r—1)\n+r+1)a,+2a,_, 0; ry 5, ry | 
2 4 m 2m 
—1)"x 
ap ta - sad ( ee 
a ( 7 + oT ar eee 
4 m,.2m 
—1)"x 
=x !{1 2a. # er ( eave 
as ( wt os eos) © 
r? —4r +3 =0; (n+r—3)\n+r—Il)a,-(n+r—2)a,_,=0; r,=3, r=1 
Geet (1 fate fee 
xXx)=xX —xX — eee — i Sane 
sz! sg a maeD 
r—r+,=0; (n+r—3)'a, +a, ,=0; rn=rn=l/2 
2 4 m,.2m 
agi? e ee eee i: as 
y,() i ( ? + 2742 7 2?" (m!)* s 
.r=0; r,=0, r, =0 
a(a+ 1) a(a+1)[1-2—a(a+1)] 4 
=1+ 1 1)°+--- 
y,@) a eo Soe 
_ery2@ + DI 2a + Dina —)—e@ +), yey... 
2” (n!) 
@). 7) = 4, =—Vatbotha =41 
(b) y,(x) = |x — 1)” 
S. (—1)"(1 + 2a) - -- (Qn — 14+ 2a)(1 — 2a) --- (2n — 1 — 202) 
1 1)" 
-| +2 "(Qn +)! e | 
of (=1) ol -(n—-1 —a)\(l—a)-:-(n—-1— 
ya) =14+ 50! Va(l+a)---(a +a)(—a@)(1—a@)---(n aie 1" 


= 
Peal. 20, ely ei bate ae 
n 
—) cA CMU, COOH I=) 
WOE ope ee nly? -~ 


For A = n, the coefficients of all terms past x” are zero. 
(b) [(1 — 1)? — 1]b, = —b,,_,, and it is impossible to determine b,. 
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Section 5.7, page 278 


See SSM for L 20) ree Det 71, 50 
detailed solutions 2.x=0; r°—3r+2=0; 7,=2,r5=1 
to 1,3,9 3. x=0; r(vr-1)=0; r,=1,7r,=0 
x=1; rvr+5)=0; r,=0, 7, 5 
4. None 


5. x=0; r°+2r—-2=0; r,=-14+V3 0.732, r) =-1- V3 = -2.73 
6. x=0; rer 3) 0; or, 3, r, =0 
x=-2; r(r >) 0; ry 7 r, =0 
eek Peak « i, 5 i 
8 x=—-l; r?—7r+3=0; 7, = (74+ V37)/2 = 654, 1, = (7 — V37)/2 = 0.459 
9 x=1; r?+r=0; r, =0, r, 1 
10. x=-2; 7? -G/4)r=0; r,=5/4,7,=0 
i, #=2) P20, 7, =2, 74,50 
x=-2; r?-2r=0; r,=2,7r,=0 
I 220 CoG pr=ah 7 =5/3,7,=0 
x=-3; P—(r/3)-1=0; r,= 04 V37)/6 = 1.18, 
r, = (1 — V¥37)/6 = —0.847 
13. (b)r, =0, 7, =0 
()y@)=l+xt+ ix + exe+--- 
Yo(x) = y,(x) Inx — 2x — 3x? — FExi +. 
14. (b)r, =1, 7, =0 
(c) y,(@%) =x 4x? + tx xt pee. 
Yo(x) = —6y, (x) Inx + 1 — 33x? + Bx? +... 
15. (b)r, =1, 7, =0 
(c) yj) =x t 3x? + 3x7 + xt +... 
Yo(x) = 3y,(x) nx +1 — tx? - Bar +... 
16. (b)r, =1, 7, =0 
(c) y,@) =x srt be 


14, 
aay re 

3.2, 7,3 35 4 

aX 1 36% inet tote 


y@) =—y,@)Inx +1 
17abc 17. (br, =1,7,=—-1 
()y@)=x-— Avtar te: 
yy(x) = —Fy, x) nx +x! — grt. 
18 18. t= as r, =0 
y@=@-D"1-Fa-Y)t+tgme-V? t+: p= 
19. (c) Hint: (n-—V(n-—2)+ A +a4+ B)(n—-1)+aB =(n-1+a)(n—1+4+8) 


errno (d) Hint: (n—y)(n—1—y)+(+a+ B)n—y)+oap =(n—y +a)(n—y + B) 
= iS) (—1)"x" 
: a Serer any 
! - Hot Te nyn 
Yy(%) = —y, @)Inx + — [ Bs eT (-1)"x 
1 Co =| non 2 00 1 ny 
Z 2. ia yo yn(t) = y,0)Inx — 25S ) ayn 


2 2 
o n=0 (n!) a n=1 (n!) 
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See SSM for 
detailed solutions 
10.0, 4, 5 


7,12 


13, 14 


lo,@) (—1)"2" a 
i= >, ay 


n=0 


1 oo (-1)" E 
a aa x 2 ni(n+ DI 


lo, @) 


x", yo(x) = y, (x) Inx a 


lo.) (-1)"2"H, h 
Xx 


(n!)’ 


n=1 


1 
yy) = -y,@)Inx + 5 [ 


n=1 


0° (—1)” 


A, + A, _, 1)"x" 
pS ore i ee 


m=1 m\(1 + 5)(2 + 3) . 


2m 
aap 


yy(x) = x 3/2 [ + 


m=1 


is arbitrary. 


CHAPTER 6 |Section 6.1, page 298 


1; 2; 9b, 6, 9 


18, 16, 18, 21 


25, 27abcd 


2,4,7 


11,14,15 


3 1)” 
m\(1 — 3)(2 — 3)-- 


2m 
a5" 


Hint: Let n = 2m in the recurrence relation, m = 1, 2,3,.... Forr = —s 


3 _ 
5,4, = Oanda, 


3. Continuous 


1. Piecewise continuous 2. Neither 
4. Piecewise continuous 5. (a) 1/s?, 
(b) 2/s°, 
(c) ni/st tt 
7. 2p? s > |b| 8. 
s—a 
9. , s—-a>|b 10. 
(s — ay —b* I 
11 p 0 12 
_ = Ta, SS ; 
sth 
b 
13. 7.0, 7.2? s>a 14. 
(s—a)' +b) 
1 
15. —~, s>a 16. 
(s — a) 
2 2 
17. —— s > |al 18. 
(s —a)(s +a) 
2 ae?) 
9, 2S) geo 20. 
(s° +a‘) 
21. Converges 22. 
23. Diverges 24. 
26. (d) (3/2) = J/m/2; T11/2) = 945./7, 
Section 6.2, page 307 
1. 3 sin 2r 
a, 2e 20" 
5 5 
5. 2e'cos2t 
7. 2e' cost + 3e' sint 
9, —2e-* cost + 5e~~ sint 
ll. y= t(e% + 4e-7) 
13. y=e'sint 
15. y =2e! coshJ/3t — (2/V73)e' sinh /3t 


s>0 6. s/(s? +a’), s>0 
s>0 
s>0 
b 
2 _ pe’ s > |D| 
b 
D 55 S—a> |b 
(s—a) —b 
Ss 
~~, s>0 
+b? 
s—a 
——.—, s>a 
(s—av +h* 
2as 0 
——s: s> 
(ee +a2y 
n!} 
————, s>a 
(s = a)'t! 
2a(3s" + a’) \a| 
———, s>la 
(2? — ay 
Converges 
Converges 
/32 
2. 22 
4. e% + $e 
6. 2cosh2r — 3 sinh 2r 
8. 3—2sin2t +5 cos 2t 
10. 2e~ cos 3t — 3e~ sin3r 
12, y=2e%— a 
14. y=e te”! 
16. y = 2e~ cos 2t + 5e~ sin 2t 
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See SSM for 
detailed solutions 
to 17, 20, 22, 24 


27b, 30, 32 
36a, 38ab 
2,4, 8 

14, 21, 22, 27 
28, 30 

1 

S 


36. 


a ee 2,3,t 
y=te—te + 3te 18. 


y=cosV/2t 
y = (o& — 4)! [(@” — 5) cos wt + cos 24] 


a 2 (cost — 2sint + 4e' cost — 2e’ sinr) 


. y= i(e'—e'cost+ 7e! sin t) 23. 

¥(s) = = FS 1 =e 05, 
so+4  s(s* +4) 

Y(s) = (1 —e7)/s?(s? + 4) 29. 

2b(3s* — b?)/(s? + b°)P ai, 

n\/(s — aj"! 33. 


(is — a)? —B*/[(s —aP? + bP 
(a) ¥’+s°Y=s 


Section 6.3, page 314 


4s 


33. 


Section 6.4, page 321 


1. y=1-—cost+sint — u(t) — sint) 
y=e'sint+ Su, (1 +e" cost + e7"™ sin t] 


y 
oy 
y 


1 ~(1-2 ~(1-2 
—5u,, (t)[1 —e (27) cogs ¢ — e U2") 


z[1 — uy, (t)](2 sin t — sin 21) 


y =cosht 


y=2e'+te t+ oe! 


1 e*(s+1) 
Y a = 
(s) (sr? +1) s2(s7 +1) 
1/(s — a) 
nt /s"*! 


2b(s — a)/[(s — a)? + b°P 


(b) s7¥” + 28Y’ — [s? +a(a+1)]¥ = —1 


F — aT —es4 af —2ns ~Qnt)sy _ Ls one 0 
oa ° OT i ~  s(lte%) ’ —~ 
1 = nALnS 1/s 
are 1)"e ra s>0 
_ _t/s > jhe 
L{f@O} = iat oe 0 30. L{f()} = wey te 0 
1—(1+s)e 7 tte 
* =~ ou 2. = 
Swear © ON ES eae ye 
Ls —s 
@Lf@Or=sd-e), »>0 34. (b) L{p()} = =———., 
(b) L{g(t)}} =s 7 —e), s>0 s(1+e™) 
(c) L{h()} =s (1 —e*)?, s>0 


sin ft] 


z(2 sin ft — sin 2t) — zu, (t)(2 sint + sin 2r) 


1 1 (-2t —t 1 1 ,—2(t—10) 
zt ze —e — Uy (Lz + 3e - 


e #10) 


F(s) = 2e°/s? , 8. F(s) =e %(s* +2)/s° 
F(s)= - — = (1+ 7s) 10. F(s)= “(e + 2e~** — 6e**) 
. F(s)= sr sje! (+sje] 12. F(s)= fal —e)/s? 
. f®=te* 14. f(t) = tu,()[e? — 7) 
. f(t) = 2u,(e"* cos(t — 2) 16. f(t) =u,(t) sinh 2(t — 2) 
f(t) =u, (Ne? cosh(t — 1) 18. f(t) =u,(t) +u,(t) —u,(t) — u,(t) 
f(t) = 2(2t)” 21. fom= se!” cost 
. f@) = pePe*? -1 23. f(t) = feu, (t/2) 
F(s)=s 'd—e%), s>0 
. F(s)=s"d—-e*+e%*-e%*), s>0 
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6. y=et— et 4 uy(t)L5 —e FD 4 Fe 2] 
7. y=cost+u, (t)[1 — cos(t — 37)] 
See SSM for 8. y=hG)—u, ht —2/2), h(t) = A(-4 + 5t + 4e”? cost — 3e~”” sinr) 
detailed solutions = 9, y=! sint + 44 — Lu, (t)[t — 6 — sin(t — 6)] 
to 8, 10, 16bc 10. y=h(t)+u,MAt—m), A(th= A[-4 cost +sint + 4e~? cost + e~/? sin t] 
ll. y=u,(O[4 — jcos(2t — 27)] — v5, (N14 — 7 cos(2t — 677)] 
12, y=u,MhC-—1)-u,MhG—2), h(t) = —1 + (cost + cosht)/2 
13. y=A(t)-—u,MhC—z), h(t) = 3B —4cost + cos 2t)/12 
14. f(t)= [u, Oe —t) - U, see — t, —k)\(h/k) 
15. gt) = [u, Oe —)- 2u, OU —ty—k)+ Ue (O(E — ty — 2k)](h/k) 
16. (b) u(t) = 4ku (tht — 3) - 4kus (t)h(t — 3), 
A(t) = + — (77/84) e"* sinv7 t/8) — te-/* cos(3V7 t/8) 
(d) k = 2.51 (e) t = 25.6773 
17. (ak =5 
(b) y = [uA —5) —us,,QAG-—S—k)I/k, AC) = it _ 7 sin 2t 
18. (b) f,© = [u,_,(t) = Ug. ,(t)]/2k; 
y = lug, Mh —4+k) — uy, Qa — 4 — k)]/2k, 
A(t) = 4 — ge /° cos(/143 t/6) — (143/572) e"° sin(/143 t/6) 


n 


19abd 19. (b) y=1—cost+2 )(—)*u,, (OU — cos(t — kxr)] 


20, 20abe ae 
21. (b) y=1-—cost+ Ye )‘u,, OU — cos(t — k)] 
k=l 


23. (a)y=1-—cost+2 YE yy AOU — cos(t — 11k/4)] 
k=l 


Section 6.5, page 328 


y=e‘cost+e‘sint+u, (the sin(t — zr) 
y = 5u,(t)sin2(t — ) — 5u,, (t) sin2(t — 277) 
y= te te se at u,(t)[—e "> a e")] a Uy (15 ot xe _ e @-10)) 
y = cosh(t) — 20u,(t) sinh(t — 3) 
y= ; sint — cost + ze cos /2t + (1/V2) Us, (the "—* sin /2(t — 327) 
y= 5 cos 2t+ 5Uy, (t) sin2(t — 477) 
y = sin¢t + u,, (t) sin(t — 27) 
y= Uj4(t) sin2(t — 2/4) 
y= u,,2(t)[1 —cos(t — w/2)] + 35,9 (t) sin(t — 37/2) — u,, (t)[1 — cos(t — 27)] 
10 10. y = (1/V31) uw, 6(t) expl—1(¢ — 1 /6)] sin(V31/4)(¢ — 17/6) 
11. y= icost+ 2 sint — te‘ cost — de sint + inne e sin(t — 2/2) 
12. y=u,(f)[sinh(t — 1) — sin(t — 1)]/2 
13. (a) -e"4s@—5-—T), T =8n/V15 
14. (a) y = (4/V15) u, (the "4 sin(V15/4)(t — 1) 
(b) t, = 2.3613, y, = 0.71153 
(c) y = (8V7/21) u, (te sin(3V7/8) (t— 1); t, = 2.4569, y, = 0.83351 
(d)t, =1+2/2 =2.5708, y,=1 
15. (a) k, =2.8108 (b) k, = 2.3995 (c)k, =2 
16. (a) b(t, k) = [uy_, Oh -—4+k) — uy, Oat —4—)]/2k, h(t) =1—cost 
(b) u,(t) sin(t — 4) (c) Yes 


—(t—7) 


inte Pea’ 


SOP SO AG a eS 


13a, b 


706 Answers to Problems 


See SSM for 17. (b)y= > u,,, (t) sin(t — kz) 18. (b)y= ep ty, (t) sin(t — kz) 
detailed solutions - k=l 
to 17b 19. (b) y= py Upp (t) Sin(t — ka /2) 
20. (b)y = THD Hay, a(t) sin(t — k7/2) 
21b 5 
21. (b)y= p> ops, () sinlt — Qk — 1)z] 


40 
22. (b)y = (HD a yy g(t sin(t — 11k/4) 


20 
25b 23. (b)y= Tas VHD a, Qe sinf/399(¢ — kr) /20] 
k=1 


15 
24. (b) y= AG pe U op —1yq (te EHV sin{ /399[t — (2k — 1)7]/20} 


Section 6.6, page 335 


16 3. sint *sint = 5(sint — t cost) is negative when t = 27, for example. 

4 4. F(s) = 2/s?(s? +4) 5. F(s) =1/(s + 1)(s? +1) 
6. F(s) = 1/s?(s —1) 7. F(s)=s/(s? +1? 

8,13, 15, 17 8. fa=h [CoP sinc at 9. fF) = f° e" cos 2x dr 


t t 
10. f= sf (t —t)e"— sin 2 dt ll. f= f sin(t — t)g(t) dt 
1 1 
12. y=—sinwt + — sf. sinw(t —t)g(t)dt 13. y= i. e-"— sin(t — tT) sinat dt 
(a) @ 40 0 
t 
14, y= if e "9 /? sin I(t — t) g(t) dt 
t 
15. y=e cost — fe" sint + J e 9? sin(t — tr) —u, (t)] dt 
16. y= 2e77% 4 ter + fe —t)e2"-) g(t) dt 
17. y=2et — er feo —e 7") cosat dt 
t 
18. y= if [sinh(t — t) — sin(t — t)]g(t) dt 
i. = Leos 2t +1 f'[2si in2 d 
. y= 7Cost— zcos2t+ if [2 sin(t — tT) — sin2(t — t)]g(t) dt 
F(s) 


1+ K(s) 
21. (c) d(t) = + (4 sin 2t —2sint) (d) u(t) = (2 sint — sin 2f) 


CHAPTER 7 | Section 7.1, page 344 


Lox, = X5, Xx} = —2x, — 0.5x, 
2,4,5 2. x, = Xp, i —2x, —0.5x, + 3sint 
3. x, =X, x =—-(1—- 0.25t~*)x, - ae 
4. x} =X, Xp =X, X5 =X4) X4 =X, 
5. x, = X5, i —q(t)x, — p(t)x, + g(t); x,(0) =u, x, (0) = Uo 
6. Yi =o» ys = —(k, +k,)y,/m, +k,y,/m, + F\(t)/m,, 


V5 = V4> ¥4 = ky, /m, — (k, +k,)y,/m, + F,(t)/m, 
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7. (a) xy = ce" + ee, X= a _ i 


(b) c, =5/2, c, = —1/2 in solution in (a) 
(c) Graph approaches origin in the first quadrant tangent to the line x, = x,. 


See SSM for 8. x, = Hem _ fet, X,= perm a te 
detailed solutions Graph is asymptotic to the line x, = 2x, in the first quadrant. 
to 8,9 9. x ee x, = el? — be 


Graph is asymptotic to the line x, = x, in the third quadrant. 
10. x, =—7e" + 6e~7", X= —Te" 4+ 9e~7! 
Graph approaches the origin in the third quadrant tangent to the line x, = x,. 
11. x, =3cos2t+4sin2t, x, = —3sin2t + 4cos 2t 
Graph is a circle, center at origin, radius 5, traversed clockwise. 
12, 14, 19 12. x, =—2e cos2r+2e/* sin2r, x, = 2e~/” cos 2t + 2e"” sin 2r 
Graph is a clockwise spiral, approaching the origin. 
13. LRCI"+LI'+ RI =0 
21abe 21. @ QO, =3-72,+H2., 2,0 =25 
Q,=3+ 02: ~ 3Q,, Q,(0) = 15 
(b) QF =42, QF = 36 
(c) x} =—px,+4x,, x,0)=-17 
Xy = a*) = EX, x,(0) = —21 
22. (a) Of =34¢,-40,+Wm2, 2,0=2! 
Q)= 4 + %21— To 22, 22(0) = D5 
(b) OF al 6(9q, + 4p), OF = 2034, af 24>) 
(c) No 
(@) 3507/0; <7 


Section 7.2, page 355 


6 —-6 3 —15 6 —-12 
lac 1. (a) | 5 9 -2 (b) 7 —-18 -1 
2 3 8 —26 —3 —5 

6 —-12 3 -8 -9 11 

(c) | 4 3 a (d)}| 14 12 —-5 

9 12 0 5 -8 5 


; = i 344i 6i 
2. (a) es ie (b) hice 3) 


345i 745i 8+7i 4-4) 
Cee ae (Bry =) 


2. i 72 i o —t 4. 4 
3. @{ 1 o -1] m2 -1 1) ©@[ 3 -1 Oo 
2: 3 3 -1 0 a ee 
=o eq 340% Loi 340) 243 
ae Co a7) (b) Gs a) ©) (ae 5) 
10 6 -4 
5. [0 4 10 
4 4 6 
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Answers to Problems 


See SSM for 
detailed solutions 
to 6, 10 


te 


14 


o2,e8 


15 


7 -lil —3 5 0 -l 6 -8 -ll 
6. (a) ] 11 20 17 (b) 2 7 4 (c)} 9 15 6 
—4 3 —12 —1 1 4 -5 -l 5 
8. (a) 47 (b) 12 — 8 (c)2+ 2i (d) 16 
By to 
Wis oF oe et 
Tl i 2 4 
i 2 3 3 O 
1 1 1 
12. ae 3 -1 13. a. <4 5 
_ 1 1 
_ -3 O 3 
1 _i 1 
2 4 8 
14. Singular is, }O 3 =| 
1 
0 0 7 
I 3. 1 
10 10 10 
2 4 2 : 
16. |-7 To 10 17. Singular 
a 3 
10 10 10 P B 8 2 
1 1 0 1 - : 
5 1D 36 4 
is fo o> 2 19. 5 5S 
1 1 1 1 0 —t i L 
0 1 0 1 2 —4 4 1 
5 5 5 
Te’ 5e" 100% 
21. (a) | —-e Tet 27 
8e’ 0 =¢" 
2e7%7 —2+4+3e* 1+4e7'— e 3c 4+ 2e' — 
(b) 4e7" — 1 —3e% 2427 + e! 6e* + eb + e* 
—2e% —3+6e" -1+6e%—2e' —3e% +3e' —2e* 
e —2e" Qe" 1 2e7! $(e +1) 
(c) | 2e° et —2e" ()(e-l{ 2 e' —t(e+1) 
—e 3e" 4e7" al 3! e+1 
Section 7.3, page 366 
1. x, = —i, X= i, x, = —i 2. No solution 
3. x) =—-c, X,=c+1, x, =c, where c is arbitrary 
4. x,;=c, xX,=—c, Xx, =—c, where c is arbitrary 
5. x, =0, x,=0, x,=0 6. Linearly independent 
7. x) — 5x9 42x = 0 8. 2x) — 3x + 4x9 — x9 =0 
9. Linearly independent 10. x9) 4+x%@ _x@ —9 
12. 3x) — 6x”) (t) + x?) (t) =0 13. Linearly independent 
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See SSM for 
detailed solutions 
to 18, 21 


24 
ae 


1,2a 
2bc, 6abcd 


6, 7,9 


18. 4,=0,x%=(!); a,=2,x2=( ! 
; ij? ~? -i 
2% st [72 ), ao goa | 
19. 4,=2, x ( a a, = 2, x (_'5) 
_ a _ (3 a @ _ (1 
20. A 1/2, x) = tar Ay = =3/2, x9 = (3) 
2 0 
al, p= ara Sy aH a a | Le eo S| 
2 -i i 
1 =) 0 
2 Ae ee =| Oe Go PS ||) Ve Pea 
-1 0 -1 
2 2 1 
23. 4, =1 x) — 2); A, =2, x) 1]; Aa,=-1, x9 = 2 
=f 2 
1 1 2 
A. eal, eM elad le Doe=sOP S| O1F ApHb, xP = 1 
1 -1 2 


Section 7.4, page 371 


2. (c) WO) = cexp f [p(0) + Ppp(t)] dt 
6. (a W(t) =? 
(b) x“ and x” are linearly independent at each point except t = 0; they are linearly 
independent on every interval. 
(c) At least one coefficient must be discontinuous at tf = 0. 
, 0 1 
(d) x = (33 a4! x 
7. (a) W(t) =t(t —2)e" 
(b) x" and x” are linearly independent at each point except t = 0 and t = 2; they are 
linearly independent on every interval. 
(c) There must be at least one discontinuous coefficient at t = 0 and t = 2. 
0 1 
2-2 r-2)x 
2 17 -2¢ 


Section 7.5, page 381 


(d) x’ = 
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Answers to Problems 


(a)x,=x,, x) = —(c/a)x, — (b/a)x, 


_ 955 (3) ,-+20 , 29 (1) 0-14 
@x=- (3)e ay =) e 


(c) T = 74.39 
(ayx=c, ) el 2tv2t/2 de c e(2-V2t/2. 
tia = (-240/2)/2; 
(rj ,=-lt Ja; 


aly)-aG}m rate 


node 
saddle point 


a=l 


Section 7.6, page 390 


12. 
13. 
14. 
15. 
See SSM for 
detailed solutions 
to 16 17. 
20, 25 20. 
22. 
29. 
30. 
31. 
Sic 
32. 
1 1. 


2. 


3. 


gone cos 2t 4: ot sin 2t 
~ 1” \cos 2t + sin 2t 2" \—cos2r + sin 2t 


get 2cos2t tees —2sin2t 
1 sin 2t 2 cos 2t 


Paar Scost ie 5 sint 
~ 1 \2cost+sint 2\—cost+2sint 


Answers to Problems 


711 


4. 


See SSM for 7: 


detailed solutions 
to 7,9 


11ad, 15ab 11. 


21, 23abc, 29a 21. 


26. 


28. 
29bce 29. 


5cos 3t 5sin 3t 
x= t/2 2° 1/2 2 
ne 3(cos 3 + sin 31) oe 3(— cos 3¢+sin 31) 


+ cost Ag sin t 
x=c,e : + C,e 4 
2cost +sint —cost+2sint 


=e —2cos 3t hes —2 sin 3t 
~ “1 \ cos 3t + 3 sin 3t 2 \ sin 3t — 3 cos 3t 
0 0 
e' +c,e' | cos2t | +c,e° sin 2t 
a sin 2t — cos 2t 
2 —/2 sin./2t 
—2 e+e, e! cos /2t 
1 —cos J/2t—J/2sin/2t 
J/2cos /2t 
+ €3e : sin./2t 
J/2cos ./2t — sin /2t 
xae7 cost — 3sint 10. x=e- cost — 5sint 
- cost — sint oe. —2cost —3sint 
(a)r=—;+i 12. (@r=tH+i 
. (ar=ati (b)a=0 


(a)r = (at Va? —20)/2 — (b)w = —V20, 0, V20 


. (adr=t/4—5a (b) a = 4/5 
16abc, 18abc 16. 


(a)r = 24530 (b) «@ =0, 25/12 

(a)r =-1+/—a (b) a = —1, 0 

(a)r = —} + 4./49 — 24a (b) a = 2, 49/24 

(a)r = f4a—2+ Va’? + 8a — 24 (b) a = —4—2,/10, —4+2,/10, 5/2 
(ar =—-14£/25+ 8a (b) a = —25/8, —3 


go cos(/2 Int) gg gt ( sin(/2 Int) 
ad V2 sin(/2 Int) Z —J/2cos(/2 Int) 
5 cos(In fr) 5 sin(In rt) 
cman its cos(In fr) ‘i sin(In ) a (_ cos(Inf) + 2 sin(In ‘) 
(a)r =—4+i, -} 
(ajr=—-7+i, 7% 


I\ _ 1/2 { cos(t/2) -t/2 sin(t /2) 
©) (),) <0 (0) es ) 


(c) Usec; =2, Cc, = -; in answer to part (b). 


(d) tim I@)= iim V(t) =0; no 


I\ _ = cos t =} sin t 
(b) (,) ie i (_ cost — sin ) Pe (_ sin tf + cos ) 


(c) Use c, = 2 and c, = 3 in answer to part (b). 
(d) lim 7(t) = lim V(t) =0; no 
t>oo t>oo 
(b) r = +i/k/m (d) |r| is the natural frequency. 
(a) yj = Vp, Y= —2Y, + ys YS = Yq 4 = IY, — 2Y3 
(b)r = +i, +V3i 
(c) y, = y, =sint+2cost, y, = y, = —2sint + cost 
(d) y, = —y; = sinV3t+2cosV31, y, = —y, = —2V3 sin /3t + V3cos V3t 
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Answers to Problems 


See SSM for 
detailed solutions 
to 2, 4 


11 


3,5 


Section 7.7, page 400 


1 4 2 2 2t 
1. @t) = 3¢ + 3e a= 3 © 
: -_ —2¢e 7% 4 262 447 _ 1, 
3 3 3 3 
Se 5 —1t/2 oe fe et/2 et 
: = Ite ig Ape ai 
4 4 2 2 
3 t 1 2=t 1 ot T=t 
3. Bt) = 20 98 2€ + 3€ 
3ot _ 3,-t —let4 3e-t 
2 2 2 2 
aap te* ale ze" 1 ,-3t ate te" 
" Q= —4,-3t 4 4 2t 4 4-3t 4 1,2 
5 5 5 5 
cost + 2sint —Ssint 
5. Dt) = h ; 
sin t cost — 2sint 
6. ey=(° ‘cos2t —2e~‘ sin 2r 
; ~ \Se™ sin 2t e'cos2t 
1,2 a 3 ott 1, _ 14 
7 P(t) — 2 2 2 2 
. 7h 238 2t 1 364 3 o% _ lot 
2 2 2 2 
e ‘cost +2e sint e'sint 
8. Dt) = no -t ao 
Se" sint e cost —2e ‘ sint 
Jet +3e7% —e2t tet et tet 
9. (1) _ se" —Aet 4 36% te _ te“ ae pew te _ tet 4 be" 
7 —2t -t 3 2t 7 —2t 2-1 13 2 7 —2t 2,-t 1__2t 
ze —2e' — se qe. ze He qe. Re He 
L st 1 -2t 1 3t Lt 1 -2t lot —2t 1 3t 
6° +3e) + 7e ge + 3e ge est ge 
10. B(t) = —ie! Le3 tig se! — lg je ee 
Lee 12 1 3t 1 ot 1 =2r 1 at —2t 1 3t 
—se —7e ~ +35e ze — 7e —7e +e" +5e€ 


_7Tf1\ 4 3fl\ +1 
11. x= (j)¢ a) se 


a 2 t 2 t 
l. x=c ()¢ +e,|({) re 
2\ = 2 = 
3. x=c (F)et+e[(Z) ee 
4. x=c e+e] 


2 2 
_ (3) .-4 =2\) Ses 
12. x= @ e'cos2t+ Ge e sin2t 
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7. 
See SSM for 9. 
detailed solutions 
to 9 
11, 12, 14 11. 
12. 
13. 
14. 
15, 17a 16. 
17bcd 17. 


17ef 


0 
(b) xP) = | 1d ec 
=] 


0 
()x? =| 1 
-1 


1 t+2 
(ce) W(t) = e* ttl (t?/2)+t 
=f =f = )2)43 

0 1 3 «3 

()T=| 1 1 T'=| 3 -2 

-1 0 ai 1 


0 1 2 
(d) x) (t) | 1 (t?/2)e7" +[1]}te*+1o]e 
—1 0 3 
0 
1 


2t 
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Answers to Problems 


See SSM for 
detailed solutions 
to 19abc 


19d 


1,2 


1 

(ay x(t) = [0] e 
2 
2 0 

(d)xP(r =| 4]teé'+] o]e 
=) =] 


(ec) Wit) = e' (° 2 


N 
| 
w 


(f) T= 


Ny Oo Fe 


2 
(a) P= fe - , #£ 
1 ¢ 
(c) exp(Jt) = e* af ) 
(d) x = exp(Jt)x° 


20. 0 


0 


Section 7.9, page 417 
1 1\ _, , 3 
l: <= e; (iJera(S)e ce 


(c) exp(Jt) = e 


()- 


21. 


4 


i( 


2 2t 
4 At 
—2 -2t-1 
—1/2 0 
1/4 0]. 
—3/2 -1 


(c) exp(Jt) = e™ 


Jee 


() 


2, Sa ee, e+e, (_'5) et (775) e+ (7/5) et 


5cost 
2cost + sint 


5sint 


1 3G 1 
3. x= <(2t — 5 sin2t — 5 cos2t+c,) 


+4(-t — $sin2t + 3 cos 2t + c,) ( 


a xee (er +e(a-( 
» x=) +al()'-3()| 
6. x= (3) ta(f)e*+(5) 
7. x=c (Jeta(slet+; 


? e 
1 


—2t 


(:) 
s( 


1 
2 


eee 


1/1\, 


(5) ( 
5 (7) 


25 


) 


L 7 
3)e 
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ioe) 


© 


10. 
11 
See SSM for 12 
detailed solutions 
to 12, 14 
13 
14 
15. 


: x= (Jsin?s +e) ( 


. (a) W(t) = ( 


29; (;) e+e, (3) ett @ é+2(1) te’ 


1 —t/2 1 —2t 5 0 é t 
x=C, 1 e + Cy | e+ 3 t— 15 + 14)e 
2 4 2 


caer Desi 


5 cost 


jw) +(-3t — jsine cost +c) ( 


ae [4 In(sin tf) — In(— cos t) — zy +c] ¢ pate :) 


; ; 4 Ssint 
+(e In(sin r) 5f + Cy] ea 


—t/2 1 1 


cos 5t et? 


e sin 


4e~*/? sin st 


1 /— 1 
ealeralye'+ (yeti (a)*-26) 


CHAPTER 8 |Section 8.1, page 427 


tac, 5ac, 7ac 1. 


1.73658 
1.73308 
1.72316 
1.72638 
0.930175 
0.962552 
1.05334 
1.02407 

1.88590 
1.89572 
1.93076 
1.91802 
1.46399 
1.46832 


(a) 1.1975, 
(b) 1.19631, 
(c) 1.19297, 
(d) 1.19405, 
(a) 1.59980, 
(b) 1.61124, 
(c) 1.64337, 
(d) 1.63301, 
(a) 1.2025, 
(b) 1.20388, 
(c) 1.20864, 
(d) 1.20693, 
(a) 1.10244, 
(b) 1.10365, 
(c) 1.10720, 1.22333, 1.34797, 1.48110 

(d) 1.10603, 1.22110, 1.34473, 1.47688 

(a) 0.509239, 0.522187, 0.539023, 0.559936 

(b) 0.509701, 0.523155, 0.540550, 0.562089 

(c) 0.511127, 0.526155, 0.545306, 0.568822 

(d) 0.510645, 0.525138, 0.543690, 0.566529 

(a) —0.920498, —0.857538, —0.808030, —0.770038 
(b) —0.922575, —0.860923, —0.812300, —0.774965 
(c) 0.928059, —0.870054, —0.824021, —0.788686 
(d) —0.926341, —0.867163, —0.820279, —0.784275 
(a) 2.90330, 7.53999, 19.4292, 50.5614 

(b) 2.93506, 7.70957, 20.1081, 52.9779 

(c) 3.03951, 8.28137, 22.4562, 61.5496 

(d) 3.00306, 8.07933, 21.6163, 58.4462 


1.38549, 
1.38335, 
1.37730, 
1.37925, 
1.29288, 
1.31361, 
1.37164, 
1.35295, 

1.41603, 
1.41936, 
1.43104, 
1.42683, 
1.21426, 
1.21656, 


1.56491, 
1.56200, 
1.55378, 
1.55644, 
1.07242, 
1.10012, 
1.17763, 
1.15267, 

1.64289, 
1.64896, 
1.67042, 
1.66265, 
1.33484, 
1.33817, 


5sint 


—cost+2sint 


eo 
sin xf 


st 
zy b)x=e'? 
—4e~"/? cos ") ©) 4—4cos st 


scaliaQ)r-Q Qe t6 


)- 


) 
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8. (a) 0.891830, 1.25225, 2.37818, 4.07257 
(b) 0.908902, 1.26872, 2.39336, 4.08799 
(c) 0.958565, 1.31786, 2.43924, 4.13474 
(d) 0.942261, 1.30153, 2.42389, 4.11908 

9. (a) 3.95713, 5.09853, 6.41548, 7.90174 
(b) 3.95965, 5.10371, 6.42343, 7.91255 


See SSM for (c) 3.96727, 5.11932, 6.44737, 7.94512 
detailed solutions (d) 3.96473, 5.11411, 6.43937, 7.93424 
to 9c 10. (a) 1.60729, 2.46830, 3.72167, 5.45963 


(b) 1.60996, 2.47460, 3.73356, 5.47774 
(c) 1.61792, 2.49356, 3.76940, 5.53223 
(d) 1.61528, 2.48723, 3.75742, 5.51404 
11. (a) —1.45865, —0.217545, 1.05715, 1.41487 
(b) —1.45322, —0.180813, 1.05903, 1.41244 
(c) — 1.43600, —0.0681657, 1.06489, 1.40575 
(d) —1.44190, —0.105737, 1.06290, 1.40789 
12. (a) 0.587987, 0.791589, 1.14743, 1.70973 
(b) 0.589440, 0.795758, 1.15693, 1.72955 
(c) 0.593901, 0.808716, 1.18687, 1.79291 
(d) 0.592396, 0.804319, 1.17664, 1.77111 
15, 16 15. 1.595, 2.4636 


16. e,4, =(26(f,)— 1h, lel S [1 +2 max 60| ae 
=e™nh?, |e,| < 0.012, Je,| < 0.022 

17. e,4; =[26,) —#,)0,  lengil < [1 +2 max 60| ie 

Cy, =2e™m™h?,  |e,| < 0.024, Je,| < 0.045 

19 18. ¢,., =[f, +t,6(8,) + O(E,)IN? 19. 
20. e,,, ={L+[f, + 6,17 }n7/4 


» 4, = (2-10 (,) + Al expl—7,4(F,)] — Ff, expl—-27, (7, )]}?/2 
22. (a) P(t) =14+(1/5z)sin5zt — (b) 1.2, 1.0, 1.2 


= [19 — 157, 7! (7, )1h?/4 


enti 


22d, 23abc, 24 (c) 1.1, 1.1, 1.0, 1.0 (d) h < 1/V502 = 0.08 
24. ey = —5¢"(7,)h 25. (a) 1.55, 2.34, 3.46, 5.07 
25b (b) 1.20, 1.39, 1.57, 1.74 
(c) 1.20, 1.42, 1.65, 1.90 
26. (a)0 (b) 60 (c) —92.16 27. 0.224 4 0.225 
Section 8.2, page 434 
1a, 4 1. (a) 1.19512, 1.38120, 1.55909, 1.72956 


(b) 1.19515, 1.38125, 1.55916, 1.72965 
(c) 1.19516, 1.38126, 1.55918, 1.72967 
2. (a) 1.62283, 1.33460, 1.12820, 0.995445 
(b) 1.62243, 1.33386, 1.12718, 0.994215 
(c) 1.62234, 1.33368, 1.12693, 0.993921 
3. (a) 1.20526, 1.42273, 1.65511, 1.90570 
(b) 1.20533, 1.42290, 1.65542, 1.90621 
(c) 1.20534, 1.42294, 1.65550, 1.90634 
4. (a) 1.10483, 1.21882, 1.34146, 1.47263 
(b) 1.10484, 1.21884, 1.34147, 1.47262 
(c) 1.10484, 1.21884, 1.34147, 1.47262 
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See SSM for 10. 


detailed solutions 


to 10, 11 11. 


14abc, 15 15. 


19, 24 18. 


(a) 0.510164, 0.524126, 0.542083, 0.564251 

(b) 0.510168, 0.524135, 0.542100, 0.564277 

(c) 0.510169, 0.524137, 0.542104, 0.564284 

(a) —0.924650, —0.864338, —0.816642, —0.780008 
(b) —0.924550, —0.864177, —0.816442, —0.779781 
(c) —0.924525, —0.864138, —0.816393, —0.779725 
(a) 2.96719, 7.88313, 20.8114, 55.5106 

(b) 2.96800, 7.88755, 20.8294, 55.5758 

(a) 0.926139, 1.28558, 2.40898, 4.10386 

(b) 0.925815, 1.28525, 2.40869, 4.10359 

(a) 3.96217, 5.10887, 6.43134, 7.92332 

(b) 3.96218, 5.10889, 6.43138, 7.92337 

(a) 1.61263, 2.48097, 3.74556, 5.49595 

(b) 1.61263, 2.48092, 3.74550, 5.49589 

(a) —1.44768, —0.144478, 1.06004, 1.40960 

(b) —1.44765, —0.143690, 1.06072, 1.40999 

(a) 0.590897, 0.799950, 1.16653, 1.74969 

(b) 0.590906, 0.799988, 1.16663, 1.74992 


C41 = (38h°/3)exp(47,),  |e,,,| < 37, 758.8h° on0 <1 <2, 
C41 = (2h?/3)exp(2?,), le, ,,| < 4.92604h3 on 0 <t <1, 
€,4, = (4h*/3)exp(27,), le, ,,| < 9.85207h* on 0 <7 <1, 
h = 0.071 19. h = 0.023 

h = 0.081 21. h =0.117 


1.19512, 1.38120, 1.55909, 1.72956 24. 1.62268, 1.33435, 
1.20526, 1.42273, 1.65511, 1.90570 26. 1.10485, 1.21886, 
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1. 


2. 


3. 


14abc 


(a) 1.19516, 1.38127, 1.55918, 1.72968 
(b) 1.19516, 1.38127, 1.55918, 1.72968 
(a) 1.62231, 1.33362, 1.12686, 0.993839 
(b) 1.62230, 1.33362, 1.12685, 0.993826 
(a) 1.20535, 1.42295, 1.65553, 1.90638 
(b) 1.20535, 1.42296, 1.65553, 1.90638 


. (a) 1.10484, 1.21884, 1.34147, 1.47262 


(b) 1.10484, 1.21884, 1.34147, 1.47262 

(a) 0.510170, 0.524138, 0.542105, 0.564286 

(b) 0.520169, 0.524138, 0.542105, 0.564286 

(a) —0.924517, —0.864125, —0.816377, —0.779706 
(b) —0.924517, —0.864125, —0.816377, —0.779706 
(a) 2.96825, 7.88889, 20.8349, 55.5957 

(b) 2.96828, 7.88904, 20.8355, 55.5980 

(a) 0.925725, 1.28516, 2.40860, 4.10350 

(b) 0.925711, 1.28515, 2.40860, 4.10350 

(a) 3.96219, 5.10890, 6.43139, 7.92338 

(b) 3.96219, 5.10890, 6.43139, 7.92338 

(a) 1.61262, 2.48091, 3.74548, 5.49587 

(b) 1.61262, 2.48091, 3.74548, 5.49587 


. (a) —1.44764, —0.143543, 1.06089, 1.41008 


(b) —1.44764, —0.143427, 1.06095, 1.41011 
(a) 0.590909, 0.800000, 1.166667, 1.75000 
(b) 0.590909, 0.800000, 1.166667, 1.75000 


le,| < 0.00193389 


|e,| < 0.000814269 


le,| < 0.00162854 


1.12789, 0.995130 
1.34149, 1.47264 
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1. (a) 1.7296801, 1.8934697 2. (a) 0.993852, 0.925764 
(b) 1.7296802, 1.8934698 (b) 0.993846, 0.925746 
(c) 1.7296805, 1.8934711 (c) 0.993869, 0.925837 
See SSM for 3. (a) 1.906382, 2.179567 4. (a) 1.4726173, 1.6126215 
detailed solutions to (b) 1.906391, 2.179582 (b) 1.4726189, 1.6126231 
4a (c) 1.906395, 2.179611 (c) 1.4726199, 1.6126256 
5. (a) 0.56428577, 0.59090918 6. (a) —0.779693, —0.753135 
Abc, 7a (b) 0.56428581, 0.59090923 (b) —0.779692, —0.753137 
(c) 0.56428588, 0.59090952 (c) —0.779680, —0.753089 
7. (a) 2.96828, 7.88907, 20.8356, 55.5984 
7bc (b) 2.96829, 7.88909, 20.8357, 55.5986 
(c) 2.96831, 7.88926, 20.8364, 55.6015 
8. (a) 0.9257133, 1.285148, 2.408595, 4.103495 
(b) 0.9257124, 1.285148, 2.408595, 4.103495 
(c) 0.9257248, 1.285158, 2.408594, 4.103493 
9. (a) 3.962186, 5.108903, 6.431390, 7.923385 
(b) 3.962186, 5.108903, 6.431390, 7.923385 
(c) 3.962186, 5.108903, 6.431390, 7.923385 
10. (a) 1.612622, 2.480909, 3.745479, 5.495872 
(b) 1.612622, 2.480909, 3.745479, 5.495873 
(c) 1.612623, 2.480905, 3.745473, 5.495869 
11. (a) —1.447639, —0.1436281, 1.060946, 1.410122 
(b) —1.447638, —0.1436762, 1.060913, 1.410103 
(c) —1.447621, —0.1447219, 1.060717, 1.410027 
16 12. (a) 0.5909091, 0.8000000, 1.166667, 1.750000 
(b) 0.5909091, 0.8000000, 1.166667, 1.750000 
(c) 0.5909092, 0.8000002, 1.166667, 1.750001 
2ab 1. (b) ¢,(t) — $,(t) = 0.001e’ > 00 as t > 00 
2c, 4ab 2. (b) b(t) =Inle'/2—e')]; y(t) = Inf1/ —)] 
3. (a,b) h = 0.00025 is sufficient. (c) h = 0.005 is sufficient. 
4cd, 5ac 4. (a) y =4e7!% 4 (07/4) (c) Runge-Kutta is stable for h = 0.25 but unstable 
for h = 0.3. (d) h = 5/13 = 0.384615 is small enough. 
5. (a)y=t 6. (ajy=t? 
1. (a) 1.26, 0.76; 1.7714, 1.4824; 2.58991, 2.3703; 3.82374, 3.60413; 
5.64246, 5.38885 
(b) 1.32493, 0.758933; 1.93679, 1.57919; 2.93414, 2.66099; 4.48318, 4.22639; 
6.84236, 6.56452 
(c) 1.32489, 0.759516; 1.9369, 1.57999; 2.93459, 2.66201; 4.48422, 4.22784; 
6.8444, 6.56684 
2ab 2. (a) 1.451, 1.232; 2.16133, 1.65988; 3.29292, 2.55559; 5.16361, 4.7916; 


8.54951, 12.0464 


(b) 1.51844, 1.28089; 2.37684, 1.87711; 3.85039, 3.44859; 6.6956, 9.50309; 


15.0987, 64.074 
(c) 1.51855, 1.2809; 2.3773, 1.87729; 3.85247, 3.45126; 
15.6384, 70.3792 


6.71282, 9.56846; 
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3. (a) 0.582, 1.18; 0.117969, 1.27344; —0.336912, 1.27382; —0.730007, 1.18572; 
—1.02134, 1.02371 
(b) 0.568451, 1.15775; 0.109776, 1.22556; —0.32208, 1.20347; 
—0.681296, 1.10162; —0.937852, 0.937852 
(c) 0.56845, 1.15775; 0.109773, 1.22557; —0.322081, 1.20347; 
—0.681291, 1.10161; —0.937841, 0.93784 

4. (a) —0.198, 0.618; —0.378796, 0.28329; —0.51932, —0.0321025; 
—0.594324, —0.326801; —0.588278, —0.57545 
(b) —0.196904, 0.630936; —0.372643, 0.298888; —0.501302, —0.0111429; 
—0.561270, —0.288943; —0.547053, —0.508303 
(c) —0.196935, 0.630939; —0.372687, 0.298866; —0.501345, —0.0112184; 
—0.561292, —0.28907; —0.547031, —0.508427 

5. (a) 2.96225, 1.34538; 2.34119, 1.67121; 1.90236, 1.97158; 1.56602, 2.23895; 
1.29768, 2.46732 
(b) 3.06339, 1.34858; 2.44497, 1.68638; 1.9911, 2.00036; 1.63818, 2.27981; 
1.3555, 2.5175 
(c) 3.06314, 1.34899; 2.44465, 1.68699; 1.99075, 2.00107; 1.63781, 2.28057; 
1.35514, 2.51827 

6. (a) 1.42386, 2.18957; 1.82234, 2.36791; 2.21728, 2.53329; 2.61118, 2.68763; 
2.9955, 2.83354 
(b) 1.41513, 2.18699; 1.81208, 2.36233; 2.20635, 2.5258; 2.59826, 2.6794; 
2.97806, 2.82487 
(c) 1.41513, 2.18699; 1.81209, 2.36233; 2.20635, 2.52581; 2.59826, 2.67941; 
2.97806, 2.82488 


See SSM for 7. For h = 0.05 and 0.025: x = 10.227, y = —4.9294; these results agree with the exact 
detailed solutions solution to five digits. 
to 7,8 8. 1.543, 0.0707503; 1.14743, —1.3885 9. 1.99521, —0.662442 


CHAPTER 9 |Section 9.1, page 468 


1abd, 4ab Wye 2! S02: 22, 2 Sey (b) saddle point, unstable 
. (ar, =2, e” = (1,3)'; r, =4, g° = (1,1)7 (b) node, unstable 
. (ar, =—1, € =01,3)7; rp =1, €? =(1,1)? —_—_(b) saddle point, unstable 


1 
2 
3 
4d, 7abd, 10ab 4. (a)r, =r, =-3, go =(1,1)7 (b) improper node, asymptotically stable 
5. (arr, =—1L4i; EY EP —~ Q4i,1)7 (b) spiral point, asymptotically stable 
6. (a)r,,r, = +t; ee. ge? = (2+i,1)" (b) center, stable 
7. (ayryr, =1+2i; EM Eg? = (1,1 +i)" (b) spiral point, unstable 
8. (ar, =—1, €P =(1,0)7; 7, =-1/4, €? = 4, -3)7 

(b) node, asymptotically stable 
9. (a)r, =r, =1, ag = (2, 17 (b) improper node, unstable 


10d, 13, 17 10, @n7 = 23u 2° 2? = 8-143)" (b) center, stable 
MH. @r=r=-lh EY = 1,0)", E = 0,1)" (b) proper node, asymptotically 
stable 


12. (a)r,,r, = (1 + 3i)/2; Eo, ~® = (5,3 #3i)" (b) spiral point, unstable 
13. H=Hly=Hh or, nf De 2) /2; saddle point, unstable 

14. x =—-l, y= 7, lr, 3; node, asymptotically stable 

15. x) =—-2, y=1; rr, =-1t a/2, i; spiral point, asymptotically stable 

16. x» =y/6, yy) =a/B; r,,r, =+/B5i; center, stable 

17. c’ > 4km, node, asymptotically stable; c? = 4km, improper node, asymptotically 
20 stable; c? < 4km, spiral point, asymptotically stable 


18ab, 19abc 
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Answers to Problems 


See SSM for 
detailed solutions 
to 1,3 


7abe, 12a 


12bc, 15ab, 19a, 
21a 


23, 24, 25, 26 


3,4 


6abc 


Section 9.2, page 477 


Oy ee et 


13. 


14. 
16. 
18. 
20. 
22. 


x=4e', y= 2677", y= x?/8 

x=4e™, y =2¢e7 y = 32x77; x =4e, y=0 

x=4cost, y=4sint, xe + y? =16; x=-—4sint, y=4cosrf, + y? = 16 
x= facosJabt, y =—Vbsin Jabt; (x?/a) + (y?/b) = 1 

(a, C) (-3, 1), saddle point, unstable; (0, 0), (proper) node, unstable 

(a, c) (-V3 /3, —3), saddle point, unstable; (/3 /3, —5), center, stable 

(a,c) (0,0), node, unstable; (0,2), node, asymptotically stable; 

G, 5)s saddle point, unstable; (1,0), node, asymptotically stable 

(a, c) (0,0), saddle point, unstable; 

(0, 1), spiral point, asymptotically stable; (—2,—2), node, asymptotically stable; 
(3, —2), node, unstable 

(a, c) (0,0), spiral point, asymptotically stable; 

d— J2,1+ J/2), saddle point, unstable; (1 + SF 1= J/2), saddle point, unstable 
(a, c) (0,0), saddle point, unstable; (2,2), spiral point, asymptotically stable; 
(—1, —1), spiral point, asymptotically stable; (—2,0), saddle point, unstable 

(a, c) (0,0), saddle point, unstable; (0,1), saddle point, unstable; 

G, 5), center, stable; (-3, 5), center, stable 

(a, c) (0,0), saddle point, unstable; (/6, 0), spiral point, asymptotically stable; 
(—/6, 0), spiral point, asymptotically stable 

(a, c) (0,0), saddle point, unstable; (—2,2), node, unstable; 

(4, 4), spiral point, asymptotically stable 


(a, c) (0,0), spiral point, unstable 15. (a) 4x? — y? =C 

(a) 4x7 + y*=c 17. (a) (Gy — 2x? + y)=c 
(a) arctan(y/x) —In/x?+y?=c 19. (a) 2x?y —2xy+y?=c 
(a) xy? = 3x7y = aye =< 21. (a) (y"/2) —cosx =c 


(a) x7 + y? _ (x4 /12) = 
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ae it 


linear and nonlinear: saddle point, unstable 

linear and nonlinear: spiral point, asymptotically stable 

linear: center, stable; nonlinear: spiral point or center, indeterminate 

linear: improper node, unstable; nonlinear: node or spiral point, unstable 

(a,b,c) (0,0); uv’ = —2u+2v, v' =4u+4u; r=14+V17; 

saddle point, unstable 

(—2,2); wu’ =4u, v’ =6u+6v; r=4,6; node, unstable 

(4,4); u! =—6u+6v, v' =—8u; r=—3+-/39i; — spiral point, asymptotically 
stable 

(a,b,c) (0,0); uv’ =u, v’ =3v;  r=1,3; node, unstable 

(1,0); uw =—-u-—v, v'’=2v; r=-—1,2; saddle point, unstable 
(0, 3); u= Su, v= 3u 3u, r= —5, —3; node, asymptotically stable 
(-1,2); wo =utv, v' =—2u—40; r= (—3+V17)/2; | saddle point, unstable 
(a,b,c) (0,1); uv’ =—v, v'’ =2u—2v; r=—1+i; — spiral point, asymptotically 
stable 

(-1,1); vw =-v, vp’ =—2u—2v; r=—1+VJ3; saddle point, unstable 
(a,b,c) (0,0); uv’ =u, v’=5u; r=1, 53 node, unstable 

(0,2); ui’ =—u, v= v; r=-l, —5; node, asymptotically stable 
(1,0); uv’ =—u—v, v= —i0; r=-l, —4 node, asymptotically stable 
Git) w= —tu —5v, v= —du — gv; r=(-S5+ /57)/16; 

saddle point, unstable 


Answers to Problems 
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See SSM for 
detailed solutions 
to 10ab 


106 


18abc 


22ab, 23a, 27a 
27b, 28ab 


3bc 


3e 


11. 


12. 


13. 


14. 


15; 


(a, b, c) (0, 0); u’=—ut+ov, v'=2u; r=-—2,1; saddle point, unstable 

(0, 1); uo =—u-v, v =3u;  r=(-L£VI11i)/2; spiral point, asymptotically 
stable 

(—2,-2); wu’ =—S5u+5v, v’ =—2v; r=—5,—2; node, asymptotically stable 
(3,-2); uv’ =5u+5v, v’ =3v; r=5,3; node, unstable 

(a,b,c) (0,0); uv’ =u, v’ =v; r=1,1; node or spiral point, unstable 

(-1,0); uv’ =—u, v’=2v; r=-—I,2; _ saddle point, unstable 

(a,b,c) (0,0); uw’ =2u+v, v’ =u—2v; r=+V5; — saddle point, unstable 
(—1.1935, —1.4797); uw’ = —1.2399u — 6.8393v, v! = 2.4797u — 0.80655; 

r = —1.0232+ 4.11257; spiral point, asymptotically stable 


(a, b, c) (0, 42n7), n=0,1,2,...; uw’ =v, v’ =—-u; r=+i; center or spiral 
point, indeterminate 
[2,£(2n —1)z], n=1,2,3,...; uw =—3v, v’ =u; r=+V3; 


saddle point, unstable 

(a,b,c) (0,0); wu’ =u, v'’=v; r=1,1; node or spiral point, unstable 
(,1);) wo =u—2v, v’ =—2u+v; r=3,-1; — saddle point, unstable 
(a,b,c) (1,1); uv’ =—u-—v, v =u—3v; r=-—2,-2; 

node or spiral point, asymptotically stable 

(-1,-1); wo =ut+y, v' =u—3v; r=—1+V5; _ saddle point, unstable 
(a,b,c) (0,0); wu’ =—2u—v, v =u-—v; r=(-34£V3i)/2; 

spiral point, asymptotically stable 

(—0.33076, 1.0924) and (0.33076, —1.0924); wu’ = —3.5216u — 0.27735v, 

v’ = 0.27735u + 2.6895v; r= —3.5092, 2.6771; saddle point, unstable 
(a,b,c) (0,0); uw’ =ut+v, v’=—-—u+v; r=1+i; _ spiral point, unstable 
(b, c) Refer to Table 9.3.1. 

(a)R=A, T23.17 (b)R=A, T =3.20, 3.35, 3.63, 4.17 

(c)T ~xzaA—>0 (dj)A=z 

(b) v, = 4.00 23. (b) uv, = 4.51 

(a)dx/dt =y, dy/dt = —g(x) — c(x)y 

(b) The linear system is dx/dt = y, dy/dt = —g’(0)x — c(O)y. 

(c) The eigenvalues satisfy r?>+c(O)r+ g’(0) = 0. 
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(b,c) (0,0); wu’ = 3u, v=2v; r= 3, 2; node, unstable 

(0,2); w= Su, v= —3u —2v; r= 5, —2; saddle point, unstable 
(3,0); u= 5u du, v= iu; r= —3, 4; saddle point, unstable 
(2,2); ui =—-fu- 20, v =—Hu-ly; r= (—22 4 /204)/20; 
node, asymptotically stable 

(b,c) (0,0); ui = 3u, v =20; r= 3,2; node, unstable 


(0,4); w= Su, v =—6u—2v; r 


—},—2; node, asymptotically stable 


2:3 
(3,0); u= du dy, v= iv; r= i 3; node, asymptotically stable 
(1,1); wl =-u—5v, v' =—3u-—4u; r= (-34V13)/4; 


saddle point, unstable 

(b,c) (0,0); ui = 3u, v=2v; r= 3, 2; node, unstable 
(0,2); uw’ =—4u ; 

3,0); w= 3u 3v, v=—tov, r= —3, —2; node, asymptotically stable 
(3,0); wo =—2u— tv, v =—2u- tv; r =—1.80475, 0.30475; 
saddle point, unstable 


u—2v; r=—i,-2 


node, asymptotically stable 
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Answers to Problems 


See SSM for 
detailed solutions 
to 5bc, 6bc 


6d 


6ef, 8a 


8b, Yab, 12a 


12bcd 


3bc 


Sef 


10. 


12. 


13. 


(b,c) (0,0); u’ = 3u, v= 2u; r= 
(0, 3); ul= 3u, v= 
(3,0); wu’ = —3u — 30, 
(2,5); w= -u-2v, v= 
node, asymptotically stable 


3 node, unstable 


Nw 


v3 r= +3; saddle point, unstable 


2; saddle point, unstable 


v; r=—1.18301, —0.31699; 


Biase ] 
= 3, ra, 
1 


(b,c) (0,0); uv’ =u, v= 30; r=, 3; node, unstable 

(0, 3); u= Su, v= 3u 30; r= —5, —3; node, asymptotically stable 
(1,0); uo =-u-v, v= tu; r=-l, S saddle point, unstable 

(b,c) (0,0); ui =u, v= 3; r=1, 3; node, unstable 

0,3); wi =u, v=3u-—3v; r=, —3; saddle point, unstable 
(1,0); wi =-—u+ SU, v= a v; r=-l, ns saddle point, unstable 

(2, 2); ui=—2u+v, v'=5u—3v; r= (-S4V3)/2; 


node, asymptotically stable 

(a) Critical points are x = 0, y = 0; x = €,/0,, y =0; x =0, y = €,/o,. 

x > 0, y > €,/o, as t — oo; the redear survive. 

(b) Same as part (a) except x > €,/o,, y > Oas t > ov; the bluegill survive. 
(a) X = (B—y,R)/—y,%), ¥ = (R—-¥B)/(— 4%») 

(b) X is reduced, Y is increased; yes, if B becomes less than y,R, thenx > Oandy—> R 
as t > 00. 

(a) o,€, — a,€, £0: (0, 0), (0, €,/0,), (€,/0,, 9) 

0,€, — @,€, = 0: (0, 0), and all points on the line o,x + a,y = €, 

(b) o,€, — a,€, > 0: (0, 0) is unstable node; (€,/o,, 0) is saddle point; 

(0, €,/o,) is asymptotically stable node. 

O1€, — M,€, < 0: (0, 0) is unstable node; (0, €,/o,) is saddle point; 

(€,/o,, 0) is asymptotically stable node. 

(c) (0, 0) is unstable node; points on the line ox +a,y =e, are stable, nonisolated critical 
points. 

(a) (0, 0), (0, 2 + 2a), (4, 0), (2, 2) 

(b) a = 0.75, asymptotically stable node; a = 1.25, (unstable) saddle point 
(c) uu’ = —2u —2v, v’ = —2au — 2v 

(d)r = -24+2/a; a =1 

(a) (0, 0), saddle point; (0.15, 0), spiral point if y < 1.11, node if y > 1.11; 
(2, 0), saddle point 


(c) y = 1.20 
Section 9.5, page 509 
1. (b,c) (0,0); w= 3u, v= — 50; r= 3, —f; saddle point, unstable 
G, 3); w= 72, vo =3u; r= +/3i/2; center or spiral point, indeterminate 
2. (b,c) (0,0); uw’ =u,v' = 40; r=1, i saddle point, unstable 
G, 2; w= 42, v=u; r= +4i; center or spiral point, indeterminate 
3. (b,c) (0,0); wi =u,v = —40; r=, -4 saddle point, unstable 
(2,0); w= —-u-v,v= 3u; r=-l, 3; saddle point, unstable 
(3.3) ul =—fu-—tv, v' =u; r=(-14+V11i)/8; spiral point, 
asymptotically stable 
4. (b,c) (0,0); uw’ = au, v= vu r= 2, 1; saddle point, unstable 
(2,0); w= au Rv, v= 50; r= —3, a saddle point, unstable 
+ 


dl, 4); uo=—u—tv,v= qr (—1+4¥V0.5)/2; node, asymptotically stable 
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See SSM for Te 


detailed solutions 
to 7abc, 11, 13 


12. 


13. 


(b,c) (0,0); vu’ = —u,v' = —2y; r=-l, —3; node, asymptotically stable 
G. 0); w= au Xu, v=-—vi r=—l, 3; saddle point, unstable 
(2,0); uw’ = —3u — du, v= 5U; r= -3, 53 saddle point, unstable 
G, 3); ui = —iu _ AY, v= 2u; r =(—34 V39i)/8; — spiral point, 
asymptotically stable 
£=0,.7 273 6x3 A isamax., dP/dt is a max. 
t=T/4,5T/4,...: dH /dt isamin., P isamax. 
t=7/2,3F /2is00% A isamin., dP/dt is amin. 
t= 3T/4,7T/4,...: dH/dtisamax., Pisamin. 


(a) Jea/Jay — (b) ¥3 

(d) The ratio of prey amplitude to predator amplitude increases very slowly as the initial 
point moves away from the equilibrium point. 

(a) 40 //3 & 7.2552 

(c) The period increases slowly as the initial point moves away from the equilibrium point. 
(a T=65 (b)T=3.7,T=115 ()T=3.8,T = 11.1 


. Trap foxes in half-cycle when dP/dt > 0, trap rabbits in half-cycle when dH/dt > 0, 


trap rabbits and foxes in quarter-cycle when dP/dt > 0 and dH /dt > 0, trap neither in 
quarter-cycle when dP/dt <OanddH/dt < 0. 

dH/dt =aH —aHP — BH,dP/dt = —cP + yHP — 5P, where £ and 6 are constants 
of proportionality. New center is H = (c+ 4)/y > c/y and P = (a— B)/a <a/a, so 
equilibrium value of prey is increased and equilibrium value of predator is decreased! 

Let A =a/o —c/y > 0. The critical points are (0, 0), (a/o, 0), and (c/y, 7 A/a), where 
(0, 0) is a saddle point, (a/o, 0) is a saddle point, and (c/y, o A/a) is an asymptotically 
stable node if (co/y)? — 4co A > 0 or an asymptotically stable spiral point if (co/y)* — 
4coA <0. (A, P) > (c/y, 7A/a) as t > oo. 


Section 9.7, page 530 


1, 2,4, 7, 8a 


8b, 9,11, 13, 16a 


16. 


ANE eran ae 


r=1, @=t +14, stable limit cycle 


r=1, 6 =—t + fp, semistable limit cycle 

r=1, @=t-+4), stable limit cycle; r—=3, 6 =f +f, unstable periodic solution 
r=1, 0=-t+h, unstable periodic solution; r=2, 06=-t+ to» stable limit cycle 
r=2n-—-1,0=t +h, n= 1,2,3,..., stable limit cycle; 

r=2n, 0=t+th, n=1,2,3,..., unstable periodic solution 

r=2, 0 =—t + fy, semistable limit cycle; 

r =3, 6 =—t + f, unstable periodic solution 


(a) Counterclockwise 

(b)r = 1, 0 =t+ 4), stable limit cycle; r=2, 0 =f +f, semistable limit cycle; 

r =3, @ =f + 4p, unstable periodic solution 

r=/2,06=-t+ f), unstable periodic solution 

(a) u=0.2, T=6.29; w=1, T=666; w=5, T= 11.60 

(a)x’ = y, y’ = —x + wy — py’/3 

(b) 0 < w < 2, unstable spiral point; js > 2, unstable node 

(c) A=2.16, T = 6.65 

(d) uw =0.2, A=1.99, T=6.31; w=0.5, A=2.03, T = 6.39; 
w=2, A=2.60, T=7.65;5 w=5, A=4.36, T = 11.60 

(a)k =0, (1.1994, —0.62426); k=0.5, (0.80485, —0.13106) 

(b) ky = 0.3465 (c) T = 12.54 (d) k, = 0.3369 


Section 9.8, page 538 


tab 1. 


(b)A=A,, EP =€,0,1)7; A=A,, &° = (20,9— V8 +40r, 0); 
A= Ag, EO = (20,9+ VBI + 40r, 0)7 
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See SSM for (c) A, = -2.6667, & = (0,0, 1)"; A, & —22.8277, €° = (20, —25.6554, 0)7; 
detailed solutions A, = 11.8277, €° = (20, 43.6554, 0)7 
to 1c, 2abc, 3b 2. (c)A, = —13.8546;  1,, 2, = 0.0939556 + 10.1945i 
3c, 4, 5ab 5. (a) dV/dt = —2o[rx* + y* + b@ — ry’ — br?) 
2 37.11.15 1. y=-—sinx a 2. y = (cot V2m cos /2x + sin /2x)/V2 
ee ee 3. y=Oforall L; y=c,sinx ifsinL = 0. 
4. y=-—tanLcosx + sinx if cos L $ 0; no solution if cos L = 0. 
5. No solution. 
6. y =(—msinJ/2x +x sin /27)/2 sin /20 
7. No solution. 8. y=c, sin2x + ; sin x 
9. y =c, cos2x + 4cos x 10. y = 5 cosx 
Il. A, =[@n— 1/27, y, (%) = sin[(2n — 1)x/2];) n=1,2,3,... 
12. 4, =[Qn— 1/27, y, (*) = cos[(2n — 1)x/2]; n=1,2,3,... 
13. A,=0, y@w=l A, =n, y, (x) =cosnx; n=1,2,3,... 
14. 4, =[@Qn — Ix/2L/, y, (x) = cos[(2n — 1)wx/2L], n=1,2,3,... 
15,.2,=0, y@=li A, =@r/LY,- »¥@)=cosers/L); w= 1,2,3,.-. 
16. A, = —[(Qn — 1)x/2L/, y, («) = sin[(2n — I)wx/2L]; n=1,2,3,... 
1. T=27/5 2. F=1 
Oo Bet. 1a 3. Not periodic 4. T=2L 
S. £-=1 6. Not periodic 
7. T=2 8 T=4 
9. fix)=2L—-xinL<x<2L; f(*)=—-2L—xin-3L <x < —2L 
10. f~#)=x-linl<x<2; f(x) =x-8imn8<x<9 
ll. f@)=-L-xin-L<x <0 
2L QA (-1)" . naxx 
13ab, 15ab 13. (b) f®) = — » i 
1 2 QS sin[(Qn — 1)2x/L] 
14. () fx) = 5 =e met 
oo n+l Qo: 
18a, 21abed,25 15. () f(a) == + [Psa re ae sans 
a7 m(2n — 1) n 


1 42 2n—1 

16. ) fH =5 +5 » — = 

_ 3b ©. | 2Lcos[(2n —1)ax/L]  (—1)"*'L sin(nax/L) 
ae 4 * d (2n — 1)?x? : nt 
ie oe 2 nw 2\? . nn |. naxx 

: O)FO)=) 608 — +(=) er sin 5 

— 4S sin[2n — 1)rx/2] 

19. (b) f() = = Pe eal 
co 7__4yntl 

20. (b) fx) = 2 » sin nsx 


n=1 
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~ oe (— z aie nmx 


n=1 n=1 


2. 

21. (b) fa) = 5+ 

22. (b) f(x) = 5+ = Sst >So sin 
1 


23. (b) f(x) = : +5 2 = cos 2 4 a") sin 


Te a 2 = nr 2 
9 Sf 162[(— a —1) 27-1)" nex 108(—1)" +54 | nx 
24. (b =- 
(b) f@) [it 2? | oo: ; » a3 sin 
See SSM for 25. m= 81 
detailed solutions 26. m = 27 
to 27a 28. f f (t) dt may not be periodic; for example, let f(t) = 1+ cost. 


Section 10.3, page 562 


4 S sin(2n — 1)rx 
1. (@) f(x) = = Ds el 
2ab, 4a 2. (a) f(x) = 5 y las a cos(2n — 1)x 4 — ae ns] 
L 4L Qvcos[(2n — 1)rx/L] 
3. (a) f@) = 5) a wo (Qn — 12 
4b, 7 4. (a) fx) = oop aye cos a 
b, 7abc : x 37 = 2 nx 
n—1 
5. (a) f(x) = ate = 3 — cos(2n — 1)x 


n=1 


6. (a) f@®%) = = % 4 7G, cosnax + b, sinnzx); 


3° a, = nen , I/nx —4/n3x?, n odd 


7. (a) f= HF | ES cos > sins 
a 


n 

(ii ibe tale) = 160s ey 
n=20; maxle| = 1.5867 at x = +7 
n=40;  maxle| = 1.5788 at x = +7 

(c) Not et 


2 S1-cosnz 
8. (a cos nit 
@fO=5+5 B > nmx 
(b)n = a max|e| = 0.02020 atx = 0,+1 


n=20; maxle| = 0.01012 atx = 0, +1 
n=40; maxle| = 0.005065 at x = 0, +1 


(c)n =21 
_ 2 [eve] (-1)"* 
9 @AH=—)) 


n=1 
(b) n = 10, 20,40; maxje| =1atx+1 
(c) Not possible 


n=1 
1 2(-1)" b —l/nz, n even 


sin nz x 
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See SSM for 
detailed solutions 
to 12a 


12b, 14 


15, 16, 18a 
18b 


3,6 


7,10, 13, 14 


15, 18 


15; 


16. 


(a) fa) 1 3 6(1 — cosnz) nax  2cosnm . naxx 
a x)= t cos 
yal nn 2 nyt 2 
(b)n = 10;  lubje| = 1.0606 as x > 2 
n= 20;  lubje| = 1.0304 as x > 2 
n=40;_ lubje| = 1.0152 as x > 2 


(c) Not possible 


. y=(wsinnt —n sin wt)/w(w —n’), 


y = (sinnt —ntcosnt)/2n?, wr =n 
foe) 


y= Sob, (w sinnt —nsin ot) /@ (a _ n’), 


n=1 


CO 
y = )0b,(msinnt — nsinmt)/mon? —n?)+b (sinmt — 


n=1 


nzAm 


353 


2—2cosnx +n?x?cosnz . 
sin nx 
new 


1 | 2 
. (a f@)= 6 >| — cos nx 
(b)n = 10; lubje| = 0.5193 as x > 1 
n= 20;  lubje| = 0.5099 as x > 1 
n=40;_ lubje| = 0.5050 as x > 1 
(c) Not possible 
12 (-1)" : 
a =-— sin nz 
(a) f(x) ae —— sinnax 
(b)n = 10; = maxle| = 0.001345 at x = +0.9735 
n=20; maxle| = 0.0003534 at x = +0.9864 
n=40; maxle| = 0.00009058 at x = +0.9931 
(c)n=4 


wo ~n* 
o#1,2,3,... 


mt Cos mt)/2m?, o=m 


m 


4 3 1 E Lda 
=> sin(zn 
ae ae (2n — 1)? [2n—-1 


n=1 


I .. 
sin wt 
@ 


cos(2n — 1)mt — cos wt 


y COE 5s 


Section 10.4, page 570 


4 & 
1—coswt)+ 
5,3 ) =e 


n=1 


(2n — 1)?[w”? — (2n — 1)7] 


1. Odd 2. Neither 3. Odd 
4. Even 5. Even 6. Neither 
ta 1- = nx 
4. f@)=7t = 73 ~ cos 
4 (nz /2) — Ae nite 
fa)= Ph 5 
(— ae ! os Ch DE 
15. 
FG) = =D 2n—1 2, 
16. FQ) = 2 4. 2 . nnt\ . nx 
: x)= — | —cosnz sin sin 
“5 nw ni 2 2 
4 & sin(2n — 1)x 
IF: = 1 18. = 
fe poy = 3 ee 
a“. 2 2 
19. f= 2 = (cos 7 + cos as 2 cos nz) sin > 
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See SSM for i fas ey 
detailed solutions 2 ny 0 
to 20 L 4L Q\cos[(2n — 1)rx/L] 
21. = 
anaes eee On_ 1 
_ 2L QS sin(nx/L) 
22. f(x) = — 25 7 
23. (a) f(x) ae LE = sin" 4% (cos 1) tos 
' or 7 a a ae) 2 
24. (a) f(xy) = pe sin nx 


n=1 


ind) 22 = 
25abe, 28b 25. (a) f(x) = 7 cx a et =| fee 


n=1 


ieee 1+ 3cosnz nx 


26. (a) f(x) = 


27. (b) g(x) = 


n=1 
co 


6 1 nNIUX 
] = : 
h(x) = : a sin 
1 4cos(nz/2) + 2nz sin(nm/2) — nx 
y Na S nem 2 


e2ecd, 31; 32 28. (b) g(x) = 


n=1 


: 4sin(nz/2) — 2nz cos(nm/2) | nx 
sin 


A(x) = ae ney: 2 


n=1 


29. (b) g(x) = 


12cosnz aie nex 
a » cos 5 

1 1s m°(3 + 5cosnm) +32(1—cosnm) . nxx 
nn 3 a 2 


h(x) = 
n=1 


1 &X6n’n?(2cosnm — 5) +324(1 — cosnz) nmx 
30. (b) g(x) = 5 + > a cos 


n=1 

KGS 3 = +2 4: pees = sin 

38, 39 = an nm 3 

40. Extend f(x) antisymmetrically into (L,2Z]; that is, so that f(2L — x) = —f(x) for 
0 < x < L. Then extend this function as an even function into (—2L, 0). 


Section 10.5, 579 


xX” —-AX=0, T’+AT=0 2. X”"—AxX =0, T’+atT =0 
X’=3X xj =0, Tear =o 4. [pQ)X') +ar(Qx)X =0, T”+AT =0 
Not separable 6. X”4+(~x+AX=0, Y"-AaY=0 
u(x,t) =e 400071 Sin Ix — ee sin Sx 
u(x,t) =2e7 1/16 sin(x/2) —e~* "/4 sinax + 4e-"* sin 2nrx 

_ 100 °. 1—cosnx -n2n?t/1600 «: NIX 
u(x,t) = 3 ; e sin 70 


34, 35, 37ab 


3,5 


oe * O08 SE 


n=1 
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dk 
160 sin(nz /2) e?*1/1600 a nx 


See SSM for 10. u(x,t) = — 5 
detailed solutions | n 
100 = ‘ 
to 10 i weay= 00 3 cos(nm /4) — cos(3nm/4) 1251/1600 «| MEX 
n 40 


n=1 


80 co (-1)"*! oe Ane 
12. t= — NS) rn’ t/1600 
u(x, t) = » ne sin 


n=1 
13. t=5,n=16; t=20,n=8; t=80,n=4 


14. (d) t = 673.35 15. (d) t = 451.60 (6. tae 617 
15abed, 18a 17, (b)t =5, x = 33.20; +=10, x =31.13; ¢t=20,x=28.62; 1=40, x =25.73; 
t=100, x=21.95; +=200, x = 20.31 
(e) t = 524.81 
200 1 — ‘ 
18. u(x, t= ; 3 —— enn mat/400 sin 
18b, 19b, 20, 22 (a) 35.91°C (b) 67.23°C (c) 99.96°C 


19. (a) 76.73 sec (b) 152.56 sec (c) 1093.36 sec 
21. (a) aw,, — bw, + (c — bd)w = 0 (b) 6 =c/bifb4#0 

22. X"4+y?X =0, Y"+(?—w)¥ =0, T’+07A°T =0 

23. PR" + rR 4+(Vr?—-w)R=0, 0+ wWO=0, T’+a7T =0 


Section 10.6, page 588 


u=10+ 2x 2. u=30- 3x 3. u=0 
u=T 5. u=0 6. u=T 
u=T+x)/A+L) 8 #=TOU+L—x)/1 +L) 


70 cosnz + 50 22 ee 
3 7 0:86n7 71/400 
(a) u(x,t) =3x+ 3 a 70 
10. (a) f(x) = 2x, 0<x <50; f(x) = 200 — 2x, ie 100 


(b) u(x,t) = 20— = at sc c,e! 14n?x71/(100)? 
n=1 


800 . AT 4O 
= sin 
nn 2 - 
252 nex 
II. ,f) =30-—x+ =n? t/900 «: 
(a) u(x, t) x ) c,e sin ay 


n=1 
60 


Cc, = a —cosn) — n?x7(1 + cosnz)] 


3, 7, Qabd 


oS Se 


(d) 160.29 sec 


UX 
ton 


(d) u(50, t) + 10 as t — oo; 3754 sec 


gr x07t cae nex 
12abed 12. (a) u(x,t) = ete : / 0s =, 
: = 0, n odd; 
us —4/(n? —1l1)z, neven 
(b) lim u(x, t) = 2/ 
_ 200 = 2,2 nIex 
—n*1~t/6400 
13. (a) u(x,t) = er c,,e / cos 10” 


n=1 


1 
c, = =e ae 239 B + cos nz) 
(c) 200/9 Ny 1583 sec 
nIUx 


14abc 14. (a) u(x,t) = O39 ent "1/900 cog re 
n=1 
50 
C= (sin = sin =) 
nn 3 6 
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2n—1 
See SSM for 15. (b) u(x,t) = > aia sin ee 
detailed solutions n=l 4 
to 15a -if f(x mae a dx 
2n—1 
15b, 19 16. @aap= 5 c,e- — 1/3600 cin oo 
n=1 
120 
Ch = ane + (2n = 1)z] 
n— 
(c) x,, increases from x = 0 and reaches x = 30 when t = 104.4. 
CO 
7p N29 . Qn—1)rx 
17. H= 40 + (2n—1)*x 1/3600 ¢ , 
(a) u(x, t) 2 c,e sin an a 
40 
Ch = aie = (2n — 1)z] 
x g 
Ya lami ——" 
19. u(x) = as . 1 where 
r[i-- » @Sx<L, 
a E+ (L/a)—1 
20. (e) u, (x,t) =e — Ane * sind, x 
Section 10.7, page 600 
8a t 
la 1. (a)u(x,th= = 2 2 sin = sin = cos = 
8a 3 t 
1bce, 6ab 2. (a)u(x,t) = = 2 2 (sin = + sin =) sin — cos — 
32 24+ cosnx . naxx nat 
3. (a)u(x,t)= 5 5 sin cos 
Iu n=1 n L L 
4 si 2) si L t 
4. (a)u(x,t) = = 2 oe sins ) sin = cos — 
5. Cute 8L 1 . na . nx . nat 
. (a HS sin sin sin 
on or tw 2 L L 
8L QS sin(nz/4) + sinGna/4) . nx . nat 
6. (a) u(x,t) = —, Fi sin 
an n=1 n L L 
be, 9 1. (a) ule, t) 32L S.cosna +2 . naxx . nat 
. (abu(x,t) = = 2. A si Z Z 
4L QS sin(nz/2)sin(nz/L) . nox . nat 
8. (a) u(x,t) = —;z 5 sin sin 
an” “> n L L 
= 2n—1 2n — 1)xat 
9. u(x,th= se sin ae a1 id cos a ss ; 


lo.e) 


§ = k,A,/k, A, 


n=1 


2 rt _ (Qn—1)nx 
C= > Ff (x) sin ———— dx 
"ZL Jo 2L 
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See SSM for 
detailed solutions 
to 10a 


10bc, 13, 14 


16, 17abc 


18abc, 24 


abc 
1d 


2, 3a, 4 


5,7 


8abc 


10. 


11. 


14. 
15: 


16. 


22. 


8 1 . Qn—-l)n , Qn—-1)n . Qn—1)rx (2n — 1)xat 
(a) u(x,t) = > sin sin sin cos 
a 2n — 1 4 2L 2L 2L 


n=1 


512 BG Qn—1)x4+3cosnx . Qn—1)rx (2n — 1)mat 
(a) u(x,t) = — rt sin cos 
= (2n — 1) 2L 2b 
(x + at) represents a wave moving in the negative x direction with speed a > 0. 
(a) 248 ft/sec (b) 49.67 rad/sec (c) Frequencies increase; modes are unchanged. 
CO 


u(x, th= ee cos Bt sin(nax/L), B = (nza/L)* ae a’, 


n=1 


2 L 
= al f(x) sin(nwx/L) dx 
L Jo 
PR +rR +r? -w)R=0, O+WO=0, T"+)7a°T =0 


Section 10.8, page 611 


10. 


11. 


bi site ss y- _ Ax , 5 uey 2/a a ee nex d 
a) u(x, y) = c, sin sin , Ces x) sin —— dx 
: n=1 i a a 7 sinh(nzb/a) 0 a a 
4a 1. si 2 
(b) u(x, y) = 7 : suet) ) ie mmx . nowy 
am” 44 n’ sinh(nb/a) 
fo) b _ a 
u(x, y) = a: sin EES sinh na y) C= ae! hG@isin dx 
m a a a ene 0 a 


n=1 


b—y) 
y eh On . o® pue y 
(a) u(x, y) = sin eae ans y Pe i ane , 


a/b 2 a car 
age 4/0 ZY _ ae 
“n sinh(nza/b) Jo fo) sin 5 oe sana f sin qo 
‘ers 2 0) 2 (n’n? —2)cosnx +2 
“= no sinh(na/by’) "wx sinh(nb/a) 


Cc [o.@) 
u(r, @) = a + > r-"(c, cosné +k, sinn@); 


n=1 


a 2n a" 2a 
¢== f(@)cosn6 dé, k, = — Ff (9) sinné dé 
wT Jo wT JO 
foe) 
(a) u(r, 0) = > c,r" sinné, c, = 


n=1 
4 cosnxz+1 


ra" ne 


(b) c, = 


m0 . nO 
u(r,@) =) cyrmesin =" 6, = fananrl™ f° F0@)sin =" ao 
n=1 7 0 oF 
CO 


a 
7 -nayja .;. NX _ 2 _ AIX 
(a) u(x, y) = >: ce nmy/a in , = - : Ff (x) sin = dx 


n=1 a 
4a? As, 
(b) c, = 4 — cosnz) (C) yy = 6.6315 
nm 


CO 
nex ny 2/n1 
(b) u(x, y) => Co + Zz Ch cosh 5 cos Re Ch => sinh(nzra/b) [ fy) 66a” — y dy 


foe} 
u(r, 0) = cy + > r'(c, cosn@ + k, sinn@), 


n=1 
1 Qn 1 2n 
c, = —— | g(@)cosn6 dé, k, = —— | g(@) sinnd dé; 
nia" Jo na" Jo 


20 
necessary condition is | g(0)d0 = 0. 
0 
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See SSM for 
detailed solutions 
to 13a 


12. 


13. 


14. 


foe] 
nx ny /a . NX 
(a) ue = Dey re are “a= saree g(x) sin — — dx 
4a sin(nz /2) 
)¢,= se 
a > cosh(nb/a) 
= 2. 1 2n— 1 
(a) u(x, y) = Dt sinh me 7 Mie sin ae 5 yey 
2/b e 2n-1 
c= / / jinn a 
”"  sinh[(2n — 1)a/2b] Jo 2b 
an 
(b) C= 3.3 2 
"Qn - i a sunlee — ge 
ny 
; — sinh —, 
(a) u(x, y) = so = eos * sin 7 


2 re wa is nx d 
—_— x x, C= = X) COS —— 
“o ab Jo : " ie 0 e a : 


2 4 24, 4 1 
(b) cy = = i). ee ar + cos nz) 
" mz” sinh(nzb/a) 


b 30 


CHAPTER 11 | Section 11.1, page 626 


2,4,5,9 


10, 11ab 


13, 18a, 20 


22abcd, 23 


1. 
. Homogeneous 5. Nonhomogeneous 6. Homogeneous 


19. 
20. 
2M, 


Homogeneous 2. Nonhomogeneous 3. Nonhomogeneous 


@, (x) = sin af eg he where af satisfies /2 = —tanJ/Az; 
A, 0.6204, A, = 2.7943, A, = (2n— 1)7/4 for large n 
, (x) = cos ,/A,, x, where ,/2,, satisfies Vi = cot; 

A, = 0.7402, A, = 11.7349, A, = @—1)?x? for large n 
, (x) = sin ,/2,, x + \/2, cos \/2, x, where \/2., satisfies 

(A — 1) sind — 2./A cos V/A = 0: 

A, 1.7071, A, = 13.4924, A, = @—1)?x? for large n 
Ag =9; &(x)=1—x 


Forn = 1,2,3,...,6,(%) = sin, x — ,, cos ,x anda, = —p2, where j,, satisfies 
p= tan p. 

A, = —20.1907, A, = —59.6795, A, = —(2n + 1)°x?/4 for large n 

U(x) = ee 13. u(x) = 1/x 

U(x) =e * 15. w(x) = (1-27)? 


ax" +(A-kK)X=0, TT’ +cT'+aT =0 

(a) s(x) = e* b)A,=r2, &@)=e sinmrx: n= 1,2,3,... 

Positive eigenvalues A = ,,, where ah, satisfies /2. = 5 tan 3\/A.L; corresponding eigen- 
functions are $, (x) = e>* sin 3.) k,, If L= 5; Ay = 0 is ss ia by(x) = xe 
is eigenfunction; if 7 #5 +,4=0 is not eigenvalue. If L < 4, there are no negative 
eigenvalues; if L > 5 heed is one negative eigenvalue A = =H, where j is a root of 
w= 5 tanh 3uL; sorespending eigenfunction is @_,(x) = e— 2x sinh3 [LXx. 

No real eigenvalues. 

Only eigenvalue is A = 0; eigenfunction is @(x) = x — 1. 

(a) 2sin/A — Va cos VA = 0; A, = 18.2738, A, = 57.7075 

(b) 2sinh /u — ./ucosh /u=0, sb =—A;A_, = —3.6673 
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See SSM for 24. (aa, = ui, where ju, is aroot of sin zL sinh wL = 0, hence 2, = (nx /L)*; 

detailed solutions 0, =97.409/L*,  $, (x) = sin(nax/L) 

to 24b (b) A, = ut, where LL, is a root of sin zL cosh wL — cos wL sinh wL = 0; 
sin 2, sinh 2, L — sin wz, L sinh px 


h, & 237.72/L4, = 
: / % sinh ,, L 


(c)A, = i. where i, is aroot of 1 + coshuLcosuL =0; A, = 12.362/L*, 
[(sin 4x — sinh ,,x)(cos u,,L + cosh, L) + (sin, L + sinh 1, L)(cosh p,,.x — cos w,x)] 


Oy (2) = cos 1,,L + cosh w,,L 


25. (c)¢,(x) = sin /A,, x, where 1, satisfies cos /A, L —y/a, Lsin/a, L =0; 
A, = 1.1597/L?, A, & 13.276/L? 


Section 11.2, page 639 


1. $,(x) = V2sin — 5)rx; n=1,2,... 
1,3,.5 2. $,(x) = V2cos(n — $)ax; n=1,2,... 
3. &@=1, 6x) =V2cosnmx; n=1,2,... 
J/2cos ./k x 
4. = ——__*_"___ where 1. satisfies cos ./A. — ./A. sin, /A. = 0 
d,, (x) (a + sin? We n n n n 
2V2 
5. , (x) = V2 e* sinnrx; W122 3543 6. ere n=1,2,... 
we (2n —1)x 
4,/2(—1)" cs 
6. => Oh = WE 2, 
7,10, 14,17, 21a On — 12x? 
2/2 
8. a ea ee eee n=1,2,... 
2 (Qn—1)n 
2/2 sin(n — 5)(x/2) 
_ a= a) aE (a ae ee 
(n— 5)°% 


In Problems 10 through 13, a, = (1 + sin? /X,)'/? and cos ,/A,, — ,/A,, sin,/A,, = 0. 


10. a _ v2sin Vey n=1,2,... ll. a wre, ae W=1,25.3% 
Vip a‘ AQ, 
12. a UO Ges). n=1,2,... 13. a _ V2 sinh, /2) a eee 
i AG, ‘ AQ), 
14. Not self-adjoint 15. Self-adjoint 
16. Not self-adjoint 17. Self-adjoint 
18. Self-adjoint 
21bc, 23abc, 24 21. (a) Ifa, = 0 orb, =0, then the corresponding boundary term is missing. 
25be 25. (a)A, =77/L?; $,(x) = sin(wx/L) 
(b) A, = (4.4934)?/L7; (x) = sin /A, x — \/A, cos /A, L 


1 
(c) d, =(2n)/L?;  $,(x) = 1 —cos(27x/L) 
26. 4, =m°/4L7; $,(x) = 1 —cos(xx/2L) 


Section 11.3, page 651 


1 i - fore) (-1)""! sin nx , 5 fore) (-1)""! sin(n _ 5)1x 
a) 2D (n?x? — 2)nx 2 ia 2a = dite lye 
> n=1 n=1 2 2 
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See SSM for 
detailed solutions 
to 3, 5,8 


10, 11, 12, 14, 18 


19,22 


24, 28a 


28bcd 
30bcd 
30e 


" >? sds —1)xx a 
“aj [n — 1)°n* — 2]Qn —1)°n 
oo. (2cos hn — I)cos /A,, x a 2) sin nz x 


n=1 hn (A, _ 2) os sin” V a) n=1 > 2)n°m 


6-9. For each problem the solution is 


ioe) 


1 
Cy = f(x)o, (x) dx, M#FA,, 
0 


y= 


n 
n=l "n 


where ¢,, (x) is given in Problems 1, 2, 3, and 4, respectively, in Section 11.2, and A,, is the 
corresponding eigenvalue. In Problem 8 summation starts at n = 0. 


10. a= > y= spoosme +5 (x- 5) tesinas 
11. No solution 12. aisarbitrary, y=ccosmx+ a/1 
13. a=0, y=csinax — (x/27)sinax 17. v(x) =a+t+(b—a)x 

18. v(x) =1— 3x 


4 4 1 ; 
19. u(x,t) = v3 a . a at es | sin 
T 


nm  »/2 
= Serr bin a = e127 gin (ng — 5)1x, 
n= 2 ( 
4/2(-1)""! 
ein Ine | — i a eee 


~ ¢ cos ,/A_ x 
20. u(x, t) = v2)> | te — etn’) + ae | n 
n=1 no 


V2sin/2, J2(1 — cos ,/2,,) 
“nf +sin’ Jt" 4 sin? J)” 
and 2, satisfies cos \/A,, — /A,, sin /A,, = 0. 


2 
21. u(x,t)= ae ot dq ern “ty sinn7x 


22. u(x,t)= 2y* a “ = eG = p)Ex 
(n—5)°r?-1 , 
2./2(2n — 1)m + 4/2(-1)" 
= (2n — 1)?x? 
23. (a)r(x)w, =[p(x)u,],-—q@)w, w0,t)=0, wl,t)=0, wx,0) = f(x) — v(x) 


lo) e2n-lPn't 


sin(2n — 1)mx 
= 2n—1 


25. u(x,t) = —cosmx + eam t/4 cos(37 x /2) 


4 
24. u(x,t) =x? —2x +14 


1 
31-34. In all cases solution is y = / G(x, s) f(s) ds, where G(x, s) is given below. 
0 


l—x, Osss% 10) Guns) | 


l-s, x<s<l 


x(2—s)/2, x<s<l 


31. Gas=| s(2—x)/2, O<s<x 
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Answers to Problems 


See SSM for 
detailed solutions 
to 33 


2abc 


4ab 


1abc 


7b, 9a, 10 


33. 


_ Jcosssin(l—x)/cosl, O<s<x 

SS eee —s)cosx/cosl, x<s<l 
34. G(x,s) = ie =e 
x, x<s<l 


Section 11.4, page 661 


1. 


2. 


3. 


4. 


fo.<) 


1 1 
y= hE. =f Foon ar f [sii ae 


/i,, satisfies Ind) =0 
Cc oO 
()y=—2+ 2 Jy(./2,, X)3 
Mu 2, x, 9 0 
1 1 1 
Co= | f(x) dx; c, = Ff (x) Jo /%,, ©) dx /{ Eade me) ax; n= 12k 
0 0 0 
af Bg satisfies Jj(/A) = 0 


1 1 
(d) a,= | xd,JA, OF) ax | [ xTp G/%,, x) ax 
0 0 


1 1 
exe) a ICV, 2)» nl F(xX)IG/A, *) ax | [ wie /A, wax 


n=1 dn he 


foe) 


1 1 
(b) y= > Pn Cc, = i f(x) Py, (x) dx /| Pea) dx 


n=1 ui 


Section 11.5, page 666 


1. 


10. 


(b)u(§é,2)= fE+), ué0)=0, O<F <2 
u(0,n) =uQ2,n)=0, O<n <2 


; 1 1 1 
u(r, t) = paces sind at, k= af rJjA,ngr) dr /| rJj (4,7) dr 


n=1 
Superpose the solution of Problem 2 and the solution [Eq. (21)] of the example in the text. 


oo 1 1 
mos) 62" LON, c= / rJy(,r) f(r) dr /| rJo(a,r) dr, 
n=1 0 0 
and 1, satisfies J)(A) = 0. 
CO 
(b) u(r, 9) = $CyJy(kr) + > J (kr)(b,, sinmé + c,, cosmé), 


m=1 


1 2n 
b == / f(@)sinm6d0; m=1,2?2,... 
mJ, (ke) Jo 


1 2a 
———— 6 6 dé; = 0; 1523.5... 
C aa, f(@)cosm m 


1 1 
iC =f rf(r)Joa,r) dr /| rJo(A,7) dr 
0 0 


co 1 1 
u(p,s)= xy c,p" P(s), where c, = / f (arccos s)P (s) ds yal P?(s) ds; 
n=0 -1 =i 

P,_ is the nth Legendre polynomial and s = cos @. 
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See SSM for 
detailed solutions 
to 2abc, 4a 


5, 7bcd, 8 


Qabcde, 10, 12 


Section 11.6, page 675 


a SS 


n=2l1 

(a) b,, = (-1)"*'V2/ma (c)n = 20 

(a) b,, = 2V2(1 — cosmm)/m3 x? (c)n=1 

@)fix)=1 ©) f,@)=V30-2x) ©) f(x) = V5(—-1 + 6x — 6x”) 
(d) gy(x) = 1, 84) =2x—-1, g,(x)= 6x7 —6x +1 

Rao=1, Fiwo=% BeHGrohe, 2o)=6r—-3/72 


INDEX 


A 
Abel, Niels Henrik, 149, 216 
Abel’s formula, 149, 167, 168, 
213, 228 
for systems of equations, 370 
Acceleration of convergence, 564 
Adams, John Couch, 439 
Adams-—Bashforth formula, 
fourth order, 440 
second order, 440 
Adams—Moulton formula, fourth 
order, 441 
second order, 441 
Adaptive numerical method, 427, 
433 
Adjoint, differential equation, 
146 
matrix, 348 
Airy, George Biddell, 243 
Airy equation, 147, 243-247, 
252, 260, 291, 309 
Almost linear systems, 479-491 
Amplitude, of simple harmonic 
motion, 190 
Amplitude modulation, 202 
Analytic function, 235, 250 
Angular momentum, principle of, 
473-474 
Annihilators, method of, 225-226 
Asymptotic stability, see Stability 
Augmented matrix, 358 


Autonomous, equation, 74 
system, 471-472 


B 
Backward differentiation 
formulas, 443-444 
Backward Euler formula, 
422-424 
Basin of attraction, 487, 498, 
516-519 
Beats, 201-202, 323-324 
Bendixson, Ivar Otto, 525 
Bernoulli, Daniel, 25, 87, 88, 
573, 591 
Bernoulli, Jakob, 24, 63, 73, 336 
Bernoulli, Johann, 24, 63 
Bernoulli equation, 73 
Bessel, Friedrich Wilhelm, 280 
Bessel equation of order: 
k, 662 
nu, 147, 152, 238, 256, 259, 
260, 280, 290, 627, 657 
one, 272, 287-289, 290 
one-half, 285-286, 289 
zero, 272, 280-284, 290, 308, 
613, 658, 665 
Bessel functions, 25 
Jy (x), 272, 281, 289, 308, 309, 
658, 660-661, 662, 665, 
668 


asymptotic approximation 
to, 284 
Laplace transform of, 308 
zeros of, 291, 658, 665 
J, (x), 272, 287, 289 
Ji j2(x), 285 
J_ 1/2 (x), 286 
orthogonality of, 291, 661, 662 
Yp(x), 283, 658, 665 
asymptotic approximation 
to, 284 
Y, (x), 289 
Bessel inequality, 676 
Bessel series expansion, 661, 666 
Bifurcation (points), 88, 89, 122, 
383, 480, 502, 533 
Boundary conditions: 542 
for elastic string, 591, 600 
for heat equation, 574, 582, 
584, 616 
for Laplace’s equation, 605 
nonhomogeneous, 582-584, 
650 
periodic, 638, 674 
separated, 630 
time dependent, 650 
Boundary layer, 450 
Boundary value problems: 
heat conduction equation, 
573-590, 614-617, 
646-649 
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Index 


homogeneous, 542-544, 
629-641 
Laplace’s equation, 604-613 
nonhomogeneous, 542-543, 
641-645 
self-adjoint, 637-639, 660 
singular, 656-663 
Sturm-Liouville, 629-630 
two-point, 541-547, 623 
wave equation, 591-604, 
617-619, 653, 664-666 
see also Homogeneous 
boundary value problems; 
Nonhomogeneous 
boundary value problems 
Brachistochrone, 24, 63 
Buckling of elastic column, 
640-641 


Cc 
Capacitance, 195, 196 
Cardano, Girolamo, 216 
Cayley, Arthur, 348 
Center, 387, 467, 479, 490 
Change of independent variable, 
159-160, 291 
for Euler equation, 160, 264, 
266 
Chaotic solution, of logistic 
difference equation, 122, 
126 
of Lorenz equations, 536 
Characteristic equation, 132, 214, 
303 
complex roots, 153, 217 
real and equal roots, 161, 218 
real and unequal roots, 132, 
215 
Characteristic polynomial, 214, 
303 
Chebyshev, Pafnuty L., 253, 511 
Chebyshev equation, 253, 271, 
627, 663 
Chebyshev polynomials, 253, 663 
Chemical reactions, 89 
Collocation, method of, 670 
Competing species, 491-503 
Complementary solution, 170 
Complete set of functions, 672 


Complex exponentials, 153-155, 
219 
Compound interest, 51-54 
Computer use in differential 
equations, 21 
Conjugate matrix, 348 
Continuous spectrum, 660 
Convergence: 
of an improper integral, 294 
of a numerical approximation, 
424 
of a power series, 232 
Convergence in mean, 672 
Converging solutions, 4, 12, 102 
Convolution integral, 185, 
330-337 


Laplace transform of, 330-333 


Cosine series, 566 
Critical amplitude, 82 
Critical damping, 193 
Critical point: 
approached by trajectory, 467 
center of linear system, 387, 
467, 479, 490 
definition of, 460, 472 
for first order equation, 77 
improper node, 404, 462—464 
isolated, 481 
node of linear system, 378, 
390, 460-461 
nonisolated, 470 
proper node of linear system, 
462 
saddle point of linear system, 
375, 389, 461-462 
spiral point of linear system, 
386, 390, 464-466 
stability of, see Stability of 
critical point 
Cycloid, 64, 337 


D 

D’ Alembert, Jean, 161, 573, 591, 
602 

Dal Ferro, Scipione, 216 

Damping force, 187-188, 473 

Decay, radioactive, 16, 59 

Degenerate node, see Improper 
node 


Diagonalization, of matrices, 
397-398 
of homogeneous systems, 
398-400 
of nonhomogeneous systems, 
411-413 
Difference equation, 115-126 
equilibrium solution of, 116 
first order, 115-126 
initial condition for, 116 
iteration of, 116 
linear, 115, 116-118 
logistic, 118-126 
chaotic solutions of, 122, 
126 
nonlinear, 115, 118-126 
solution of, 115 
Differential operator, 138, 630 
Diffusion equation, see Heat 
conduction equation 
Dimensionless variables, 580, 
601 
Dirac, Paul A. M., 326 
Dirac delta function, 326, 656 
Laplace transform of, 326-327 
Direction field, for first order 
equations, 3, 5 
for systems, 373 
Dirichlet, Peter Gustav Lejeune, 
605 
Dirichlet problem, 605 
for circle, 609-611, 612 
for rectangle, 606-608, 
611-612 
for sector, 612 
for semicircle, 612 
for semi-infinite strip, 612 
Discontinuous forcing function, 
74, 317-324 
Diverging solutions, 6, 10, 102 
Drag, 2, 8 
Duffing equation, 478 


E 
Eigenfunctions, 545, 623 
normalized, 633 
orthogonality of, 632, 660 
series of, 635-636, 642, 
660-661, 672 
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Eigenvalues of linear 
homogeneous boundary 
value problems, 545, 
623 
of Sturm—Liouville problem, 
existence, 631 
real, 547, 631 
simple, 633 
when positive, 640 
Eigenvalues of matrix, 362—366, 
401-402 
multiplicity, 364 
real, 365 
simple, 364 
Eigenvectors of matrix, 362-366, 
401-402 
generalized, 405, 409 
linear independence of, 364, 
365 
normalized, 364 
orthogonality of, 366 
Elastic bar, vibrations of, 
628-629 
Elastic membrane, vibrations of, 
604, 664-666 
Elastic string: 
boundary value problems for, 
591-604 
derivation of wave equation, 
617-619 
free at one end, 600 
general problem, 598-600 
infinite length, 602-603 
justification of solution, 
596-598, 603-604 
natural frequencies of, 594 
natural modes of, 594 
propagation of discontinuities 
in initial conditions, 598 
wavelength of, 594 
Electrical networks, 16, 195-196, 
306-307, 340, 345-346 
Elliptic integral, 491 
Environmental carrying capacity, 
78 
Epidemics, 87-88 
Equilibrium solution, 4, 6, 12, 76, 
116, 460 
see also Critical point 


Error: 
for Adams—Bashforth formula, 
440 
for Adams—Moulton formula, 
441 
effect of step size, 426, 
445-447 
for Euler method, 425-427, 
428 
for Fourier series, 554—555, 
561-562 
global truncation, 424, 426, 
445-447 
for improved Euler method, 
431, 434-435 
local truncation, 424 
mean square, 671 
for modified Euler method, 435 
round-off, 424, 429, 445-447 
for Runge-Kutta method, 436 
Escape velocity, 56-57 
Euler, Leonhard, 24, 25, 97, 571, 
573, 591, 604 
Euler equation, 160, 169, 
260-267, 382, 391, 408, 
610 
change of independent 
variable, 160, 264, 266 
Euler formula for exp(it), 154 
Euler—Fourier formulas, 550-551 
Euler—Mascheroni constant, 283 
Euler method, 96-105, 419-429, 
455-457 
convergence of, 104-105 
global truncation error, 426 
local truncation error, 425-427 
Even functions, 564 
Even periodic extension, 568 
Exact equations, 89-93, 146 
necessary and sufficient 
condition for existence of 
solution, 25, 91 
for second order equations, 146 
Exchange of stability, 120 
Existence and uniqueness 
theorems, 20, 21 
for first order equations, 66, 
106 


for first order linear equations, 


65 

for nth order linear equations, 
210 

proof of, for y’ = f(t, y), 
106-113 


for second order linear 
equations, 138 
for series solution of second 
order linear equations, 
250, 277-278 
for systems of first order 
equations, 343 
Exponential growth, 75 
Exponential matrix, 396-397, 


400 

Exponential order, functions of, 
296 

Exponents at the singularity, 269, 
274 

F 

Falling object problem, 2, 3, 
12-14 


Feigenbaum number, 126 
Ferrari, Ludovico, 216 
First order ordinary differential 
equations: 
applications of, 47-64, 74-89 
Bernoulli, 73 
direction field, 3, 5 
exact, 89-93 
existence and uniqueness 
theorems, 65, 66, 106 
proof of, 106-113 
general solution of, 11, 30, 36, 
70, 71 
graphical construction of 
integral curves, 71 
homogeneous, 24, 46—47 
implicit solutions, 70-71 
integrating factor for, 30-31, 
35-36, 93-95, 96 
interval of definition, 37, 43, 
69-70 
linear, 24, 29-39 
nonlinear, 64—72 
numerical solution of, see 
Numerical methods 
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Index 


separable, 40—46 
series solution of, 254 
systems of, see Systems 
Fitzhugh—Nagumo equations, 
531 
Fourier, Joseph, 547, 573 
Fourier coefficients, 671 
Fourier series, 547—572 
acceleration of convergence, 
564 
choice of series, 568—569 
convergence of, 559, 564 
convergence of partial sums, 
554, 561 
cosine series, 566, 635 
error, 554—555, 561-562 
Euler—Fourier formulas, 
550-551 
Gibbs phenomenon, 561, 567 
integration of, 550 
orthogonality of sines and 
cosines, 549-550 
Parseval equation, 564, 571, 
604, 676 
periodicity of sines and 
cosines, 548-549 
for sawtooth wave, 567-568, 
571 
sine series, 566-567, 635 
specialized kinds, 571-572 
for square wave, 560-562, 571 
for triangular wave, 551-552, 
553-555, 571 
Fredholm, Erik Ivar, 644 
Fredholm alternative theorem, 
644 
Frequency, natural, 190 
of simple harmonic motion, 
190 
of vibrating string, 594 
Frobenius, Ferdinand Georg, 268, 
348, 459 
Frobenius, method of, 268 
Fuchs, Immanuel Lazarus, 251, 
459 
Fundamental matrix, 393—401, 
405-406 
Fundamental set of solutions, 
142, 211, 370 


Fundamental theorem of 
algebra, 215 


G 
Galois, Evariste, 216 
Gamma function, 298—299 
Gauss, Carl Friedrich, 215 
Gaussian elimination, 352 
Generalized function, 326 
General solution of linear 
equations: 
first order, 11, 30, 36, 70, 71 
nth order, 211 
second order, 133, 142, 143, 
155, 163, 170 
systems of first order 
equations, 370 
Gibbs, Josiah Willard, 561 
Gibbs phenomenon, 561, 567 
Global asymptotic stability, 487 
Gompertz equation, 85 
Graphical construction of integral 
curves, 71 
Gravity, 2, 56 
Green, George, 653 
Green’s function, 653-656 


H 
Half-life, 16, 59 
Harvesting a renewable resource, 
86-87 
Heat conduction equation, 17, 
574, 615 
bar with insulated ends, 
584-587 
boundary conditions, 574, 582, 
584, 616 
derivation of, 613-617 
fundamental solutions of, 576, 
586 
nonhomogeneous boundary 
conditions, 582-584 
nonhomogeneous source term, 
617, 646-649 
in polar coordinates, 581 
smoothing of discontinuities in 
initial conditions, 582 
solution of fundamental 
problem, 575-577 


steady state solution, 582 
transient solution, 583 
Heaviside, Oliver, 294 
Heaviside function, 310 
Helmholtz equation, 668 
Hereditary systems, 331 
Hermite, Charles, 248, 348 
Hermite equation, 248, 260, 627 
Hermite polynomials, 248 
Hermitian matrix, 248, 365-366, 
379, 397, 398, 402, 637, 
653 
Heun formula, 431 
History of differential equations, 
23-26 
Hodgkin, Alan L., 503 
Hodgkin—Huxley equations, 503 
Homogeneous algebraic 
equations, 357 
Homogeneous boundary value 
problems, 542-544, 
623-626 
eigenfunctions, 545, 623 
eigenvalues, 545, 623 
singular Sturm—Liouville, 
656-663 
Sturm-Liouville, 629-641 
Homogeneous differential 
equations, with constant 
coefficients, 25, 129-137, 
153-159, 160-169, 
214-219 
definition of, 130, 343 
general theory of, 137-153, 
210-211, 368-372 
systems, 373-410 
Homogeneous first order 
differential equations, 24, 
46-47 
Hooke, Robert, 187 
Hooke’s law, 187 
Huxley, Andrew F., 503 
Huygens, Christian, 336 
Hypergeometric equation, 279 


I 

Identity matrix, 351 

Implicit numerical method, 423, 
441, 453 
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Implicit solution, 70-71 
Improper integral, 294 
comparison theorem for, 296 
Improper node, 404, 462-464 
Improved Euler method, 
430-435 
Impulse functions, 324—330 
Impulse response, 335 
Indicial equation, 269, 273, 274, 
278 
Inductance, 195, 196 
Initial conditions, 11, 72, 116, 
130, 210, 342 
propagation of discontinuities 
for wave equation, 598 
smoothing of discontinuities 
for heat equation, 582 
Initial value problem, 11, 65, 66, 
105, 130, 210, 342 
Inner product: 
for functions, 549, 631 
for vectors, 351 
Instability: 
of critical point, 79, 117, 119, 
468, 471, 472, 475, 514 
of numerical method, 448—453 
of periodic orbit, 524 
see also Diverging solutions 
Integral curves, 11, 71 
Integral equation, 106 
Volterra, 336 
Integral transform, 293 
Integrating factor, 25, 30-31, 
35-36, 93-95, 96, 146 
Interval of convergence, 233 
Inverse Laplace transform, 303 
Inverse matrix, 352-354 
Invertible matrix, 352 
Irregular singular point, 258, 
279-280 
Iteration, method of, 106 
see also Successive 
approximations 
of difference equation, 116 


J 

Jordan, Camille, 348, 406 

Jordan form of matrix, 406—407, 
409, 410 


Jump discontinuity, 295, 559, 598 


K 

Kernel, of convolution, 185 
of integral transform, 293 

Kirchhoff, Gustav R., 196 

Kirchhoff’s laws, 196, 345 

Kutta, M. Wilhelm, 436 


L 
Lagrange, Joseph-Louis, 25, 180, 
547, 573, 591 
Lagrange’s identity, 630, 
659-660 
Laguerre, Edmond Nicolas, 272 
Laguerre equation, 272, 627 
Landau, Lev D., 89 
Landau equation, 89 
Laplace, Pierre Simon de, 25, 
294, 604 
Laplace’s equation, 25, 604-613, 
666 
boundary conditions, 605 
in cylindrical coordinates, 613, 
667 
Dirichlet problem, 605 
for circle, 609-611, 612 
for rectangle, 606-608, 
611-612 
for sector, 612 
for semicircle, 612 
for semi-infinite strip, 612 
mixed problem, 613 
Neumann problem, 605 
for circle, 613 
for rectangle, 612 
in polar coordinates, 609 
in spherical coordinates, 668 
Laplace transform, 293-338 
of convolution, 330-333 
definition of, 294 
of derivatives, 300-301 
of Dirac delta function, 
326-327 
existence of, 296 
of integral equations, 336 
inverse of, 303 
of periodic functions, 315 
of rectified sine wave, 316 


of sawtooth wave, 316 
of square wave, 315, 316 
of step function, 311 
table of, 304 
translation formula, 311, 313 
Legendre, Adrien Marie, 149, 
254 
Legendre equation of order alpha, 
147, 152, 238, 252, 
254-255, 256, 258, 271, 
309, 657, 662, 669 
Legendre polynomials, 254-255, 
662, 676 
Leibniz, Gottfried Wilhelm, 24, 
63, 73, 336, 571 
Length, of a vector, 351 
L’Hospital, Marquis de, 63 
Liapunov, Aleksandr M., 511 
Liapunov function, 514 
Liapunov’s second method, 
511-521 
Libby, Willard F., 59 
Liénard equation, 491, 520 
Limit cycle, 524 
Linear dependence and 
independence, of 
functions, 147-153, 211 
of vector functions, 362 
of vectors, 360 
Linear operator, 138, 226, 298, 
303 
Linear ordinary differential 
equations: 
adjoint equation, 146 
change of independent 
variable, 159-160, 264, 
266, 291 
characteristic equation, 132, 
214, 303 
complex roots, 153, 217 
real and equal roots, 161, 
218 
real and unequal roots, 132, 
215 
complementary solution, 170 
definition of, 19 
Euler equation, 160, 169, 
260-267 
exact, 146 
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existence and uniqueness 
theorems, 65, 138, 210, 
250, 277-278, 343 
first order, 24, 29-39 
fundamental set of solutions, 
142, 211, 370 
general solution of, 11, 25, 30, 
36, 70, 71, 133, 142, 143, 
155, 163, 170, 211, 370 
homogeneous equation with 
constant coefficients, 25, 
129-137, 153-159, 
160-169, 214-219 
integrating factor, 25, 30-31, 
35-36, 146 
nonhomogeneous equation, 
130, 169-185, 211-212, 
222-230, 411-418 
ordinary point, 238, 250, 254, 
260 
particular solution, 170, 212 
reduction of order, 165—166, 
212 
self-adjoint, 147 
series solution of, see Series 
solution 
singular point, 238, 250, 
255-260 
systems of, see Systems 
undetermined coefficients, 
171-179, 222-226 
variation of parameters, 25, 39, 
179-185, 226-230 
Liouville, Joseph, 106, 629 
Logarithmic decrement, 198 
Logistic equation, 76, 118, 511 
Logistic growth, 75-81, 83-84 
Lorenz, Edward N., 532 
Lorenz equations, 532-539 
Lotka, Alfred James, 504 
Lotka—Volterra equations, 18, 
340-341, 503-511 


M 

Magnitude, of a vector, 351 

Malthus, Thomas, 75 

Mathematical model, 2, 47—49 
analysis of, 48-49 


comparison with experiment, 
49 

construction of, 7, 14, 48 

Matrices, 348-367 

addition of, 349 

adjoint, 348 

augmented, 358 

conjugate, 348 

diagonalizable, 397-398 

eigenvalues of, 362-366, 544 

eigenvectors of, 362-366, 544 

equality of, 349 

exponential, 396-397, 400 

fundamental, 393-401, 
405-406 

Gaussian elimination, 352 

Hermitian, 248, 365-366, 379, 
397, 402, 637, 653 

identity, 351 

inverse, 352-354 

invertible, 352 

Jordan form of, 406—407, 409, 
410 

multiplication of, 349-350 


multiplication by numbers, 349 


noninvertible, 352 

nonsingular, 352 

row reduction of, 352 

self-adjoint, 365 

similar, 398 

singular, 352 

subtraction of, 349 

transpose, 348 

zero, 349 
Matrix functions, 354—355 
Mean convergence, 672 
Mean square error, 671 
Millikan, Robert A., 62 
Mixing problems, 49-51, 54-55 
Mode, natural (of vibrating 
string), 594 
Modified Euler formula, 435 
Moulton, Forest Ray, 440 
Multiplicity of eigenvalue, 364 
Multistep method, 439-445 


N 
Negative definite function, 513 


Negative semidefinite function, 
513 
Neumann, Karl Gottfried, 605 
Neumann problem, 605 
for circle, 613 
for rectangle, 612 
Newton, Isaac, 24, 63 
Newton’s law: 
of cooling, 60 
of motion, 2, 187, 345, 618 
Node, 378, 390, 461 
See also Improper node; 
Proper node 
Nonhomogeneous algebraic 
equations, 358 
Nonhomogeneous boundary 
value problems, 542-543, 
641-656 
Fredholm alternative, 644 
solution, by eigenfunction 
expansion, 641-653 
by Green’s function, 
653-656 
Nonhomogeneous linear 
differential equations, 
130, 169-185, 211-212, 
222-230, 334-335, 343, 
411-418 
Noninvertible matrix, 352 
Nonlinear ordinary differential 
equations: 
autonomous systems, 471-539 
definition of, 19, 130 
existence and uniqueness 
theorems, 66, 106, 343 
first order, 64—72 
methods of solving, 40—47, 
89-96, 137 
periodic solutions of, 503-511, 
521-531 
y" = f(t,y’), 137 
y" = fy, y’), 137 
Nonsingular matrix, 352 
Normalization condition, 633 
Nullcline, 499 
Numerical dependence, 452 
Numerical methods, 419-458 
Adams-—Bashforth formula, 
440 
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Adams—Moulton formula, 441 

adaptive, 427, 433 

backward differentiation 
formulas, 443-444 

backward Euler formula, 
422-424 

comparison of, 444 

convergence of, 424 

effect of step size, 426, 
445-447 

error see Error 

Euler, 96-105, 419-429, 
455-457 

Heun, 431 

improved Euler, 430-435 

modified Euler, 435 

multistep, 439-445 

one-step, 439 

predictor—corrector, 441, 458 

Runge-Kutta, 435-439, 456 

stability of, 448-453 

for stiff equations, 450-451 

for systems of first order 
equations, 455—458 

vertical asymptotes, 447-448 

Numerical stability, 448-453 


O 
Odd function, 565 
Odd periodic extension, 568 
One-step method, 439 
Orbital stability, 524 
Order of differential equation, 18 
Ordinary differential equation, 
definition of, 17 
Ordinary point, 238, 250, 254 
at infinity, 260 
Orthogonality, of Bessel 
functions, 291, 661, 662 
of Chebyshev polynomials, 
663 
of eigenfunctions of 
Sturm—Liouville 
problems, 632, 660 
of functions, 549 
of Legendre polynomials, 255, 
662, 676 
of sine and cosine functions, 
549-550 


of vectors, 351 
Orthonormal set, 633, 669 
Overdamped motion, 193 


P 
Parseval equation, 564, 571, 604, 
676 
Partial differential equation, 
definition of, 17 
See also Heat conduction 
equation, Laplace’s 
equation, Wave equation 
Partial fraction expansion, 302, 
305, 306, 309 
Particular solution, 170, 212 
Pendulum equation: 
generalized nonlinear 
undamped, 519 
linear undamped, 19 
nonlinear damped, 473-475, 
481-482, 483, 484-487, 
489, 519-520 
nonlinear undamped, 19, 478, 
488-489, 490-491, 
511-513, 516 
period, 490-491 
Period, of nonlinear undamped 
pendulum, 490-491 
of simple harmonic motion, 
190 
Periodic boundary conditions, 
638, 674 
Periodic forcing terms, 563 
Periodic functions, 548 
cosine and sine, 548-549 
derivative of, 557 
fundamental period, 548 
integral of, 556-557 
Laplace transform of, 315 
linear combination of, 549 
product of, 549 
Periodic solutions of autonomous 
systems, 503-511, 
521-531 
Phase, of simple harmonic 
motion, 190 
Phase plane, 373, 460 
Phase plot, 207 
Phase portrait, 373, 460 


Picard, Charles Emile, 106 

Picard, method of, 106 

Piecewise continuous functions, 
295, 558 

Poincaré, Henri, 459 

Poincaré-Bendixson theorem, 
525 

Population, growth of, 74-84 

Positive definite function, 513 

Positive semidefinite function, 
513 

Potential equation, 604-613 

See also Laplace’s equation 

Power series, properties of, 
232-235 

Predator—prey equations, 18, 
340-341, 503-511 

Predictor—corrector method, 441, 
458 

Proper node, 462 


Q 
Quasi frequency, 192 


Quasi period, 193 


R 
Radioactive decay, 16, 59 
Radiocarbon dating, 59 
Radius of convergence, 232, 251 
Ramp loading, 320 
Rate function, 5 
Rate of growth (decline), 5, 75 
intrinsic, 76 
Rayleigh equation, 531 
Rectified sine wave, 316 
Recurrence relation, 240, 268, 
269, 274 
Reduction of order, 165-166, 212 
Reduction to systems of 
equations, 341-342 
Region of asymptotic stability, 
487, 498, 516-519 
Regular singular point, 255-260 
at infinity, 260 
Resistance, electric, 195, 196 
see also Damping force 
Resonance, 202—203, 323-324 
Rodrigues’ formula, 255 
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Round-off error, 424, 429, 
445-447 

Row reduction, 352 

Runge, Carl D., 436 

Runge-Kutta method, 436-439, 
456 


Ss 
Saddle point, 375, 389, 461-462 
Saturation level, 78 
Sawtooth wave, 316, 567-568, 
571 
Scalar product, see Inner product 
Schaefer model for fish 
population, 86 
Schrédinger, Erwin, 326 
Self-adjoint: 
boundary value problem, 
637-639, 660 
equation, 147 
matrix, 365 
Separable equations, 24, 40-46 
Separated boundary conditions, 
630 
Separation constant, 575, 585, 
593, 606, 623, 665 
Separation of variables, 573 
further remarks, 664—669 
for heat conduction equation, 
575, 585 
for Laplace’s equation, 606 
in polar coordinates, 609 
for wave equation, 593 
in polar coordinates, 667 
Separatrix, 487, 498 
Series of eigenfunctions, 
635-636, 642, 660-661, 
672 
Series solution: 
existence theorem for, 250, 
277-278 
first order equations, 254 
indicial equation, 269, 273, 
274, 278 
near an ordinary point, 
238-255 
near a regular singular point, 
267-280 


recurrence relation, 240, 268, 
269, 274 
when roots of indicial 
equation: 
are equal, 270, 276-277, 
278, 280-284 
differ by integer, 270, 277, 
278, 285-289 
Shift of index of summation, 
235-236 
Similarity transformation, 
397-398 
Similar matrices, 398 
Simple eigenvalues, 364 
Simple harmonic motion, 190 
Simply connected region, 91 
Simpson’s rule, 437 
Sine series, 567 
Singular matrix, 352 
Singular point, 238, 250, 
255-260 
irregular, 258, 279-280 
regular, 255-260 
at infinity, 260 
Sink, nodal, 461 
spiral, 465 
Slope field, see Direction field 
Solution of ordinary differential 
equation, 20 
general solution of linear 
equations, 11, 30, 36, 70, 
71, 133, 142, 143, 155, 
163, 170, 211 
systems, 370 
implicit, 70-71 
of systems of equations, 342 
Source, nodal, 461 
spiral, 465 
Spiral point, 386, 390, 464—466, 
479-480 
Spring—mass system, 186-195, 
200-207, 306, 392-393 
two degrees of freedom, 220, 
345, 393 
Square integrable function, 672 
Square wave, 315, 316, 560-562, 
571 
Stability: 


for almost linear systems, 
483-484 
asymptotic, 79, 117, 119, 468, 
471, 473, 475, 514-515, 
524 
see also Converging 
solutions 
basin of attraction, 487, 498, 
516-519 
of critical point, 468, 471, 
472-473, 475, 479, 514 
definition of, 472 
exchange of, 120 
globally asymptotically stable, 
487 
Liapunov theorems, 514 
for linear systems, 468, 
479-480 
of numerical method, 448-453 
orbital, 524 
region of asymptotic stability, 
487, 498, 516-519 
semistable, 84, 524 
stable, 468, 471, 472, 475, 514, 
524 
unstable, 79, 117, 119, 468, 
471, 472, 475, 514, 524 
see also Diverging solutions 
Stairstep diagram, 120 
Star point, 462 
Steady state solution, 203, 582 
Step functions, 310 
Stiff equations, 450-451 
Stokes, George Gabriel, 62 
Stokes’ law, 62 
Strange attractor, 536 
Sturm, Charles, 629 
Sturm-Liouville boundary value 
problems, 629-641 
eigenfunctions orthogonal, 632 
eigenvalues, real, 631 
simple, 633 
nonhomogeneous, 641-645 
self-adjointness of, 637-639, 
660 
singular, 656—663 
continuous spectrum, 660 
Successive approximations, 
method of, 106, 401 
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Superposition principle, 140, 
344, 368, 600, 663 
Sylvester, James, 348 
Systems: 
of algebraic equations, 
357-360, 542-543 
of differential equations, 18 
autonomous, 471—472 
existence and uniqueness 
theorem, 343 
initial conditions, 342 
linear, 343 
nonlinear, 343 
numerical solution of, 
455-458 
reduction to, 341-342 
solution of, 342 
of linear first order equations, 
368-418 
definition of, 343 
diagonalization, 398—400, 
411-413 
Euler, 382, 391, 408 
existence and uniqueness 
theorem, 343 
fundamental matrix, 
393-401, 405-406 
fundamental set of solutions, 
370 
general solution of, 370 
homogeneous, 343, 
368-372 
homogeneous with constant 
coefficients, 373-410 
complex eigenvalues, 
384-393, 464-467 
real and unequal 
eigenvalues, 373-383, 
460-462 
repeated eigenvalues, 
401-410, 462-464 
nonhomogeneous, 343, 
411-418 
superposition of solutions, 
368 


undetermined coefficients, 


413-414 
variation of parameters, 
414-416 
£ 
Tangent line method, see Euler 
method 


Tautochrone, 336-337 
Taylor, Brook, 234 
Taylor series, 154, 234 
for functions of two variables, 
434 
Telegraph equation, 619, 627, 653 
Thermal diffusivity, 574, 616 
Threshold models, 81-84 
Trajectories, 342, 373, 460, 
467-468, 475-477 
almost linear systems, 
483-484 
linear systems, 460—467 
Transfer function, 335 
Transient solution, 203, 583 
Translation of function, 311 
Transpose of matrix, 348 
Triangular wave, 551-552, 
553-555, 571 
Truncation error, global, 424, 
426, 445-447 
local, 424 


U 
Undetermined coefficients, 
171-178, 222-226 
for systems of equations, 
413-414 
Uniqueness theorems, see 
Existence and uniqueness 
theorems 
Unit step function, 310 
Laplace transform of, 311 


Vv 

Van der Pol equation, 478, 
526-530 

Variation of parameters, 25, 39, 
179-185, 226-230 


for systems of equations, 
414-416 
Vector space, 151 
Vectors, 151, 349 
inner product, 351 
length, 351 
linear dependence and 
independence of, 
360-362 
magnitude, 351 
multiplication of, 351 
orthogonality, 351 
Verhulst, Pierre F., 76 
Verhulst equation, 76 
Vibrations: 
of elastic bar, 628-629 
of elastic membrane, 604, 
664-666 
of elastic string, 591-604, 
617-619 
of spring—mass system, 
186-195, 200-207, 306, 
392 
two degrees of freedom, 220, 
345, 393 
Volterra, Vito, 504 
Volterra integral equation, 336 


W 
Wave equation, 17, 591, 617-619 
in polar coordinates, 664, 667 
solution of, 602 
see also Elastic string, 
derivation of wave 
equation 
Wavelength, of vibrating string, 
594 
Wave velocity, 591, 601, 619 
Wronski, Jozef, 141 
Wronskian, 141, 211 
Abel’s identity for, 149, 213 
for systems of equations, 369 
Abel’s identity, 370 


x 
Yield, maximum sustainable, 87 
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PREFACE 


This supplement has been prepared for use in conjunction with 
the seventh editions of ELEMENTARY DIFFERNTIAL EQUATIONS AND 
BOUNDARY VALUE PROBLEMS and ELEMENTARY DIFFERENTIAL EQUATIONS, 
both by W.E. Boyce and R.C. DiPrima. The supplement contains a 
sampling of the problems from each section of the text. In most 
cases the complete details in determining the solutions are 
given while in the remainder of the problems helpful hints are 
provided. The problems chosen in each section represent, 
wherever possible, the variety of applications and types of 
examples that are covered in the written material of the text, 
thereby providing the student a complete set of examples from 
which to learn. 


Students should be aware that following these solutions is very 
different from designing and constructing one's own 
solution.Using this supplemental resource appropriately for 
learning differential equations is outlined as follows: 


1. Make an honest attempt to solve the problem without using 
the guide. 

2. If needed, glance at the beginning of the solution in the 
guide and then try again to generate the complete 
solution.Continue using the guide for hints when you reach 
an impasse. 

3. Compare your final solution with the one provided to see 
whether yours is more or less efficient than the guide, 
since there is frequently more than one correct way to solve 
a problem. 

4. Ask yourself why that particular problem was assigned. 


The use of a symbolic computational software package, in many 
cases, would greatly simplify finding the solution to a given 
problem, but the details given in this solutions manual are 
important for the student's understanding of the underlying 
mathematical principles and applications. In other cases, these 
software packages are essential for completing the given 
problem, as the calculations would be overwhelming using 
analytical techniques. In these cases, some steps or hints are 
given and then reference made to the use of an appropriate 
software package. 
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In order to simplify the text, the following abbreviations have 


been used: 


differential equation(s) 


initial condition(s) 
-P. initial value problem(s) 
boundary condition(s) 
-P. boundary value problem(s) 
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Section 1.1, Page 8 


2 


ike 


13. 


15a. 


15b. 


CHAPTER 1 


For y > 3/2 we see that y’ > 0 1 : a 
and thus y(t) is increasing there. wlot  e 
For y < 3/2 we have y’ < 0 and thus 4ooCocrrccooccoaccoc 
y(t) is decreasing there. Hence 

y(t) diverges from 3/2 as t—oo. 


Observing the direction field, 


we see that for y>-1/2 we have PEELE ERLE ERE ERT ERR 
: : \ 

y’<0, so the solution is HAE 
decreasing here. Likewise, ot ASRSESESASASSSS ASRS 
for y<-1/2 we have y’>0 and NAAN 
; ; ; VIS PIVLVPSASS SSH SAG T 
thus y(t) is increasing here. SSSESSRAS TRESS SE 
Since the slopes get closer to PA AAA AAAL ALAA LAO SOOO? 
LOLPLPPLIPAPPASPLAELL 
zero as y gets closer to -1/2, GUATGUGDIIIIIIDIIGS 
Ve ee 

we conclude that y>-1/2 as t-oo. TTTAGTITAITIGT 
Y PITTATTAT IATA TED 


If all solutions approach 3, then 3 is the equilibrium 


: dy dy 
solution and we want — < 0 for y > 3 and — > 0 for 
dt dt 
dy 
y < 3. Thus — = 3-y. 
dt 


For y = 0 and y = 4 we have y’ = 0 and thus y = 0 and 

y = 4 are equilibrium solutions. For y > 4, y’ < 0 so if 
y(0) > 4 the solution approaches y = 4 from above. If 

0 < y(0) < 4, then y’ > 0 and the solutions “grow” to y = 4 
as too. For y(0) < 0 we see that y’ < 0 and the solutions 
diverge from 0. 


Since y’ = y, y = 0 is the equilibrium solution and y’ > 0 
for all y. Thus if y(0) > 0, solutions will diverge from 
O and if y(0O) < 0, solutions will aproach y = 0 as t—-oo. 


Let q(t) be the number of grams of the substance in the 


dg 300q 
water at any time. Then ae = 300(.01) = 
Te 


1,000,000 
300(10 7— 10 °q). 
The equilibrium solution occurs when q’ = 0, or c = 10°gm, 
independent of the amount present at t = 0 (all solutions 


approach the equilibrium solution). 


Section 1.2 


expressing the evaporation is 


The D.E. 


16. 


21. 


22. 


wav fae 


SNA Ys se 


vA Tt a 


24. 


ee 


wesesstilae 


Section 1.2 Page 14 


Thus 


=2d0t. 


dy 
y-5/2 


in| y-5/2 | = -2t+c1, or y-5/2 = ee = 


-2y+5 can be rewritten as 


dy/dt 


TD's 


Yo yields 


the solution starts above the equilibrium 


Lt Yo > 5/2, 


solution and decreases exponentially and approaches 5/2 


the solution starts 


if y < 5/2, 
below 5/2 and grows exponentially and approaches 5/2 from 


Conversely, 


as t—oo. 


4a. 


4b. 


6b. 


8a. 


8b. 


10a. 


13a. 


13b. 


13. 


below as t—0co. 


: oe dy/dt 
Rewrite Eq.(ii) as = a and thus in| y| = attcy; or 
y 

y = ce®, 
dy dyi ; ; 

If y = yi(t) + k, then — = —. Substituting both 
dt dt 

dy 
these into Eq. (i) we get an? = a(yitk) - b. Since 
104 
dy 
Ae: = ayi, this leaves ak - b = 0 and thus k = b/a. 
te 


Hence y = y(t) + b/a is the solution to Eq(i). 


From Eq.(11) we have p = 900 + cet/?, Tf p(0) = po, then 
Cc = pg — 900 and thus p = 900 + (po - 900)et/2, TE 
Po < 900, this decreases, so if we set p = 0 and solve 


for T (the time of extinction) we obtain 
e?/? = 900/(900-pp), or T = 21n[900/(900-pp) ]. 


Use Eq. (26). 

Use Eq. (29). 

dQ ; do/dt 

— = -rQ yields = -r, or inl o| = -rt + c,. Thus 

dt Q 

Q = cet and Q(0) = 100 yields c = 100. Hence Q = 100e™. 


Setting t = 1, we have 82.04 = 100e%*, which yields 
r = .1980/wk or r = .02828/day. 


: do/dt coal ; d 
Rewrite the D.E. as = —, thus upon integrating and 
Q-CV CR 
simplifying we get Q = De */® + cv. Q(0) = 0 =D = -CV and 
thus Q(t) = cv(1 - e t/R), 
limQ(t) = CV since lim erik = 0, 
too t—00 
‘ dQ Q : . 
In this case Bee + — = 0, Q(t i) = CV. The solution of this 
t C 
D.E. is Q(t) = Be t/R, so Q(t,) = Ee °/® = cv, or 
B= cvet’? thus g(t) = cvet!/Ret/ER = cya (Eo) /CR 


4 Section 1.3 


Qo 
8 
8 
4a 
2 
° 2 4 eeat eae nee eae nee peat eae) ° : v6 re a We te 
Section 1.3, Page 22 
2. The D.E. is second order since there is a second 


derivative of y appearing in the equation. The equation 


2 
is nonlinear due to the y" term (as well as due to the y 


term multiplying the y” term). 


6. This is a third order D.E. since the highest derivative is 
wr 


y and it is linear since y and all its derivatives 


2 2 
appear to the first power only. The terms t and cos t do 


not affect the linearity of the D.E. 


aes , —3t i —3t 
8. For ye) =e we have yi) = —3e and A = 9e 


Substitution of these into the D.E. yields 
=3t =3t =3t -3t 
9e + 2(-3e ) - 3(e ) = (9-6-3)e = 0. 


14. Recall that if u(t) = [fesras, then u’(t) = f(t). 


rt 
16. Differentiating e twice and substituting into the D. 
2 et re 2 rt rt 
yields re -e = (r -l)e . If y=e is to be a 
solution of the D.E. then the last quantity must be zero 


2 ae 
for all t. Thus r -1 = 0 since e is never zero. 


Gl 
. 


r 
19. Differentiating t twice and substituting into the D.E. 
2 r-2 r-1 r Z r 
yields t [r(r-1)t J+ 4t[rt J] + 2t = [rv +3r+2]t . If 
ae 
y=t is to be a solution of the D.E., then the last term 


2 
must be zero for all t and thus r + 3r+2= 0. 


22. 


26. 


The D.E. is second order since there are second partial 
derivatives of u(x,y) appearing. The D.E. is nonlinear 
due to the product of u(x,y) times u,(or uy) - 


2 
du, 2 -o07t 0 Uy -o't 
Since =-Qde sinx and = -e sinx we have 
dt Ox? 
-a't 2 -a’t 
[-e sinx] = -Ge sinx, which is true for all t and x. 


CHAPTER 2 
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1. W(t) = exp (J3dt) =e. Thus ett (y’+3y) = et(tte *t) or 
dq 3t, _ 4.3t t , : 
= (ye~-) te + e°-. Integration of both sides yields 
iE; 
3t 1st | bast t Seufaust 3t 
ye te 7 e + e°- + c, and division by e gives 


3 9 
the general solution. Note that Jtettdt is evaluated by 
integration by parts, with u = t and dv = ertat. 


dt 
J ) eint 
t 
integration by parts yields the general solution. 


4. w(t) = exp ( t, so (ty)’ = 3tcos2t, and 


6. The equation must be divided by t so that it is in the 


form of Eq. (3): y’ + (2/t)y = (sint)/t. Thus 
2dt 2 2. ; ; 
u(t) = exp (J t“, and (t*y)° = tsint. Integration 
then yields ty = -tcost + sint +c. 
4tdt 
7. p(t) = et, 8. p(t) = exp(J——) (14+t?) 2. 
1+t 
11. U(t) = e* so (ety)’ = 5et*sin2t. To integrate the right 


side you can integrate by parts (twice), use an integral 
table, or use a symbolic computational software program 
to find ety = e(sin2t -— 2cos2t) +c. 


13. w(t) =e and y = 2(t-1)e2* + cet. To find the value 
for c, set t = 0 in y and equate to 1, the initial value 
of y. Thus -2+c = 1 and c = 3, which yields the solution 
of the given initial value problem. 


2dt 
J 


15. u(t) = exp( ) = t? and y = t7/4 - t/3 + 1/2 + c/t?. 


Setting t = 1 and y = 1/2 we have c = 1/12. 


18. w(t) = t*. Thus (t?y)’ = tsint and 
ty = -tcost + sint + c. Setting t = m/2 and 
y = 1 yields c = m7/4 - 1. 


20... pte) = te®, 
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21b. U(t) = et/2 so (et/2y)’ = 2et/cost. Integrating (see 
comments in #11) and dividing by arts yields 
4 8, 2: t/2 4 
y(t) = ce + coe + ce . Thus y(0) = Fe +ce=a, 
4 4 8. 4 tye 
or c = a+ — and y(t) = ——~cost + —sint + (a+ —)e ‘ 
5 5 5 5 


4 
If (a + —) = 0, then the solution is oscillatory for all 


4 
t, while if (a + —) #0, the solution is unbounded as 
5 


4 
t > oo. Thus ag = eo 


Y 
; a en Se Se ee Re ee ee eee 
Cat Uae are ee eter Sea 24a. 
Tipn bie ee en maar 
Pete nelins S204 
eeeeeene aeons an 
Pisses ‘ nan 
Peete eas : Nan 
2dt 2 2 , : 
24b. U(t) = exp = t*, so (t*“y)° = sint and 
t 
—cost c . T ; 
y(t) = + - Setting t = —— yields 
te? oh 2 
4c an? an?/4 — cost ; 
7 S92 OF CS and hence y(t) = ; , which 
T 4 t 
is unbounded as t > 0 unless an*/4 = 1 or ag = aa 
2 1 — cost ; hae 
24c. For a = 4/nm* y(t) = ——> + To find the limit as 
108 
t — 0 L’Hopital’s Rule must be used: 
: _ sint _ cost 1 
limy(t) = lim = lim = 7 
£30 t30 ot t30 2 2 
28. (e'y)’ =e + 3e ‘sint so 
3 = + sinttcost 
e Py =-e* 3e° +c or 
2 
3, +t). t 
y(t) =-l - ‘os (sint+cost) + ce 
If y(t) is to remain bounded, we must have c = 0. Thus 
3 D 5 
y(0O) = -1 Se OE ES Ou ee Pees Oe 


30. 


32. 


35. 


36. 


37. 


Section 22 
u(t) = e** so the D.E. can be written as 
(etty)! a en ae ee A, then integration 
and solution for y yields y = bene + ce? *. Then 


lim y is zero since both A and a are positive numbers. 
X—oo 


at 
a 


If a =A, then the D.E. becomes (e°-y)’ = b, which yields 
y= (bt+c) /e** as the solution. L’Hopital’s Rule gives 

; ; (bt+c) ; 
lim y = lim h lim he 
too too e t t— 00 Xe 
There is no unique answer for this situation. One 
possible response is to assume y(t) = 6a eg = t, then 


=2t 


, 


y (t) = -2ce — 1 and thus y’ + 2y = 5 —- 2t. 

This problem demonstrates the central idea of the method 
of variation of parameters for the simplest case. The 
solution (ii) of the homogeneous D.E. is extended to the 
corresponding nonhomogeneous D.E. by replacing the 
constant A by a function A(t), as shown in (iii). 


Assume y(t) = A(t)exp(-J(-2)dt) = A(t)e?*. 
Differentiating y(t) and substituting into the D.E. 
yields A’(t) = t? since the terms involving A(t) add to 
zero. Thus A(t) = t2/3 + c, which substituted into y(t) 
yields the solution. 


dt 
J 
t 


y(t) = A(t)exp(- ) A(t)/t. 
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Problems 1 through 20 follow the pattern of the examples 
worked in this section. The first eight problems, however, 
do not have I.C. so the integration constant, c, cannot be 
found. 


Write the equation in the form ydy = x’dx. Integrating 
the left side with respect to y and the right side with 
respect to x yields 

y x 2 3 

— = — £ °C, Of Sy = 2° =e, 

2 3 


For y # —-3/2 multiply both sides of the equation by 
3 + 2y to get the separated equation 


(3+2y)dy = (3x°-1) dx. Integration then yields 


10a. 


10c. 


13's 


Li 
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3y + y" = x? = ee OSs 


We need x # 0 and lyl< 1 for this problem to be 


defined. Separating the variables we get (ley: + ay = 
x ‘dx. Integrating each side yields arcsiny = in|x|+c, 
so y = sin[ln|x|+c], x # 0 (note that ly | <1). Also, 


y = +1 satisfy the D.E., since both sides are zero. 


Separating the variables we get ydy = (1-2x)dx, so 

f 

= =x-—-— x’ 4 c. Setting x = 0 and y = -2 we have 2=c 
and thus y? = Ox = Ox" 4 or y= -\) 2x = 0x? 44 . The 
negative square root must be used since y(0) = -2. 
Rewriting y(x) as —\/ 2(2-x) (x+1) , we see that y is 
defined for -1 < x < 2, However, since y’ does not exist 
for x = -1 or x = 2, the solution is valid only for the 


open interval -1 < x < 2. 


Separate variables by factoring the denominator of the 


2x 
right side to get ydy = ——dx. Integration yields 
1+x 


y’/2 = ln (1+x’) +¢ and use of the I.C. gives c = 2. Thus 


y= [Pintiex*) says but we must discard the plus 


square root because of the I.C. Since 1 + x? > 0, the 


solution is valid for all x. 


Separating variables and integrating yields 

y + y? a. c. Setting y = 0 when x = 2 yields c = -4 
or y? + y= x4, To solve for y complete the square on 
the left side by adding 1/4 to both sides. This yields 


2 B= 


2 1 1 i) ' 
y+tyt i Sox Sd ri or (y + Pe =x 15/4. Taking 


the square root of both sides yields 


1. 
yro-e= +\/ x? - 15/4, where the positive square root 


2 
must be taken in order to satisfy the I.C. Thus 


1 
yrroot Vx? - 15/4 , which is defined for x? > 15/4 or 


2 
x 2 15/2. The possibility that x < -V/15/2 is 
discarded due to the I.C. 


17a. Separating variables gives (2y—5)dy = (3x°-e*) dx and 
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integration then gives y" 5Sy = x = e +c. Setting 
x = 0 and y = 1 we have 1 5=0-1+c¢ orc=-3. 
Thus y" 5y (x? e*-3) = 0 and using the quadratic 
formula then gives 
5 + 1) 25+4 (x3-e%3) 5 13 se 
y(x) = ‘i = + x -e” . The 
4 


negative square root is chosen due to the I.C. 


17c. The interval of definition for y must be found 
numerically. Approximate values can be found by plotting 
13 
Yi (Xx) = oe + x? and Yo(x) = e* and noting the values of x 


where the two curves cross. 


19a. As above we start with cos3ydy = -sin2xdx and integrate 


1 1 
to get qeey = Bee + c. Setting y = @/3 when 


1 
x = 0/2 (from the I.C.) we find that 0 = a c or 
1 es 2 1 1 > ; 
c = —, so that —sin3y = —cos2x + — = cos’x (using the 
2 3 2 2 
appropriate trigonometric identity). To solve for y we 


must choose the branch that passes through the point 


(1/2,%/3) and thus 3y = 7% - arcsin(3cos’x), or 


T ‘ll : 2 
y= green emcee XxX). 


19c. The solution in part a is defined only for 
0 < 3cos*x < 1, or -V/1/3 S$ cosx $ (1/3. Taking the 
indicated square roots and then finding the inverse 
cosine of each side yields .9553 < x € 2.1863, or 
| x1 /2 | < 0.6155, as the approximate interval. 


21. We have (3y*-6y) dy = (1+3x7) dx so that rae = 
x + x? - 2, once the I.C. are used. From the D.E., the 
integral curve will have a vertical tangent when 
3y? - 6y = 0, or y = 0,2. For y = 0 we have 
x? + x - 2 = 0, which is satisfied for x = 1, which is 
the only zero of the function w = e + x - 2. Likewise, 
for y= 2, x =-l. 


23. Separating variables gives y “dy = (2+x)dx, so 


25. 


27a. 


27b. 
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-y° = 2x + ae +c. y(0) = 1 yields c = —1 and thus 
-1 2 ; ; 

y= 5 = . This gives 

x 2- 4x - x 

— + 2x-1 

2 
dy 8+ 4x ae : : 

= met so the minimum value is attained at 
dx (2-4x-x*) 
x = -2. Note that the solution is defined for 


—2-V6 <x <-2+4+ \/6 (by finding the zeros of the 
denominator) and has vertical asymptotes at the end 
points of the interval. 


Separating variables and integrating yields 3y + y" = 


sin2x +c. y(0) = -1 gives c = -2 so that 
y- + 3y + (2-sin2x) = 0. The quadratic formula then 

3 
gives y = oe + 1/4, which is defined for 
—.126 < x < 1.697 (found by solving sin2x = —.25 for x 
and noting x = 0 is the initial point). Thus we have 
dy cos2x 


= , which yields x = 7/4 as the only 
ax p 1 
(sin2x+— ) 
4 
critical point in the above interval. Using the second 
derivative test or graphing the solution clearly 
indicates the critical point is a maximum. 


By sketching the direction field and using the D.E.we 
note that y’ < 0 for y > 4 and y’ approaches zero as y 


approaches 4. For 0 < y < 4, y’ > 0 and again approaches 
zero aS y approaches 4. Thus limy = 4 if yp > 0. For 
too 


Yo < 0, y < 0 for all y and hence y becomes negatively 
unbounded (-co) as t increases. If yy = 0, then y = 0 


for all t, so y= 0 for allt. 


Separating variables and using a partial fraction 


1 1 4 
expansion we have ( )dy = tdt. Hence 
y y—4 3 
2 2 2 
a eee = “+? + c, and thus | | = atieees> = eer. 
y-4 3 y—4 
where c is positive. For yp = .5 this becomes 
2 20) 1 
zt = cet 3 and thus c = —— =—. Using this value 
4 -y 325 7 
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4 
for c and solving for y yields y(t) = ‘ 
—2t2/3 
1+ 7e 
Setting this equal to 3.98 and solving for t yields 
t = 3.29527. 
. . . cytd 
29. Separating variables yields dy = dx. If a #0 and 
aytb 
c ad-bc ; 
ay+tb # 0 then dx (—+ )dy. Integration then 
a a(aytb) 
yields the desired answer. 
dy dv 
30c. If v = y/x then y = vx and — = v + x— and thus the 
ax ax 
dv v-4 : 
D.E. becomes v + x— = - Subtracting v from both 
ax 1-v 
: ; dv vi-4 
sides yields x 
ax 1-v 
; ; ; 7 1 
30d. The last equation in (c) separates into dv = —dx. To 
v4 % 
integrate the left side use partial fractions to write 
l-v A B ; 2 
+ , which yields A = -1/4 and B = -3/4. 
v-4 v-2 vt2 
. : aL 3 
Integration then gives ~qinly-2| - qinlv+2| = 1n|x| - k, or 


1n|x*| |v-2||v+2|° = 4k after manipulations using 
properties of the ln function. 


31a. Simplifying the right side of the D.E. gives 
dy/dx = 1+ (y/x) + (y/x) 7 so the equation is homogeneous. 


31b. The substitution y = vx leads to 
dv dv ax 


ee, So) ae Ee op ee, Solving, we get 
dx 1 + Vv" - 

arctanv = In|x| + c. Substituting for v we obtain 

arctan(y/x) - In|x| = c. 


33b. Dividing the numerator and denominator of the right side 
: : dv 4v - 3 
by x and substituting y = vx we get v + x— = —W— 
ax 2-v 


2 
; ; dv vo + 2v - 3 
which can be rewritten as x - Note that 
ax 2- Vv 


= -3 and v = 1 are solutions of this equation. For 
%# 1, -—3 separating variables gives 


Vv 
Vv 


2- Vv 
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1 
dv dx. Applying a partial fraction 


(v+3) (v-1) x 


decomposition to the left side we 


1 1 


obtain 


5 1 ax 


[ 
4v-1 


we find 


Substituting for v and performing 
manipulations we get the solution 


ly-x| = 
ie = —3x, 


35b. 


dv 

vit x— 

ax 

y = —x) 
1-v 


= ]dv ’ 


As in Prob.33, 


and upon integrating both sides 


4 vt+3 x 


1 5 
that | eee = In|x| +c. 


some algebraic 
in the implicit form 


clyt+3x|°. v= 
respectively, 


1 and v = -3 yield y = x and 
as solutions also. 


substituting y = vx into the D.E. 


dv (v+1) 7 
xX—_—- SO 
dx 
satisfies this D.E. 


ax 


we get 


1+3v 
= 7, OL 
1-v 


Note that v = (or 


1l-v 
Separating variables yields 


dv 


(v+1) ? 


v-1 


obtain 


Integrating the left side by parts we 
x 


- in| v+1 | = in| x | +c. Letting v = 2 then 


yields 
yx 


This answer differs from that in the text. 


in| x | + Cy sO 


x 


- in| y+x | =c. 


yx 


The answer in 


the text can be obtained by integrating the left side, 


above, using partial fractions. By differentiating both 
answers, it can be verified that indeed both forms satisfy 
the D.E. 
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cle Note that q(0) = 200 gm, 
dye present at any time. 


where q(t) 


2. Let S(t) 
t, then S(0) = 
2 is the amount of salt entering per minute, 
is the amount of salt leaving per minute 


represents the amount of 


be the amount of salt that is present at any time 
0 is the original amount of salt in the tank, 


and 2(S/120) 


(all amounts 


measured in grams). Thus 
ds/dt = 2 - 28/120, S(0) = 0. 

3% We must first find the amount of salt that is present after 
10 minutes. For the first 10 minutes (if we let Q(t) be the 
amount of salt in the tank): 

= (2) - 2, Q(0) = 0. This I.V.P. has the solution: Q(10) 
= 50(1-) 9.063 lbs. of salt in the tank after the first 10 


14 


Ja. 


7b. 


Tc. 


10. 


12a. 


16a. 
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minutes. At this point no more salt is allowed to enter, so 
the new I.V.P. (letting P(t) be the amount of salt in the 
tank) is: 

= (0) (2) - 2, P(0) = Q(10) = 9.063. The solution of this 
problem is P(t) = 9.063, which yields P(10) = 7.42 lbs. 


Salt flows into the tank at the rate of (1) (3) lb/min. and 
it flows out of the tank at the rate of (2) lb/min. since 
the volume of water in the tank at any time t is 200 + 

(1) (t) gallons (due to the fact that water flows into the 
tank faster than it flows out). Thus the I.V.P. is dQ/dt = 
3 - Q(t), Q(0) = 100. 


Set = 0 in Eq. (16) (or solve Eq.(15) with S(0) = 0). 


Set r = .075, t = 40 and S(t) = $1,000,000 in the answer to 
(a) and then solve for k. 


Set k = $2,000, t = 40 and S(t) = $1,000,000 in the answer 
to (a) and then solve numerically for r. 


The rate of accumulation due to interest is .1S and the rate 
of decrease is k dollars per year and thus 

dS/dt = .1S - k, S(0) = $8,000. Solving this for S(t) 
yields S(t) = 8000 - 10k(-1). Setting S = 0 and substitution 
of t = 3 gives k = $3,086.64 per year. For 3 years this 
totals $9,259.92, so $1,259.92 has been paid in interest. 


Since we are assuming continuity, either convert the monthly 
payment into an annual payment or convert the yearly 
interest rate into a monthly interest rate for 240 months. 
Then proceed as in Prob. 9. 


Using Eq. (15) we have - S = 800(1) or 

S (800t), S(0) 100,000. Using an integrating factor and 
integration by parts (or using a D.E. solver) we get S(t) 
t c. Using the I.C. yields c . Substituting this value 
into S, setting S(t) 0, and solving numerically for t 
yields t 135.363 months. 


This problem can be done numerically using appropriate D.E. 
solver software. Analytically we have 
(.1.2sint)dt by separating variables and thus 


y(t) cexp(.1t.2cost). y(0) 1 gives c , so 
y(t) exp(.2.1t.2cost). Setting y 2 yields 
In2 .2 .1 .2cos, which can be solved numerically to give 


2.9632. If y(0) , then as above, 
y(t) exp(.2.1t.2cost). Thus if we set y 2 we get the 


18. 


19. 


20a. 


20b. 


21a. 


21b. 


22. 


24a. 


24b. 
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same numerical equation for and hence the doubling time has 
not changed. 


From Eq. (26) we have 19 = 7 + (20-7) or 


k = -ln = 1n(13/12). Hence if (T) = 15 we get: 15 =7 + 
13. Solving for T yields 

T = 1n(8/13) /-1n(13/12) = 1n(13/8)/1n(13/12) min. 

Hint: let Q(t) be the quantity of carbon monoxide in the 
room at any time t. Then the concentration is given by x(t) 
= Q(t)/1200. 


The required I.V.P. is dQ/dt = kr+P- pr, 


Q(0) = V. Since c = Q(t)/V, the I.V.P. may be rewritten 
Ve(t) = kr + P - re, c(0) =, which has the solution c(t) = 
k+ +(-k-). 

Set k = 0, P= 0, t = T and c(T) = .5 in the solution found 
in (a) 


If we measure x positively upward from the ground, then 


Eq. (4) of Section 1.1 becomes m = -mg, since there is no air 
resistance. Thus the I.V.P. for v(t) is 

dv/dt = -g, v(0) = 20. Hence 

= v(t) = 20 - gt and x(t) = 20t - (g/2) + c. Since x(0) = 
30, c = 30 and x(t) = 20t - (g/2)t* + 30. At the maximum 
height v(t,) = 0 and thus 


t. = 20/9.8 = 2.04 sec., which when substituted in the 


m 


equation for x(t) yields the maximum height. 


At the ground x(t.) = 0 and thus 20t, - 4.9% + 30 = 0. 


g 


dv 1 
The I.V.P. in this case is m— = -——-v - mg, v(0) = 20, 
dt 30 


where the positive direction is measured upward. 


dv 
The I.V.P. is m— = mg - .75v, v(0) = 0 and v is 
dt 
measured positively downward. Since m = 180/32, the D.E. 
dv Z = 
becomes — = 32 -—- ——~v and thus v(t) = 240(1l-e FEATS) 
dt 15 
that v(10) = 176.7 ft/sec. 


Integration of v(t) as found in (a) yields 


x(t) = 240t + 1800(e -*/19-1) where x is measured 
positively down from the altitude of 5000 feet. Set 
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24c. 


24d. 


26a. 


26b. 


27a. 


27b. 


28. 


Section 2.53 


t = 10 to find the distance traveled when the parachute 
opens. 


dv 
After the parachute opens the I.V.P. is sere = mg-l2v, 
t 


v (0) 176.7, which has the solution 


v(t) ia MP acc + 15 and where t QO now represents 
the time the parachute opens. Letting t—co yields the 
limiting velocity. 


Integrate v(t) as found in (c) to find 


x(t) = 15t - 75.86 °7*/15 4 c,. c, = 75.8 since x(0) = 0, 


x now being measured from the point where the parachute 
opens. Setting x = 3925.5 will then yield the length of 
time the skydiver is in the air after the parachute 
opens. 


Again, if x is measured positively upward, then Eq. (4) of 
dv 
Sect.1.1 becomes m -mg - kv. 
dt 
m m = 
From part (a) v(t) = - - + [vg + a eae As k > 0 


this has the indeterminant form of -oo + oo. Thus rewrite 
~Kt/™M 77% which has the 


indeterminant form of 0/0, as k > 0 and hence 
L’Hopital’s Rule may be applied with k as the variable. 


v(t) as v(t) = [-mg + (vok + mg)e 


The equation of motion is m(dv/dt) = w-R-B which, in this 
problem, is 
4 23 Ae de, Seis 
gna eo) a7, BSS - 6%Mav — aot p'g. The limiting 
velocity occurs when dv/dt = 0. 
Since the droplet is motionless, v = dv/dt = 0, we have 

4 4 
the equation of motion 0 = (5) napa -— Ee - (5) na°8'g, 


where p is the density of the oil and p’ is the density 
of air. Solving for e yields the answer. 


All three parts can be answered from one solution if k 
represents the resistance and if the method of solution 
of Example 4 is used. Thus we have 


dv dv 
m = mv mg — kv, v(0) = 0, where we have assumed 
dt ax 


the velocity is a function of x. The solution of this 
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I.V.P. involves a logarithmic term, and thus the answers 
to parts (a) and (c) must be found using a numerical 
procedure. 


29b. Note that 32 ft/sec’ = 78,545 m/hr’. 


30. This problem is the same as Example 4 through Eq. (29). 


V4 gR 
In this case the I.C. is v (ER) = Vign. “SOM See as 
2 1+& 


2gR 
The escape velocity,v,, is found by noting that ve 2 i 
+ 


in order for v to always be positive. From Example 4, 
the escape velocity for a surface launch is 


v,(0) = 2gR. We want the escape velocity of x, = ER to 


have the relation v,(€R) = .85v,(0), which yields 


& = (0.85) 7- 1 = 0.384. If R = 4000 miles then 
x, = §R = 1536 miles. 


ax 
31b. From part a) — = v = ucosA and hence 

te 

x(t) = (ucosA)t + d,. Since x(0) = 0, we have d, = 0 and 
dy 
x(t) = (ucosA)t. Likewise Pa = -gt + usinA and 
ic 

therefore y(t) = -gt?/2 + (usinA)t + d,. Since y(0) =h 
we have d, = h and y(t) = -gt?/2 + (usinA)t +h. 


31d. Let t, be the time the ball reaches the wall. Then 


L 
x(t,) = L = (ucosA)t, and thus t, = ——_. For the ball 
ucosA 
to clear the wall y(t,) 2 H and thus (setting 
L 
ty, = , Gg = 32 and h = 3 in y) we get 
ucosA 
Sats 
———— + LtanA + 3 2H. 
2 
u cos A 
: —161.98 sinA 
3le. Setting L = 350 and H = 10 we get + 350 2 7 
e6s7A cosA 


or 7cos°A — 350cosAsinA + 161.98 < 0. This can be solved 
numerically or by plotting the left side as a function of 
A and finding where the zero crossings are. 


31f. Setting L = 350, and H = 10 in the answer to part d 


18 
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16 (350) 7 
yields + 350tanA = 7, where we have chosen the 


u cos A 
equality sign since we want to just clear the wall. 


; 2 2 1,960,000 ; 
Solving for u’ we get u' = - Now u will 


175sin2A-7cos-A 
have a minimum when the denominator has a maximum. Thus 
350cos2A + 7sin2A = 0, or tan2A = —-50, which yields 
A = .7954 rad. and u = 106.89 ft./sec. 
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11. 


13. 


17. 


If the equation is written in the form of Eq.(1), then 


p(t) = (1lnt)/(t-3) and g(t) = 2t/(t-3). These are defined 
and continuous on the intervals (0,3) and (3,c0), but 
since the initial point is t = 1, the solution will be 


continuous on 0 < t < 3. 


p(t) = 2t/(2-t) (2+t) and g(t) = 3t7/(2-t) (2+t). 


Theorem 2.4.2 guarantees a unique solution to the D.E. 


E 


through any point (ty,yp) such that es + vo < 1 since 
of 
dy 
2.2 2.2 ‘ . 
1-t“-y”° > 0. Note also that f = (1-t”-y’) is defined 
and continuous in this region as well as on the boundary 


1/2 


= ~y (1-t?-y?) is defined and continuous only for 


1/2 


tty? = 1. The boundary can’t be included in the final 


of 
region due to the discontinuity of ay there. 


y 
1+t? of 1+? 1+? 
In this case f = and a. , 
y (3-y) 0y —y(3-y) y (Sy) 
which are both continuous everywhere except for y = 0 and 
y= 3. 
The D.E. may be written as ydy = —-4tdt so that 
2 
= = -2t* +c, or y? = c-4t*. The I.C. then yields 


7 = c, so that y" = Vo - at? or y = tif ye-4t? , which is 


defined for 4t* < y$ or |t| < |yo|/2. Note that y, # 0 


since Theorem 2.4.2 does not hold there. 


From the direction field and the given D.E. it is noted 
that for t > 0 and y < 0 that y’ < 0, so y > -co for 
Yo < 0. Likewise, for 0 < yy < 3, y’ > 0 and y’ > 0 as 
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Yo 8) Soy) <>.-3 for 0 xy <<. 3 and for yee op yy <0 
and again y’ > 0 as y> 3, so y3 for Yo > 3. For 


Yo = 3, y = 0 and y = 3 for all t and for yy = 0, y’ = 0 
and y = 0 for allt. 


. —t+[t7+4 (1-t)] 1/2 
22a. For y, = 1-t, yy -1 , 
“epee? 
-t+|t-2 | 
a1, af 
2 

(t-2) 2 0, by the definition of absolute value. Setting 
t = 2 in y, we get y,(2) = -1, as required. 


22b. By Theorem 2.4.2 we are guaranteed a unique solution only 


2 1/2 
—tt+(t'+4 = 
where f(t,y) 5 Y) and Ey(t,y) = (t7+4y) 1/2 ore 
continuous. In this case the initial point (2,-1) lies 
of 
in the region t? + 4y < 0, in which case — is not 
y 


continuous and hence the theorem is not applicable and 
there is no contradiction. 


22c. If y = yo(t) then we must have ct + °° = 7/4, which is 


not possible since c must be a constant. 


23a. To show that o(t) = e*t is a solution of the D.E., take 
its derivative and substitute into the D.E. 


24. [ec O(t)]’ + p(t) [cb(t)] = clo’ (t) + p(t)o(t)] = 0 since 
o(t) satisfies the given D.E. 


, 


25. [y1(t) + yo(t)]’ + p(t) lyi(t) + y2(t)] = 
yi(t) + p(t)yi(t) + yo(t) + plt)y2(t) = 0 + g(t). 


27a. Forn 0,1, the D.E. is linear and Eqs.(3) and (4) 


apply. 
ci dv ay dl d 1 dv 
27b. Let v = Veale then — = (1-n)y ae so a! y" Z 
dt dt dt 1-n dt 
which makes sense when n # 0,1. Substituting into the 
y dv A 


D.E. yields 


— + (t) = (t) or 
1l-n dt E ‘ - 
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28. 


29. 


32. 
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vl + (1-n)p(t)y’ = (1-n)q(t). Setting v = yr then 


yields a linear D.E. for v. 


- ee dv | _3 dy dy 1 3dv 
n= 3 soov=y and — = -2y or - y - 
dt dt dt 2 dt 
Substituting this into the D.E. gives 
1 3 dv 2 1 3 : 4 ! F 
-—y + y y. Simplifying and setting 
2° dt te t? 
y? =v then gives the linear D.E. 
4 2 1 
vi - Vv Toit where U(t) = a and 
t te t 
5 
2 24+5ct 
v(t) = ct? + = = ==) thus y = #[5t/(2+5ct?)] 7/7. 
5t 5t 
24 dv 2 dv 
n=2 s0v=y and — = -y —. Thus the D.E. 
dt dt 
2 dv 2 dv 
becomes -y — - ry = -ky” or — + rv =k. Hence 
dt dt 
w(t) = e** and v = k/r + ce ** Setting v = 1/y then 


yields the solution. 


Since g(t) is continuous on the interval 
0 <t <1 we may solve the I.V.P. 
v1 + 2y, = 1, y,(0) = 0 on that interval to obtain 


VY, = 1/2 - (i/2je*; 0<t <1. g(t) is also continuous 


for 1 < t; and hence we may solve Y> + 2y, = 0 to obtain 


Yo = ce -*, 1 <t. The solution y of the original I.V.P. 


must be continuous (since its derivative must exist) and 
hence we need c in yy so that y, at 1 has the same value 


as y, at 1. Thus 


Ge OSA? 2a Gee = CLI DV CFL and we obtain 
Le = tip ayeno” Oe Se 
= ss and 
a! ties et A ese 
a o<t<l 
y"= 2. -2t 
(l-e’)e Te the 


Evaluating the two parts of y’ at ty = 1 we see that they 


are different, and hence y’ is not continuous at ty, = 1. 
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Problems 1 through 13 follow the pattern illustrated in 
Fig.2.5.3 and the discussion following Eq. (11). 


d 
3s The critical points are found by setting i equal to 
t 


zero. Thus y = 0,1,2 are the critical points. The graph 
of y(y-1) (y-2) is positive for 0 < y < 1 and 2 < y and 


negative for 1< y < 2. Thus y(t) is increasing 
d 
es > 0) for 0 < y < 1 and 2 < y and decreasing 
t 
dy 
tae < 0) for 1< y < 2. Therefore 0 and 2 are unstable 
Te 


critical points while 1 is an asymptotically stable 
critical point. 


dy, dy 
6. — is zero only when arctany is zero (ie, y = 0). > 0 
dt dt 
dy : 
for y < 0 and e < 0 for y > 0. Thus y = 0 is an 
c 


asymptotically stable critical point. 


d 
7c. Separate variables to get = = kt. Integration 
(i=y) 
4 1 kt t+oc-1 
yields = kt +c, or y=i1—- : 
l-y kt + c kt + c 
c-1 
Setting t = 0 and y(0) = yg yields yp = or 
C 
1 (l-yp) kt + yo 
c . Hence y(t) - Note that for 
1-yg (l-y,))kt + 1 


Yo < Ly ~ (1-yg) k/ (1-y,p)k = 1 as t  o. For yg > 1 


notice that the denominator will have a zero for some 
value of t, depending on the values chosen for yg and k. 


Thus the solution has a discontinuity at that point. 


d 
9. Setting oe, 0 we find y = 0, + 1 are the critical 


dt 
; dy dy 
points. Since — > 0 for y < -1 and y > 1 while — < 0 
dt dt 
for -1 < y < 1 we may conclude that y = -1 is 


asymptotically stable, y = 0 is semistable, and y = 1 is 
unstable. 


22 


i Be 


14. 


16b. 


16c. 


l7a. 


18a. 
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y= b*/a* and y = 0 are the only critical points. For 
d 

O<y«< b*/a’, = < 0 and thus y = 0 is asymptotically 
t 

stable. For y > b*/a’, dy/dt > 0 and thus 

y= b°/a* is unstable. 


If £°( 94) < 0 then the slope of f is negative at y, and 
thus f(y) > 0 for y < y,; and f(y) < 0 for y > y, since 
f(y,) = 0. Hence y, is an asysmtotically stable critical 


point. A similar argument will yield the result for 
f£’ (y,) > 0. 


By taking the derivative of y ln(K/y) it can be shown that 
d 

the graph of = vs y has a maximum point at y = K/e. Thus 
dt 


d 
oe is positive and increasing for 0 < y < K/e and thus y(t) 
iE 


d 
is concave up for that interval. Similarly = is positive 
dt 


and decreasing for K/e < y < K and thus y(t) is concave down 
for that interval. 


In(K/y) is very large for small values of y and thus 
(ry) 1n(K/y) > ry(1 - y/K) for small y. Since l1ln(K/y) and 
(1 - y/K) are both strictly decreasing functions of y and 
since In(K/y) = (1 - y/K) only for y = K, we may conclude 
d 
that ms = (ry)ln(K/y) is never less than 
04 
dy 
dt 


= ry(1 - y/K). 


d du 
If u = In(y/K) then y = Ke” and ee = Ke". so that the 
t t 


D.E. becomes du/dt = -ru. 


The D.E. is dV/dt =k - amr’. The volume of a cone of 


height L and radius r is given by V = nr°L/3 where 
L = hr/a from symmetry. Solving for r yields the desired 
solution. 


18b.Equilibrium is given by k - onr? = 0. 


18c. 


The equilibrium height must be less than h. 
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20b. Use the results of Problem 14. 


20d. Differentiate Y with respect to E. 
21a. Set ae 0 and solve for y using the quadratic formula. 
dt 


21b. Use the results of Problem 14. 


21d. If h > rK/4 there are no critical points (see part a) and 


dy 
< 0 for allt. 
dt 
1 dx x dn 
24a. If z = x/n then dz/dt - . Use of 
n dt ae dt 
Equations (i) and (ii) then gives the I.V.P. (iii). 
. vdz : 
24b. Separate variables to get - Bdt. Using 
z(1-vz) 
: ; ; dz dz 
partial fractions this becomes + i -Bdt. 
Zz -Z 


Integration and solving for z yields the answer. 
24c. Find z(20). 


26a. Plot dx/dt vs x and observe that x = p and x = q are 
critical points. Also note that dx/dt > 0 for 
x < min(p,q) and x > max(p,q) while dx/dt < 0 for x 
between min(p,q) and max(p,q). Thus x = min(p,q) is an 
asymptotically stable point while x = max(p,q) is 
unstable. To solve the D.E., separate variables and use 


; ; ; 1 ax ax 
partial fractions to obtain [ - ] adt. 


q-p Q-x Pp-xX 
Integration and solving for x yields the solution. 


ax 
26b. x = p is a semistable critical point and since ae > 0, 
ie 
x(t) is an increasing function. Thus for x(0) = 0, x(t) 


approaches p as t 4 oo. To solve the D.E., separate 
variables and integrate. 
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3s M(x,y) = 3x°-2xyt2 and N(x,y) = 6y°-x°+3, so M, = -2x =N 


x 


and thus the D.E. is exact. Integrating M(x,y) with 


24 


12) 


14. 
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respect to x we get W(x,y) = x? - x’y + 2x + Hy). 


Taking the partial derivative of this with respect to y 
and setting it equal to N(x,y) yields -x7+h’ (y) 7 

6y°-x 743, so that h’(y) = 6y" + 3 and h(y) = 2y? + 3y. 
Substitute this h(y) into W(x,y) and recall that the 
equation which defines y(x) implicitly is W(x,y) = c. 
Thus xe = x’y + 2x + 2y° + 3y = c is the equation that 
yields the solution. 


Writing the equation in the form M(x,y)dx + N(x,y)dy = 0 
gives M(x,y) = ax + by and N(x,y) = bx + cy. Now 


My = b=N, and the equation is exact. Integrating 


M(x,y) with respect to x yields W(x,y) = (a/2) x? + bxy + 
h(y). Differentiating W with respect to y (x constant) 
and setting Wy (%ry) = N(x,y) we find that h’ (y) = cy and 


thus h(y) = (c/2)y. Hence the solution is given by 
(a/2)x? + bxy + (c/2)y” =k. 


x . . 
My (x,y) = e cosy - 2sinx = N,(x,y) and thus the D.E. is 
exact. Integrating M(x,y) with respect to x gives 
W(x,y) = e*siny + 2ycosx + h(y). Finding Wy (xy) from 


this and setting that equal to N(x,y) yields h’ (y) = 0 
and thus h(y) is a constant. Hence an implicit solution 


of the D.E. is e*siny + 2ycosx = c. The solution y = 0 
is also valid since it satisfies the D.E. for all x. 


If you try to find W(x,y) by integrating M(x,y) with 
respect to x you must integrate by parts. Instead find 
W(x,y) by integrating N(x,y) with respect to y to obtain 
W(x,y) = e%cos2x - 3y + g(x). Now find g(x) by 
differentiating W(x,y) with respect to x and set that 


equal to M(x,y), which yields g’ (x) = 2x or g(x) = x, 


As long as x? + y" # 0, we can simplify the equation by 
multiplying both sides by (x? + babe? This gives the 


exact equation xdx + ydy = 0. The solution to this 
equation is given implicitly by x? + y =c. If you 
apply Theorem 2.6.1 and its construction without the 


2 172 
) 


simplification, you get (x? + y = C which can be 


written as x? + y" = c under the same assumption required 
for the simplification. 


Mer 1 and N, = 1, so the D.E. is exact. Integrating 


oe 


19. 


22. 


23. 
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M(x,y) with respect to x yields 


W(x,y) = 3x° + xy —- x + h(y). Differentiating this with 
respect to y and setting Wy Cs, y) = N(x,y) yields 
h’ (y) = -4y or h(y) = - 2y’. Thus the implicit solution 


is 3x° by XS 2y" =c. Setting x = 1 and y = 0 gives 
c = 2 so that 2y" -— xy + (24+x—-3x°) = 0 is the implicit 
solution satisfying the given I.C. Use the quadratic 
formula to find y(x), where the negative square root is 
used in order to satisfy the I.C. The solution will be 


valid for 24x? + x? - 8x - 16 > 0. 


We want My (x,y) = 2xy + bx? to be equal to 


N(X,Y) = 3x? + 2xy. Thus we must have b = 3. This 


ik 
gives W(x,y) = ae + xy + h(y) and consequently 


h’ (y) = 0. After multiplying through by 2, the solution 
is given implicitly by x’y? + 2x°y =c. 


My (x,y) = 3x*y? and N,(x,y) = 1 + y" so the equation is 
not exact by Theorem 2.6.1. Multiplying by the 
integrating factor U(x,y) = 1/xy? we get 
2 
(1t+y") ; ; ; 
+ ae = 0, which is an exact equation since 
y 

M, = N, = 0 (it is also separable). In this case 

_ 12 ; _ 33 al 
W= Pies + h(y) and h’(y) = y~ + y so that 
Ko yg ot 2in|y| = c gives the solution implicitly. 


Multiplication of the given D.E. (which is not exact) by 
U(x,y) = xe* yields (x? + 2x) e*siny dx + xe*cosy dy, 
which is exact since My (x,y) = N,(x,y) = (x7+2x) e*cosy. 
To solve this exact equation it’s easiest to integrate 
N(x,y) = xe*cosy with respect to y to get 


W(x,y) = xe*siny + g(x). Solving for g(x) yields the 
implicit solution. 


This problem is similar to the derivation leading up to 
Eq.(26). Assuming that WM depends only on y, we find from 
Eq. (25) that W' = Qu, where Q = (N, - M,) /M must depend 
on y alone. Solving this last D.E. yields U(y) as given. 


This method provides an alternative approach to Problems 
27 through 30. 


26 Section 2.7 


25. The equation is not exact so we must attempt to find an 


; , ; i 3x° + 2x + 3y° - 2x 

integrating factor. Since — (M-N,) = F s = 3 
N x + y 

is a function of x alone there is an integrating factor 

depending only on x, as shown in Eq. (26). Then du/dx = 

3u, and the integrating factor is U(x) = ar Hence the 


equation can be solved as in Example 4. 


26. An integrating factor can be found which is a function 
x 


of x only, yielding U(x) =e. Alternatively, you might 


recognize that y’ - y= ee 1 is a linear first order 


equation which can be solved as in Section 2.1. 


27. Using the results of Problem 23, it can be shown that 
U(y) = y is an integrating factor. Thus multiplying the 
D.E. by y gives ydx + (x - ysiny)dy = 0, which can be 
identified as an exact equation. Alternatively, one can 


rewrite the last equation as (ydx + xdy) - ysiny dy = 0. 
The first term is d(xy) and the last can be integrated by 
parts. Thus we have xy + ycosy - siny =c. 


29. Multiplying by siny we obtain 
e“siny dx + e*cosy dy + 2y dy = 0, and the first two 


terms are just d(e*siny) . Thus, e*siny + y" =c. 


31. Using the results of Problem 24, it can be shown that 
U(xy) = xy is an integrating factor. Thus, multiplying 
by xy we have (3x*y + 6x)dx + (x? it; 3y") dy = 0, which can 

be identified as an exact equation. Alternatively, we 


can observe that the above equation can be written as 
d(x3y) + d(3x?) + d(y’) 


= 0, so that xy ae ae y> = ¢. 
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ld. The exact solution to this I.v.P. is y = o(t) =t + 2 -e™. 


3a. The Euler formula is yp+1 = Yn + A(2Zyp - ty + 1/2) for 
n = 0,1,2,3 and with tg = 0 and yo = 1. Thus 


Yi= Yo t+ -1(2yo = to + 1/2) = 1.25, 
vo S125 $ eos) = C1) 4 17a = 15a, 
y3 = 1.54 + .1[2(1.54) - (.2) + 1/2] = 1.878, and 


ya = 1.878 + .1[2(1.878) - (.3) + 1/2] = 2.2736. 


3b. 


3c. 


3d. 


4d. 
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Use the same formula as in Problem 3a, except now h = .05 
and n = 0,1...7. Notice that only results for n = 1,3,5 
and 7 are needed to compare with part a. 


Again, use the same formula as above with h = .025 and 

n= 0,1...15. Notice that only results for n = 3,7,11 and 
15 are needed to compare with parts a and b. 

y = 1/2 -t + 2y is a first order linear D.E. Rewrite 
the equation in the form y’ - 2y = 1/2 - t and multiply 
both sides by the integrating factor e*t to obtain 


(e?ty)’ = (1/2 - tye **, Integrating the right side by 
parts and multiplying by e*t we obtain y= ce 7t + t/2. 
The I.Cc. y(0) = 1—74 c = 1 and hence the solution of the 
I.V.P. is y = (x) = e7* + ¢/2. Thus 6(0.1) = 1.2714, 
o(0.2) = 1.59182, 6(0.3) = 1.97212, and (0.4) = 2.42554. 
The exact solution to this I.V.P. is 
y = o(t) = (6cost + 3sint - 6e°7*)/5, 
For y(0) > 0 the 10 a 
' 7 
solutions appear to 4% 
converge. For y(0)<0 i aN 
the solutions diverge. 6 y=} 
Migs 
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15a. 
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The Euler formula is 


4-tyry 
Ynt1 = Yn + hy where tg = 0 and 
dob yan 
Yo = y(0) = -2. Thus, for h = .1, we get 
¥, = -2 + .1(4/5) = -1.92 
4-.1(-1.92) 
y2 = “1.92 + .1( ) -1.83055 


ier ae GRC 


4-.2(-1.83055) 
y3 = -1.83055 + .1( 5) = -1.7302 
1+ (1.83055) 


4-.3(-1.7302) 


Ve 1 307 a -1.617043 
1 + (1.7302) 
Bee AN 617003) 
ys = -1.617043 + .1( ) -1.488494. 
1 + (1.617043) ? 
Thus, y(.5) = -1.488494. 


The Euler formula is 


3E 
Ynt1 = Yn + ane where tg = 1 and yo = O. Thus 
a es 
3yn ~4 
3 
yi =O + .1 hoe = -.075 and 
cu alee 
yo = -.075 + .1 ( ae, 166134. 
3(.075) “-4 


There are two factors that explain the large differences. 
From the limit, the slope of y, y’, becomes very “large” 
for values of y near -1.155. Also, the slope changes 
sign at y = -1.155. Thus for part a, 

y(1l.7) = y7 = -1.178, which is close to -1.155 and the 
slope y’ here is large and positive, creating the large 
change in yg = y(1.8). For part b, y(1.65) = -1.125, 
resulting in a large negative slope, which yields 

y(1.70) = -3.133. The slope at this point is now positive 
and the remainder of the solutions “grow” to -3.098 for 
the approcimation to y(1.8). 


For the four step sizes given, the approximte values for 
y(.8) are 3.5078, 4.2013, 4.8004 and 5.3428. Thus, since 
these changes are still rather “large”, it is hard to 
give an estimate other than y(.8) is at least 5.3428. By 
using h = .005, .0025 and .001, we find further 
approximate values of y(.8) to be 5.576, 5.707 and 5.790. 
Thus a better estimate now is for y(.8) to be between 5.8 
and 6. No reliable estimate is obtainable for y(1), 
which is consistent with the direction field of Prob.9. 


18. 


22. 
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It is helpful, in understanding this problem, to also 


calculate y’(t,) = yy(.-l ns -— tn). For @ = 2.38 this term 
remains positive and grows very large for t, > 2. On the 
other hand, for @ = 2.37 this term decreases and 
eventually becomes negative for t, = 1.6 (for h = .01). 
For @ = 2.37 and h = .1, .05 and .01, y(2.00) has the 
approximations of 4.48, 4.01 and 3.50 respectively. A 
small step size must be used, due to the sensitivety of 
the slope field, given by yy (.ty2 Se) as 


Using Eq. (8) we have yni1 = Yn + A(2yp -1) = (1+2h) yy - hh. 
Setting n+ 1= k (and hence n = k-1) this becomes 
Ye = (1 + 2h) yp-1 - hh, for k = 1,2,... . Since yo = 1, 
we have y; = 1+ 2h -h=1+4+h = (1 + 2h)/2 + 1/2, and 
hence yz = (1 + 2h)y, - h = (1 + 2h)7/2 + (1 + 2h)/2 -h 
= (1 + 2h) 2/2 + 1/2; 

va = (1 + Bhyyp = hh = C+ Bh)7/2 + (1 + Qh) /2 = bh 

= (1 + ony 7/2 + 1/2. Continuing in this fashion (or 
using induction) we obtain yy, = (1 + an) */2 + 1/2. For 
fixed x > 0 choose h = x/k. Then substitute for h in the 
last formula to obtain yp, = (1 + Pej) */2 + 1/2. Letting 
k + oo we find (See hint for Problem 20d.) 
y (x) = yx > e2%/2 + 1/2, which is the exact solution. 
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cl 


4a. 


Let s = t-1 and w(s) = y(t(s)) - 2, then when t = 1 and 
y = 2 we have s = 0 and w(0) = O. Also, 
dw dw dt d dt dy 
. (y-2) — = — and hence 
ds dt ds dt ds dt 
dw 2 2 : ; 
ae = (st1)° + (w+2)", upon substitution into the given 
s 
D.E 


Following Ex. 1 of the text, from Eq.(7) we have 


Onip(t) = [fets,018) 04s, where £(t,@) = -1 - 6 for this 
problem. Thus if 6)(t) = 0, then 6,(t) = -[as = -t; 
42 


30 Section 2.8 
3 (t) [° Gee 4 Re t+ en 
=- -s —)ds = - a= SSS 
. 0 2:3 
2 33 +2 3 14 
dy(t) = - (l - s + 7 )ds St - + 
0) 2: 3! 2 31 4! 
Ey (=1jy*e* 
Based upon these we hypothesize that: 0,(t) = py a 
k=1 : 


and use mathematical induction to verify this form for 


g,(t). Using Eq.(7) again we have: 
n 
4, (t) = -[t1 + @,(8)] ds = -t - yas 
nt+1 0 n (k+1) ! 
k=1 
n nt+1 os 
aye (-1)*t? 
= y ~ , where i = k+l. Since this 
(k+1) ! i! 
k=0 i=l 


is the same form for 0,,,(t) as derived from 9, (t) above, 


we have verified by mathematical induction that 6,(t) is 


as given. 


9. (-1)*t* 
4c. From part a, let o(t) = lim @,(t) > 
Neco k! 
k=1 
t? 3 
= -t + — -—- — 
2 3! 
Since this is a power series, recall from calculus that: 
5s aktk art? at3 
e = 1+ at + If we let 
k! 3! 
k=0 
- ae 
a = -1, then we have e =1-t +t ie. + = 1 +(t). 
Hence o(t) =e -1. 
7. As in Prob.4, 
te t 
o1(t) = | (sbo(s) +1)ds = slp =t 
6, (t) [i has se ae eee 
= s s = (— Ss = — 
e 0 3 g 3 
ee 4 33 3° ‘. 3 5 
@3(t) = ["(s* + — +1)ds = (— + — +s)|, = t + " 
0 3°5 3 3°5 
Based upon these we hypothesize that: 
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2k-1 


t 
ob, (t) > and use mathematical induction 
die B2 oe (2k =) 


k=1 
to verify this form for go, (t). Using Eq.(7) again we 


have: 


i 2k 
t s 
t) = ————— + 1)d 
ner (t) [ »: 135-24) )ds 


- 2k+1 


t 
Dy +t 
1°3°5° (2k+1) 


k=1 


i 2k+1 


> t 
I 3*5: (2k+1) 


k=0 
n+1 
ce 
» , where i = k+l. Since this is 
123°5** (27=1) 


i=l 


the same form for 9,,,(t) as derived from 0, (t) above, we 


have verified by mathematical induction that @,(t) is as 


given. 
3 3} 
, x x 7 
al Recall that sinx x - a1 + = + O(x ). Thus, for 
2 4 6 
d (t) t - + - + O(t’) we have 
2! 4! 6! 
2 
t 3 
2 4 6 (oS 24 5 
; t 2! t 7 
sin[o,(t)] = (t - + = ) - + + O(t ) 
2! 4! 6! 3! 3! 
Section 2.9, Page 124 
2. Using the given difference equation we have for n=0, 


Yi = Yo/2; for n=1, yy = 2y,/3 = yo/3; and for n=2, 
Y3 = 3y,/4 = y)/4. Thus we guess that y, = yo/(nt1), and 
nt+1 


the given equation then gives y,,, = ee = yo/(n+2), 
n+ 


which, by mathematical induction, verifies y, = y/(nt1) 


as the solution for all n. 


5. From the given equation we have y, = .5yot6. 
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i 
Yo = -5y, + 6 = (.5)*yp + 6(1 + 5) and 
3 1 1 
Y3 = -9¥o + 6 = (.5) yp + 6(1 + Boo ge In general, then 
eS eae ee faz 
Ve =e MG ( Z a) 
2 
1 - (1/2)" 
= (.5)"y, + 6(———_—— 
) Yo ie. 7 8 
= (.5) "yp + 12 - (.5)%12 


(.5) "(y9-12) + 12. Mathematical induction can now be 


used to prove that this is the correct solution. 


10. The governing equation is y,,, = py,-b, which has the 


=0" 
solution y, = p'V¥g - p 


b (Eq. (14) with a negative b). 


Setting y3¢9 = 0 and solving for b we obtain 
360 


(1-Pp) Pp" Yo 
, where p = 1.0075 for part a. 
360 
1-p 
13. You must solve Eq. (14) numerically for p when n = 240, 


Yoao = 0, b = -$900 and yg = $95,000. 


-1 
14. Substituting u, = poe + v, into Eq. (21) we get 
p 
-1 -1 il. 
= fe Maia ir + vy) (1 - a = Me) On 
p-1 1 
Vnt1 = 7 Pp + (p-l + Pv.) (= vy) 
Le =i: 
= ae 4 = (ps1) vat Wie pve = (2-p)v, - pv.. 

15a. For ug = .2 we have u, = 3.2u,(1l-uyg) = .512 and 

uy = 3.2u,(1-u,) = .7995392. Likewise uz = .51288406, 

uy, = .7994688, us = .51301899, ug = .7994576 and 

uz, = .5130404. Continuing in this fashion, 


Ujqg = Uyg = -79945549 and uys = uy7 = .591304451. 


17. For both parts of this problem a computer spreadsheet 
was used and an initial value of ug = .2 was chosen. 


Different initial values or different computer programs 


may need a slightly different number of iterations to 
reach the limiting value. 


Miscellaneous Problems 33 


1l7a.The limiting value of .65517 (to 5 decimal places) is 


reached after approximately 100 iterations for p = 2.9. 
The limiting value of .66102 (to 5 decimal places) is 
reached after approximately 200 iterations for p = 2.95 
The limiting value of .66555 (to 5 decimal places) is 
reached after approximately 910 iterations for p = 2.99. 


17b. The solution oscillates between .63285 and .69938 after 
approximately 400 iterations for p = 3.01. The solution 
oscillates between.59016 and .73770 after approximately 
130 iterations for p = 3.05. The solution oscillates 
between .55801 and .76457 after approximately 30 
iterations for p = 3.1. For each of these cases 
additional iterations verified the oscillations were 
correct to five decimal places. 


18. For an initial value of .2 and p = 3.448 we have the 
solution oscillating between .4403086 and .8497146. 
After approximately 3570 iterations the eighth decimal 
place is still not fixed, though. For the same initial 


value and p = 3.45 the solution oscillates between the 
four values: -43399155, .84746795, .44596778 and 
-85242779 after 3700 iterations... For p = 3.449, the 


solution is still varying in the fourth decimal place 
after 3570 iterations, but there appear to be four 
values. 
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Before trying to find the solution of a D.E. it is necessary 
to know its type. The student should first classify the D.E. 
before reading this section, which indentifies the type of 
each equation in Problems 1 through 32. 


1. Linear 2. Homogeneous 
3. Exact 4. Linear equation in x(y) 
5. Exact 6. Linear 
2 ous dy _ dy 
7. Letting u = x yields — = 2x— and thus 
ax du 
du 


ae - 2yu = 2y° which is linear in u(y). 
y 


34 


10. 


12: 


14. 


6s. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32% 


Miscellaneous 


Linear 


Integrating factor 
depends on x only 


Linear 
Exact or homogeneous 
Homogeneous 


Linear or homogeneous 


Separable 
Separable 
Separable 


Integrating factor 
depends on x only 


Exact 


Linear equation in x(y) 


Problems 
9. Exact 
11. Exact 
13. Homogeneous 
15. Separable 
17. Linear 
19. Integrating factor 


21. 


23. 


25. 


Zhe 


29. 


34... 


depends on x only 
Homogeneous 
Bernoulli equation 
Exact 


Integrating factor 
depends on x only 


Homogeneous 


Separable 


Integrating factor depends on y only. 
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10. 


15. 


t t 
Assume y = e-, which gives y’ = re” and y” = r’e 


Substitution into the D.E. yields (6r7—-r-1) e** = 0. 
Since e*40, we have the characteristic equation 


6r°-r-1 = 0, or (3rtl)(2r-1) = 0. Thus 


vr = -1/3, 1/2 and y = ee + eee 


The characteristic equation is r? + 5r = 0, so the roots 
are r, = 0, and r, = -5. Thus 


ot -5t -5t 
y=ce + ce =c, + ce 


The characteristic equation is x 9r + 9 = 0 so that 


r= (9tvV 81-36 )/2 = (9+3,/5 ) /2 using the quadratic 
formula. Hence 


y = cyexp[ (9435 )t/2] + cyexp[ (9-3/5 )t/2]. 


re 
Substituting y =e in the D.E. 


we obtain the characteristic 
equation ro + 4r + 3 = 0, which 
has the roots r,; = -l, ry = -3. Y 


-t -3t 
Thus y = c,e + Cre and 


-t -3t 
, 
y ==cje = 3¢5¢ 
Substituting t = 0 we then have 
Cy + ep = 2 and =e, = 3c, = <1, 
yielding c, = 5/2 and 

5. =t 1 =3t 

Cy, = -1/2. Thus y = 148 - —e 


and hence y > 0 as t > oo. 


The characteristic equation is r? + 8r - 9 = 0, so that 
r, = 1 and r, = -9 and the general solution is 

t -9t 
y=ce + cse . Since the I1.C. are given at t = 1, it 


is convenient to write the general solution in the form 
(t-1) =9(t=1) 
y = ke + koe - Note that 


Cc, = ke and Cy = k,e°. The advantage of the latter 


form of the general solution becomes clear when we apply 


36 


cape 


19. 


212. 


24: 


25a. 
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the I.c. y(1) = 1 and y’(1) = 0. This latter form of y 
7 9-Ce 

gives y’ = k,e — 9kze and thus setting t = 1 in 

y and y’ yields the equations k, + k, = 1 and 


k, - 9k, = 0. Solving for k, and ky, we find that 


(t-1) =9(t-1) 
y = (9e +e )/10. Since e 


exponent for t > 1, y7>% eo as t ~ oo. 


(1) has a positive 
Comparing the given solution to Eq(17), we see that r= 2 
1 
and e. = -3 are the two roots of the characteristic 
2 
equation. Thus we have (r-2) (r+3) = 0, or r + r-6=0 


as the characteristic equation. Hence the given solution 
is for the D.E. y” + y’ - 6y = 0. 


The roots of the characteristic equation are r = 1, -1 
t -t 
and thus the general solution is y(t) = Fig + he 
5 3 ; ; 

y(0) =c +c = — and y’ (0) =c - c = -—, yielding 

1 2 4 1 2 4 

1 t -t ; Tat -t 
y(t) = eg +e . From this y’ (t) = ac -e = 0 or 
2t 
e = 4 ort = 1n2. The second derivative test ora 


graph of the solution indicates this is a minimum point. 


-t 2t 
The general solution is y = cye + coe . Using the I.C. 


we obtain c, + Cy = O© and -c, + 2cy = 2, so adding the two 
equations we find 3c, =a +2. If y is to approach zero 


as t 4 oo, Cy must be zero. Thus @ = -2. 


The roots of the characteristic equation are given by 


-2t (O-1)t 
r= -2, @ - 1 and thus y(t) =ce + og . Hence, 
al 


for a < 1, all solutions tend to zero as t ~ o. For 
a > 1, the second term becomes unbounded, but not the 
first, so there are no values of @ for which all 
solutions become unbounded. 


The characteristic equation is Oe 3 B= Oy SO 

r, = -2 and r, = 1/2 and y = c,e ** + eset’? The I.C, 
1 

yield c; + cy = 2 and -2c, + Boe = -B so that 


c, = (1 + 2B)/5 and cy = (4-28) /5. 
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anaes 


25c. From part (a), if B = 2 then y(t) =e and the solution 


27. 


28. 


30. 


34. 


37. 


simply decays to zero. For B > 2, the solution becomes 
unbounded negatively, and again there is no minimum 
point. 


-t 
The second solution must decay faster than e , so choose 


-2t -3t 
e ore etc. as the second solution. Then proceed as 


in Problem 17. 

Let v = y’, then v’ = y” and thus the D.E. becomes 
2 2 

tv’ + 2tv -1= 0 ortv’ + 2tv =1. The left side is 

2 

recognized as (t v)’ and thus we may integrate to obtain 
2 

tv =t +c (otherwise, divide both sides of the D.E. by 


2 2 
t and find the integrating factor, which is just t in 


this case). Solving for v = dy/dt we find 


2 
dy/dt = 1/t + c/t so that y = Int + ce /t + e, 


Set v = y’, then v’ = y” and thus the D.E. becomes 


vo + tv? = 0. This equation is separable and has the 


1 


: 2 2 
solution -v +t /2 =c or v = y’ = -2/(c, - t ) where 


Cc, = 2c. We must consider separately the cases c, = 0, 


2 
c, > 0 andc, < 0. If c, = 0, then y’ = 2/t or 


y= -2/t + cy. If c, > 0, let c, = k*, Then 
2 
y! = -2/(k*+t°) = -(1/k) [1/(k-t) + 1/(k+t)], so that 
y = (1/k) In| (k-t)/(k+t) |+c,. If cy < 0, let c, = -k’. 
2 = 
Then y’ = 2/(k*+t t.) so that y = (2/k)tan (t/k) + cp. 


Finally, we note that y = constant is also a solution of 
the D.E. 


Following the procedure outlined, let v = dy/dt and 

y”’ = dv/dt = v dv/dy. Thus the D.E. becomes 

yvdv/dy + v= 0, which is a separable equation with the 
solution v = c,/y. Next let v = dy/dt = c/y, which again 


separates to give the solution y- = cyt + Cy. 


Again let v = y’ and w’ = vdv/dy to obtain 

2y*v dv/dy + 2yv" = 1. This is an exact equation with 

-1 1/2 
(y + c)) +2 


solutionv= ty To solve this equation, 
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we write it in the form + ydy/ (y+c,) 7/7 = dt. On 


observing that the left side of the equation can be 


written as +[(ytc,) - ci] dy/(y+c,) 7”? we integrate and 


find + (2/3) (y-2c,) (yte)*/* = t + c. 


39. If v = y’, then v’ = vdv/dy and the D.E. becomes 


v dv/dy + v’ = 2e% Dividing by v we obtain 
dv/dy + v = 2v ‘e ’, which is a Bernoulli equation (see 
Prob.27, Section 2.4). Let w(y) = v’, then dw/dy = 2v 


dv/dy and the D.E. then becomes dw/dy + 2w = 4e *, which 


é ‘i 7 : 7 2 =2 = 
is linear in w. Its solution is w = v’ = ce “* + de’, 


Setting v = dy/dt, we obtain a separable equation in y 
and t, which is solved to yield the solution. 


40. Since both t and y are missing, either approach used 
above will work. In this case it’s easier to use the 
approach of Problems 28-33, so let v = y’ and thus Ww = y 
and the D.E. becomes vdv/dt = 2. 


uM” 


43. The variable y is missing. Let v = y’, then v’ = y” and 


the D.E. becomes vv’ - t = 0. The solution of the 
2 
separable equation is ve=t + c,. Substituting v = y 


, 


and applying the I.c. y’(1) = 1, we obtain y’ = t. The 
positive square root was chosen because y’ > 0 at t = 1. 
Solving this last equation and applying the I.C. y(1) = 2, 


2 
we obtain y = t /2 + 3/2. 
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: cost sint 2 2 
2. W(cost,sint) = = cost + sin't = 1. 
-sint cost 


x 
x xe 


4 W(x, xe*) = = xe~ + x*e* - xe* = x*e* 
1 e. + xe* 
8. Dividing by (t-1) we have p(t) = -3t/(t-1), q(t) = 4/(t-1) 
and g(t) = sint/(t-1), so the only point of discontinuity is 


t = 1. By Theorem 3.2.1, the largest interval is -co < t <1, 
since the initial point is ty) = -2. 


alee 


14. 


aol 


18. 


27: 
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p(x) = 1/(x-2) and q(x) = tanx, so x = W/2, 2, 30/2... 
are points of discontinuity. Since ty = 3, the interval 


specified by Theorem 3.2.1 is 2 < x < 3m/2. 


Wy 3 1 es 
For y = a: daa 1/2 and y= xe Thus 
” n 2 1 -1 1 =I toute . 
yy’ + (y)* = -—t > + —t ~ = 0. Similarly y = 1 is also 
4 4 
a solution. If y = c,(1) + ese is substituted in the 


D.E. you will get <Gsen/4at, which is zero only if 


Cc, = 0 or cy = 0. Thus the linear combination of two 


solutions is not, in general, a solution. Theorem 3.2.2 
is not contradicted however, since the D.E. is not 
linear. 


y = o(t) is a solution of the D.E. so L[o] (t) = g(t). 
Since L is a linear operator, 

L[co] (t) = cL[@] (t) = cg(t). But, since g(t) # 0, 
eg(t) = g(t) if and only if c = 1. This is not a 


contradiction of Theorem 3.2.2 since the linear D.E. is 
not homogeneous. 


cae) 4 2.2 , 1 tc i 
W(f,g) = | OS EG = GS re pO Gg Ste: “This 

1) og t 

: ; 1 1, 1 t 
has an integrating factor of — and thus .; es Bo =e 
t t ¢ 

or (—g)’ =e Integrating and multiplying by t we 
obtain g(t) = teé + ct 


: t -2t : 
From Section 3.1, e ande are two solutions, and 


since w(et,e °°) # 0 they form a fundamental set of 
solutions. To find the fundamental set specified by 
Theorem 3.2.5, let y(t) = ce" + ee where c, and cy 


satisfy 
Cy + Cy = 1 and c, - 2c, = 0 for y,. Solving, we find 


2 ¢ 1 -2t 
—e 


yi= + —e . Likewise, c, and cy satisfy 


Cy + Cp = 0 and cy - 2c, = 1 for ys, so that 


ere Cee. gear 
o~ 3 


40 


25. 


27s 


30. 


325 


34. 


36. 
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x, we have x7(0) — x(x+2) (1) + (x+2) (x) = 0 and 


For yy, 
for yo = xe* we have x? (x+2) ex (x+2) (x+1) e%+ (x+2) xe* = 0. 


From Problem 4, W(x, xe°) = x’e* # 0 for x > 0, so y, and 


y, form a fundamental set of solutions. 


Suppose that 


P(x)y” + Q(x)y’ + R(x)y = [P(x)y’l’ + [f(x)yl’. On 
expanding the right side and equating coefficients, we 
find f’ (x) = R(x) and P’ (x) + f(x) = Q(x). These two 
conditions on f can be satisfied if 

R(x) = Q’ (x) - P” (x) which gives the necessary condition 
P” (x) -— Q’ (x) + R(x) = 0. 

We have P(x) = x, Q(x) = - cosx, and R(x) = sinx and the 
condition for exactness is satisfied. Also, from Problem 
27, £(x) = Q(x) - P’ (x) = - cosx -1, so the D.E. becomes 
(xy’)’ - [(1 + cosx)y]’ = 0. Hence 

xy’ -— (1 + cosx)y = cy. This is a first order linear 


D.E. and the integrating factor (after dividing by x) is 


U(x) = exp[-Jx “(1 + cosx)dx]. The general solution is 


y = [M(x)] tees Ue Gos Ns koe second 


We want to choose U(x) and f(x) so that U(x)P(x)y” + 
W(x)Q(x)y’ + U(x)R(x)y = [M(x)P(x)y’]’ + [£(x)yl’. 
Expand the right side and equate coefficients of y”, y’ 
and y. This gives wW'(x)P(x) + U(x)P’ (x) + £(x) = 


U(x)Q(x) and £’ (x) = U(x)R(x). Differentiate the first 
equation and then eliminate f’ (x) to obtain the adjoint 
equation PU" + (2P’ - Q)u' + (P” — Q’ + RN = O. 

P = 1-x*, Q = -2x and R = @(a+1). Thus 

2P’ - Q = -4x + 2x = -2x = Q and 

Pv - QO’ + R= -2 +2 + a(Ot1) = a(atl) = R. 


Write the adjoint D.E. given in Problem 32 as 
AN 


AN Nn AN AN 
Pu" + Qu' + Ru = 0 where P = P, Q = 2P’ - Q, and 


Nn 

R= P” —- Q’ + R. The adjoint of this equation, namely 
the adjoint of the adjoint, is 

AN AN nN Nn Nn AN 

Py” + (2P' —- Q)y’ + (P" - Q' + R)y = 0. After 


( 
Nn AN Nn 
substituting for P, Q, and R and simplifying, we obtain 
Py” + Oy’ + Ry = 0. This is the same as the original 
equation. 


31s 
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From Problem 32 the adjoint of Py” + Oy’ + Ry = 0 is 

Pu" + (2P’ -— Q)M' + (P” - QO’ + R)U 0. The two equations 
are the same if 2P’ - Q = Q and P” - Q’ + R=R. This 
will be true if P’ = Q. Hence the original D.E. is self- 


adjoint if P’ =Q. For Problem 33, P(x) = x? so 

P’ (x) = 2x and Q(x) = x. Hence the Bessel equation of 
order v is not self-adjoint. In a similar manner we find 
that Problems 34 and 35 are self-adjoint. 
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P2', 


15. 


Since cos3@ = 4cos@ - 3cos@ we have 
cos30 - (4cos*€-3cos@) = 0 for all @. From Eq. (1) we have 
k, = 1 and k, = -1 and thus cos30 and 4cos°@ - 3cos@ are 


linearly dependent. 


“41 et 

W(t,t ~) = = -2/t #0. 
1 -t~ 

For t>0 g(t) = t and hence f(t) - 3g(t) = 0 for allt. 
Therefore f and g are linearly dependent on 0<t. For t<0 
g(t) = -t and f(t) + 3g(t) = 0, so again f and g are 
linearly dependent on t<0. For any interval that 
includes the origin, such as -1<t<2, there is no c for 
which f(t) +cg(t) = 0 for all t, and hence f and g are 


linearly independent on this interval. 


The D.E. is linear and homogeneous. Hence, if y, and y, 


are solutions, then y3 = y; + yo and yy, = yj - Yo are 
solutions. W(y3,¥q) = Y3¥q - Y3¥q = (¥1 + Yo) (¥z - Yo) - 


(yy + yo) (va - Yo) = -2 (viva - Vivo) = -2W(yyy), is not 
zero since y, and y, are linearly independent solutions. 
Hence y3 and y, form a fundamental set of solutions. 
Conversely, solving the first two equations for y, and 
Yor we have y, = (y3ty,)/2 and yy = (y3-y4)/2, so y, and 
Y2 are solutions. Finally, from above we have 


W(yiV>) = —W(y3/Yq) [2s 


Writing the D.E. in the form of Eq.(7), we have 
p(t) = -(t+2)/t. Thus Eq. (8) yields 
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= (E42) 


W(t) = cexp[-] dt] = ct7e®, 

From Eq. (8) we have W(y,,y2) = cexp [-] p(t)dt], where 
p(t) = 2/t from the D.E. Thus W(yj,,y>) = c/t*. Since 
W(yy/Y>) (1) = 2 we find c = 2 and thus W(yj,,y,) (5) = 2/25. 


Let c be the point in I at which both y, and ys vanish. 


Then W(yi,Y>) (c) = yz (Cc) yo(c) = ¥1(c) yz (c) = 0. Hence, by 
Theorem 3.3.3 the functions y, and y, cannot form a 


fundamental set. 


Suppose that y, and ys have a point of inflection at ty 


and either p(t,) # 0 or q(t)) #0. Since ¥ i (to) = 0 and 
v5 (t,) = 0 it follows from the D.E. that pltp)y7 (ty) + 
a(tg)yi(tg) = 0 and p(tg)ya(to) + altglyaltg) = 0. If 
p(t,) = 0 and q(t,) # 0 then y,(tyg) = yo(tg) = 0, and 
W(y1/Y2) (tp) = 0 so the solutions cannot form a 
fundamental set. If p(t)) # 0 and q(t,) = 0 then 
pte) = yatta) = 0 and W(yj,y2) (tg) = 0, so again the 
solutions cannot form a fundamental set. If p(t)) # 0 
and q(t,) = 0 then ya (ba) = Q(t) yz(tg) /pl(tg) and 

Yolto) = a(tg)yg(to)/p(ty) and thus 

WlyirYo) (tg) = Vi (CH) Yo (te) as Vi (tg) Volto) 


= yyzltq) [a(tg) yoltg) /p(tg)] - 
[a (ty) yz (tg) /p (tg) lyg(tg) 


Get <1, <3, ty. <i end ty Sty Tl gy Se -end- yw = t* 


are linearly dependent then ct, + cot 4 = 0 and 

Cyt) + at = 0 have a solution for c, and cy, such that c, 
and cy are not both zero. But this system of equations 
has a non-zero solution only if t; = 0 or ty = 0 or 

t, = tp. Hence, the only set c, and cy that satisfies the 


system for every choice of ty) and t, in -1<t< lis 


C1, = Cy = 0. Therefore t and t? are linearly independent 


28. 
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on -1 < t < 1. Next, w(t,t?) = 2 clearly vanishes at 


t = 0. Since w(t,t?) vanishes at t = 0, but t and 2 are 
linearly independent on -1 < t < 1, it follows that t and 


t? cannot be solutions of Eq.(7) on -1 < t < 1. To show 
that the functions y, = t and yy = t? are solutions of 
ty” - 2ty’ + 2y = 0, substitute each of them in the 


equation. Clearly, they are solutions. There is no 
contradiction to Theorem 3.3.3 since p(t) = -2/t and 


q(t) = 2/7 are discontinuous at t = 0, and hence the 
theorem does not apply on the interval -1 <t< 1. 


On 0<t <1, f(t) = “3 and g(t) = “>. Hence there are 
nonzero constants, c, = 1 and cy, = -1, such that 

c,f(t) + cog(t) = 0 for each t in (0,1). On -1 <t < 0, 
f(t) = -t? and g(t) = 3; thus c, = Cy = 1 defines 
constants such that c,f(t) + cog(t) = 0 for each t in 
(-1,0). Thus f and g are linearly dependent on 


0 <t <1 and on -1< t < 0. We will show that f(t) and 
g(t) are linearly independent on -1 < t < 1 by 
demonstrating that it is impossible to find constants c, 


and c,, not both zero, such that c,f(t) + cog(t) = 0 for 
all t in (-1,1). Assume that there are two such nonzero 
constants and choose two points ty and t,; in -1<t< 1 


such that ty < 0 and t,; > O. Then -cyté + cote = 0 and 


3 ; — ; 
cytyt ee = 0. These equations have a nontrivial solution 


for c, and cy, only if the determinant of coefficients is 


zero. But the determinant of coefficients is -2t2t3 # 0 
for ty and t,; as specified. Hence f(t) and g(t) are 


linearly independent on -1 <t< 1. 
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1421 24 
€ 


exp(1+2i) = = ee = e(cos2 + isin2). 


-j = -4 
Recall that a = ary es e!t hams 


As in Section 3.1, we seek solutions of the form y = ett, 
Substituting this into the D.E. yields the characteristic 


equation r? - 2x + 2 = 0, which has the roots r,; =1+i 
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and r, = 1 - i, using the quadratic formula. Thus N= 1 
and uw = 1 and from Eq. (17) the general solution is 


t aes 
y = c,e cost + c,e sint. 


The characteristic equation is r? + 6r + 13 = 0, which 
—64\/ -16 
has the roots r 5 -3+2i. Thus A = -3 and 


lu = 2, so Eq. (17) becomes y = c,e **cos2t + coe **sin2t. 


The characteristic equation is or? + 9r - 4, which has 
the real roots -4/3 and 1/3. Thus the solution has the 
same form as in Section 3.1, y(t) = ee + ee, 


t 
The characteristic equation is 


r’ + 4r + 5 = 0, which has the 08 
roots ry,¥, = -2 +i. Thus 
os8 
y= c,e “cost + coe **sint and y 
=, o4 
y’ = (-2c,t+c,)e tcost + 
(-c,-2c,)e “*sint, so that 92 
y(0)= cy= 1 and y’(0)= -2c,+c >= 0, Beef aus — 
ae o"02 04 08 08 TUT eee ae ae 26 26 3 
or Cy = 2. Hence y =e (cost + 2sint). 
a 
: : ; . A 
The characteristic equation is <¢ 
r? + 2r + 2 = 0, SO Yy,ro = -1 4 i. “ 
12 
Since the I.C. are given at 7/4 yt 
we want to alter Eq.(17) by - 
06 
letting c, = eta, and cy = ev 4g,. os 
Thus, for A = -1 and wt = 1 we sl 
-(t- : 0 ——_rTr-7 
have y =e OM dig sie + dosint); oe ; : i . 
so y = -e 4) (a cost + d,sint) te EMA* (a sint +d,cost). 


Thus V2d,/2 + V2d,/2 = 2 and -V2d, = -2 and hence 
y= J2e 4) (cost + sint). 


The characteristic equation is a - r + 2 = 0, which has 
2 


aD 3 
the roots r,,Yf, = ie + —i. Thus u(t) = 


[o> 
i) 
Ww 


t) and we obtain u(0) = c, = 2 


23b. 


25a: 


25b. 
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and wu’ (0) cy + ; Co 0. Solving for cy we find 
V/ 2 V 23 
u(t) = ©/6 (200s = sin ) 
/ 23 6 
To estimate the first time that | uct) | = 10 plot the graph 
of u(t) as found in part (a). Use this estimate in an 


appropriate computer software program to find t = 10.7598. 


The characteristic equation is re +2r+6= 0, so 
Yipfo = -1 +t V5i and y(t) = e “(cycosV5t + cosinV5t). 
Thus y(0) = c, = 2 and y’(0) = -c, + V5cy = @ and hence 


y(t) = e *(2cosV/5t + ol sin V5t). 
V5 


- +2 
y(1) =e (2cos B+ sin V5) = 0 and hence 
5 
25 
a = -2 —- ——— = 1.50878. 
tany 5 
a+2 
For y(t) = 0 we must have 2cosyV5t + —— sinyv5t = 0 or 
V5 
-2\/5 
tanV5t = Wo For the given @ (actually, for @ > -2) 
O+ 
25 
this yields V5t = m% - arctan ‘ since arctan x < 0 when 
O+ 
x < 0 
From part (c) arctan ; > 0 asa oo, sot DR/V5. 
O+ 
Ao At Jed At eae 
See (cosut + isinut)] = Ae” (cosut + isinut) 
t 
At . 5 _ At Bios 
+ e (-Usinut + ipcosut) = Ae (cosut + isinut) 
+ ipe**(isinut + cost) = e**(Atip) (cost + isinpt). 
d 
Setting r = Ati we then have—-e"* = re‘, 
t 
Suppose that t = a and t = b (b>a) are consecutive zeros 


of y,- We must show that y, vanishes once and only once 


in the interval a < t < b. Assume that it does not 
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vanish. Then we can form the quotient y,/y, on the 
interval ast <b. Note yo(a) # 0 and yo(b) # 0, 
otherwise y, and y, would not be linearly independent 
solutions. Next, y,/y, vanishes at t = a and t = b and 
has a derivative in a< t < b. By Rolles theorem, the 


derivative must vanish at an interior point. But 


ge V1¥2 — Yo¥1 -W(y4, Yo) 
c= 2) , which cannot be zero 
y 2 2 
2 Y2 Yo 


since y, and y» are linearly independent solutions. 


Hence we have a contradiction, and we conclude that Y> 


must vanish at a point between a and b. Finally, we show 
that it can vanish at only one point between a and b. 
Suppose that it vanishes at two points c and d between a 
and b. By the argument we have just given we can show 
that y,; must vanish between c and d. But this contradicts 


the hypothesis that a and b are consecutive zeros of yj. 
—t2 
We use the result of Problem 34. Note that q(t) =e S70 


for -co < t < co. Next, we find that (q’ + 2pq) /q?/” = 0. 
Hence the D.E. can be transformed into an equation with 

—t2 
constant coefficients by letting x = u(t) = Je eee 
Substituting x = u(t) in the differential equation found in 
part (b) of Problem 34 we obtain, after dividing by the 
coefficient of a’*y/dx", the D.E. d’y/dx? - y = 0. Hence the 
general solution of the original D.E. is 


: -t2/2 
y = cycosx + Cysinx, xX = Je / dt. 


Rewrite the D.E. as y” + (a/t)y’ + (B/t?)y = 0 so that 


p = O/t and q = B/t’, which satisfy the conditions of 
parts (c) and (d) of Problem 34. Thus 
x = Jase) at = Int will transform the D.E. into 


dy*/dx? + (Q-1)dy/dx + By = 0. Note that since B is 
constant, it can be neglected in defining x. 


By direct substitution, or from Problem 38, x = Int will 


transform the D.E. into a’*y/dx* + y = 0, since © = 1 and 
B = 1. Thus y = c,cosx + c,sinx, with x = Int, t > 0. 
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14. 


17a. 
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Substituting y = e** into the D.E., we find that 
r°-2r+1= 0, which gives r, = 1 and r, = 1. Since the 
roots are equal, the second linearly independent solution 


is te’ and thus the general solution is y = ce" + ete: 


The characteristic equation is 25r° - 20r + 4 = 0, which 
may be written as (5r-2) * = 0 and hence the roots are 
Yq, = 2/5. Thus y = ge + Cy te**/>. 


The characteristic equation is 


r’ - 6r + 9 = (r-3)*, which has i 
the repeated root r = 3. Thus : 
yo ee” + eae”, which gives ’ 
y(0) = c, = 0, y(t) = cy (e**4+3te**) 
and y’(0) = cy = 2. Hence ' 
y(t) = 2tet 


The characteristic equation is 


r? + 4r +4 = (+2) ? = 0, which 
has the repeated root r = -2. 
Since the I.C. are given at 

t = -1, write the general solution 


as y = ee + ge Then 


=2(t+1) 7 aoettrt) 
2 


2(t+1) 


, 


y = -2c\e + 


and hence 


2c,te- 
Cy-Cy = 2 and -2c,+3cy = 1 which yield c,; = 7 and cy = 5. 


Thus y = je Og cee ee) 


shown in the graph. 


, a decaying exponential as 


The characteristic equation is 4r° + 4r +1 = (2x41) ? = 0, 
so we have y(t) = (ete,t)e*”. Thus y(0) = c, = 1 and 
y’(0) = -c,/2 + cy, = 2 and hence c, = 5/2 and 
y(t) = (1 + 5t/2je*/?. 
, _ 1 -t/2 3 -t/2 _ 
From part (a), y(t) = - ae + 5t/2)e + —e = 0, when 
5t 5 8 -4/5 


- - + 0, or tp = — and yo = 5e 
2 0 5 0 
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1 
From part (a), S, + Cy = b or Cy = b + — and 
1 
y(t) = [1 + (+ F)tle me 
1 1 & 2 
From part (c), y(t) = - —[1 + (bt—)t]le’/? + (bt—)e*” = 0 
2 2 2 
: ; 4b 
which yields ty = —— and 
2b+1 
2b+1 4b 7 Es 
Ye = (1 : te 2b/ (2b+1) bby 2b/(2b+1) - 
2 2b+1 
If r, = ry then y(t) = (c, + cot)e™, Since the exponential 
is never zero, y(t) can be zero only if c, + cot = 0, which 


yields at most one positive value of t if c, and c, differ 
in sign. If ry > r, then 


i t c - ; sta 
y(t) = ce) + coe = e (ce, + CP aaa Again, this is 


zero only if c, and cy differ in sign, in which case 


1n(-c,/c>) 
t = ———— 
(X¥o-F,) 
If ro # r, then O(t;r,,r2) = (er2e - el") /(r, SSRG) Wis 
defined for all t. Note that @ is a liner combination of 
two solutions, elt and erat of the D.E. Hence, > is a 


solution of the differential equation. Think of r, as fixed 


and let r, > r,. The limit of @ as r, > r, is 


indeterminate. If we use L’Hopital’s rule, we find 
t t t 
; e-? el ; te’? rt 
lim : lim = tel. Hence, the 
tg 7 YX Yo - Yq ry Ey 1 


solution @(t;r,,r5) > te as Yo > Xj. 


Let y, = v/t. Then y, = v’/t - v/t* and 
Jo = v’/t — 2v'/t? + av/t?. Substituting in the D.E. we 
obtain 


t2(w"/t - 2v'/t? + 2v/t3) + 3t (w/t - v/t?) + v/t = 0. 
Simplifying the left side we get tv” + v’ = 0, which 
yields v’ = c,/t. Thus v = c,lnt + c,). Hence a second 


solution is y,(t) = (c,lnt + c,)/t. However, we may set 
Cy = 0 and c, = 1 without loss of generality and thus we 


have yo(t) = (Int)/t as a second solution. Note that in 


Zils 
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the form we actually calculated, y,(t) is a linear 


combination of 1/t and Int/t, and hence is the general 
solution. 


In this case the calculations are somewhat easier if we 


do not use the explicit form for y,(x) = sinx’ at the 
beginning but simply set y>(x) = yyv. Substituting this 
form for y, in the D.E. gives x (y1V)"— (yqv)+4x° (yy) =) Or 


On carrying out the differentiations and making use of 
the fact that y, is a solution, we obtain 


xy" + (2xy) - y,)v’ = 0. This is a first order linear 
equation for v’, which has the solution wv’ = ex/ (sinx?) *. 
Setting u = x” allows integration of this to get 

v= Cy cotx’ + Cy. Setting c,; = 1, cy = 0 and multiplying 
by y, = sinx? we obtain yo(x) = cosx” as the second 
solution of the D.E. 


Substituting yo(x) = y,(x)v(x) in the D.E. gives 
1 
. re el = 0. On carrying out the 


differentiations and making use of the fact that y, is a 


x" (y,v)” * ely) + x 


solution, we obtain xy yw" + (2x7y, + xy,)v’ = 0. This is 
a first order linear equation for v, 


v” + (2y;/y, + 1/x)v’ = 0, with solution 


, 


Y1 1 
v(x) = cexp[-] (2 + ) ax] cexp[-2lny, - l1nx] 

Yu x 

1 Cc 2. 
c c cSC’X, 
2 -1_..2 
XY} x (x sin’™x) 

where c is an arbitrary constant, which we will take to be 
one. Then v(x) = Jesc*x dx = -cotx + k where again k is an 
arbitrary constant which can be taken equal to zero. Thus 
Yo(X) = yy(xX) v(x) = (x 1/Sinx) (-cotx) = -x'/Sosx. The 
second solution is usually taken to be x +/Sosx. Note 
that c = -1 would have given this solution. 
Let y,(x) = e*v(x), then Y> = ev’ + ev, and 


“a x xy x : . ‘ 
Yo = ev + 2ev + ev. Substituting in the D.E. we 


obtain xe*v” + (xe*-Ne*)v’ = 0, or v” + (1-N/x)v = 0. 
This is a first order linear D.E. for v’ with integrating 
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factor U(x) = exp[] (1-N/x)dx] = xe". Hence 

(x Se%y’)’ = 0, and v = exe * which gives 

v(x) = clx‘e “ax +k. On taking k = 0 we obtain as the 
second solution y,(x) = ce] xNe dx. The integral can be 


evaluated by using the method of integration by parts. 


At each stage let u = x or ae or whatever the power of 


x that remains, and let dv =e Note that this dv is 
not related to the v(x) in yo5(x). For N = 2 we have 
e* > 
Yo(X) = ce'Jx°e “dx = ce*[x7=— - } 2x— dx] 
at e* 
= -cx? + ce*[2x— - J 2— dx] 
2 2 
= c(-x” - 2x - 2) = -2c(1 + x + x°/2!). 
Choosing c = -1/2! gives the desired result. For the 
general case c = - 1/N! 
Z , , 2 2 : * 
(Yo/¥1)° = (¥qV2 — Y1¥2)/¥1° = Wlyyr¥o)/y,. Abel’s identity 
t 
is W(y,,y,) = c exp[-] p(r)dr]. Hence 
to 
, = t : ‘ 
(Yo/¥1)° = cy, * exp [- p(r)dr]. Integrating and setting 
i 
c = 1 (since a solution y, can be multiplied by any 


constant) and taking the constant of integration to be 
zero we obtain 


From Problem 33 and Abel’s formula we have 


Y2 exp [J (1/t) dt Pore 
(1 pl C . aR tese7(t*). Thus 
Y1 sin’ (t*) sin’ (t”) 
Yo/V¥1= - (1/2) cot (t”) and hence we can choose yy = cos (t*) 


since y, = sin?(t?) . 


The general solution of the D.E. is y = c,e" + ce 


where rj,r, = (-b + \b*-4ac )/2a provided b* - 4ac # 0. 
In this case there are two possibilities. If b° - 4ac > 0 


then (b? = 4ac) 1/? < b and r, and r, are real and 


mt _s 0 and ef” 


negative. Consequently e —> 0; and hence 
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y-> 0, ast % oo. If b* - 4dac < 0 then r, and ry are 


complex conjugates with negative real part. Again 


ryt t 


e +> 0 and e* -—> 0; and hence y-7 0, ast > ». 


Finally, if b? - 4ac = 0, then y = c,e™ + cote where 


vy, = -b/2a < 0. Hence, again y ~ 0 as t ~ o. This 
conclusion does not hold if either b = 0 (since 
y(t) = c,;cos@t + cysin@t) or c = 0 (since y,(t) = cj). 


42. Substituting z = lnt into the D.E. gives 


d’y dy 

—— + — + 0.25y = 0, which has the solution 

azt dz 

y(z) = ee 4 coze 7/7 so that y(t) = et 74 est */7int. 
Section 3.6, Page 178 
d First we find the solution of the homogeneous D.E., which 

has the characteristic equation r°-2r-3 = (r-3) (r+1) = 0. 

3t -t 2t 
Hence y, = cy e + Coe and we can assume Y = Ae for the 
2t 2t 
particular solution. Thus Y’ = 2Ae and Y” = 4Ae~ and 
substituting into the D.E. yields 
2t at 2t 2t 
4Re -— 2(2Ae ) - 3(Ae ) = 3e . Thus -3A = 3 and 
3t -t 2t 
A = -1, yielding y=ce + oe = 6 
1 

4. Initially we assume Y = A + Bsin2t + Ccos2t. However, 


since a constant is a solution of the related homogeneous 
D.E. we must modify Y by multiplying the constant A by t 
and thus the correct form is Y = At + Bsin2t + Ccos2t. 


-t -t 2 -t 
6. Since y, = c\e + cote we must assume Y = Ate , so 

: -t 2 -t 7 -t -t 2 -t 

that Y = 2Ate - Ate and y = 2Ae - 4Ate + Ate 
2 -t 

Substituting in the D.E. gives (At —4At+2A)e + 

2 -t 2 -t -t 
2(-At +2At)e + Ate = 2e . Notice that all terms on 


2 
the left involving t and t add to zero and we are left 
at = 2. =t 
with 2A = 2, or A= 1. Hence y= c,e + cote +te 


Si The assumed form is Y = (At + B)sin2t + (Ct + D)cos2t, 
which is appropriate for both terms appearing on the 
right side of the D.E. Since none of the terms appearing 
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in Y are solutions of the homogeneous equation, we do not 
need to modify Y. 


re 
First solve the homogeneous D.E. Substituting y =e 


-t/2 
gives ro +4 +4 = 0. Hence V2 e [c,;cos(V15t/2) + 


t t 

cssin(V15t/2)]. We replace sinht by (e - e )/2 and 
t -t t -t 

then assume Y(t) = Ae + Be . Since neither e nore 


are solutions of the homogeneous equation, there is no 


need to modify our assumption for Y. Substituting in the 
t -t ie -t 
D.E., we obtain 6Ae + 4Be =e -e . Hence, A = 1/6 


and B = -1/4. The general solution is 
-t/2 t -t 
y=e [c,;cos(V15t/2) + cosin(V15t/2)] +e /6-e /4. 


[For this problem we could also have found a particular 
solution as a linear combination of sinht and cosht: 


Y(t) = Acosht + Bsinht. Substituting this in the D.E. 
gives (5A + B)cosht + (A + 5B)sinht = 2sinht. The 
solution is A = -1/12 and B = 5/12. A simple calculation 


t -t 
shows that -—(1/12)cosht + (5/12)sinht =e /6 -e /4.] 
-2t t 
Ye = ce + coe so for the particular solution we 


assume Y = At + B. Since neither At or B are solutions of 
the homogeneous equation it is not necessary to modify 


the original assumption. Substituting Y in the D.E. we 
obtain 0 + A -2(At+B) = 2t or -2A = 2 and A-2B = 0. 

-2t t. 
Solving for A and B we obtain y = cye $1C,6. ste 1/2 
as the general solution. y(0) = 0 4% c, +t cy, - 1/2 = 0 
and y’(0) = 1 > -2c,; + c, - 1 = 1, which yield c, = -1/2 

cc -2t 

and cy, = 1. Thus y=e - (1/2)e = tes 1/2, 


Since the nonhomogeneous term is the product of a linear 
polynomial and an exponential, assume Y of the same form: 


= at hn eet 2t 
Y = (At+tB)e . Thus Y = Ae + 2(Att+B)e and 
y” = 4ne**+4(at+B)e*". Substituting into the D.E. we 
find -3At = 3t and 2A - 3B = 0, yielding A = -1 and 
B = -2/3. Since the characteristic equation is 
r? - 2r - 3 = 0, the general solution is 

e 2 

ye ee +c5e es fey = tet, 
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-3t 
The solution of the homogeneous D.E. is y, = cyje + Co. 


After inspection of the nonhomogeneous term, for at’ we 


ae 2.- 
must assume a fourth order polynominial, for t’e ae we 


must assume a quadratic polynomial times the exponential, 


and for sin3t we must assume Csin3t + Dcos3t. Thus 
4 3 2 2 —3t 
Y(t) = (Agt +A ;t +Aot +A,t+A,) + (Bgt +Byt+B,)e +Csin3t+Dcos3t. 


. -3t : 
However,since e and a constant are solutions of the 


homogeneous D.E., we must multiply the coefficient of ae 
and the polynomial by t. The correct form is 
Y(t) = t(Agt’ + A,t? + Apt? + Ast + A,) + 


3t 


t (Bot? + Byt + B,)e °° + Csin3t + Dcos3t. 


-t 
The solution of the homgeneous D.E. is y, = e [c,cost + 


cosint]. After inspection of the nonhomogeneous term, we 
~t 2 = 2 
assume Y(t) = Ae + (Bot + Byt + B,)e cost + (Cot + Cyt 
=t -t st 
+ Co)e sint. Since e cost and e sint are solutions of 


the homogeneous D.E., it is necessary to multiply both 
the last two terms by t. Hence the correct form is 
-t 2 -t 
Y(t) = Ae + t(Bot + B,t + B,)e cost + 
2 ee 
t(Cot + Cyt + Cy)e sint. 


First solve the I.V.P. y” + y =t, y(0) = 0, y’(0) =1 

for 0 <t <7. The solution of the homogeneous D.E. is 
yo(t) = cycost + cysint. The correct form for Y(t) is 

y(t) = Apt + A,. Substituting in the D.E. we find A, = 1 
and A, = 0. Hence, y = c,cost + c,sint + t. Applying the 
I.C., we obtain y = t. For t > @ we have y” + y = ne” * 

so the form for Y(t) is Y(t) = he Substituting Y(t) 
in the D.E., we obtain Fe” * + Re” * = me™* so F = m/2. 


Hence the general solution for t > Mis Y = D,cost + 


D,sint + (w/2)e" *. If y and y’ are to be continuous at 


t = 7, then the solutions and their derivatives fort <7 
and t > ®W must have the same value at t = @. These 
conditions require m = -D, + M/2 and 1 = -D, - W/2. 


Hence D, = -"/2, D, = -(1 + @/2), and 
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t, Oostesn 


YS OE) = Tt 
-—(m/2)cost - (1 + @/2)sint + (m/2)e |, t > T. 


The graphs of the nonhomogeneous term and follow. 


| di 


30. According to Theorem 3.6.1, the difference of any two 
solutions of the linear second order nonhomogeneous D.E. 
is a solution of the corresponding homogeneous D.E. 
Hence ¥, - Y, is a solution of ay” + by’ + cy = 0. In 


Problem 38 of Section 3.5 we showed that if a > 0, b> 0O, 


and c > 0 then every solution of this D.E. goes to zero 
as t 4 o. If b= 0, then y, involves only sines and 


cosines, so Y, - Y, does not approach zero as t — oo. 


33. From Problem 32 we write the D.E. as (D-4) (D+1)y = 3e 


2t 
Thus let (Dt+1)y = u and then (D-4)u = 3e . This last 


equation is the same as du/dt - 4u = ge, which may be 
solved by multiplying both sides by eo and integrating 
(see section 2.1). This yields u = (-3/2)e : + ee. 
Substituting this form of u into (D+1l)y = u we obtain 
dy/dt + y = (-3/2)e" + Ber Again, multiplying by = 
and integrating gives y = (-1/2)e" + ee + ee. where 
C, = C/5. 

2s Two linearly independent solutions of the homogeneous 
D.E. are y,(t) = e** and Yo(t) = e. Assume Y = u,(t)e?* 


+t un(t)e*, then Y’(t) = [2u,(t)e*™ - uj,(t)e “] + [uj(t)e* 


11. 


14. 
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, -t , at , -t 
+ un(t)e “J. We set uj(t)e + un(t)e ~ = 0. Then 
Y” = 4u,e** + u,e + ae - u,e~ and substituting in 
the D.E. gives 2u,(t)e?* — uy(t)e = 2e°. Thus we have 


two algebraic equations for uy (t) and iy CE) with the 


solution u(t) = 2e **/3 and u(t) = -2/3. Hence 
u,(t) = -2e **/9 and u,(t) = -2t/3. Substituting in the 
formula for Y(t) we obtain Y(t) = (-2e **/9)e7* + 
(-2t/3)e * = (-2e°/9) - (2te*/3). Since e* is a 


solution of the homogeneous D.E., we can choose 
Y(t) = -2te */3. 


Since cost and sint are solutions of the homogeneous 
D.E., we assume Y = u,(t)cost + u,(t)sint. Thus 


Y’ = -u,(t)sint + u,(t)cost, after setting 
u(t) cost + uy(k) Sint = 0. Finding Y” and substituting 
into the D.E. then yields -u)(t) sint + u,(t) cost = tant. 


The two equations for uw, (t) and ante) have the solution: 


u, (t) = -sin*t/cost = -sect + cost and 
ute) = sint. Thus u,(t) = sint - In(tant + sect) and 
un(t) = -cost, which when substituted into the assumed 


form for Y, simplified, and added to the homogeneous 
solution yields 
y = cycost + cysint - (cost)1in(tant + sect). 


Two linearly independent solutions of the homogeneous 


D.E. are y,(t) = ee" and y,(t) = er) Applying Theorem 
3.7.1 with W(y,,y,) (t) = Ze™. we obtain 
e°5g(s) e°8g(s) 
Y(t) -2*| ds + ort [SS as 
5s 5s 


-e 
zs free- eS) 1 g(s)ds. 


The complete solution is then obtained by adding 


c,e°* + c,e** to Y(t). 


That t and te’ are solutions of the homogeneous D.E. can 
be verified by direction substitution. Thus we assume 


Y = tu,(t) + ee uy(e) Following the pattern of earlier 


problems we find tu; (t) + teu, (t) = 0 and 
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uy (t) + (t+1)e"u, = 2t. [Note that g(t) = 2t, since the 


D.E. must be put into the form of Eq.(16)]. The solution 
of these equations gives u(t) = -2 and uy (t) = 2e*. 


Hence, u,(t) = -2t and u,(t) = -2e°, and 


Y(t) = t(-2t) + tet(-2e°%) = -2t7 - 2t. However, since t 
is a solution of the homogeneous D.E. we can choose as 


our particular solution Y(t) = ~2t? 


For this problem, and for many others, it is probably 
easier to rederive Eqs. (26) without using the explicit 
form for y,(x) and y,(x) and then to substitute for y, (x) 


and y»(x) in Eqs. (26). In this case if we take 
Yi= x +/* sinx and Yo = x */4osx, then W(y,,Y>5) = -1/x. 
If the D.E. is put in the form of Eq. (16), then 
g(x) = 3x 1/Sinx and thus u, (x) = 3sinxcosx and 
Uy (x) = ~3sin’x = 3(-1 + cos2x)/2. Hence 
u (x) = (3sin’x) /2 and u,(x) = -3x/2 + 3(sin2x)/4, and 
3 sin’x sinx 3x 3 sin2x CcOosx 
Y (x) ane la ag ) 
2 al x 2 4 lx 
» 2 : é 
3 sin’x sinx a4 ax : 3 sinx Ege%, cosx 
2 al x 2 2 al x 
3 sinx 3\/ X COSx 


ax 2 


The first term is a multiple of y,(x) and thus can be 


neglected for Y(x). 


Putting limits on the integrals of Eq.(28) and changing 
the integration variable to s yields 

t Y2(S)g(s)ds + ¥i(s)g(s)ds 
—_—_— + y(t) |° ——————_ 


Saino) mere ~y,(t [ 
oW(y1,Y>) (s) o W(yy1,Y>2) (Ss) 
i" -y,(t)yo(s)g(s)ds fi Yo(t) y,(s)g(s)ds 
+ 


to W(¥1, Yo) (S) to W(¥a7 Yo) (S) 
t Ly (s)y2(t) -— yy(t)y2(s)]g(s)ds 
I. ; ; To show that 
: yi(s)yj(s) - y,(s)y,(s) 
Y(t) satisfies L[y] = g(t) we must take the derivative of 
Y using Leibnitz’s rule, which says that if 
t ; t OG 
Y(t) = G(t,s)ds, then Y(t) = G(t,t) + — (t,s)ds. 
ier to OC 


Letting G(t,s) be the above integrand, then G(t,t) = 0 
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dag V1 (S) ya (t) — yy (t)yo(s) 
and g(s). Likewise 
ot WlyirY2) (Ss) 
dG (t,t a°G 
gi SNE! “— (t,s)ds 
ot Co Ot 
_ lary, () =a, (ery (8) 
= g(t) ds 
to WlyirY2) (s) 
Since y,; amd yy are solutions of L[y] = 0, we have 
L[Y] = g(t) since all the terms involving the integral 
will add to zero. Clearly Y(t )) = 0 and Y’(t,) = 0. 


25. Note that y, = e cosut and yo = eM sinut and thus 


W(yirYo) = He . From Problem 22 we then have: 
ic ecosuse*tsinut 7 et cospte*sinps 
Y(t) a a g(s)ds 
0 le s 
-1 [* _ar(t-s) 
=. = - [cosus sinut - cosut sinwts]g(s)ds 
0 
t 
=p" |, e* tS) Fsinu (t-s)]g(s)ds. 
0 


29. First, we put the D.E. in standard form by dividing by 
2 2 


to: y” - 2y’/t + 2y/t° = 4. Assuming that y = tv(t) and 
substituting in the D.E. we obtain tv” = 4. Hence 
v(t) = 4lnt + c, and v(t) = 4 J] Int dt + ot = 


4(tlnt - t) + cot. The general solution is 
Czy, (t) + tv(t) = cyt + eine = £7) 4 cot’. Since —4t° 
is a multiple of yo = cot? we can write 


y=uet + cot" + 4t71nt. 
Section 3.8, Page 197 
2. From Eq. (15) we have Rcosé = -1, and Rsind = (13. Thus 


R= V1+3 = 2 and 6 = tan ‘4(-V3) + m= 2n/3 = 2.09440. Note 
that we have to “add” =m to the inverse tangent value since 6 


must be a second quadrant angle. Thus u = 2cos(t-2m/3). 
6. The motion is an undamped free vibration. The units are 

in the CGS system. The spring constant 

k = (100 gm) (980cm/sec*) /5cm. Hence the D.E. for the 


motion is 100u” + [(100 : 980)/5]Ju = 0 where u is 
measured in cm and time in sec. We obtain wu” + 196u = 0 
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so 
u = Acosl4t + Bsinl4t. The I.C. are u(0) =0 % A= 0 
and u’(0) = 10 cm/sec > B = 10/14 = 5/7. Hence 

u(t) = (5/7)sinl4t, which first reaches equilibrium when 


14t =, ort = 1/14. 


We use Eq. (33) without R and E(t) (there is no resistor or 
impressed voltage) and with L = 1 henry and 1/C = 4x10° since 
C = .25x10°© farads. Thus the I.v.P. is Q” + 4x10°Q = 0, 
Q(0) = 10°© coulombs and Q’(0) = 0. 

The spring constant is k = (20) (980)/5 = 3920 dyne/cm. 

The I.V.P. for the motion is 20u” + 400u’ + 3920u = 0 or 

u” + 20u’ + 196u = 0 and u(0) = 2, u’(0) = 0. Here u is 
measured in cm and t in sec. The general solution of the 
D.E. is u = Ae + %cosaV6t + Be }°tsinav6t. The I.C. 

u(0) = 2 3 A = 2 and w(0) = 0 > -10A + 4,/6B = 0. The 


solution is u = eM tiacosaV6t + 5(sin4 6t)//6 Jom. 
The quasi frequency is U = al6, the quasi period is 

Tg = 2m = n/2\/6 and Tg/T = 7/2\/6 since 

T = 2n/14 = m/7. To find an upper bound for T, write u 
in the form of Eq. (30): u(t) = V/4+25/6e 1°tcos (4) 6 t-8) . 
Now, since | cos (4 6 t-8) | <1, we have lucty | < .05 => 


\/44+25/6e 1% < .05, which yields T = .4046. A more 
precise answer can be obtained with a computer algebra 


system, which in this case yields T = .4045. The 
original estimate was unusually close for this problem 
since cos(4\V/6t-6) = -0.9996 for t = .4046. 


Substituting the given values for L, C and R in Eq. (33), 
we obtain the D.E. .2Q” + 3x107 Q’ + 10° Q = 0. The I.c. 
are Q(0) = 10° and Q’(0) = 1(0) = 0. Assuming Q = et, 
we obtain the roots of the characteristic equation as 

ry, = -500 and ry = -1000. Thus Q = eae et + Ot aaa 
and hence Q(0) = 10° > Cy + Co = 10°° and 

Q’(0) = 0 > -500c, - 1000cz = 0. Solving for cy and co 
yields the solution. 


The mass is 8/32 lb-sec*/ft, and the spring constant is 
8/(1/8) = 64 lb/ft. Hence (1/4)u” + yo + 64u = 0 or 
u” + 4yu’ + 256u = 0, where u is measured in ft, t in sec 
and the units of y are lb-sec/ft. We look for solutions 
of the D.E. of the form u = e** and find 

2 


vr? + 4yr + 256 = 0, so r1,r2 = [-4y + V16y7 - 1024 ]/2. 


The system will be overdamped, critically damped or 


19. 


20. 


23. 
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underdamped as (16y2 - 1024) is > 0, =0, or < 0, 
respectively. Thus the system is critically damped when 
Y = 8 lb-sec/ft. 


The general solution of the D.E. is u = Ae 
where r1,r2 = [-y + (y? - Akm) 1/2] /2m provided 

2 - 4km # 0, and where A and B are determined by the 
I.C. When the motion is overdamped, y? - 4km > 0 and 
Yi > Yo. Setting u = 0, we obtain Ae™® = - 
é (ry-r2)t _ 


or 


- B/A. Since the exponential function is a 
monotone function, there is at most one value of t 

(when B/A < 0) for which this equation can be satisfied. 
Hence u can vanish at most once. If the system is 
critically damped, the general solution is 

u(t) = (A + Bt)e %/2", The exponential function is never 
zero; hence u can vanish only if A+ Bt =0. If B=0 
then u never vanishes; if B # 0 then u vanishes once at 

t = - A/B provided A/B < 0. 


The general solution of Eq.(21) for the case of critical 


damping is u = (A + Bt)e /2", The I.c. u(0) = Ug > 

A = ug and u (0) = vo > A(-y/2m) + B = vg. Hence 

u = [Ug + (vy + Yug/2m)tle */", If v, = 0, then 

u = ug(1 + yt/2m)e%/*", which is never zero since y and 


m are postive. By L’Hopital’s Rule u-0 as t—o0. 
Finally for ug > 0, we want the condition which will 


insure that v = 0 at least once. Since the exponential 
function is never zero we require 
Ug + (Vo + YUg/2m)t = 0 at a positive value of t. This 


requires that vo + Yug/2m # 0 and that 
t = -Ug (vo + ugy/2m) “+ > 0. We know that uy, > 0 so we must 
have vo + YUg/2m < 0 or vo < -Yuo/2m. 


2 
From Problem 21: A = cil oe Tgy/2m. Substituting the 
lu (2m) 
(1/2) (3) 
known values we find y 5 5 lb sec/ft. 


2 
From Eq. (13) % = fie P = 2n/\V/2k/3 = Ok = 6. 
Thus u(t) = cycos2t + cposin2t and u(0) = 2 4 cy = 2 and 


v 
w(0) =v cp = v/2. Hence u(t) = 2cos2t ve eoeZe = 
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2 2 
v v 
eam Le Thus a. = 3 andv = 42/5. 


27. First, consider the static case. Let Al 


denote the length of the block below B 
the surface of the water. The weight 
of the block, which is a downward force, a) ates 
is w= ol 31 3,. This is balanced by an equal } Al 
and opposite buoyancy force B, which is 

w 


equal to the weight of the displaced 


water. Thus B = (pol ZAl) g = pAl 3g Xe) PoAl = pl. Now let 

x be the displacement of the block from its equilibrium 
position. We take downward as the positive direction. 

In a displaced position the forces acting on the block 
are its weight, which acts downward and is unchanged, and 
the buoyancy force which is now Dol 2 (al + x)g and acts 
upward. The resultant force must be equal to the mass of 


the block times the acceleration, namely ol 3x”. Hence 


ol 3, - Dol 2 (al + x)g = ol 3”. The D.E. for the motion of 


the block is ol 3x” + Doll 2gx = 0. This gives a simple 


harmonic motion with frequency (Pog/pl ) 1/2 and natural 
period 2n (pl /pog) */?. 
29a. The characteristic equation is 4x7 +r +8 = 0, so 
r = (-1+V//127)/8 and hence 
V127 127 
u(t) = e*/®(cycos + as ae ia a u(0) =0 54 cy = 
: ee, 
and u(0) =2 5 ge = 2. Thus 
16 


u(t) = ———e*t/8sin 


(127 8 


29c. The phase plot is the 
spiral shown and the 
direction of motion is 
clockwise since the u 
graph starts at (0,2) and 
u increases initially. 


ut 


30c. Using u(t) as found in part(b), show that 
ku2/2 + m(w)?/2 = (ka? + mb*)/2 for all t. 
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Ja. 


Wow 


10. 


lla. 


We use the trigonometric identities 


cos(A + B) = cosA cosB + sinA sinB to obtain 

+ B) - cos(A - B) = -2sinA sinB. If we choose 
A+ B= 9t and A - B= 7t, then A = 8t andB=t. 
Substituting in the formula just derived, we obtain 
cos9t - cos7t = —-2sin8tsint. 


The mass m = 4/32 = 1/8 lb-sec’/ft and the spring 


constant k = 4/(1/8) = 32 lb/ft. Since there is no 
damping, the I.V.P. is (1/8)u” + 32u = 2cos3t, 
u(0) = 1/6, u’(0) = 0 where u is measured in ft and t in 


From the solution to Problem 5, we have m = 1/8, Fy = 2, 


W 9° = 256, and w? = 9, so Eq. (3) becomes 


16 
u = c,cosl6t + cysinléet + an cos3t. The I.C. 


u(0) = 1/6 > c, + 16/247 = 1/6 and w’(0) = 0 > 16c, = 0, 
so the solution is u = (151/1482)cos16t + (16/247) cos3t 
Tey 


Resonance occurs when the frequency @ of the forcing 
function 4sin@t is the same as the natural frequency @ 


of the system. Since @) = 16, the system will resonate 


when @ = 16 rad/sec. 


The I.V.P. is .25u” + 16u = 8sin8t, u(0) = 3 and 
u’(0) = 0. Thus, the particular solution has the form 
t(Acos8t + Bsin8t) and resonance occurs. 


For this problem the mass m = 8/32 lb-sec’*/ft and the 
spring constant k = 8/(1/2) 16 lb/ft, so the D.E. is 
0.25u” + 0.25u’ + 16u = 4cos2t where u is measured in ft 
and t in sec. To determine the steady state response we 
need only compute a particular solution of the 
nonhomogeneous D.E. since the solutions of the 
homogeneous D.E. decay to zero as t 4 oo. We assume 


u(t) = Acos2t + Bsin2t, and substitute in the D.E.: 
- Acos2t - Bsin2t + (1/2) (-Asin2t + Bcos2t) + 16(Acos2t + 
Bsin2t) = 4cos2t. Hence 15A + (1/2)B = 4 and 


-(1/2)A + 15B = 0, from which we obtain A = 240/901 and 
B = 8/901. The steady state response is 
u(t) = (240cos2t + 8sin2t)/901. 
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11b. In order to determine the value of m that maximizes the 


15. 


16. 


steady state response, we note that the present problem 
has exactly the form of the problem considered in the 
text. Referring to Eqs.(8) and (9), the response is a 
maximum when A is a minimum since Fy is constant. A, as 


given in Eq. (10), will be a minimum when 
2 2 2 2 2.2 2 . 

£(m) = m°(@,) - O°)” + y°@", where @,) = k/m, is a 

minimum. We calculate df/dm and set this quantity equal 


to zero to obtain m = k/@*. We verify that this value of 
m gives a minimum of f(m) by the second derivative test. 
For this problem k = 16 lb/ft and @ = 2 rad/sec so the 
value of m that maximizes the response of the system is 

m = 4 slugs. 


We must solve the three I.V.P.: (1) + u, = Fot, 

O<t <m, u,(0) = u,(0) = 07 (2) ug + ug = Fo(2n-t), 
h<t < 2m, us(m) = u(t), ug(m) = uy (nm); and 

(3) ug + ug = 0, 2m < t, u3(2m) = us(2m), u5(2m) = uy(2m). 


The conditions at ® and 2m insure the continuity of u and 
u’ at those points. The general solutions of the D.E. 
are u, = b,cost + bysint + Fot, uy = c,cost + cy,sint + 


F)(2m-t), and u3 = dycost + d,sint. The I.C. and matching 
conditions, in order, give b, = 0, bo + Fg = 0, 
-b, + MWFg = -C, + MFg, —by + Fo = -Co — Fo, Cy = dy, and 


Co — Fy = dz. Solving these equations we obtain 


Ee Sagan: , OStsT 
u = Fo (2m - t) - 3sint , ™< t < 2u 

- Asint , 2u<t. 
The I.V.P. is Q” + 5x10° Q’ + 4x10° Q = 12, Q(0) = 0, and 
Q’(0) = 0. The particular solution is of the form Q = A, 


so that upon substitution into the D.E. we obtain 


6 


4x10°A = 12 or A = 3x10°. The general solution of the 


D.E. is Q = ce + cye™ + 3x10°°, where r, and ry satisfy 
r? + 5x10°r + 4x10° = 0 and thus are r, = -1000 and 

ry, = -4000. The I.C. yield c, = -4x10 ° and Co = 10 ° and 
thus Q = 10° °(e 400% ge7 19°F 43) ~Coulombs. Substituting 
t = .001 sec we obtain 

Q(.001) = 10 %(e 4 - 4e* + 3) = 1.5468 x 10° coulombs. 


Since exponentials are to a negative power Q(t) > 3x10°° 


coulombs as t — oo, which is the steady state charge. 


22. 
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The amplitude of the steady state response is seven or 
eight times the amplitude (3) of the forcing term. This 
large an increase is due to the fact that the forcing 
function has the same frequency as the natural frequency, 
@), of the system. 


There also appears to be a phase lag of approximately 1/4 
of a period. That is, the maximum of the response occurs 
1/4 of a period after the maximum of the forcing 
function. Both these results are substantially different 
than those of either Problems 21 or 23. 


@= 1.0 


= 1.5 


From viewing the above graphs, it appears that the system 
exhibits a beat near @ = 1.5, while the pattern for 

@® = 1.0 is more irregular. However, the system exhibits 
the resonance characteristic of the linear system for @ 
near 1, as the amplitude of the response is the largest 
here. 
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CHAPTER 4 
Section 4.1, Page 212 
2% Writing the equation in standard form, we obtain 
y” + [(sint)/tly” + (3/t)y = cost/t. The functions 
p,(t) = sint/t, p3(t) = 3/t and g(t) = cost/t have 
discontinuities at t = 0. Hence Theorem 4.1.1 guarantees 


that a solution exists for t < 0 and for t > 0. 


2t-3 2t741 «3 74t 


8. We have W(f,, f5, £3) = 2 4t 6t+1 = 0 for allt. 
0 4 6 
Thus by the extension of Theorem 3.3.1 the given 
functions are linearly dependent. Thus 


CG, (2t-3) + cy (2t741) + c,(3t74t) = 


(2ep43e3)t* + (2e,+ce3)t + (-3c,+e,) = 0 when 
(2cy + 3c3) = 0, 2c, + cz3 = 0 and -3c, + cy = 0. Thus cy = 1 
Cp = 3 and cz = -2. 


13. That e*, e*, and e ** are solutions can be verified by 


direct substitution. Computing the Wronskian we obtain, 


e e e 1 LL i 
Wie ye" ,.6 NS) ge ag eget ee | ot aa ee) = See 
t -t -2t 1 1 4 
e e 4e 


17. To show that the given Wronskian is zero, it is helpful, 


in evaluating the Wronskian, to note that (sin*t)’ = 


2sintcost = sin2t. This result can be obtained directly 
1 
since sin*t = (1 - cos2t)/2 = Pra + (-1/2)cos2t and 


hence sin*t is a linear combination of 5 and cos2t. Thus 
the functions are linearly dependent and their Wronskian 
is zero. 


iv 


19c. If we let L[y] = y - 5y” + 4y and if we use the result 


of Problem 19b, we have Lie] = (x4 - 5x7 + dyer, Thus 
rt 


e will be a solution of the D.E. provided 


(17-4) (7-1) = 0. Solving for r, we obtain the four 


= Zit 


: t 2t - F 
solutions e, e ,e ande Since 


21. 


20 
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wie’, e, a, ay # 0, the four functions form a 


fundamental set of solutions. 


Comparing this D.E. to that of Problem 20 we see that 
Pp, (t) = 2 and thus from the results of Problem 20 we have 


—|2at 
W = ce J = ce, 


As in Problem 26, let y = v(t)er. Differentiating three 


= 


times and substituting into the D.E. yields 


(2-t)e'v’” + (3-t)etv” = 0. Dividing by (2-t)e* and 
letting w = v” we obtain the first order separable 

bas 
equation w = - w= (-1 + )w. Separating t and w, 


t=2 t-2 
integrating, and then solving for w yields 


aw” 


w=v = e,(t-2)e”. Integrating this twice then gives 
v= cyte ~ + Cot + C3 so that y = ve’ = c,t + cote® + ee", 


which is the complete solution, since it contains the 
given y,(t) and three constants. 
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23 


ti 4d4/5 one? qhen & = fet)? @ G73) =o. the 
angle 8 is given by Rcos@ = 2cos@ = -1 and 
Rsin@ = 2sin0 = V3. Hence cos@ = -1/2 and 


sin@ = (3/2 which has the solution 0 = 2nm/3. The angle 
8 is only determined up to an additive integer multiple 
of + 20. 


Writing (1-i) in the form ne we obtain 

g 

(1-i) = ‘fg et am) ere m is any integer. Hence, 
(i=) 1/2 _ (ee ee 1/2 gi/4,i (-m/8+mn) We obeaan 


the two square roots by setting m = 0,1. They are 


ge an Cie ares Note that any other integer value 


of m gives one of these two values. Also note that 1-i 
could be written as 1-i = [2 et (7/4 * 2mm) 


We look for solutions of the form y = ere, Substituting 


in the D.E., we obtain the characteristic equation 


r° - 3r° + 3r - 1 = 0 which has roots r = 1,1,1. Since 


the roots are repeated, the general solution is 


t t 2 ot 
y= ce + cote” + c3te°. 
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23. 


Qui 


29. 


30. 


31. 
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rt 


We look for solutions of the form y =e. Substituting 
in the D.E. we obtain the characteristic equation 

ea = QO. The six roots of -1 are obtained by setting 
he Oy osssaye an, We: 7? Sere ot peyeard 

eit/6 _ Of + 4)/2, eit/2 _ <: eidt/6 _ (<6) 3 5/3, 
ae = (-/3 - i)/2, gree = -i, and 

gS es (f3 - i)/2. Note that there are three pairs of 


conjugate roots. The general solution is 


y= eV 3*/2 16 cos (t/2) + cosin(t/2)] 


% eo V3*/2 76 cos (t/2) + cysin(t/2)] + cycost + cgsint. 


The characteristic equation is re —5r° + 3r +1= 0. 
Using the procedure suggested following Eq. (12) we try 
r= 1 as a root and find that indeed it is. Factoring 
out (r-1) we are then left with r? —- 4r —- 1 = 0, which 


has the roots 2475. 


The characteristic equation in this case is 1OE” 4Bt 


75r° + 37r +5 = 0. Using an equation solver we find 
1 ‘i 

r=-—, —-—, -1 +4 2i. Thus 
4 3 


t/4 t/3 t 


y=cje ° + coe “~ +e” (c3c0s2t +cysin2t). As in 


Problem 23, it is possible to find the first two of these 
roots without using an equation solver. 


The characteristic equation is a 0 and hence 
r = 0, +i, -i are the roots and the general solution is 
y(t) = cy + cycost + c3sint. y(0) = 0 implies 


c; + cp = 0, y’(0) = 1 implies c; = 1 and y”(0) = 2 
implies -c) = 2. Use this last equation in the first to 
find c, = 2 and thus y(t) = 2 - 2cost + sint, which 


continues to oscillate as t ~ o. 
The general solution is given by Eq. (21). 


The general solution would normally be written 


y(t) = ¢c, + cot + c,e** + cyte’. However, in order to 
evaluate the c’s when the initial conditions are given at 
t = 1, it is advantageous to rewrite 

2(t-1) 2 (t-1) 


y(t) as y(t) = c, + cot + cre + Cg(t-l)e , 
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34. The characteristic equation is 4r° + r+ 5 = 0, which has 


1 
roots oe + i. Thus 


y(t) =c,e" + e/? (ccost + c3sint), 
y’(t) =-cye” + eT eg/e + ¢3)cost + (<cy + 5/2) sint] 
and 
” _ —t t/2 : 
y(t) cye +e °° [(-3c5/4 + C3) cost + (-cy — 3c3/4)sint]. 


The I.C. then yield c, + cy = 2, -c, + Co/2 + cz = 1 and 
Cy — 3c5/4 + cz = -1. Solving these last three equations 
give c, = 2/13, cy = 24/13 and c3 = 3/13. 


37. The approach developed in this section for solving the 


D.E. would normally yield y(t) = c,cost + cy,sint + ce" + 


ee as the solution. Now use the definition of coshx 


and sinht to yield the desired result. It is convenient 


to use cosht and sinht rather than et and et because the 
I.C. are given at t = 0. Since cosht and sinht and all 
of their derivatives are either 0 or 1 at t = 0, the 
algebra in satisfying the I.C. is simplified. 


foe 
38a. Since p,(t) = 0, W= ce = Cs 


39a. As in Section 3.8, the force that the spring designated 
by k, exerts on mass m, is -3u,. By an analysis similar 


to that shown in Section 3.8, the middle spring exerts a 
force of -2(u,-uy) on mass m, and a force of -2(u,-u,) on 


mass mj. In all cases the positive direction is taken in 


the direction shown in Figure 4.2.4. 


39c. From Eq. (i) we have a, (0) = 2u,(0) - 5u,(0) = -1 and 
uy" (0) = 2u‘, (0) - 5u, (0) = 0. From Prob.39b we have 
u, = cycost + cysint + c,cosV6t + cysin/6t. Thus 


Cy+C3 = 1, CotV6Cq = 0, -C,-6C3 = -1 and -cy-6V/6 cy, = 0, 
which yield c, = 1 and cy = c3 = cy = 0, so that 


u, = cost. The first of Eqs.(i) then gives up. 
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i, First solve the homogeneous D.E. The characteristic 
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13. 
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equation is r°- r? - r + 1= 0, and the roots are r = -l, 
1, 1; hence Yo(t) = eee* + ce" + cate’. Using the 
superposition principle, we can write a particular 
solution as the sum of particular solutions corresponding 
to the D.E. y”-y’-y’ty = 2e° and y”-y’-y’ty = 3. Our 
initial choice for a particular solution, Y,, of the 


first equation is Ae *; but e ° is a solution of the 


homogeneous equation so we multiply by t. Thus, 
Y,(t) = Ate “. For the second equation we choose 
Y,(t) = B, and there is no need to modify this choice. 


The constants are determined by substituting into the 
individual equations. We obtain A = 1/2, B = 3. Thus, 


the general solution is 
-t 


y= c,e~ + coe" + cate” + 3 + (te -)/2. 

: : ‘ : 4 2 2 2 
The characteristic equation is r° - 4r° = r°(r°-4) = 0, 
so y(t) = cy, + Cot + c3e °° a ee, For the particular 


solution correspnding to t? we assume 
Y, = t? (at? + Bt + C) and for the particular solution 


corresponding to e* we assume Yo = Det. Substituting Y,, 
in the D.E. yields -48A = 1, B = 0 and 24A-8C = 0 and 
substituting Y, yields -3D = 1. Solving for A, B, C and 


D gives the desired solution. 


The characteristic equation for the related homogeneous 


D.E. is r° + 4r = 0 with roots r = 0, +2i, -2i. Hence 


Yo(t) = cy, + cyocos2t + c3sin2t. The initial choice for 
Y(t) is At + B, but since B is a solution of the 
homogeneous equation we must multiply by t and assume 
Y(t) = t(At+B). A and B are found by substituting in the 
D.E., which gives A = 1/8, B = 0, and thus the general 


solution is y(t) = c, + c,cos2t + czsin2t + (1/8)t?. 
Applying the I.C. we have y(0) = 0 4 c, + cy = 0, 
y'(0) = 0 > 2c3 = 0, and y”(0) = 1 > -4c, + 1/4 = 1, 
which have the solution c, = 3/16, cy, = -3/16, cz = 0. 


For small t the graph will approximate 3(1-cos2t)/16 and 
for large t it will be approximated by t7/8. 


The characteristic equation for the homogeneous D.E. is 


r° - 2r? + r = 0 with roots r = 0,1,1. Hence the 


complementary solution is y,(t) = c, + coe" + cate. We 


es 


20. 


22a. 
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consider the differential equations y” - 2y” + y’ = t3 


and y” - 2y” + y’ = 2e° separately. Our initial choice 
for a particular solution, Y,, of the first equation is 


At? + Gem + Ant + Azz but since a constant is a solution 
of the homogeneous equation we must multiply by t. Thus 
Yy(t) = t (At? + At? + Ajot + A3). For the second equation 


e and tet 


we first choose Y,(t) = Be’, but since both e 
are solutions of the homogeneous equation, we multiply by 
t? to obtain Y,(t) = Bt*e’. Then Y(t) = Y,(t) + Y,(t) by 


the superposition principle and y(t) = y,(t) + Y(t). 


The complementary solution is y,(t) = c, + coe” + ce" + 


ewe: The superposition principle allows us to consider 
separately the D.E. ae y" - y” +y’ = t? + 4 and 

go y" - y” + y = tsint. For the first equation our 
initial choice is Y,(t) = Aaee + A,t + Apo> but this must 
be multiplied by t since a constant is a solution of the 
homogeneous D.E. Hence Y,(t) = t (Agt? + A,t + Ay). For 


the second equation our initial choice that 
Yo = (Bot + By) cost + + (Cot + Cy) sint does not need to be 


modified. Hence 
Y(t) = t(Agt? + Ajt + A,) + (Bot + By)cost + (Cot + Cy) sint. 


(D-a) (D-b) £ (D-a) (Df-bf) = pf —- (atb)Df + abf and 
-b) (D-a 


) 
(D-b) ( )£ = (D-b) (Df-af) = pf - (bt+a)Df + baf. Since 
atb = bta and ab = ba, we find the given equation holds 
for any function f. 


The D.E. of Problem 13 can be written as 

D(D-1) *y = t° + 2e°. Since p* annihilates t°® and (D-1) 
annihilates de; we have D°(D-1) 3y = 0, which corresponds 
to Eq. (ii) of Problem 21. The solution of this equation 
is y(x) = At’ + Ast? + At? + Ayt + A, + 

Ge + Bat. + Baye" 3 Since A, + (Bot + Be” are 
solutions of the homogeneous equation related to the 


original D.E., they may be deleted and thus 


Svat SAG” Ae SA Se ete; 
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29. (DET) 7741) annihilates the right side of the D.E. of 


Problem 14. 

236. D (D-+1) 7 annihilates the right side of the D.E. of 
Problem 17. 
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il The complementary solution is y, = c, + c)cost + c3sint 


and thus we assume a particular solution of the form 
Y = u,(t) + ug(t)cost + u3(t)sint. Differentiating and 


assuming Eq. (5), we obtain Y’ = -u,sint + u,cost and 

ay + u,cost + ujsint = 0 (a). 
Continuing this process we obtain Y” = -u,cost - u3sint, 
Y” = ussint - u,cost - uycost — uysint and 

-upsint + u3cost = 0 (b). 


Substituting Y and its derivatives, as given above, into 
the D.E. we obtain the third equation: 


-u,cost = u3sint = tant (c). 


Equations (a), (b) and (c) constitute Eqs.(10) of the 
text for this problem and may be solved to give 


c = tant, U5 = -sint, and U3 = -sin*t/cost. Thus 
u, = -Incost, uz = cost and uz = sint — In(sect + tant) 
and Y = —lncost + 1 —- (sint)ln(sect + tant). Note that 


the constant 1 can be absorbed in cj. 


4. Replace tant in Eq. (c) of Prob. 1 by sect and use 
Eqs. (a) and (b) as in Prob. 1 to obtain 1 = sect, 
uy, = —-1 and u3 = -sint/cost. 

D's Replace sect in Problem 7 with e ‘sint. 

Ts Since a, cost and sint are solutions of the related 


homogenous equation we have 
Y(t) = u,e + u,cost + u3sint. Eqs. (10) then are 


t 
uje + u,cost + u3sint = 0 


t ' 
uje - u,sint + u3cost = 0 


t 
uje - u,cost — u3sint = sect. 


Using Abel’s identity, W(t) = cexp (-[p; (t) at) = ce 
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Using the above equations, W(0) = 2, so c = 2 and 
é sect W, (t) 
W(t) = 2e°. From Eq. (11), we have wu’, (t) : , 
2e 
0 cost sint 
where W, = OQ -sint cost = 1 and thus 
1 -cost -sint 
, 1 +4 : ‘ 
u,(t) = Fi /cost. Likewise 
sect W(t) 1 
Uy —-—sect (cost - sint) and 
2e° 2 
e 
, sect W3(t) 
U3 -—sect(sint + cost). Thus 
2e° 2 
e 
1 fie “ds 1 1 al 1 
pg. SOF ES In(cost) and UgcS simi —l1n(cost) 
2 ty Coss 2 2 2 2 


which, when substituted into the assumed form for Y, yields 
the desired solution. 


Since the D.E. is the same as in Problem 7, we may use 
the complete solution from that, with ty = 0. Thus 


= -1 and 


1 1 
y(0) =c, tc, = 2, MO rea 


1 1 
y’ (0) =a, - oo - a = 1. Again, a computer 
algebra system may be used to yield the respective 


derivatives. 


Since a fundamental set of solutions of the homogeneous 


D.E. is yy = et, Y2 = cost, y3 = sint, a particular 


solution is of the form Y(t) = eu, (t) + (cost)u,(t) + 
(sint)u3(t). Differentiating and making the same 
assumptions that lead to Eqs.(10), we obtain 

ue" + u,cost + u3sint = 0 

yt Bo 5 , 

u,eé - u,sint + u,cost = 0 

yt , ee, 

uje -— u,cost — u3sint = g(t) 
Solving these equations using either determinants or by 
elimination, we obtain u; = (1/2)e ‘g(t), 
us = (1/2) (sint - cost) g(t) ,u3 = -(1/2) (sint + cost)g(t). 


Integrating these and substituting into Y yields 
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ab t : tc 
Y(t) = = te" e “g(s) ds + cost I (sins — coss)g(s)ds 
2 to to 


t 
-sint|, (sins + coss)g(s)ds}. 
0 


This can be written in the form 


t 
YC). oS (1/2) [, ee? + costsins - costcoss 
0 


-sintsins - sintcoss)g(s)ds. 
If we use the trigonometric identities sin(A-B) = 
sinAcosB - cosAsinB and cos(A-B) = cosAcosB + sinAsinB, 
we obtain the desired result. Note: Eqs.(11) and (12) of 
this section give the same result, but it is not 
recommended to memorize these equations. 


The particular solution has the form Y = eu, (t) + 

teu, (t) + t7etu3(t). Differentiating, making the same 

assumptions as in the earlier problems, and solving the 
three linear equations for fay fos and U3 yields 

uy, =(1/2)t%e *g(t), uy = -te g(t) and uz = (1/2)e “g(t). 


Integrating and substituting into Y yields the desired 
solution. For instance 


eo 1et 2 
tetu, = te" se °g(s)ds = -= | 2tse'* S)g(s)ds, and 
to 2 to 
likewise for u, and u3. If g(t) = tet then g(s) = eS/s? 


and the integration is accomplished using the power rule. 
Note that terms involving tg become part of the 


complimentary solution. 
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Section 5.1, Page 237 
2% Use the ratio test: 
| (ne1) x?*7720*7| eS a || 
lim lim | x | . 
n — © | nx"/2™| n — © n 2 2 
Therefore the series converges absolutely for | «| <2 
For x = 2 and x = -2 the n*? term does not approach zero 
as n 4 co so the series diverge. Hence the radius of 
convergence is p = 2. 


ome Use the ratio test: 


n+1 2 
lim | (2x+1) pie) | lim = || 5337 = |ax+1|. 


Bane eta fag Bae Gnd) 

Therefore the series converges absolutely for |2x+1| < i, 
or |x+1/2 | < 1/2. At x = 0 and x = -1 the series also 
converge absolutely. However, for |x+1/2 | > 1/2 the 
series diverges by the ratio test. The radius of 
convergence is p = 1/2. 


9. For this problem f(x) = sinx. Hence f’(x) = cosx, 
£’ (x) = -sinx, £”(x) = -cosx,... . Then £(0) = 0, 
£’(0) = 1, £%(0) = 0, £”%(0) = -1,... . The even terms in 
the series will vanish and the odd terms will alternate 


co 


in sign. We obtain sinx = yy (-1)” OF (onan 1. From 
n=0 


the ratio test it follows that P = oo. 


12. For this problem f(x) = x’. Hence f’(x) = 2x, £’(x) = 2, 
and £')(x) = 0 for n > 2. Then £(-1) = 1, f’(-1) = -2, 
€ (<1) S92 end *° = 2 = Sieti) 4-3 etd) “OY = 2 = Seeriy 4 


(x+1) 7. Since the series terminates after a finite 
number of terms, it converges for all x. Thus — = oo. 


13. For this problem f(x) = 1Ilnx. Hence f’(x) = 1/x, 
£”(x) = -1/x*, £7 (x) = 1:2/x°,... , and £°")(x) 
(-1) "*4(n-1) !/x™. Then £(1) = 0, f’(1) =1, f£’(1) = -1, 
£"(1) = 1:2,... , £°%(1) = (-1)"™**(n-1)! The Taylor 
series is Ink = (x=1) = (@=1)°/2 * @=1)°/3 =... = 


co 


> (-1) ***(x-1) "/n. It follows from the ratio test that 


n=1 


the 


18. 


9 «, 


23. 


25. 


28. 


series converges absolutely for | x-1| < 1. However, the 


series diverges at x = 0 sope=l. 


Writing the individual terms of y, we have 


y = a) + a,x + ax” +...+a,x + ..., 80 

y’ = a, + 2ayx + 3a3x° Eo see (nt1)a,41x" + ..., and 

y” = 2a, + 3-2a3x + 4-3a,x° igs Se (n+2) (nt1) a,45x" + 

If y” = y, we then equate coefficients of like powers of x to 
obtain 2a, = aj, 3°2a3 = ay, 43a, = ag, .-- (nt2) (nt1l)a,yo = 
a,, which yields the desired result for n = 0,1,2,3... 


Set m = n-1 on the right hand side of the equation. Then 
n = m+l and when n= 1, m= 0. Thus the right hand side 


co 


becomes danx-2) 4 which is the same as the left hand 
m=0 


side when m is replaced by n. 


Multiplying each term of the first series by x yields 


x>, na,x” ~ = y na,x- = y nak where the last 

n=1 n=1 n=0 

equality can be verified by writing out the first few 
terms. Changing the index from k to n (n=k) in the 
second series then yields 

» na,x- + yianx” = S) (nt) a,x”. 

n=0 n=0 n=0 


m=2 k=1 

n k 
» (n+2) (n+1)a,iox + » ka,x = 
n=0 k=1 


y [ (n+2) (nt+1)a,,. + nan lk In the first case we have 


n=0 

let n=m- 2 in the first summation and multiplied each 
term of the second summation by x. In the second case we 
have let n = k and noted that for n = 0, na, = 0. 


If we shift the index of summation in the first sum by 
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letting m = n-1, we have 
co co 


> na,x" > = ‘iB (m+1)anyiX + Substituting this into the 


n=1 m=0 


given equation and letting m = n again, we obtain: 

co co 

yy (nt1)a,4, x + 2 y a,x = 0, or 

n=0 n=0 

co 

yy [(nt+1)a,4, + 2a,]x" = 0. 

n=0 

Hence a,,, = -2a,/(n+1) for n = 0,1,2,3,... . Thus 

a, = -2ay az = —2a,/2 = ai) % a3 = -2a,/3 = -2°a)/2:3 = 
-2°a,/3!... and a, = (-1) "2"a,/n!. Notice that for n = 0 
this formula reduces to ag so we can write 

co co co 

yy a,x = yy (-1) 72” apx /n! = ay, (-2x) "Vn! = ace ae 
n=0 n=0 n=0 


co co 
y= yy a,x? y = y na,x" " and since we must multiply 
n=0 n=1 
y by x in the D.E. we do not shift the index; and 
co co 
y’ = ys n(n-1) a,x"? = yy (n+2) (ntl)a,,x . Substituting 
n=2 n=0 
in the D.E., we obtain 
co co co 
y (nt+2) (ntl) ayyx” - yy na,x - y a,x = QO. In order to 
n=0 n=1 n=0 


have the starting point the same in all three summations, 


we let n = 0 in the first and third terms to obtain the 
following 
(2:1 ay - ae + yi int2) (nt+1) api. - (nt1)a,]x" = 0. 
n=1 
Thus a,j, = a,/(n+2) for n= 1,2,3,... . Note that the 
recurrence relation is also correct for n = 0. We show 


how to calculate the odd a’s: 
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a3 = a,/3, as = a,/5 = a,/5°3, a, = as/7 = a,/7'5°3,... 


Now notice that a3 = 2a,/(2°3) = 2a,/3!, that 
as = 2-4a,/(2:3:4:5) = 2%2a,/5!, and that 
a, = 2:4:6a,/ (2°3°4:5°67) = 2°3! a,/7!. Likewise 


Ag = aq/9 = 273! ay/(7!)9 = 273! Ba,/9! = 244! a,/9!. 
Continuing we have ayy, = 2"m! a,/(2m+1)!. In the same 


way we find that the even a’s are given by a», = ag/2” mi. 
Thus 


co co 
2m m 2m+1 
ae 
Y = a ay 
NEO 2m! =O (2m+1) ! 
co co co 
, -i 
y= Yi an(x-D) 7 y = ina, (x-1)" = Yo (nt) agg (2-1) at, 
n=0 n=1 n=0 
and 
co co 
y= yy n(n-1)a,(x-1) no? = yy (n+2) (n+1) a,4o(x-1) ”. 
n=2 n=0 
Substituting in the D.E. and setting x = 1 + (x-1) we 
obtain 
co co co 
yy (n+2) (n+l) a,4(x-1) " - Yo (m1) ay y(x-1) * - oy na,(x-1) " 
n=0 n=0 n=1 
co 
- > a,(x-1) = "Oy 
n=0 
where the third term comes from: 
co co 
—(x-l)y’ = > (nt1)a,;7 (x=1) ™* = -) na, (x-1)*. 
n=1 n=1 
Letting n = 0 in the first, second, and the fourth sums, 


we obtain 


00 
(2Lay = ay = ag) (x-1)° + a [(nt#2) (nt1) ay, 
n=1 
- (nt1)a,4, - (n+1)a,] (x-1)" = 0. 
Thus (nt+2)aji.o - ayy, — a, = O for n = 0,1,2,... . This 
recurrance relation can be used to solve for a, in terms 
of ag and a,, then for a3 in terms of ag and a,, etc. In 


many cases it is easier to first take a) = 0 and generate 


ag 
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one solution and then take a, = 0 and generate the second 


linearly independent solution. Thus, choosing ag = 0 we 


find that a, = a,/2, a3 = (agta,)/3 = a,/2, aq = (aztaz)/4 = 
a,/4, as = (agta3)/5 = 3a,/20,... . This yields the 
solution y>(x) = a,[(x-1) + (x-1) 9 (x-1) 372 + 
(x-1) Apa + 3(x-1) °/20 + ...]. The second independent 
solution may be obtained by choosing a, = 0. Then 
ay = af/2, az = (anta,)/3 = ap/6, ag = (aztay)/4 = a/6, 
as = (agta3)/5 = ap/15,... . This yields the solution 
¥1(X) = agl1+ (x1) 7/24 (x-1) 776+ (x-1) 476+ (x-1) °/154...]. 
=. n | ah n-1 Dm n-2 
y-) anx 7; Y - ) na,x ; and y -) n(n-l)a,x” *. 
n=0 n=1 n=2 


Substituting in the D.E. and shifting the index in both 
summations for y” gives 


> (n+2) (ntl) aypx” = yy (nt+1)n Saee + yy ax = 

n=0 n=. n=0 

(2-leay + ag) x? + yi cinta) (n+1)a,s5 — (n+1)na,,, ta,]x" = 0. 
n=1 

Thus a, = -a,/2 and a,,, = na,,,/(n+2) - a,/(n+2) (n+1), 

n= 1,2,... . Choosing ag = 0 yields ay = 0, a3 = -a,/6, 

ay = 2a3/4 = -a,/12,... which gives one solution as 

Yo(X) = ay(x - 2/6 = x12 4 ..-). A second linearly 

independent solution is obtained by choosing a, = 0. Then 

= -a,o/2, a3 = a,/3 = -ao/6, ag = 2a3/4 - a,/12 = -a,/24,... 

which gives y,(x) = ag(1 - Ny eens og eae a) 7 a a 


co 


If y= y a, (x-1)* then 


n=1 


ll 
i 
+ 
x 
) 
an 

K 
Il 
0) 
D 
x 
) 
mn 
~ 
=] 
+ 
0) 
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x 
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~~ 
5 
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ha 
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= y n(n-1)a,(x-1)"? + y n(n-1)a,(x-1)"*. 
n=1 n=1 


14. You will need to rewrite x+l as 3 + (x-2) in order to 
multiply xt+l times y’ as a power series about Xo = 2. 


16a. From Problem 6 we have 


z ee 1 3 ah 255 
VOR) SGC a ee ae PS CCR eR eK ee a 
6 4 160 

Now y(0) = c, = -1 and y’(0) = c, = 3 and thus 
1 3 3 1 

y(x) = H1te7- x Sua x” = ese == x= + 
6 4 4 6 

16c. By plotting f = -1 + 3x + x? - 3x°/4 and g=f - x'/6 


between —-1 and 1 it appears that f is a reasonable 
approximation for | x | SOS 


19. The D.E. transforms into u’(t) + t7u’(t) + (t7#2t)u(t) = 0. 
co co 
Assuming that u(t) = y ay we have u(t) = y na,t™ * and 
n=0 n=1 
co 
u(t) = yy ni(netjace™ =, Substituting in the D.E. and 
n=2 
shifting indices yields 
co co co 
yy (n+2) (nt1)a,,%” + yy (n-1)a,_jt° + > Ee oes 
n=0 n=2 n=2 
co 
+ > 2a. ae = 0, 
n=1 


2-Last® + (3-2'az + 2ag)t? + yi cinta) (nt1)an,5 
n=2 
+ (ntl)a,_1 + a,lt” = 0. 


It follows that a, = 0, a3 = -a)/3 and 

anya = ~ap_7/ (nt2) - a,_of[(nt2) (nt+1)], n = 2,3,4... . We 
obtain one solution by choosing a, = 0. Then a, = -a)/12, 

as = -a,/5 -a,/20 = 0, ag = -a3/6 - ao/30 = a)/18,... . Thus 
one solution is u,(t) = ag(1 - O38 fee AG Feel! 86 


¥,(%) = u,(x-1) = ap[l - (x-1) 3/3 - (x1) 4/12 + (x-1) °/18 + caressa 


22b. 


23. 


26. 
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We obtain a second solution by choosing aj = 0. Then 
ag = -a,/4, as = -ao/5 - a,/20 = -a,/20, 
ag = —a3/6 - a,/30 = 0, az = -a,/7 - a3/42 = a,/28,... 
Thus a second linearly independent solution is 
u(t) = a(t - t°/4 - t°/20 + t'/28 + ...] or 
Yo(X) = uy(x-1) 
= a, (x-1) - (x-1)474 - (x-1)°/20 + (x-1) 7/28 + ...1. 


The Taylor series for x? - 1 about x = 1 may be obtained by 


writing x = (x-1) + 1 so x? = (x-1)? + 2(x-1) + 1 and 


eS .4 (x-1y" + 2(x-1). The D.E. now appears as 


y” + (x-1)7y’ + [(x-1)? + 2(x-1)]y = 0 which is identical to 
the transformed equation with t = x - 1. 


2 2 2 2 
Y = ajo + ayX + agx’ +... » Y = Aa) + 2agayx + (2apay + ay)x 


2 
+... , Y= a, t+ 2a.x + 3a5x° + ... , and 


2 


(y)? = as + 4a,aox + (6a,;a3 + 4a, yx? + 2... Substituting 
these into (y’)? =i1- y" and collecting coefficients of 


like powers of x yields (ae + ae - 1) + (4a,a, + 2a,a,)x + 


(6a,a3 + 4a, + 2aa, + as) x? +... = 0. As in the earlier 
problems, each coefficient must be zero. The I.C. y(0) = 0 
requires that a) = 0, and thus ay + ae - 1 = 0 gives as =. 


However, the D.E.indicates that y’ is always positive, so 
y (0) = a; > 0 implies a, = 1. Then 4aja, + 2aga, = 0 implies 


2 2 2 
that a, = 0; and 6a,a3 + 4a5 + 2apa, + a, = 6aja3 + a, = 0 


implies that a3 = -1/6. Thus y = x - x°/3! + 
26. 
Y 1 term 
exact 
4 terms 
3 terwe ; 2 terms 
3 terms 
2 terms 4 terms 
i term a x 
2 
) 
exact 


We have y(x) = apy, + a,¥Yo, where y, and y, are found in 
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Problem 10. Now y(0) = ag = O and y (0) = a, = 1. Thus 


3 iS 
x x x 


12 240 2240 


y(x) =x 
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1. 


9a. 


Of. 


9h. 


10a. 


The D.E. can be solved for y” to yield y” = -xy’ - y. If 
y = 0(x) is a solution, then 0”(x) = -x@’(x) - (x) and 
thus setting x = 0 we obtain 6”(0) =- 0-1 =-1. 
Differentiating the equation for y” yields 

y” = -xy” - 2y’ and hence setting y = 0(x) again yields 
0”’(0) = -0 - 0 = 0. Ina similar fashion 

y = -xy” - 3y” and thus @ (0) = - 0 - 3(-1) = 3. The 


process can be continued to calculate higher derivatives 
of (x). 


2 
The zeros of P(x) = x - 2x - 3 are x = -1 and x = 3. For 


Xo = 4, X9 = —4, and x, = 0 the distance to the nearest 


zero of P(x) is 1,3, and 1, respectively. Thus a lower 
bound for the radius of convergence for series solutions 


in powers of (x-4), (x+4), and x is p = 1, p = 3, and 
p = 1, respectively. 
Since P(x) = 1 has no zeros, the radius of convergence 
for x) = 0 is Pp = o. 

2 
Since P(x) = x + 2 has zeros at x = +//2 i, the lower 


bound for the radius of convergence of the series 
solution about x» = 0 is p= V2. 


Since x, = 1 and P(x) = x has a zero at x = 0, p=1l1. 
co co 
n i n-1 
If we assume that y = yiax , then y = Yina,x and 
n=2 n=2 
co 
” -2 . . . . . 
y= Yinin-1) a,x" - Substituting in the D.E., shifting 
n=2 


indices of summation, and collecting coefficients of like 
powers of x yields the equation 


2 0 2 
(2-lay + M ag)x + [3'2'a3z + (O -1)a,)*" 
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. yo int2) (ntl)a,,> + (@°-n*)a,Jx" = 0. 
n=2 


Hence the recurrence relation is 
2: 32 
anig = (n -Q )a,/(nt+2) (ntl), n= 0, 1,2,... . For the 


first solution we choose a, = 0. We find that 
2 2 DP iP 2D 
ay = -H a/21, az = 0, ag = (2 -O )a,/4:3 = -(2 -O )H a,/4! 


2 Dee SD 2 
+r Ann = ~[(2m-2)) - GM]... (2 -G°)QH ao/ (2m) !, 
2 a 
O23 (2-4) 4 
saggy SE ae = 
2! 4! 
D5 DR Ott 
_ [(2m-2) -@ ]...(2 -G )Q 2m _ 
(2m) ! 3 
where we have set ay = 1. For the second solution we take 


and apni1 = 0, SO yy (X) = 1 - 


ay = 0 and a, = 1 in the recurrence relation to obtain 


the desired solution. 


2 2 2 
10b. If O© is an even integer 2k then (2m-2) - @ = (2m-2) - 
2 
4k = 0. Thus when m = k+l all terms in the series for 
2k 
y, (x) are zero after the x term. A similar argument 


shows that if @ = 2k+1 then all terms in y,(x) are zero 


2k+1 
after the x . 


11. The Taylor series about x = 0 for sinx is 
3 5 

sinx = x —- x /3! + x /5! - ... . Assuming that 

co 

Ww . Z 

y= Yaak we find y + (sinx)y = 2a, + 6a3x + 12a,x 

n=2 

3 4 5 

+ 20a5x + 30agx + 42a5,x + 


3 iS) 2 3 4 
+ (x-x /3!+x°/5!-...) (agta,;xta,x +a3x +agx +...) 


2 
= 2a, + (6a3+a,)x + (12a,ta,)x + (20agtay-ay/6) x + 


(30agt az-a,/6)x + (A2aptaytag/5!)x° + ... = 0. Hence 
a, = 0, a3 = -a)/6, ag = -a,/12, as = a,/120, 

ag = (a,tag)/180, az = -ao/7! + a,/504, ... . We set 

ay = 1 and a, = O and obtain 

yi (x) = (1 - x°/6 + x°/120 + x°/180 + ...). Next we set 
ay = 0 and a, = 1 and obtain 


Yo(x) = (x - x/12 + x°/180 + x! /504 +...). Since 
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18. 


20. 


22. 
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p(x) = 1 and q(x) = sinx both have p = co, the solution 
in this case converges for all x, that is, Pp = © 


2 S 
We know that e =1 +x + x°/2! + X°/3! + -.-, and 
2 2 4 6 
therefore e =1+x +x /2! +x /3! +... . Hence, if 
y= Vay we have 
2 = 2 4 2 
a, + 2a,x + 3a3x + ... = (1+x + x /2+...) (agta,xta,x +...) 


2 
= a + ayX + (apta,)x + 
Thus, a, = aj 2a, = a, and 3a3 = ag + ay, which yield the 


desired solution. 


co 


Substituting y = yiax” into the D.E. we obtain 
n=2 
co co 
n-1 n 2 : ' : : ; F 
Yina,x = yiax =x. Shifting indices in the summation 
n=2 n=2 


co 
2 
yields Yocmt any = a,]x" =x. Equating coefficients of 
n=2 


both sides then gives: a, - aj = 0, 2a, - a; = 0, 3a3 - ag = 1 


and (ntl)a,,, = a, for n = 3,4,... . Thus a, = ao, 
ap = a,/2 = ao/2, a3 = 1/3 + ao/3 = 1/3 + ao/23, 
ag = a3/4 = 1/3:4 + ag/2:3-4, «.., a, = ay_y/n = 2/n! + a /n! and 
hence 
2 n 3 4 n 

x x x x x 
y (x) = ag (1 + x + —+...4+—...) + 2(—+—H#...4+—+...). 

2! n! 3! 4! n! 


Using the power series for e, the first and second sums 


2 
can be rewritten as aye” + Bie —-1-x-x/2). 


co 
Substituting y = yia.x” into the Legendre equation, 
n=2 
shifting indices, and collecting coefficients of like 
powers of x yields 


[Ql:a, + O(Ot1)ag]x + {32a - [21 - W(a+1)]a;}x + 


Yi int2) (n+1)aj,. — [n(nt+1) - O@(O+1)]a,}x = 0. Thus 
n=2 


ay = -A(At1)a,/2!, az = [2:1 - A(A+1)]a,/3! = 


—(Q-1) (4+2)a,/3! and the recurrence relation is 


26. 


28. 
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(n+2) (ntl) a,,. = -[O(A+1) - n(nt1)]a, = —(Q-n) (Atnt+1)a,, 

n = 2,3,... . Setting a, = 0, ag = 1 yields a solution 

with a, as ay ae 0 and 

A, = O(O-2) (+1) (+3) /4!,..2, Ag, = (-1)"A(A-2) (A-4) 

(O-2m+2) (A+1) (A+3) ... (O+2m-1)/(2m)!,... . The second 

linearly independent solution is obtained by setting 

ay = 0 and a, = 1. The coefficients are a, = ag = ag = 
= 0 and az = —(O-1) (&+2)/3!, as = -(Q-3) (A+4)a3/5-4 = 


(Q-1) (&-3) (+2) (A+4)/5!,... 


Using the chain rule we have: 
dF (0) GF [d(x)] dx _ 2 


f’ (x) sind(x) = - f(x) \)1-x", 
do dx do . 
2 
ae = Oh eta ie ] = = Giax 2") — xf’ (x), 


which when substituted into the D.E. yields the desired 
result. 
Since [(1-x7) yy! = (1-x*) y” - 2xy’, the Legendre 
Equation, from Problem 22, can be written as shown. 
Thus, carrying out the steps indicated yields the two 
equations: 


, 


BE =x") P41” = -n(n+1) P,P 
‘) 


m 


PV[(1-x )P,]) = -m(m+1)P,P,. 
As long as n #m the second equation can be subtracted 
from the first and the result integrated from -1 to 1 to 


obtain 
A. Bt QF, 1 
[ {P,,[ (1-x°)P,]’-P,[ (1-x") Pyl’}dx = [m(m+1) =n (n+1) 1[*P Paces 
1 = 
The left side may be integrated by parts to yield 


, e , , 2 
) 


a 2 fal 1 f 
[P,(1-x°)P, - Py(1-x) Pal, + fe (1-x°)P, - P,(1-x°)P,,]dx, 


1 
which is zero. Thus [ P.(x)P,(x)dx = 0 for n #m. 
—1 
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1. 


Since the coefficients of y, y’ and y” have no common 


factors and since P(x) vanishes only at x = 0 we conclude 
that x = 0 is a singular point. Writing the D.E. in the 
form y” + p(x)y’ + q(x)y = 0, we obtain p(x) = (1-x)/x 


and q(x) = 1. Thus for the singular point we have 
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12. 


ne 
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lim x p(x) = lim 1-x = 1, lim x°q (x) = 0 and thus x = 0 


is a regular singular point. 


Writing the D.E. in the form y” + p(x)y’ + q(x)y = 0, we 
find p(x) = x/(1-x) (1+x)? and q(x) = 1/(1-x’) (14x). 
Therefore x = +1 are singular points. Since 


lim (x-1)p(x) and lim (x-1) 7q (x) both exist, we conclude 
x71 x71 


x = 1 is a regular singular point. Finally, since 
lim (x+1)p(x) does not exist, we find that x = -1 is an 
x7-1 


irregular singular point. 


Writing the D.E. in the form y + p(x)y + q(x)y = 0, we 


see that p(x) = e*/x and q(x) = (3cosx)/x. Thus x = 0 is 
a Singular point. Since xp(x) = e* is analytic at x = 0 
and x°q (x) = 3xcosx is analytic at x = 0 the point x = 0 


is a regular singular point. 


Writing the D.E. in the form y” + p(x)y’ + q(x)y = 0, we 


see that p(x) and q(x) = . Since lim q(x) 


sinx sinx x70 
does not exist, the point x) = 0 is a singular point and 


since neither lim p(x) nor lim q(x) exist either the 
x int xint 


points x, = tna are also singular points. To determine 


whether the singular points are regular or irregular we 
must use Eq. (8) and the result #7 of multiplication and 


division of power series from Section 5.1. For x) = 0, 
we have 
2 2 2 
x x x 
Xp (x) Sede SB SE ad 
sinx x? 6 
x-— + 
6 
3 
x 
=x+— +..., 
6 
which converges about x, = 0 and thus xp(x) is analytic 
at X)= 0. xq (x), by similar steps, is also analytic at 
Xy = 0 and thus x, = 0 is a regular singular point. For 


Xo = nt, we have 


(x—-nT) x (x-nw) [(x-nt) + nt] 


sinx - (x—nn) 2 
2 (xcnm) + A at 


(x-nT) p (x) 


9, 


ale 


23. 
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(x-nm) * 
= [(x-nm) +n] [41 + a + ...], which 
converges about x) = n®@ and thus (x-nf@)p(x) is analytic 


at x= nwt. Similarly (x+nm)p(x) and (<tnt) 2g (x) are 
analytic and thus x, = tnm@ are regular singular points. 


co 


Substituting y = Vax” into the D.E. yields 


n=0 
co co co 
2) n(n-1) a,x + 3) na,x" + va = 0. The last sum 
n=2 n=1 n=0 


becomes oan by replacing n+l by n-1, the first term 
n=2 
of the middle sum is 3a,, and thus we have 


co 


3a, + Yi ((2n(n-1) +3nJa, + a, o}x™ = 0. Hence a, = 0 and 
n=2 
~an-2 : . ; . 
a, =—— ,, which is the desired recurrance relation. 
n(2n+1) 
Thus all even coefficients are found in terms of aj, and 
all odd coefficients are zero, thereby yielding only one 
solution of the desired form. 


If & = 1/x then 


dy dy d& _i dy _g20Y 
dx  d& dx 2 of dé’ 
2 2 
d d d d d d 1 
: ety) SL gg SY EX, (4) 
dx ag d& dx ag aé x 
2 
= gee + 2e3 SY 
dé? gg 
Substituting in the D.E. we have 
2 
d d d 
P(1/é) (6° + 26°F) + (1/8) 1-672] + RULED = 0, 
dé ag a 
a’y dy 
6 b/Eh= a Ze RULE) = SOE) 1 ROVE NY =. 0. 
dé ag 


The result then follows from the theory of singular 
points at € = 0. 


Since P(x) = x’, Q(x) = x and R(x) = —4 we have 
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£(€) = [2P(1/E)/E - Q(1/€) /€7] /P(1/E) = 2/E - 1/€ = 1/€ 


and g(E) = R(1/€) /€‘P(1/&) = -4/E’. Thus the point at 
infinity is a singular point. Since both €f(&) and 


Eg (E) are analytic at 6 = 0, the point at infinity is a 
regular singular point. 


25. Since P(x) = x’, Q(x) = x, and R(x) = x? - v’, 
£(€) = [2P(1/E)/E - Q(1/€) /E7]/P(1/E) = 2/E - 1/€ = 1/€ 
and g(&) = R(1/&)/E*P(1/&) = (1/8? - v*) /&? = 1/8" - v7/&?. 


Thus the point at infinity is a singular point. Although 


Ef(E&) = 1 is analytic at & = 0, E*g(&) = 1/&* - v* is not, 
so the point at infinity is an irregular singular point. 
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2 Comparing the D.E. to Eq. (27), we seek solutions of the 


form y = (x+1)* for x + 1> 0. Substitution of y into 
the D.E. yields [r(r-1l) + 3r + 3/4] (xt+1)* = 0. Thus 
r? + 2x + 3/4 = 0, which yields r = -3/2, -1/2. The 
general solution of the D.E. is then 
y = c,[xt1|77/2 4+ cy[xti] 3/4 x #-1. 

4. If y = x then r(r-1) + 3r + 5 = 0. So re+2r+5 =0 
and r = (-2 + V4-20)/2 = -1 + 2i. Thus the general 


solution of the D.E. is 


y = cx cos(21n|x|) + cx ‘sin(21n|x|), x # 0. 


9. Again let y = x’ to obtain r(r-1) - 5r + 9 = 0, or 
(easy = 0. Thus the roots are x = 3,3 and 


y= cx? + cp x*In|x|, x #0, is the solution of the D.E. 


13. If y= x’, then F(r) = 2r(r-1) + r -3 = 2r°-r-3 8 
(2r-3) (r+1) = 0, soy = et ae cox" and 
j a. ge -2 ; ; ; 
y= oo -— Cox “. Setting x = 1 in y and y we obtain 


3 
c, + Cy = 1 and go Cy = 4, which yield c, = 2 and 


Cy = -1. Hence y = 2x°/2- xl as x > 07 we have 


y — -co due to the second term. 


16. We have F(r) = r(r-1) + 3r + 5 = a + 2r 4:5 = 0... “Thus 


Vs 


21: 


21a. 


22. 


25. 
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-1 
¥y,0o = -1 + 2i and y = x [c,cos(2lnx) + cysin(21nx)]. 
-2 
Then y(1) = cy = 1 and y’ = -x [cos(21nx) + cysin(21nx) ] 


-1 
+ x [-sin(2lnx)2/x + c,cos(21nx)2/x] so that 


y’ (1) = -1-2cy = -1, or cy = 0. 


Substituting y = x, we find that r(r-1) + or + 5/2 = 0 
or r’ + (G-1)r + 5/2 = 0. Thus 


Yy,0 = [-(Q-1) + \ (a-1) *-10] /2. In order for solutions 


to approach zero as x0 it is necessary that the real 
parts of r, and ry be positive. Suppose that @ > 1, then 


V (a1) 2-10 is either imaginary or real and less than 


a - 1; hence the real parts of r, and ry, will be 


negative. Suppose that @ = 1, then rj,r, = +iV10 and 


the solutions are oscillatory. Suppose that a < 1, then 
) (a-1) 7-10 is either imaginary or real and less than 
|a-1| = 1- a; hence the real parts of r, and r, will be 


positive. Thus if @ < 1 the solutions of the D.E. will 
approach zero as x0. 


In all cases the roots of F(r) = 0 are given by Eq. (5) 
and the forms of the solution are given in Theorem 5.5.1. 


The real part of the root must be positive so, from 


Eq. (5), @ <0. Also B > 0, since the \/ (a-1) 7-48 term 


must be less than lo-1|. 


cat et ry 


Assume that y = v(x)x Then y’ = v(x) rx + v’(x)x 


and y” = v(x) ry (ry-1) x? + 2v' (x) ryx7t > + v7 (x) x7, 


Substituting in the D.E. and collecting terms yields 


r,4+2 ” 


x vo + (OH + Pane aie vo + [x,(r,-1) + or, + Blxt v = 0. 


Now we make use of the fact that r, is a double root of 


f(r) = r(r-1) + ar + B. This means that f(r,) = 0 and 
f’ (x4) = 2r, - 1+ MQ = 0. Hence the D.E. for v reduces 
to x7? vy” 4 xTItt y’  since x > 0 we may divide by x1*" 
to obtain xv” + v’ = 0. Thus v(x) = 1Inx and a second 
solution is y = x @lnx. 


The change of variable x = e”’ transforms the D.E. into 


uw” - 4u’ + 4u = z, which has the solution 
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u(Z) = ee + coze*” + (1/4)z + 1/4. Hence 

y(x) = cyx? + cox*lnx + (1/4)1nx + 1/4. 

If x > 0, then |x| = x and |x| = x‘ so we can choose 
c, = ky. If x < 0, then | x | = -x and 

|x|“ = (-x) “1 = (-1) x"! and we can choose Cc, = (-1) “k,, 
or k,; = (-1) “tc, = (-1)*tc,. In both cases we have 


Cz = ky 
Section 5.6, Page 271 


2% 


Y 


0 


n= 


If the D.E. is put in the standard form y” + p(x)y + 
q(x)y = 0, then p(x) = x and q(x) = 1 - 1/9x*. Thus 

x = 0 is a singular point. Since xp(x) — 1 and 

x°q (x) —> -1/9 as x ~ 0 it follows that x = 0 isa 
regular singular point. In determining a series solution 
of the D.E. it is more convenient to leave the equation 


in the form given rather than divide by the x’, the 


co 


coefficient of y”. If we substitute y = a we have 


n=0 
co co 
il 
(nt+r) (n+r-1) a,x™** + % (n+r) a,x"** + (x? - )). aoe. = 0. 
n=0 3 n=0 
co co co 
Note that x yy ae = yy a,x7ttt? y ee ee Thus we 
n=0 n=0 n=2 
1 < i r+ 1. 
have [r(r-1) + r - oe + [(rt+1)r + (r4+1) =e + 
co 
1 n+tr 
y {i (nte) (tral) + (mtr) = —Ja, * ayosb x = 0 From 
n=2 9 
the first term, the indicial equation is rc’ - 1/9 = 0 
with roots r,; = 1/3 and r, = - 1/3. For either value of 
r it is necessary to take a, = 0 in order that the 
coefficient of x** be zero. The recurrence relation is 
[ (n+r) 7 - 1/9]a, = -a,_» For r = 1/3 we have 
~an-2 an-2 
ay - yp TH 2,73, Ay sacs 
il I. > 2 


2 
(n + —) =(— (n + 
n = a n 
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Since a, = 0 it follows from the recurrence relation that 


a3 as ay aed 0. For the even coefficients it is 
convenient to let n = 2m, m= 1,2,3,... . Then 
1 
aon = —ay,5/2°m(m + = The first few coefficients are 
given by 
(-1) aq (-1) a, ag 
a a 
a ax ND 35 1 4 1 f 
2°(1 + —)1 2°(2) +. = ):2 2°(1 + —) (2 + —)2! 
=) 3 3 
(-l)a, (-1) a 
ag , and the 
2 1 6 ch 1 
2°33 ke = ).3 Ze (Ae HF: Sy G2 eh ASS Ei) Bt 
3 3 3 
coefficent of x” form= 1, 2, is 
(-1) “ag 
Bom . Thus one 
2m 1 1 
Zoom. He) (2) s. “Gm ES) 
3 3 
solution (on setting a, = 1) is 
co 
m 
1 (a) X\ 2 
yitx) = 31 + YP tae 
1 ak 1 2 
m=1 m! (1 + —)(2 + —)...(m + —) 
3 3 3 
Since r, = - 1/3 # r,; and r, - ry = 2/3 is not an integer, 
we can calculate a second series solution corresponding 
to r = - 1/3. The recurrence relation is 
n(n-2/3)a, = - a,_y which yields the desired solution 


following the steps just outlined. Note that a, = 0, as 


in the first solution, and thus all the odd coefficients 
are zero. 


Putting the D.E. in standard form y”’+p(x) y’+q(x)y = 0, we 
see that p(x) = 1/x and q(x) = - 1/x. Thus x = 0 isa 


Singular point, and since xp(x) — 1 and x°q (x) > 0, as 

x > 0, x = 0 is a regular singular point. Substituting 
co 

y= yy ae aa xy” + y’ - y = 0 and shifting indices we 
n=0 


obtain 


co co 
ntr ntr n+xr 
ay4y(rtn+1) (rtn) x + ) ay4y(ctn+1) x - ) a,x = 0, 
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co 
[r(r-1) + rlagx *** + yy [(rtn+1) a3 - a,)x™'* = 0 The 
n=0 
indicial equation is r° = 0 so r = 0 is a double root. 
Thus we will obtain only one series of the form 
co 
y Sk yy a,x". The recurrence relation is 
n=0 
(n+1) ania = @y 1 = 0,1,2,... . The coefficients are 
2 2 2 252 
ay = Ag ag = a,/2° = ao/2", a3 = an/3° = a/3%2", 
a, = aa = EYE a ae and a, = Sof (ty Thus one 
co 
solution (on setting ay = 1) is y = yy x"/ (n!) 7. 
n=0 
11. If we make the change of variable t = x-1 and let 
y = u(t), then the Legendre equation transforms to 
(t? + 2tyu%(t) + 2(tt1)u’(t) - a(at1)u(t) = 0. Since 
x = 1 is a regular singular point of the original 
equation, we know that t = 0 is a regular singular point 
co 
of the transformed equation. Substituting u = ye ae 
n=0 
in the transformed equation and shifting indices, we 
obtain 
co co 
yy (n+r) (ntr-1)a,t™* + 2 > (ntr+1) (ntr)a,, it" 
n=0 n=—1 
co co 
* 2 yy (ntr)a,t™* + 2 ys (ntr+1)a,4it7"* 
n=0 n=-1 
co 
—- (+1) y Pr aie = 0, or 
n=0 
co 
Ea) 2 
[2r(r-1) + 2rlajgt + y {2 (ntrt+1) “any, 
n=0 
+ [(n+tr) (ntrt1) - a(a+1)Ja,}t™™ = 0. 
The indicial equation is 2r* = 0 so r = 0 is a double 
root. Thus there will be only one series solution of the 


14. 
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co 


n+r . . 
form y = ) ait . The recurrence relation is 


n=0 
2(n+1)*a,,, = [@&(@+1) - n(nt1)]a,,n = 0,1,2,... . We have 
a, = [O(Q+1) ]a/2°17, ay = [O(GF1)][@(At1) — 1:2]ao/2%2717, 
az = [O(Q+1)][H(Ot1) - 1:2] [a(O+1) - 2:3]a—/2*3%2717,..., 


and a, = [0(Q+1)] [O(@+1)-1:2].. [a(G+1)-(n-1)nJa/2"(n!) *. 


Reverting to the variable x it follows that one solution 
of the Legendre equation in powers of x-1 is 


co 


Yi(X) = yy [O(O+1)] [H(A+1) - 1:2] 

n=0 
[a(@+1) - (n-1)n] (x-1)"/2"(n!)* where we have set ag = 1, 
which is equivalent to the answer in the text if a (-1) 


is taken out of each square bracket. 


The standard form is y” + p(x)y + q(x)y = 0, with 


p(x) = 1/x and q(x) = 1. Thus x = 0 is a singular point; 

and since xp(x) —~ 1 and x°q (x) > 0as x70, x=O0 isa 
co 

regular singular point. Substituting y = yy ax Tne 
n=0 


x’y” + xy’ + x*y = 0 and shifting indices appropriately, 
we obtain 


co co co 
y + S 7 + y + 
(n+r) (ntr-1) a,x" as (ntr) a,x” ee an "= 0, 
n=0 n=0 n=2 
or 


[x (r-1) +r] agx™ + [(1+r) rtlt+rja,x™** 


co 


+y [ (ntr) ’a, + ase S 0. The indicial equation 


n=2 
is r° = 0 so r = 0 is a double root. It is necessary to 
take a, = 0 in order that the coefficient of xt be zero. 
The recurrence relation in n’a, = -a,o» nN = 2,3,... 
Since a, = 0 it follows that a3 as ay dts O. For 
the even coefficients we let n = 2m, m= 1,2,... . Then 
aom = SB Om SO a) = ee a a, = ef Og ok , 


and a5, = (=1) a,/27™m!) 7. Thus one solution of the Bessel 


92 Section 5.6 


co 


equation of order zero is Jg(x) = 1 + yy (=1) 27 m1) 7 
m=1 
where we have set a, = 1. Using the ratio test it can be 


shown that the series converges for all x. Also note 
that Jp(x) > 1 as x > 0. 


15. In order to determine the form of the integral for x near 


zero we must study the integrand for x small. Using the 
above series for Jy, we have 
1 1 1 
R(Tg(x)]* x1 -— «2/2 +...]% 9 x1 - x? 4.001 
1 2 
—[1+x’ + ...] for x small. Thus 
x 
ax 1 
Yo(X) = Jo(x) = ee Jo(x)}[— + x + ...]dx 
x[J9(x)] = 
x2 
= Jo (x) [1lnx + — + ...], and it is clear that y (x) 
x 


will contain a logarithmic term. 


16a. Putting the D.E. in the standard form 


y’ + p(x)y + q(x)y = 0 we see that p(x) = 1/x and 
q(x) = (xs Thus x = 0 is a singular point and 
since xp(x) —~ 1 and x°q (x) > -las x70, x =O isa 


co 


regular singular point. Substituting y = y a,x”** into 


n 
n=0 
x’y” + xy + (x7-l)y = 0, shifting indices appropriately, 
and collecting coefficients of common powers of x we 


obtain [r(r-1) + r - L]agx” + [(lt+r)r +1 +24 -1]a,x""? 
oo 
+ yy {[ (ntr) ? - lja,+ aoe = O. 
n=2 
The indicial equation is r7-1 = 0 so the roots are r, = 1 
and r, = -l1. For either value of r it is necessary to 


take a, = 0 in order that the coefficient of x"*! be zero. 


The recurrence relation is [ (n+¢r) 7 - lja, = -a,-» 
n= 2,3,4... . For r = 1 we have a, = -a,_/[n(n+2)], 
n = 2,3,4,... . Since a, = 0 it follows that a3 = as = a, 


=... = 0. Let n= 2m. Then a5, = -a5,_/2°m(mt1), m 


16b. 
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1,2,..2, BO ag = -Ap/2"1:2, ag = -ag/271-2-3 = 


By) Oy 2 aly and a), = (-1)™ Ao/2°"m! (m+1) !. Thus 
one solution (set ag = 1/2) of the Bessel equation of 


co 


order one is J,(x) = (x/2) y (-1) "x? (n+1) 1n!27", The 
n=0 

ratio test shows that the series converges for all x. 

Also note that J,(x) ~ 0 as x > 0. 


For r = -1 the recurrence relation is 
[ (n-1) ” - ljJa, = -a,_y» n= 2,3,... . Substituting n = 2 
into the relation yields [ (2-1)? - lla, = 0 a, = a. 


Hence it is impossible to determine a, and consequently 


impossible to find a series solution of the form 


co 
= n 
x ) bx . 
n=0 
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1. 


The D.E. has the form P(x)y” + Q(x)y + R(x)y = 0 with 


P(x) = x, Q(x) = 2x, and R(x) = 6e*. From this we find 
p(x) = Q(x)/P(x) = 2 and q(x) = R(x)/P(x) = 6e*/x and 
thus x = 0 is a singular point. Since xp(x) = 2x and 
x°q (x) = 6xe”* are analytic at x = 0 we conclude that 

x = 0 is a regular singular point. Next, we have 


xp (x) — 0 = py and x°q (x) > 0 =q) as x — 0 and thus the 


indicial equation is r(r-1) + Or + 0 = r° - r = 0, which 
has the roots r,; = 1 and ry, = 0. 


The equation has the form P(x)y” + Q(x)y’ + R(x)y = 0 
with P(x) = x(x-1), Q(x) = 6x”? and R(x) = 3. Since P(x), 
Q(x), and R(x) are polynomials with no common factors and 
P(O) = 0 and P(1) = 0, we conclude that x = 0 and x = 1 
are Singular points. The first point, x = 0, can be shown 
to be a regular singular point using steps similar to 
those to shown in Problem 1. For x = 1, we must put the 
D.E. in a form similar to Eq.(1) for this case. To do 
this, divide the D.E. by x and multiply by (x-1) to 
3 
obtain (x-1) 2y” + 6x(x-1)y + —(x-1)y = 0. Comparing this 
x 
to Eq.(1) we find that (x-1)p(x) = 6x and 
(x-1) 7q (x) = 3(x-1)/x which are both analytic at 
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l7a. 


17b. 
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x = 1 and hence x = 1 is a regular singular point. These 
last two expressions approach py = 6 and gq, = 0 


respectively as x — 1, and thus the indicial equation is 
r(r-1) + 6r + O = r(rt+5) = 0. 


' — (1+x) 2 
For this D.E., p(x) = See and q(x) = — and thus 
x° (1-x) Sie 

x = 0, -1 are singular points. Since xp(x) is not 
analytic at x = 0, x = 0 is not a regular singular point. 

: 1+x 2 2 (1-x) 
Looking at (x-1)p(x) = 3 and (x-1) q(x) = ——— we 

x 
x 
see that x = 1 is a regular singular point and that 
Pp = 2 and dg = 0. 
sinx COSxX ; 
We have p(x) = 3 and q(x) = - as so that x = 0 is 
x x 

a singular point. Note that xp(x) = (sinx)/x > 1 = py 
as x — 0 and x°q (x) = -cosx > -l1=q),as x > 0. In 
order to assert that x = 0 is a regular singular point we 
must demonstrate that xp(x) and xq (x), with xp(x) = 1 at 
x = 0 and x°q (x) = -l at x = 0, have convergent power 
series (are analytic) about x = 0. We know that cosx is 


analytic so we need only consider (sinx)/x. Now 


oo 
sinx = yy (yl (ones t for - co < x < c so 
n=0 

oo 
(sinx)/x = 3 (-1) "x?"/ (2n+1)! and hence is analytic. 

n=0 
Thus we may conclude that x = 0 is a regular singular 
point. 


From part a) it follows that the indicial equation is 
r(r-1l) + r-12e= r? - 1 = 0 and the roots are r, = 1, 


ros= HL. 


To find the first few terms of the solution corresponding 
to r, = 1, assume that 


yY = X(aq + ayx + anx Ae se 4) ak: ch ayx” + ayx? + 
Substituting this series for y in the D.E. and expanding 
sinx and cosx about x = 0 yields 

x? (2a, + 6a x + 12a5x° + 20a,x° HPS oes 


(x - «3/3! + x°/5! — ...) (ag + 2a,x + 3a,x° + 4a.x° + 5a,x + 


18. 
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Sf a Sa oh eat = wee) (Agx + a,x’ + axe + ax” + 
ax” + ...) = 0. Collecting terms, (2a, + 2a, - ay) x? + 
(6a, + 3a, - a p/6 - ay t+ Saye + (12a3 + 4a3 - 2a,/6 - azt 


a,/2)x" + (20a, + 5a, - 3a,/6 + ag/120 - a, + a/2 - 


ay/24)x° + ... = 0. Simplifying, 3a,x° + (8a, + ay/ 3x + 
(15a3 + a,/6)x° + (24a, - a,/30)x° + ... = 0. Thus, a, = 0, 
ay = -a/4!, az = 0, ag = a/6!,... . Hence 

y, (x) = x - x°/4! + x°/6! + ... where we have set aj=l. 


From Eq. (24) the second solution has the form 


co 
y>(x) = ay, (x)lnx + x1 (1+) o,x") 
n=1 
1 2 3 
= ay, (x)Inx + — + cy + CoX + C3X” + CyxX + ..., SO 
x 
, , -1 me 2 
Yo = ay,inx + ay;xX  -— X ~ + Co + 23x + 3cyx + ..., and 
ys = ay; Inx + 2ay|x - ay x ~ amy Sear 2c3 + 3cyx + .... 


When these are substituted in the given D.E. the terms 
including 1lnx will appear as 

alx’y” + (sinx)y, -— (cosx)y,], which is zero since y, is 
a solution. For the remainder of the terms, use 

Yj = x7 x3/24 + x°/720 and the cosx and sinx series as 
shown earlier to obtain 


—c, + (2/34+2a)x + (3c3tc,/2)x? + (4/454c,/3+8c,)x° +..= 0. 


These yield c, = 0, a = -1/3, c3 = 0, and 
Cy = —Cy/24 — 1/90. We may take c, = 0, since this term 
will simply generate y,(x) over again. Thus 

1 -1 1 3 
V2 (x) cd ete + x = Bee : If a computer algebra 
system is used, then additional terms in each series may 
be obtained without much additional effort. The next 
terms, in each case, are shown here: 

x? x? 43x! 

y, (x) = x + + ... and 


24 720 1451520 
4 


a 1 sia: & 1 ops ad 41x°® 
x ce x nx 
Y2 3% x 90 120960 


We first write the D.E. in the standard form as given for 
Theorem 5.7.1 except that we are expanding in powers of 
(x-1) rather than powers of x: 
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(x-1) 2y” + (x-1) [(x-1) /21nx]y’ + [(x-1)?/lnx]ly = 0. since 


inl = 0, x = 1 is a singular point. To show it isa 
regular singular point of this D.E. we must show that 
(x-1)/1lnx is analytic at x = 1; it will then follow that 


(x-1) 7/1nx = (x-1) [(x-1)/lnx] is also analytic at 
x = 1. If we expand Ilnx in a Taylor series about x = 1 


1 
we find that Inx = (x-1) - —(x-1)? + Zo? . 


1 
2 
Thus 
1 1 2 -1 1 
(x-1)/1lnx = [1 - —(x-1) + —(x-1)° -...] = 1+ —(x-1)+... 
2 3 2 
has a power series expansion about x = 1, and hence is 
analytic. We can use the above result to obtain the 
indicial equation at x = 1. We have 


20 


di 1 
(x-1) “y” + ce ore + —(x-1) + ...Jy’ + [(x-1) + 


4 
1 2 
go) + ...]Jy = 0. Thus py = 1/2, gg = 0 and the 


indicial equation is r(r-1) + r/2 = 0. Hence r = 1/2 and 
r= 0. In order to find the first three non-zero terms 
in a series solution corresponding to r = 1/2, it is 
better to keep the differential equation in its original 
form and to substitute the above power series for lnx: 


1 2 1 3 1 4 r as. 
[(x-1) - = (x-1)° + —(x-1)~ - —(x-1)° + ...ly” + ~y’ + y = 0. 

2 3 4 2 
Next we substitute y = ag(x-1) */? + aean’* + a eady ee 
+ ... and collect coefficients of like powers of (x-1) 
which are then set equal to zero. This requires some 
algebra before we find that 6a,/4 + 9a,/8 = 0 and 
5a, + 5a,/8 - a)/12 = 0. These equations yield 
a, = —3a)/4 and ay = 53a)/480. With a, = 1 we obtain the 
solution 

3 53 

yi(x) = (x-1)1/? - 7 1) Pherae es Gate Since 


the radius of convergence of the series for ln x is 1, we 
would expect p = 1. 


20a. If we write the D.E. in the standard form as given in 
Theorem 5.7.1 we obtain x’y” + x[Q/x]y’ + [B/xly = 0 where 


xp(x) = Q@/x and x°q (x) = B/x. Neither of these terms are 
analytic at x = 0 so x = 0 is an irregular singular 
point. 
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co 


20b. Substituting y - x), a,x in xy” + axy’ + By = 0 gives 


20C%3 


21b. 


n=0 


co 


co co 
Yi intr) (ntr-1) a,x" tt" + or Yi (nt) a,x? + 8 yy ae = 02 
n=0 n=0 


n=0 


Shifting the index in the first series and collecting 


coefficients of common powers of x we obtain (Qr + B) agx* 


co 


+ y (n+r-1) (ntr-2)a,_, + [a(ntr) + Bla,x™** = 0. Thus 


n=1 
the indicial equation is or + B = 0 with the single root 


r= - B/a. 


From part b, the recurrence relation is 
(ntr-1) (ntr-2)a,_, 

a n My Dipeatts te 

2 a(ntr) +B : “a4 


B B 


(n -— -1)(n -— -2)a 
a 


, for r = -B/a. 
an 


B n(n-1l)a,_4 
For — = -l1, then, a, = ————————,, which is zero for 

0) an 
n = 1 and thus y(x) = x is the solution. Similarly for 
B (n-1) (n-2) 
— = 0, a, 
a an 
y(x) = 1 is the solution. Continuing in this fashion, we 
see that the series solution will terminate for B/a any 


positive integer as well as 0 and -1. For other values 


B B 


(n-—-1) (n-— -2) 
an 2 Qa . 
of B/a, we have , which approaches 
an-1 on 


and again for n = 1 a, = 0 and 


co aS n — oo and thus the ratio test yields a zero radius 
of convergence. 


co 


Substituting y = yy ace Sn the D.E. in standard form 


n=0 
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co 
+rt2-t 
+B ) ax” = 0. 
n=0 


If s=2 andt = 2 the first term in each of the three 
series is r(r-1)agx'y Grajx" , and Baox', respectively. 
Thus we must have Q@rag = 0 which requires r = 0. Hence 


there is at most one solution of the assumed form. 


In order for the indicial equation to be quadratic in r 
it is necessary that the first term in the first series 
contribute to the indicial equation. This means that the 
first term in the second and the third series cannot 


appear before the first term of the first series. The 


: +1- +2-t 
first terms are r(r-1) ax’, Orayx” = and Bapx” 


respectively. Thus if s <1 andt $< 2 the quadratic term 
will appear in the indicial equation. 
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T. 


It is clear that x = 0 is a singular point. The D.E. is 
in the standard form given in Theorem 5.7.1 with 
xp(x) = 2 and x°q (x) = x. Both are analytic at x = 0, so 
x = 0 is a regular singular point. Substituting 

co 

OPE. 3 ‘ i i i 

y= . anxX in the D.E., shifting indices 

n=0 


appropriately, and collecting coefficients of like powers 
of x yields 


co 


[r(r-1) + 2rlagx + yy [(r+n) (r+tn+1)a, + accie = 0. 
n=1 

The indicial equation is F(r) = r(r+1) = 0 with roots 

r, = 0, ry = -1. Treating a, as a function of r, we see 

that a,(r) = -a,_,(r)/F(rtn), n = 1,2,... if F(rtn) # 0. 

Thus a,(r) = -ao/F(r+1), a,(r) = Ag/F(r+1)F(r+2),..., and 

a, (2) = (-1)"aj/F (+1) F (r+2)...F(xrtn), provided F(r+n) # 

0 for n=1,2,... . For the case r,; = 0, we have 

a, (0) = (-1)"aj/F(1)F(2) ... F(n) = (-1)"ap/n! (nt1)! so 

one solution is y,(x) = yy (-1)"x"/n! (n+1)! where we have 

n=0 


set ag = 1. 


If we try to use the above recurrence relation for 
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the case r, = -1 we find that a,(-1) = -a,_,/n(n-1), 


which is undefined for n = 1. Thus we must follow the 
procedure described at the end of Section 5.7 to 
calculate a second solution of the form given in Eq. (24). 
Specifically, we use Eqs.(19) and (20) of that section to 


calculate a and c,(r5), where ry, = -1l. Since 
Y¥, - Yo = 1 =N, we have ay(r) = a,(r) = -1/F(rt+1), with 
ag = 1. Hence 
him | [ (#1) (-1)/F(rt1)] = Lim [-(x+1)/(r+1) (r42)] = -1. 
Next 

i}. 2 2 eee) Sena — : 

dr spe dr uF (etd) oa F(etn) nee 

where we again have set ay = 1. Observe that 
(ct+1) /F(rt1)... F(rtn)=1/[ (r+2)? (r+3)?... (ctn)? (rtn+1) ]=1/G, (r). 
Hence c,(-1) = (-1)"*'G (-1)/G2(-1). Notice that 
G,(-1) = 1727-37... (n-1)*n = (n-1)!n! and 
Gi (-1)/G,(-1) = 2[1/1 + 1/2 + 1/3 +...+ 1/(n-1)] + 1/n = 
H, + Hj. Thus c,(-1) = (-1)"*(H, + H,1)/(n-1) !n!. 


From Eq. (24) of Section 5.7 we obtain the second solution 


co 


yo(%) = — y,(x)lnx + x7 [1 - yo -2)H, + Hj) x /n! (n-1) !]. 
n=1 
It is clear that x = 0 is a singular point. The D.E. is 
in the standard form given in Theorem 5.7.1 with 
xp(x) = 3 and xq (x) = 1+x. Both are analytic at x = 0, 
so x = 0 is a regular singular point. Substituting 


co 
y= y aa? in the D.E., shifting indices 


n=0 
appropriately, and collecting coefficients of like powers 
of x yields 


[r(r-1) + 3r + l]apx” + y {[(vtn) (r+n+2) + lla, 


n=1 
+ a,_4} xT = 0. 
The indicial equation is F(r) = r? + 2r+1= (x41)? = 0 
with the double root r; = rp = -1. Treating a, as a 


function of r, we see that a,(r) = -a,_,(r)/F(rtn), 
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n= 1,2,... . Thus a,(r) = -ag/F(r+1), 

aj(rv) = ag/F(rt1)F(r+2),..., and 

a,(r) = (-1)"ap/F (r+1) F (+2)... F(rt+n). Setting r = -1 we 

find that a, (-1)=(-1)"ap/ (n!)?, n= 1,2,... . Hence one 
co 

solution is y,(x) = xt (-yPx/ (nt)? where we have set 
n=0 

aj = 1. To find a second solution we follow the 


procedure described in Section 5.7 for the case when the 
roots of the indicial equation are equal. Specifically, 
the second solution will have the form given in Eq. (17) 


of that section. We must calculate a (-1). If we let 
G(r) = F(r+1)...F(rtn) = (r+2)?(r+3)?... (rtnt1)? and 
take a, = 1, then a. (-1) = (-1)"[1/G, (r) 1’ evaluated 
r= -l. Hence a,(-1) = (-1)"*'G) (-1)/G2(-1). But 
G.(-1) = (n!)* and G(-1)/G,(-1) = 2[1/1 + 1/2 + 1/3 + 
+ 1/n] = 2H,. Thus a second solution is 


Yo(X) = y,(x)1nx - ax 1) (-1)"H,x"/ (n!)?. 


n=1 


The roots of the indicial equation are r, and ry, = 0 and 


thus the analysis is similar to that for Problem 2. 


The roots of the indicial equation are r, = -1 and 
Yo = -2 and thus the analysis is similar to that for 
Problem 1. 


Since x = 0 is a regular singular point, substitute 


co 
y= yy a,x"’* in the D.E., shift indices appropriately, 


n=0 


and collect coefficients of like powers of x to obtain 


[r* - 9/4]apx™ + [(rt1)? - 9/4]a,x"*? 
2 n+r 
+ yy {[(rtn)” - 9/4]a, + a,_»} x = 0. 
n=2 
The indicial equation is F(r) = oe 9/4 = 0 with roots 
v, = 3/2, ry = -3/2. Treating a, as a function of r we 


see that a,(r)= -a,_5(r)/F(rtn), n = 2,3,.. if F(rt+tn) # 
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0. For the case r, = 3/2, F(r,+1), which is the 


r,tl 


coefficient of x is # 0 so we must set a, = 0. It 

follows that az; = a, = ... = 0. For the even 

coefficients, set n = 2m so 

Ann (3/2) = Ane 9 (3/2) /F (3/2 + 2m) = -ay, >/2°m(m+3/2), 

m= 1,2... . Thus a,(3/2) = - a/271(1 + 3/2), 

By ( 3/2) Say 2° 21 (CL 43/2) 02: 43/2) 5455, and 

ao, (3/2) = (<1) /2 mid + 3/2)...(m + 3/2). Hence one 

solution is 

= -1)™ Xx 

BLU = eae ‘ d m!(1 + 3/2) (2 : ee + 3/2) orn, 

where we have set ay = 1. For this problem, the roots ry 


and ry of the indicial equation differ by an integer: 


Y, - Yo = 3/2 - (-3/2) = 3. Hence we can anticipate that 
there may be difficulty in calculating a second solution 
corresponding to r = ry. This difficulty will occur in 
calculating a3(r) = - a,(r)/F(r+3) since when 

vy = Yo = -3/2 we have F(r5+3) = F(r,) = 0. However, in 
this problem we are fortunate because a, = 0 and it will 
not be necessary to use the theory described at the end 
of Section 5.7. Notice for r = ry, = -3/2 that the 
SeetPielent ofe Se as [(r5+1)? - 9/4]a,, which does not 
vanish unless a, = 0. Thus the recurrence relation for 
the odd coefficients yields a, = -a3/F(7/2), 

a, = -as5/F(11/2) = a3/F(11/2)F(7/2) and so forth. 


Substituting these terms into the assumed form we see 
that a multiple of y,(x) has been obtained and thus we 


may take az; = 0 without loss of generality. Hence 

a3 as ay eae 0. The even coefficients are given 

by a5,(-3/2) = -ap,9(-3/2)/F(2m - 3/2), m= 1,2... 

Thus a,(-3/2) = -a9/271-(1 - 3/2), 

a,(-3/2) = ag/2"2!(1 - 3/2) (2 - 3/2),..., and 

Aym(—3/2) = (-1)™ag/2°™m! (1 - 3/2) (2 - 3/2) ... (m - 3/2). 

Thus a second solution is 

= — -1)™ x 

Uae yaar — 3/2) (2 a we. (m — 3/2) oe 


m=1 
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Apply the ratio test: 
| ayy go ee ee) 1]? | 5 
lim 5 5 5 |x | lim See = 
me | (-2)™ x°™7/2°™ (m!)*| BPP? eal) 


for every x. Thus the series for Jg(x) converges 


absolutely for all x. 


de oak 
A aye 


Tf .e) = ax, then dy/dx = f + 1/2 6’ BxP ot where f’ 


denotes df/d€. Find d?y/dx? in a similar fashion and use 
algebra to show that f satisfies the D.E. 


672” + Ef’ + (6? - v7] £ = 0. 
To compare y’ - xy = 0 with the D.E. of Problem 12, we 
must multiply by x” to get xy” - xy = 0. Thus 28 = 3, 
0B? = -1 and 1/4 - vB? = 0. Hence B = 3/2, a = 21/3 

2 
and Dv = 1/9 which yields the desired result. 


First we verify that J)(Ajx) satisfies the D.E. We know 


that Jj(t) is a solution of the Bessel equation of order 


Zero: 
td (EN ET (ey FEI g(t) Over 
Jp) vast “Ty (e) FP elt SO, 

Let t = dN 5x Then 
d d dt ; 
— Jy(a = — Jj(t)— =A (t) 
hg IE ag “OME a 0 

2 

d ds, dt ij 
SZ Jyh yx) = Ag— [I(t I— = Ajag lt) 
ax ax 


Substituting y = Jo (A 5X) in the given D.E. and making use 


of these results, we have 
2 Ww if 2 
NeTo(t) + (A5/t) AzTg(t) + AZIQ(t) = 
2 ” -1/ 
AZlIg(t) + t “Jo (t) + Tg(t)] = 0. 
Thus y = Jo (A 5x) is a solution of the given D.E. For the 


second part of the problem we follow the hint. First, 
rewrite the D.E. by multiplying by x to yield 


xy” + y t+ Moxy = 0, which can be written as 
(xy’)’ = -Aexy. Now let y;(x) = Jg(A,x) and WE 2 a 
Tg (A 5x) and we have, respectively: (xyj)’ = -Nixys 


, , 2 
(xy3) = -ASXY;- 
Now multiply the first equation by Vs; the second by yi, 
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2. 


5b. 


The graph of f(t) is shown. 
Since the function is 
continuous on each interval, 
but has a jump discontinuity 


at t = 1, f(t) is piecewise 
continuous. 
: =i 
Note that lim (t-1) = 00. 
to1t 


Since t* is continuous for 0 <t <A for any positive A 
and since t* < e* for any a > 0 and for t sufficiently 


large, it follows from Theorem 6.1.2 that £{t*} exists 


co M 
for s>0. £{t7} = [oe Ste2at = lim [aerate 


I 
| 
bh 
B - 
5 
| 
ot 


= 1M _ 
lls ik Sty ] 
SMA» § s 


That f(t) = cosat satisfies the hypotheses of Theorem 
6.1.2 can be verified by recalling that |cosat| < 1 for 


all t. To determine £{cosat} = |p e** cosatat we 


co 


must integrate by parts twice to get [oe ** cosatat = 
lim [(-s e ** cos at + as’ e** sinat) |5 
M > © 
2,2 Moet 
- (a*/s*) lee S“ cos at dt]. Evaluating the first two 


terms, letting M — oo, and adding the third term to both 
sides, we obtain [1 + 2/571], e ** cos at dt = 1/s, s > 0. 


Division by [1 + a’/s*] and simplification yields the 
desired solution. 


From the definition for coshbt we have 


1 = 
£{e*coshbt} = £(> Lettie ea Using the linearity 
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16. 


19. 


21". 
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property of £, Eq.(5), the right side becomes 
Af il 2 
sete + sete ns which can be evaluated using the 


result of Example 5 and thus 


1/2 1/2 

£{e**coshbt } + 
s-(atb) s-(a-b) 
s-a 
Sts at for s-a > |b]. 

(s-a) “-b 
We write sinat = maa eth 794) then the linearity of 
the Laplace transform operator allows us to write 
£{e**sinbt} = (1/21) £{e 7) §- (1/24) £{e 7 4. zach of 


these two terms can be evaluated by using the result of 
Example 5, where we now have to require s to be greater 
than the real part of the complex numbers a + ib in order 
for the integrals to converge. Complex algebra then 
gives the desired result. An alternate method of 
evaluation would be to use integration on the integral 


appearing in the definition of £{e*"sinbt}, but that 
method requires integration by parts twice. 


As in Problem 13, 


£{tsinat} = (1/2i)£{tet*} - (1/2i)£{te 1*4. Using the 
result of Problem 15 we obtain 

£{tsinat} = (1/2i)[(s-b) * - (stb)~*] where b = ia and 
s > 0. Hence £{tsinat} = 2as/(s*+a’)?, s> 0. 


Use the approach shown in Problem 16 with the result of 
Problem 18, for n= 2. A computer algebra system may 
also be used. 


A 


The integral } (t? ++ 1) Tat can be evaluated in terms of 


0 
the arctan function and then Eq. (3) can be used. To 
illustrate Theorem 6.1.1, however, consider that 

1 


1 POS = 
< — for t 2 1 and, from Example 3, i t at 


1 
$a t? 


converges and hence iF (t? + 1) Vat also converges. 
2 2 -1 
i; (t" + 1) ‘dt is finite and hence does not affect the 


convergence of I (t? + 1) Vat at infinity. 
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25. If we let u = £ and dv =e *dt then F(s) = I e SE (t) dt 
—_— 1 fe 
= lim - —e S(t) [$+ — } e S(t) dt. Now use an 
M — © s s 0 


argument similar to that given to establish Theorem 6.1.2. 


27a. Make a transformation of variables with x = st and 
dx = sdt. Then use the definition of [(P+1) from 
Problem 26. 
27b. From part a, £{t"} = { e *x"dx = lig “Xoo hay 
gut (@) n+1 Jo 
n! ae 


= - [ e “dx, using integration by 


parts successively. Evaluation of the last integral 
yields the desired answer. 


i oe 
i72, [ ie eg 


} dx. Let x = y, then 


27c. From part a, £{t 


- = 2 ee 
2dy = x 1/24 and thus £{t ey = —_ [re Yay. 


27d. Use the definition of £{t?/? 


to get e(ci/4) = (1/2s)£(t 1/4. The result follows from 
part c. 


} and integrate by parts once 
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Problems 1 through 10 are solved by using partial fractions 
and algebra to manipulate the given function into a form 
matching one of the functions appearing in the middle column 
of Table 6.2.1. 


4 2! 
2s We have 2 and thus the inverse Laplace 


ais" (1) 2+1 


transform is at*e', using line 11. 


3s 3s 9/5 6/5 ; ; 
4, We have + using partial 
s°-s-6 (s-3) (st+2) s-3 s+2 
fractions. Thus (9/5)e>" + (6/5)e ** is the inverse 


transform, from line 2. 


2st+1 2st+1 2(s-1) 3 
Ls We have + , where 


a ts40 (s=1) 741 (s=1) “41 (=i) “44 
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we first used the concept of completing the square (in 
the denominator) and then added and subtracted 
appropriately to put the numerator in the desired form. 
Lines 9 and 10 may now be used to find the desired 
result. 


In each of the Problems 11 through 23 it is assumed that the 
I.V.P. has a solution y = 6(t) which, with its first two 
derivatives, satisfies the conditions of the Corollary to 
Theorem 6.2.1. 


11. Take the Laplace transform of the D.E., using Eq.(1) and 
Eq. (2), to get 


2. , 
sY¥(s) - sy(0) - y (0) - [sY(s) - y(0)] - 6Y(s) = 0. 
Using the I.C. and solving for Y(s) we obtain 
s-2 
Y(s) = —. Following the pattern of Eq. (12) we have 
s“-s-6 
s-2 a b a(s-3)+b(s+2) ; : 
+ Equating like 
76S6 s+2 s-3 (s+2) (s-3) 
powers in the numerators we find at+tb = 1 and 
-3a + 2b = -2. Thus a = 4/5 and b = 1/5 and 
4+5 1/5 
Y(s) = + , which yields the desired solution 
st2 s-3 


using Table 6.2.1. 


14. Taking the Laplace transform we have s°Y (s) - sy(0) -y’(0) - 
4[sY(s)-y(0)] + 4Y(s) = 0. Using the I.C. and solving for 
Y(s) we find Y(s) = Ss Since the denominator is a 

s°-4st+4 
s-3 
perfect square, the partial fraction form is a att 
s°-4st+4 


a b 
+ - Solving for a and b, as shown in examples of 


(s-2)7 8-2 
this section or in Problem 11, we find a = -1 and b=1. 


1 1 
Thus Y(s) - , from which we find 


s-2 (s-2) 2 
y(t) =e - te°* (lines 2 and 11 in Table 6.2.1). 


28-4 28-4 2(s-1) 2 
15. Note that Y(s) > 


eoeeD- fase gaa), S35 eet) “= 
Three formulas in Table 6.2.1 are now needed: F(s-c) in 
line 14 in conjunction with the ones for coshat and 
sinhat, lines 7 and 8. 


17. 


Section 6.2 107 


The Laplace transform of the D.E. is 


s"y(s) - s*y(0) - s*y’(0) - sy”(0) - y”(0) - 4[s°¥(s)—s’y (0) 
-sy’(0) - y”(0)] + 6[s*¥(s) - sy(0) - y’(0)] - 4[s¥(s) - y(0)] 
+¥(s) = 0. Using the I.C. and solving for Y(s) we find 


20. 


22. 


24. 


2 

s'- 4s + 7 ; ; 
Y(s) ri : - . The correct partial fraction 

s -4s°+6s°—-4s+1 
: . a b é d 
form for this is i + ; + ; + 3 
(s-1) (s-1) (s-1) sl 

Setting this equal to Y(s) above and equating the 


numerators we have s*-4s+7 =a + b(s-1) + c(s-1)? + 


d(s-1) °. Solving for a,b,c, and d and use of Table 6.2.1 
yields the desired solution. 


The Laplace transform of the D.E. is 

s°¥(s) - sy(0) - y’/(0) + @°Y(s) = s/(s*#4). Applying the 
I.C. and solving for Y(s) we get Y(s) = s/[(s°+4) (s7+@7) J 
+ s/(s°+@7) . Decomposing the first term by partial 


fractions we have 


s s s 
Y(s) + 


(7-4) (s7+4) (7-4) (s7+07) s*+0 


2 
2 -1. (@°—-5)s s 
= (@°-4) [ 5 5 + 5 les 
s -+@ s'+4 
Then, using Table 6.1.2, we have 


y = (@*-4) 7" 


[ (@7-5) cos@t + cos2t]. 


Solving for Y(s) we find Y(s) = i Ts0j- + 1) + 
1/(st1) [(s-1)* + 1]. Using partial fractions on the 
second term we obtain 

Say Pest bi I aay Seay eats 2 ays 
= (/5)itsel) Sis) (G4 + 2 ee) a 


i 


Hence, y = (1/5) (e- - e‘cost + 7e'sint). 


Under the standard assumptions, the Lapace transform of 
the left side of the D.E. is s*¥(s) - sy(0) - y’(O) + 
4Y(s). To transform the right side we must revert to the 
definition of the Laplace trasnform to determine 

[pense cerat. Since f(t) is piecewise continuous we are 


able to calculate £{f(t)} by 
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fore) | M 
i e “e(t)dt = } es at + lim | (e %5 (0)at 
M3 


0 0 T 
T ost -1 
= [oe Sat = (l-e“/s. 
Hence, the Laplace transform Y(s) of the solution is 
given by Y(s) = s/(s*+4) #° (1 = e “/sis-+4) . 


276. The Taylor series for f about t = 0 is 


co 


f(t). “= Yep? t?"/(2n+1)!, which is obtained from 

n=0 
part(a) by dividing each term of the sine series by t. 
Also, £ is continuous for t > 0 since gain, Asante = 1. 


Assuming that we can compute the Laplace transform of f 


co 


term by term, we obtain £{£(t)} = £{ > (-1) 27/ (2n41) !} 


n= 


= [(-1) ®/ (2n41) !L(t?4 


7 Paty nyt ms tis 


= Peay ena which converges for s > 1. 


n= 


The Taylor series for arctan x is given by 

yi x°™*l (ont1), for |x| < 1. Comparing £{£(t)} with 
n=0 

the Taylor series for arctanx, we conclude that 

£{f£(t)} = arctan(1/s), s > 1. 


30. Setting n = 2 in Problem 28b, we have 
2 


d d 
£{t’sinbt} = ——[b/(s*tb*)] = —[-2bs/(s7+b’?)7] = 
ae ds 


-2b/(s*tb’)? + 8bs*/ (stb)? = 2b(3s7-b’) / (s*tb%) >. 


32. Using the result of Problem 28a. we have 


d = Fe 
£{te*y = -— (s-a) += (s-a)? 
ds 
2 at d a -3 
£{t } = -—(s-a) “= 2(s-a) * 
s 
d = 3 
£{t%e2%} = -—2(s-a) 3 = 3! (s-a) a: Continuing in this 
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fashion, or using induction, we obtain the desired 
result. 


36a. Taking the Laplace transform of the D.E. we obtain 
£{y”} — £{ty} = £{y”} + £{-ty} 


= s°¥(s) - sy(0) - y/(0) + Y(s) = 0. 
Hence, Y satisfies Y+tsvYe=s. 
P(r,) 
38a. From Eq(i) we have A, = lim (s-r,) , Since Q has 
SY, Q(r,) 
S-Ir, P (r,) 
distinct zeros. Thus A, = P(r,) lim , by 
Sorg Q(r,) Q’ (ry) 


L’Hopital’s Rule. 


38b. Since = gat = ett the result follows. 
k 
Section 6.3, Page 314 
2. From the definition of u,(t) 
we have: 
g(t) = (t-3)u,(t) - (t-2)u3(t) 
0-0=0, O<t<2 
= (t-3) - 0 =t-3, 25t<3. 
(t-3) - (t-2) = -1, 3 <t 
A. As indicated in the discussion 


£(t-d)ugit) 
following Example 1, the unit 


step function can be used to 
translate a given function f, 
with domain t20, a distance c 
to the right by the 
multiplication u,(t)f(t-c). 


Hence the required graph of 
y = u3(t)f(t-3) for f(t) = sint is shown. 


8. In order to use Theorem 6.3.1 we must write f(t) in terms 
of u(t). Since 7 2t + 2 = (t-1)? + 1 (by completing 
the square), we can thus write f(t) = u,(t)g(t-1), where 
g(t) = t7+1. Now applying Theorem 6.3.1 we have 
£{F(t)} = £L{u,(t)g(t-1)} = e - £{g(t)} = e %(2/s° + 1/s). 
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Use partial fractions to write 


F(s) = ea oe (Se2)- 71: /3% For ease in calculations 
let us define G(s) = (eee i and H(s) = (s#2) 4, Then 
F(s) = [e °° G(s) - e 7° H(s)]/3. Using the fact that 


£{ety = (s-a) ° and applying Theorem 6.3.1, we have 
F(s) = [fe -*£{e'} - e *S £{e °4]/3. Thus 
F(s) = [£{u,(t)e'"*} - £fu,(t)e 7" 741/3. Using the 


linearity of the Laplace transform, we have 
£{£(t)} = £{u,(t) fe? - e 7!) 1/3}. Hence, 


f(t) = [u,(t) (e” ? - e “(*-2)1/3, an alternate method is 
to complete the square in the denominator: 

ance 
F(s) . This gives 


(s+1/2)*- 9/4 
(ES 3 
f(t) = (2/3)u,(t)e mea San ee which can be shown 


to be the same as that found above. 


By completing the square in the denominator of F we can 


write F(s) = (2s+1)/[ (2841) ” + 4]. This has the form 

G(2s+1) where G(u) = u/(u*+4). We must find 

£'{G(2s+1)}. Applying the results of Problem 19(c), we 
zs i eee? 2t 

have £/{F(s)} = —e */? cos (~~). 


If the approach of Problem 21 is used we find 


f(t) = (1/3) e7°/? sinh (t/3), which is equivalent to the 
given answer using the definition of sinht. 


Assuming that term-by-term integration of the infinite 


series is permissible and recalling that £{u,(t)} = e “Vs 
for s > 0, we have £{f(t)} = (1/s) + Yey* £{u,(t)} 
k=1 


= (1/s) + Yep" e “Ys = (> (eS "1/s. We recognize 
k=l a0 


; 2 ae . : : > k 
the last infinite series as the geometric series, ar, 
k 


=0 
with a = 1andr-=-e™”. This series converges to 


[1/(l+e 4] if |r| <1. Hence, 
£{f(t)} = (1/s)[1/(ite 41, s > 0. 
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28. Using the definition of the Laplace transform we have 


Fits) = £f£ (6) } = I e “e(t)dt. Since f is periodic with 


period T, we have f(t+T) = f(t). This suggests that we 


rewrite the improper integral as [erect at = 


a (n+1)T 
> e “Ee (t) dt. The periodicity of f also suggests 
n=0 


that we make the change of variable t = r + nT. Hence, 
ua T = nai T 

F(s) = > [oe PP £ (rent) ax = > fey ip e “SE (r)dr, 
n=0 n=0 

where we have used the fact that 

f(rtnT) = f£(r+(n-1)T) = ... = £(rt+T) = f(r) from the 


definition that f is periodic. We recognize this last 


co 


: . ' n ; 
series as the geometric series, au, with 
n=0 


a= Joe * max and u=e°*. The geometric series 


converges to a/(1-u) for |u| < 1 and consequently we 
obtain 


aE 
F(s) = (1 -e 87? [oe mar, eS 0. 


30. The function f is periodic with period 2. The result of 


Problem 28 gives us £{f(t)} = reste teraesa-e5 
Calculating the integral we have 
reste rae = freee - [revtae 
= (l-e4/s + (e *%e 4/s 
= (e “X26 %1)/s 
= (i-e 57/8. Since the denominator of 
£{£(t)}, 1 - e 7%, may be written as (l-e 5 (1te ) we 
obtain the desired answer. 
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1. f(t) can be written in the form f(t) = 1 - ug,2(t) and 
thus the Laplace transforms of the D.E. is 
(s741)¥(s) - sy(0) - y’(0) = (1/s) - es, Introducing 
the I.C. and solving for Y(s), we obtain 
Y(s) = (9741)? + [s(s74i)] ' - e ™/4%sls*41). Using 


partial fractions on the second and third terms we find 
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ViDSG/Sr 4a). Say SS es SS ey ie a) 
The inverse transform of the first three terms can be 
obtained directly from Table 6.2.1. Using Theorem 6.3.1 
to oe the inverse transform of the last two terms we 


have £- Bn pe) = Ugs2(t) g(t - W/2) where 
g(t) = £°{1/s} = 1 and 

£468? s/ (5741) } = ugso(t)h(t - 2/2) where 
h(t) = £7{s/(s*+1)} = cost. Hence, 

y Si + Sink: S.cest “uty eos (i= 72). 70] 


= 1 + sint - cost - ug,,(t)[1 - sint]. The graph of the 


forcing function is a unit pulse for 0 < t < @W/2 and 0 
thereafter. The graph of the solution will be composed 
of two segments. The first, for 0 <t < m/2, isa 
sinusoid oscillating about 1, which represents the system 
response to a unit forcing function and the given initial 


conditions. For t = @/2, the forcing function, f(t), is 
zero and the “initial” conditions are 
y(m/2) = lim 1+ sint -— cost = 2 and 
ton /2 
"(m/2) = lim cost + sint = 1. In this case the system 
ton /2 
response is y(t) = 2sint — cost, which is a sinusoid 


oscillating about zero. 


According to Theorem 6.3.1, 
£{uy_(t) sin(t-2m)} = e °" £{sint} =e 
Transforming the D.E., we have 
(s*+4)¥(s) - sy(0) - y’/(0) = 1/(s*#1) - e °™/(s*#1). 
Introducing the I.C. and solving for Y(s), we obtain 


Y(s) = (16-7797 (8741) (S44), We apply partial fractions 
to write 
Vs) =: (st4iy* = ¢sttay ee sey BS ee" 173, 


We compute the inverse transform of the first two terms 


directly from Table 6.2.1 after noting that 


(s*+4) 1 = (1/2) [2/(s*+4)]. We apply Theorem 6.3.1 to the 


last two terms to obtain the eneeere 


=(1/3) {sint- (1/2) sin2t-u,,(t ) [Sin (t-2m) -(1/2) sin2 (t-2m) ]}. 


This may be simplified, using trigonometric identities, 
to y = [(2sint - sin2t) (1-u,(t))]1/6. Note that the 


forcing function is sint — sin(t-—2m) = 0 for t 2 2m. The 
solution is y(t) = 2sint — sin2t for 0 <t < 2n. Thus 


y(2n ) = 0 and y’(2m ) = 2cos2n — 2cos4m = 0. Hence the 
“initial” value problem for t > 2m is y” + 4y = 0, 
y(2m) = 0, y’(2m) = 0, which has the trivial solution 
y=o0. 


10. 


16b. 


16c. 
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Taking the Laplace transform, applying the I.C. and using 
Theorem 6.3.1 we have (s*+s+5/4)Y(s) = (Ce aye?) Thus 
-s/2 
1-e * 


s?(s*+st+5/4) 


(aera { 445 16/25 i Sa 
s* s (3411/0) 


(ise Antsy; where we have used partial 
fractions and completed the square in the denominator of 
the last term. Since the numerator of the last term of H 


Y(s) 


can be written as So L(s#1/2) - 3/4], we see that 
£4{H(s)} = (4/25) (5t - 4 + 4e*/Sost - 3e °/%int), 
which yields the desired solution. The graph of the 
forcing function is a ramp (f(t) =t) for 0 <t < @/2 and 
a constant (f(t) = @/2) for t = m/2. The solution will 
be a damped sinusoid oscillating about the “ramp” 
(20t-16)/25 for 0 << t < £/2 and oscillating about 27/5 
for t = m/2. 


Note that g(t) = sint - u,(t)sint = sint + u,(t)sin(t-7). 
Proceeding as in Problem 8 we find 
Y(s) = (1+e "4 - - . The correct partial 
(s°+1) (s°+s+5/4) 

; . . . astb cstd 

fraction expansion of the quotient is , + ; 1 
s“t+1 s°+st+5/4 

where 
atc = 0, atb+d = 0, (5/4)atb+c = 0 and (5/4)b+td = 1 by 
equating coefficients. Solving for the constants yields 


the desired solution. 


Taking the Laplace transform of the D.E. we obtain 
U(s*+s/441) = tec es ies since the I.C. are zero. 
Solving for U and using partial fractions yields 

= _ 1 st+1/4 
vA BBs RELAY (a. 


U(s) = k( 3 
S s“ts/4+1 


). Thus, if 


1 s+1/4 
H(s) = ( ), then 


S 5745/441 


= ayaa) V7 7 
h(t) =1- etl tieee t+ sae t) and 
8 ZA 8 
u(t) = ku3z/9(t)h(t-3/2) - kus. (t)h(t-5/2) . 


In all cases the plot will be zero for 0 < t < 3/2. For 
3/2 < t < 5/2 the plot will be the system response 
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(damped sinusoid) to a step input of magnitude k. For 
t = 5/2, the plot will be the system response to the 


I.C. u(5 /2), uw’ (5 /2) with 
no forcing function. The 
graph shown is for k = 2. 
Varying k will just affect 
the amplitude. Note that 
the amplitude never 

reaches 2, which would be 
the steady state response 
for the step input 2u3/)(t). 
Note also that the solution 
and its derivative are 
continuous at t = 5/2. 


19a. The graph on 0 < t < 6% will depend on how large n is. 


For instance, if n = 2 then 
1 Ost <m, 2N<St < On 
E(t) = . For 
-l —-mSt < 20 
1 OSt <m, 2075 t < 3m, 4N St < OD 
n2= 6, f(t) = 
-l west < 2m, 3N St <4m, 557 t < ON 


19b. Taking the Laplace transform of the D.E. and using the I.C. we 


1 = 

have ¥(s). = ——[—[1 +2 yey Ke™S1 since 

s(s +1) k=1 

rates de 1 1 s 
£{uq,(t)} = Since ; = - >, we then obtain 

: s(s+1) &  gs+1 
y(t) = 1 - cost + 2) (=i) *aygett) (1 —- cos(t-mk)], using line 

k=1 


13 in Table 6.2.1. 


19d. Since cos (t-mtk) 
be written as 


(-1) “cost, the solution in part b can 


co 


y(t) = 1 - cost + 2 Yi -1* Uy, (t) - 2 Y -1) cost 
k=1 k=1 
= 1 - cost - 2ncost + 2 > (-1) “uy, (t) which diverges for n—-oo. 
k=1 


20. 


20a. 


20b. 


20C3 
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In this case 


Y(s) 


H(s) 


1 & 
- [1 + 2 Yi ey Ke oS . Using partial 
s(s +.1s+1) n=1 
fractions we have 
1 1 st+.1 
2 2 
s(s +.1s+1) : s+.1stl 
1 s+.05 #05 
7 re a 25 Aa REE: 
: (st+.05) “+b (st+.05) “+b 
2 
[1-(.05) ] = .9975. Now let 
= -.05 -05 -.05 
=f£ TH (s)} =l-e “cosbt - —e sinbt. Hence, 


h(t) + 2 Yep ‘ug (t) h(t-mk), and thus, for t > n the 
n=1 


solution will be approximated by 


Hi. 


—.05 (t-n7t) 


- Ae cos[b(t-nz) + 6], and therefore converges as 


too. 


y(t) 


10) 


From 


From 


A = 


for n = 30 y(t) for n = 31 


‘ily 


| 


2. 
+ 
a 


10 


the graph of part a, A =12.5 and the frequency is 27. 


(or analytically) 
10 and the 
frequency is 27. 


the graph | 


PT 
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Section 6.5, Page 328 


10. 


Proceeding as in Example 1, we take the Laplace transform 
of the D.E. and apply the I.C.: 


(s? + 2s + 2)¥(s) = s + 2 +e Thus, 
Y(s) = (st2)/[(st1)?7 + 1] + e™/[ (stl)? + 1]. We write 


the first term as (s+1)/[(st1)?7 + 1] + 1/[ (stl)? + 1]. 
Applying Theorem 6.3.1 and using Table 6.2.1, we obtain 


it. -T) 


. - -t_: —(t : 
the solution, y =e ‘cost + e ‘sint - u,(t)e sint. 


Note that sin(t-m) = -sint. 


Taking the Laplace transform and using the I.C. we have 


-10s 
2 1 -5s e 
(s°+ 3s+2) Y(s) > +e + . Thus 
s 
t/2 oe Age AJA JS a 
Y(s) = 3 + +e ( + ) and hence 
s°+3s+2 s°+3s+2 s  st2 stl 
i We = epee 
y(t) = h(t) + ug(t)h(t-5) + ug (t)[—tee 2 
2 2 2 
where h(t) =e* —e 


The Laplace transform of the D.E. is 


1. = 
(s7+2s+3)¥(s) = =~ te oe a 
s°+1 
1 2 i 
Y(s) = ; 7 + aa | - ]. Using partial 
(s°+1) (s°+2s+3) s°+2s+3 


fractions or a computer algebra system we obtain 
co il as il 

y(t) = —sint - —cost + —e ‘cosy2t + —=—u3,(t)h(t-3%), 
4 4 4 \/ 2 

where h(t) =e sin/2t. 

Taking the Laplace transform of the D.E. yields 


(s*+1) ¥(s) - y’(0) = | o°8'3 (e-2m costat. Since 


6(t-2m) = 0 for t # 2m the integral on the right is equal 
to [ree e-em costdt which equals e -™cos2n from 
Eq. (16). Substituting for y’(0) and solving for Y(s) 
1 =20s 
gives Y(s) = Z + ; and hence 
s +1 s +1 
sint Oo<t < 2n 
y(t) = sint + ug, (t)sin(t-2m) = 
2sint 2m <t 


See the solution for Problem 7. 
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13a. From Eq. (22) y(t) will complete one cycle when 
V15 (t-5)/4 = 2n or T=t — 5 = 8n/\/15, which is 
consistent with the plot in Fig. 6.5.3. Since an impulse 
causes a discontinuity in the first derivative, we need 
to find the value of y’ at t = 5 andt =5+T. From Eq. 
(22) we have, for t 2 5, 


(te —1 \/ 15 1 \/ 15 
y=e - BAY sin (t-5) + —cos (t-5)]. Thus 
2/15 4 2 4 


, ~ , _ 1 -tya4 : ee 
y (5) Pig and y (5+T) Png - Since the original 


impulse, 6(t-5), caused a discontinuity in y’ of 1/2, we 


must choose the impulse at t = 5+ T to be eo, which 


is equal and opposite to y’ at 54+ T. 


13b. Now consider 2y” + y’ + 2y = 6(t-5) + k6(t-5-T) with 


y(0) = 0, y’(0) = 0. Using the results of Example 1 we 
have 
2 ~(t— 15 
ace us (tye FO) 4sin + (t-5) 
V5 4 
2k Bypaee \Vi 15 
+ ica (eye sam (t-5-T) 


2 a pee vis vis 
an (to) /4 a ae (t-5-T) ] 


[us (t)sin 


715 4 4 
15 


2 YES 
= Fa 94 (ty tke tus. (t) |sin (t-5). Tf 
V15 
— T/4 
y(t) = 0 fort 25 +T, then 1+ ke = 0, or 
k = eer s as found in part (a). 
20 20 
—-ks 
2 -kits e€ 
17b. We have (s°+1)Y(s) = > e so that Y(s) = 5 
k=1 k=1 S$ +1 
20 
and hence y(t) = » Uypg_ (t) Sin (t-kt) 
k=1 
= u,(t)sin(t—l) + un,(t)sin(t-2m) + ... + Ujogsin(t-107) . 
For 0 <t <M, y(t) = 0. For mst < 2m, y(t) = sin(t-t) 
= -sint. For 27 < t < 3n, 
y(t) = sin(t-m) + sin(t-2m) = -sint + sint = 0. Due to 


the periodicity of sint, the solution will exhibit this 
behavior in alternate intervals for 0 < t < 20m. After 
t = 20% the solution remains at zero. 

21b. Taking the transform and using the I.C. we have 
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15 15 
—(2k-1)t 
és s4)¥ 3) = y e PED™ oo that Y(s) = = 5 
k=1 k=1 s +1 
15 
Thus y(t) = > U(oK-1) 7 (t) Sin[t— (2k-1) 7] 
k=1 
= sin(t-m) + sin(t-3m%) ... + sin(t-29m) 
= -Sint - sint ... -sint 
= -15sint. 


25b. Substituting for f(t) we have 


t 
y= Joon 8°? 8 a-m sin(t-n at. We know that the 


integration variable is always less than t (the upper 
limit) and thus for t < @ we have T < @ and thus 
6(T-m) = 0. Hence y = 0 for t < m. For t > ® utilize 
Eq. (16). 
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lc. Using the format of Eqs.(2) and (3) we have 


t 
£*(g*h) = [o£ (tm (oem) (nat 


t T 
= Jo ecto tf, 9 e-ny nom angar 


t pt 
fo tf, £(t-9 gen) aan) (an) . 


The last double integral is obtained from the previous 
line by interchanging the order of the YN and T 
integrations. Making the change of variable 0 =T- 1 
on the inside integral yields 


£*(g*h) = li i £ (t-N-@) g (@) dw] h(n) dn 
= Ir (f*g) (tN) h(n) dyn = (f£%*g) *h. 
4. It is possible to determine f(t) explicitly by using 


integration by parts and then find its transform F(s). 
However, it is much more convenient to apply Theorem 


6.6.1. Let us define g(t) = t? and h(t) = cos2t. Then, 
t 

f(t) = Joo tt-o hear. Using Table 6.2.1, we have 

G(s) = £{g(t)} = 2/s* and H(s) = £{h(t)} = s/(s*+4). 

Hence, by Theorem 6.6.1, £{f(t)} = F(s) = G(s)H(s) = 


2/s7(s*+4) . 


13% 


15. 


oe ae 


20. 
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As was done in Example 1 think of F(s) as the product of 
sand (eH) 


transforms of t°/6 and sint, respectively. Hence, by 
Theorem 6.6.1, the inverse transform of F(s) is 


which, according to Table 6.2.1, are the 


Ae 
f(t) = (1/6) |, (t-0 sintat. 


We take the Laplace transform of the D.E. and apply the 


TGs (s? + 2s + 2)Y(s) = o/s? + a). Solving for Y(s), 


we have Y(s) = [a/ (s407) ] [(s+1) 7 + i, where the second 
factor has been written in a convenient way by completing 
the square. Thus Y(s) is seen to be the product of the 


transforms of sinat and e ‘sint respectively. Hence, 


t 
according to Theorem 6.6.1, y = Joe” "Sin (t-2) sinowtar. 


Proceeding as in Problem 13 we obtain 
s 


s l-e 
Y(s) : + : 
s°+s+5/4 s(s°+s+5/4) 
(s+1/2) - 1/2 4 1l-e ° 1 
(s+1/2) 741 s (s+1/2) 7+1 


where the first term is obtained by completing the square 
in the denominator and the second term is written as the 

product of two terms whose inverse transforms are known, 

so that Theorem 6.6.1 can be used. Note that 

g Caise. 5 /sr-S: 4s u,(t). Also note that a different 


form of the same solution would be obtained by writing 


ms ,a bs +c F 
the second term as (l-e °°) ( + " ) and solving 
s (s+1/2) “+1 
for a, b and c. In this case £1¢1-e7} = 8&(t) - 8(t-n) 


from Section 6.5. 


Taking the Laplace transform, using the I.C. and solving, 
we have Y¥(s) = (s+3)/(s+1) (st2) + s/(s°+0”) (st1) (s+2). 

As in Problem 15, there are several correct ways the 
second term can be treated in order to use the 


convolution integral. In order to obtain the desired 
answer, write the second term as 
s a 
( + ) and solve for a and b. 
athe stl st2 


To find ®(s) you must recognize the integral that 
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appears in the equation as a convolution integral. 
Taking the transform of both sides then yields 
F(s) 


@M(s) + K(s)M(s) = F(s), or ®(s) = ——. 
1+K(s) 
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2s 


As in Example 1, let x, =u and x, = u, then a = X, and 


” 


X> =u” = 3sint — .5x, — 2x,. 


a 


In this case let x, =u, xX, =u, x3 =u’, and x, =u”. 


Let x, = u and xX, = uw; then x4 = X, is the first of the 


desired pair of equations. The second equation is 
obtained by substituting wu” = Rap =X), and u = x, in 
the given D.E. The I.C. become x,(0) = Ug, X5(0) = an 


Follow the steps outlined in Problem 7. Solve the first 


5 1, 
D.E. for x, to obtain x, = et oe Substitute this 


into the second D.E. to obtain xy oa x) - 2x, = 0, which 


has the solution x, = c,e"* + coe. Differentiating this 


and substituting into the above equation for x, yields x, 


_ il 2t -t , 
= 3 oie + 2coe . The I.C. then give 


1 1 
c, + cy» = 3 and —c, + 2c, = —, which yield 
1 2 201 2 2 


ola 2 Ud o% 2 -t 
Cy , Co = —->. Thus x, = —e - ~e ~— and 

3 3 3 3 

toate 4 it 
X> ; e - ae - Note that for large t, the second 

; ; 11 at 
term in each solution vanishes and we have x, = = and 

11 iat 
X= ae , so that x, = 2x,. This says that the graph 
will be asymptotic to the line x, = 2x, for large t. 

4, i) 

Solving the first D.E. for x, gives x, = a = ao 
which substituted into the second D.E. yields 
a - a5x, + x, = 0. Thus x, = ee" + c,e** and 
X> = Soe + c,e**. Using the I.C. yields c, = -3/2 and 
Cc, = -1/3. For large t, x, = (-1/3j6"" and x, = (1jzje" 


and thus the graph is asymptotic to x, = X, in the third 
quadrant. The graph is shown on the right. 
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T22 


14. 


19. 
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9. 

. : 4 ale , nl 
Solving the first D.E. for x, gives x, = sal ee and 
substitution into the second D.E. gives 
” v2 17 _ _ -t/2 
x, + x, + aA = 0. Thus x, =e (c,;cos2t + cosin2t) and 
X> = e */? (c,cos2t-c,sin2t) . The I.C. yields c, = -2 and 
C5. Se. 


If ajo # 0, then solve the first equation for xp, 


obtaining x» = [x} — 817%, — 9, (t)]/a,2. Upon substituting 
this expression into the second equation, we have a 
second order linear O.D.E. for x,. One I.C. is 

0 


x,(0) = x,;. The second I.C. is 

, 0 : 
X5(0) = [x,(0) - a,.%,(0) - 9g,(0)]/a,5 = x5. Solving for 
x, (0) gives x, (0) = ay + diy ik + g,(0). These results 
hold when aj, ..-,A@ 9 are functions of t as long as the 


derivatives exist and a,,(t) and a,,(t) are not both zero 


on the interval. The initial conditions will involve 
a,,(0) and aj,,(0). 


Let us number the nodes 1,2, and 3 clockwise beginning 
with the top right node in Figure 7.1.4. Also let I,, 


I,, I3, and I, denote the currents through the resistor 


1 
R= 1, the inductor L = 1, the capacitor C = 5! and the 


resistor R = 2, respectively. Let Vj, Vz, V3, and Vy be 
the corresponding voltage drops. Kirchhoff’s first law 
applied to nodes 1 and 2, respectively, gives 

(1) I, - I, = 0 and (11) I, - I3 - I, = 0. Kirchhoff’s 
second law applied to each loop gives 

(111) V, + Vo + V3 = 0 and (iv) V3 - Vg = 0. The current- 


21a. 


21b. 


ZLSs. 
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voltage relation through each circuit element yields four 


more equations: (v) V,= Iy, (vi) I5 = vo, 


(vii) (1/2)V3 = I3 and (viii) V, = 2I,. We thus have a 


system of eight equations in eight unknowns, and we wish 
to eliminate all of the variables except I, and V3 from 


this system of equations. For example, we can use 
Eqs.(i) and (iv) to eliminate I, and V, in Eqs. (v) and 
(viii). Then use the new Eqs.(v) and (viii) to eliminate 
V, and I, in Eqs.(ii) and (iii). Finally, use the new 
Eqs. (ii) and (iii) in Eqs.(vi) and (vii) to obtain 

r, = - In - Vz, V3 = 215 - V3. These equations are 


identical (when subscripts on the remaining variables are 
dropped) to the equations given in the text. 


Note that the amount of water in each tank remains 
constant. Thus Q,(t)/30 and Q,(t)/20 represent oz./gal 


of salt in each tank. As in Example 1 of Section 2.3, we 
assume the mixture in each tank is well stirred. Then, 
for the first tank we have 


dQ, Qy (t) Q,(t) 
Bed 5 5 , where the first term on 


the right represents the amount of salt per minute 
entering the mixture from an external source, the second 
term represents the loss of salt per minute going to Tank 
2 and the third term represents the gain of salt per 
minute entering from Tank 2. Similarly, we have 

dQ, Qy (t) 122) 


— =3+3 
dt 30 20 


for Tank 2. 


Solve the second equation for Q,(t) to obtain Q,(t) = 
109% +2Q, - 30. Substitution into the first equation 


1 9 
then yields 1003 + 302 + 52 =i The steady state 


solution for this is on = 8(9/2) = 36. Substituting this 


value into the equation for Q, yields o: = 72 — 30 = 42. 


Substitute Q, = x, + 42 and Q, = x, + 36 into the 


equations found in part a. 


124 Section 7.2 


Section 7.2, Page 355 


2-4 0 
la. 2A = |/6 4 -2] so that 
-42 6 
2+4 -4-2 0+3 6 -6 3 
2A + B= | 6-1 4+5 -2+0/=/]5 9 -2 
-4+6 2+1 6+2 2 3 8 


lc. Using Eq. (9) and following Example 1 we have 


4+2 +0 =2) = 10 0 3 +0 +0 
AB = /|12 - 2 - 6 =6 #10 = 1 9+0-2 |, 
-8 - 1+ 18 4+5 + 3 -6 + 0+ 6 


which yields the correct answer. 


6 =5 7 5 3 3 
6 AB = | 1 9 1) and BC = |-1 7 31] so that 
=1 -=2 8 2 3 =2 
7 sli =3 
(AB)C = A(BC) = 11 20 17 
-4 3-12 


In problems 10 through 19 the method of row reduction, as 
illustrated in Example 2, can be used to find the inverse 
matrix or else to show that none exists. We start with the 
original matrix augmented by the indentity matrix, describe a 
suitable sequence of elementary row operations, and show the 
result of applying these operations. 


10. Start with the given matrix augmented by the identity 
uf 4.1 0 


matrix. 


-2 32 3. 1 


Add 2 times the first row to the second row. 
1 4.1 0 


0 td 2 1 


Multiply the second row by (1/11). 
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1 4 1. 0) 
Oust 2 «2/44 afat 
Add (-4) times the second row to the first row. 
EO" eg 837TH 47-b1 
Ord ws. s2/9T. Vt 


Since we have performed the same operation on the given 
matrix and the identity matrix, the 2 x 2 matric 
appearing on the right side of this augmented matrix is 
the desired inverse matrix. The answer can be checked by 
multiplying it by the given matrix; the result should be 
the indentity matrix. 


12. The augmented matrix in this case is: 


1 2 Se A 0 0 
2 4 5 0 Hb 0 
3 ) 6 . 0 0 1 


Add (-2) times the first row to the second row and (-3) 
times the first row to the third row. 


1 2 ic eee 0 0 
0 0 Sd, oe 1 0 
0 1 aio eos, 0 1 


Multiply the second and third rows by (-1) and 
interchange them. 


1 2 3h al 0 0 
0 1 3 3 0 -1 
0 0 meres =] 0 


Add (-3) times the third row to the first and second 
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1 2 0 =5 3 0 

rows. 0) 1 Q. 23 3 =a 
0 0 1532 -1 ) 

Add (-2) times the second row to the first row. 
i. 0 Oo ise Sh -3 2 


0 0 dL? us. $2 -1 0 


The desired answer appears on the right side of this 
augmented matrix. 


14. Again, start with the given matrix augmented by the 


1 2 Tt 1 0 0 
identity matrix.|] -2 i 8:5 10 1 0 
1 -2 SP HQ 0 1 


Add (2) times the first row to the second row and add(-1) 
times the first row to the third row. 


1 2 de ae: oak 0 0 
0 5 10 2 1 0 
0) -4 =O) go 0 1 
Add (4/5) times the second row to the third row. 
1 2 de! . > 0) 0 
0) 5 10 2 1 0 


0 0 0.3/5 4/5 0 


Since the third row of the left matrix is all zeros, no 
further reduction can be performed, and the given matrix 
is singular. 
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I Form the augmented matrix, as in Example 1, and use row 
reduction. 


-1 1 2. 2 
Add (-3) times the first row to the second and add the 
first row to the third. 


1 O eh ~ 0 
0) 1 4 1 
0 1 1. 2 
Add (-1) times the second row to the third. 
1 QO -1 0 
0 1 4 i 
0 OQ =3: 4. 42 
The third row is equivalent to - 3x3; = 1 or x3; = - 1/3. 


Likewise the second row is equivalent to x, + 4x; = 1, so 
X, = 7/3. Finally, from the first row, x, - x3 = 0, so 
Xx, = — 1/3. The answer can be checked by substituting 


into the original equations. 
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1, 2risdl sg AL 
The augmented matrix is |2 1 1.1}. Row reduction then 
1-12 1 
1 2 -=1 di 
yields |0 -3 3 = 
0 0 0 1 


The last row corresponds to the equation 
Ox, + Ox, + 0x3 = 1, and there is no choice of x,, x, and 


x3 that satisfies this equation. Hence the given system 


of equations has no solution. 


Form the augmented matrix and use row reduction. 


1 2 2.2% 2 
2 1 1 1 
1 SL 22 Sd 


Add (-2) times the first row to the second and add (-1) 
times the first row to the third. 


a Vi ee 


0 o=3 82 


Add (-1) times the second row to the third row and then 
multiply the second row by (-1/3). 

al 221-4. €2 

0 Lk) . sal 1 
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Since the last row has only zero entries, it may be 
dropped. The second row corresponds to the equation 
X, — X3 = 1. We can assign an arbitrary value to either x, 


or x3 and use this equation to solve for the other. For 
example, let X3 = C, where c is arbitrary. Then 

X, = 1+ c. The first row corresponds to the equation 
x, + 2X5 — X35 2, so 

Xp 2 1 2xg + KB Se 2 2(1te) +e. = =e, 


To determine whether the given set of vectors is linearly 
independent we must solve the system 


cx? ip cox (7) + cx?) = 0 for cy, Cy, and c3. Writing 
this in scalar form, we have c, + Cz = 0 
Cy + Cy = 0, so the 
Co + C3 = 0 

1 0 1 0 
augmented matrix is 1 1 0. O 

0 il ih 0 

1 0 1 0 
Row reduction yields 0 Le #1) 0 

0 0 2 0 
From the third row we have cz; = 0. Then from the second 
row, Cy —- C3 = 0, so cy = 0. Finally from the first row 
CC, + C3 = 0, so cy = 0. Since cy = Cy = C3 = 0, we 


conclude that the given vectors are linearly independent. 


As in Problem 6 we wish to solve the system 


cx? + cox (7) + cae?) + cx) = 0 for cy, Cy, C3, and 


Cy. Form the augmented matrix and use row reduction. 
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3 1 0) 3? ae VO 
Add (-2) times the first row to the second, add (-2) 
times the first row to the third, and add (-3) times the 
first row to the fourth. 


0) 4 6. L230 
Multiply the second row by (1/2) and then add (-5) times 
the second row to the third and add (-4) times the second 


row to the fourth. 
tT. =b =2) -=3- ~0 


0 0. =5/2°=-10. 0 


The third row is equivalent to the equation cz + 4c, = 0. 


One way to satisfy this equation is by choosing cy = -1; 
then c3 = 4. From the second row we then have 

Cp = — (3/2)¢3 - 3c, = - 6 + 3 = -3. Then, from the first 
row, Cy, = Cy + 203 + 3c, = -3 + 8 - 3 = 2. Hence the 


given vectors are linearly dependent, and satisfy 
2x?) 3% (7) 4 ax) - x) = 0. 


14. Let t = ty) be a fixed value of t in the interval 


0O<t<i1. To determine whether x) Pee) are 


(t>) and x 


15. 
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linearly dependent we must solve cx 


We have the augmented matrix 


eto As ye. 10) 


oe ee 


Multiply the first row by (-t,) and add to the second row 


eto Las 20 
to obtain 
0 0 0) 
Thus, for example, we can choose c, = 1 and cy = -eto, 


and hence the given vectors are linearly dependent at to. 
Since ty is arbitrary the vectors are linearly dependent 
at each point in the interval. However, there is no 


linear relation between x") and x") that is valid 
throughout the interval 0 <t <1. For example, if 
t, # tp, and if c, and cy are chosen as above, then 


1 2 
cx | Ey) + Cox | Lea 


eft : 1 ett — efo 0 
= + -e° = # . 


ti t ty _ to 
tie 1 tie tie 


Hence the given vectors must be linearly independent on 
O<t<t1. In fact, the same argument applies to any 
interval. 


To find the eigenvalues and eigenvectors of the given 


5-A -1 Hy 0 
matrix we must solve = . The 


3. 1-A/ | x, 0 
determinant of coefficients is (5-A) (1-A) - (-1) (3) = 0, 
or A* - 64 + 8 = 0. Hence A, = 2 and A, = 4 are the 
eigenvalues. The eigenvector corresponding to A, must 
3 -1) | *1 0) 
satisfy = , OY 3X, — Xo = 0. If we let 
3 eal Xo 0 
va gh : 
x, = 1, then x, = 3 and the eigenvector is x = 7; OL 
3 
any constant multiple of this vector. Similarly, the 


eigenvector corresponding to dN» must satisfy 
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il =]. x1 0 (2) il: 
= , OL X, — Xo = QO. Hence x = 72 (OF 
3 =3 Xo 0 1. 


a multiple thereof. 


Since a, = aj,;, the given matrix is Hermitian and we 


know in advance that its eigenvalues are real. To find 
the eigenvalues and eigenvectors we must solve 


1-X i x1 0 
= . The determinant of coefficients 


-i 1-A } | x5 0) 

is (1-4)? - i(-i) = A? - 24, so the eigenvalues are 
X, = 0 and A, = 2; observe that they are indeed real even 
though the given matrix has imaginary entries. The 


eigenvector corresponding to A must satisfy 
1 i x1 0 
= , or X, + ix, = 0. Note that the second 
=i Xo 0 
equation -ix, + xX, = 0 is a multiple of the first. 


If x, = 1, then x, = i, and the eigenvector is 


1 
x) = } In a similar way we find that the 


i 


1 
eigenvector associated with Le is x'2) = } 


The eigenvalues and eigenvectors satisfy 


1-A 0 0 \{ *1 0 
2 1-A -2 Xo]}/= |0]. The determinant of coefficients is 
3.2 1-‘ X3 0 


I+ 


(1-0) [ (1-0) 2 + 4] = 0, which has roots 4 = 1, 1 
X = 1, we then have 2x, - 2x3 = 0 and 3x, + 2x, = 0. Choosing 


2 


2i. For 


xX, = 2 then yields | -3 |] as the eigenvector corresponding to 


2 


X= 1. For } = 1+ 2i we have 
-2ix, = 0, 2x, - 2ix, - 2x3 = 0 and 3x, + 2x, - 21x3 = 0, 


0 
yielding x, = 0 and x3; = -ix,. Thus 1 | is the eigenvector 
-i 


corresponding to A = 1 + 2i. A similar calculation shows that 


24% 
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0 
1] is the eigenvector corresponding to A = 1 - 2i. 


i 


Since the given matrix is real and symmetric, we know 


that the eigenvalues are real. Further, even if there 
are repeated eigenvalues, there will be a full set of 
three linearly independent eigenvectors. To find the 


eigenvalues and eigenvectors we must solve 


3-A 2 4)/*1 0 

2 -h 2 X,]}= |0]. The determinant of 

4 2 3-2 x3 0 
coefficients is (3-A) [-A(3-A)-4] - 2[2(3-A) -8] + 4[4+4A] 
SRF ai Oh S438, Setting this equal to zero and 
solving we find A, = A, = -1, A3 = 8. The eigenvectors 


corresponding to A, and i, must satisfy 


4 2 4)/%*1 0) 

2 a 2 Xo |= | 0], hence there is only the single 
a a oA 0 

relation 2x, + x, + 2x3 = 0 to be satisfied. 


Consequently, two of the variables can be selected 
arbitrarily and the third is then determined by this 
equation. For example, if x, = 1 and x, = 1, then x, = - 


1 


4, and we obtain the eigenvector x) = | -4}, Similarly, 


1 
ae xX, = 1 and x, = 0, then X3 = -1, and we have the 


a 


eigenvector x (7) = 0 |, which is linearly independent of 


= 


x). There are many other choices that could have been 


made; however, by Eq. (38) there can be no 

more than two linearly independent eigenvectors 
corresponding to the eigenvalue -1. To find the 
eigenvector corresponding to hd; we must solve 
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-5 2 4)\/*1) (0 
2 -8 2 Xo]}/= |]0]. Interchange the first and 
4 2 =5 Ky 0 
second rows and use row reduction to obtain the 
equivalent system x, - 4x, + x3 = 0, 2x, - x3 = 0. Since 
there are two equations to satisfy only one variable can 
be assigned an arbitrary value. If we let x, = 1, then 
2 
X3 = 2 and x, = 2, so we find that x?) =/1 
2 


27. We are given that Ax = b has solutions and thus we have 


(Ax,y) = (b,y). From Problem 26, though, 
(Ax,y)= (x, A*y) = 0. Thus (b,y) = 0. For Example 2, 
1 =f .2 
-T 
A* = A= | -2 1-1] and, using row reduction, the augmented 
3 52 <3 
1 =1. 2.0 1 
matrix for A*y = 0 becomes 0 1-3 9] Thus y = c/ 3} and 
0 000 1 
hence (b,y) = b, + 3b, + bz = 0. 
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ds Use Mathematical Induction. It has already been proven 
that if x") and x") are solutions, then so is 
cyx") + cox '?) , Assume that if x), x (2), any x'X) are 
solutions, then x = cyx') a Cyc (*) is a solution. 
Then use Theorem 7.4.1 to conclude that x + Cy4 x'*t1) is 
also a solution and thus cyx 1) Sa ee Cage isa 
solution if x), sheep x1) are solutions. 
2a. From Eq.(10) we have 
x{1) x{2) 
W= = xf?) x4?) - x4?) x{?) Taking the 
x§1) x42) 


derivative of these two products yields four terms which 
may be written as 


2b. 


2C% 


6a. 


6b. 


6c. 


6d. 
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= poe — xj?) 4 Lat? = x17) |: 
dt dt dt dt dt 

The terms in the square brackets can now be recognized as 
the respective determinants appearing in the desired 
solution. A similar result was mentioned in Problem 20 
of Section 4.1. 


If x") is substituted into Eq. (3) we have 


dxf? e (1) (1) 
= Pir X1 + P12 X2 
dt 
dx$t) _ (1) (1) 
= Pai X1 + P22 X2°°- 
dt 


Substituting the first equation above and its counterpart 
(2) 


for x into the first determinant appearing in dW/dt 
x(t) x (2) 

and evaluating the result yields pj = p11W. 
xf) x62) 


Similarly, the second determinant in dW/dt is evaluated 
as PpooW, yielding the desired result. 


dw 
From prt b we have — = [piz(t) + Poo(t)]dt which gives 
W 


W(t) = c exp| tpi (t) + Poo(t)]dt. 
2 
t. 2 
W = = 2t7 - t2 = t?, 
1 2t 
Pick t = to, then cx) (t9) + cox (2) (£9) = 0 implies 
t5 t2 0 
C1 + Co = , which has a non-zero solution 
i. 2to 0 
to 6 2 2 2 
for c, and cpg if and only if = 2t5 - toh = th = 0 
1 2to 


Thus x) (t) and x'?)(t) are linearly independent at each 
point except t = 0. Thus they are linearly independent 
on every interval. 


From part a we see that the Wronskian vanishes at t = 0, but 


not at any other point. By Theorem 7.4.3, if p(t), from 
Eq. (3), is continuous, then the Wronskian is either 


identically zero or else never vanishes. Hence, we conclude 


that the D.E. satisfied by x) (t) and x!) (t) must have at 
least one discontinuous coefficient at t = 0. 


To obtain the system satisfied by x1) and x!) we 
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consider 


X1 1 2t 
Taking the derivative we obtain 7 ee + co a 

%2 
Solving this last system for c, and cp we find 
C1 = X1 - tx and cp = x5/2. Thus 


X1 , , t a5 | 62 
= (xX, — txX2) + — , which yields 
X92 1 2 2t 


2 


, t , , . . . . 
Xy = tx, - es X2 and X2 = xX,. Writing this system in 
f= £7/2)., 
matrix form we have x = . Finding the 
1 0 
inverse of the matrix multiplying x’ yields the desired 
solution. 
Section 7.5, Page 381 
ills Assuming that there are solutions of the form x = Ea’=, 


we substitute into the D.E. to find 


rée™ = : 3) Ee™., Since — = I = [: i —, we can 
QO 1 


2 =2 


3 -2 10 
write this equation as E-r — = 0 and 


2 -2 Oo 1 
3-r -2)/& 0 
thus we must solve 7 for ry Ey, 6s: 
2 -2-r E> ) 
The determinant of the coefficients is 
(3-r) (-2-r) + 4 = r-r- 2, so the eigenvalues are 
r= -l1, 2. The eigenvector corresponding to r = -1l 
4 -2 Ey 0 
satisfies - , which yields 2& - € = 0. 
2 -1)\&> 0 
(1) (1) .-t 1 -t 
Thus x (t) = E e = e ~, where we have set Ei = 1. 
2 
(Any other non zero choice would also work). Ina 
I. = 2 ot 0 
similar fashion, for r = 2, we have = 7 
2 -4 E> 0 
(2) (2) .2t 2 at 
or €; - 26 = 0. Hence x’ (t) = Ee = e*" by 
1 
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setting € = 1. The general solution is then 


2 ; : 
x = cyx') (t) + oon ty. To sketch the trajectories we 


follow the steps illustrated in Examples 1 and 2. 


oe al ee at 
Setting cy = 0 we have x = = Cj e or x, = c1e 
X2 


and x2 = 2c ,e¢ 


and thus one asymptote is given by 
X2 = 2x,. %In a similar 
fashion c, = 0 gives 

Ko = (1/2)x,; as a second 
asymptote. Since the 
roots differ in sign, 
the trajectories for 
this problem are similar 
in nature to those in 
Example 1. For cp # 0, 


all solutions will be 
asymptotic to x» = (1/2)x,; as t ~ co. For cy = 0, the 
solution approaches the origin along the line xy = 2x. 


Proceeding as in Problem 1 we assume a solution of the 
form x = 6e™*, where r, €,, € must now satisfy 


-2-r 1 E1 0 
= . Evaluating the determinant of the 


fps 0 
coefficients set equal to zero yields r = -1, -3 as the 
eigenvalues. For r = -1 we find & = € and thus 
1 
Ea) = ) and for r = -3 we find & = -& and hence 
A 
(2) , rane 
E = . The general solution is then 
al 


1 1 
x = a ) et + = et, Since there are two negative 


eigenvalues, we would expect the trajectories to be 
similar to those of Example 2. 
Setting cp = 0 and eliminating 


t (as in Problem 1) we find 


HE 
that ) et approaches the 
af 


origin along the line x2 = x4. 


1 -3t 
Similarly e approaches 


=i 


the origin along the line 
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X> = -x;. As long as c, # 0 (since et is the dominant 
term as t->0), all trajectories approach the origin 
asymptotic to xg = x 1. For ci, = 0, the trajectory 
approaches the origin along xz = -x,;, as shown in the 
graph. 

The characteristic equation is (5/4 - r)* - 9/16 = 0, so 
r= 2,1/2. Since the roots are of the same size, the 


behavior of the solutions is similar to Problem 5, except 
the trajectories are reversed since the roots are 
positive. 


Again assuming x = €e** we find that r, &, & must 


Aor 333 Ei 0 
satisfy = . The determinant of the 
8 -6-r E> 0 


coefficients set equal to zero yields r = 0, -2. For 
vr = 0 we find 46, = 3&. Choosing € = 4 we find €, = 3 


3 
4 


(2) 1 3 1 -2t 
c = and thus x = c, + Co e - To sketch the 
Zz 


2 
trajectories, note that the general solution is 


and thus a = } Similarly for r = -2 we have 


equivalent to the simultaneous equations x; = 3c, + or as 
and x2 = 4c, + 2e7e 7 


ésa*% and substituting into the second yields 


Solving the first equation for 


X2 = 2x, - 2c, and thus the trajectories are parallel 
straight lines. 


The eigvalues are given by = (1—r) 2 + i7 = 
-i 1-r 


as hee 
r(r-2) = 0. For r= 0 we have = 0 or 
-i 1\& 


1 


-if, + & = 0 and thus ) is one eigenvector. Similarly 


a 


dt 
) is the eigenvector for r = 2. 
i 


The eigenvalues and eigenvectors of the coefficient 


16. 
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I-r -1 4)(§& 0 
matrix satisfy |3 2-r -1]|&|=|0)]. The determinant 
2 Al “alae &3 0 
of coefficients set equal to zero reduces to 
re - 2r* - 5r + 6 = 0, so the eigenvalues are 
ry, = 1, fro = -2, and r3 = 3. The eigenvector 
0 -1 4)\(& 0 
corresponding to r; must satisfy |}3 1 -1 E>]| = | 0 
2. Ae 2 &3 0 


Using row reduction we obtain the equivalent system 
&, + €& = 0, & - 463 = 0. Letting €| = 1, it follows 
that 


1 
&; = -1 and & = -4, so €"1) = |-4]. In a similar way the 
-1 
eigenvectors corresponding to rz and r3 are found to be 
1. iL 
&(2) = | -1] and €) = |2\|, respectively. Thus the 
-1 1 
general solution of the given D.E. is 
1 1 1 
x = c;| -4| et + co] -1 e 2t + C3] 2 e**, Notice that the 
=1 -1 1 


“trajectories” of this solution would lie in the x; x2 x3 
three dimensional space. 


The eigenvalues and eigenvectors of the coefficient 


1 
matrix are found to be r, = -l, em = ) and r2 = 3, 
1 
(2) ‘ . 
E = . Thus the general solution of the given D.E. 
5 


5 =t : 3t : 
is x = c, ee bes eo. Dhe L3Cx yLelds the 
5 


1 1 1 
system of equations a + I ) = } The augmented 
a 3 


140 


20. 


25. 


27. 


Section 7.5 


dd ul 
matrix of this system is 2 and by row reduction 
1 5 3 
de ot 1 
we obtain : . Thus cp = 1/2 and c, = 1/72. 
0 1.1/2 


Substituting these values in the general solution gives 
the solution of the I.V.P. As t  o, the solution 


becomes asymptotic to x = ) erry Or Xp = 5X4. 


a) 
Substituting x = €t™ into the D.E. we obtain 


2 = 
r€t™ = ) Et™. For t # 0 this equation can be 
3 +32 


22-8 51 bi 0 
written as = . The eigenvalues and 
3 -2-r) \&> 0) 


1 
eigenvectors are r; = 1, EO) = ) and rz = -l, 
a 
(2) : ; 
E a Substituting these in the assumed form we 
3 


WAL 
_ 
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31c. The eigevalues are given by 
—1-r -1 


=r*4+2r+1-02=0. Thus Y1,2 = -1tv/a . 
—O —-l-r 

Note that in Part (a) the eigenvalues are both negative 

while in Part (b) they differ in sign. Thus, in this 

part, if we choose @ = 1, then one eigenvalue is zero, 

which is the transition of the one root from negative to 

positive. This is the desired bifurcation point. 
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1. We assume a solution of the form x = €e"* thus r and € 


3-r -2)(& 0 

are solutions of = . The determinant of 
4 -1-r) \&> 0 

2 


coefficients is (r?-2r-3) + 8 = r* - 2r + 5, so the 
eigenvalues are r = 1+ 2i. The eigenvector 


2-21 -2\/(& 0 
corresponding to 1 + 2i satisfies = r 
4 -2-2i E> 


or (2-2i1)€ - 2€2 = 0. If € = 1, then € = 1-i and 


0 = (7) and thus one Le DW. 
Ges nae bands) ye MEAL 


complex-valued solution 
take the real and imaginary parts, respectively of 


of the D.E. is 
1 : 
x) (t) _ alae. 
1-i 


To find real-valued 


i 
x(t). Thus x(t) = t(cos2t + isin2t) 
=i 
| cos2t + isin2t ) 
=e 
cos2t + sin2t + i(sin2t - cos2t) 


Fe cos2t ‘ sin2t 
=e + ie 
cos2t + sin2t sin2t - cos2t 


Hence the general solution of the D.E. is 


t cos2t t sin2t 
x = cje + coe . The 


cos2t + sin2t sin2t - cos2t 


€ 


solutions spiral to co as t 4 oo due to the e~ terms. 
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The eigenvalues and eigenvectors of the coefficient 


1-r 0 0 §1 0 
matrix satisfy 2 1-r -2 &2|=|0]. The 
3 2 br &3 0 
determinant of coefficients reduces to (1-r) (r* - 2r + 5) 
so the eigenvalues are r, = 1, rp = 1+ 21, and 
r3 = 1- 21. The eigenvector corresponding to rj 
satisfies 
0 0 0)(& 0 
2 0 -2//& |= ]0]|; hence € - 63 = 0 and 
3.) 22 20 &3 0 
36, + 2&6 = 0. If we let € = -3 then €; = 2 and &3 = 2, 
2 
so one solution of the D.E. is |-3 et. The eigenvector 
2 
-2i 0 0 G1 0 
corresponding to rp satisfies |2 -2i -2 E>] = | 0 
So 2 S2ab &3 0 
Hence €, = 0 and if + €3 = 0. If we let & = 1, then 
&3 = -i. Thus a complex-valued solution is 
0 
1 | et(cos2t + i sin2t). Taking the real and imaginary 
=a. 
0 0 


parts, see prob. 1, we obtain | cos2t et and sin2t |e, 


sin2t -cos2t 


respectively. Thus the general solution is 


2 0 0 
x = Ci|—-3 ty cet cos2t | + c3e sin2t |, which spirals 
2 sin2t —cos2t 


to oo about the x, axis in the x ,x2x3 space as t — oo. 


The eigenvalues and eigenvectors of the coefficient 
1-7 =5 a 


1 =3=F E> 
2 


0 
= } The determinant of 
0 


coefficients is r“ + 2r + 2 so that the eigenvalues are 
r=-1+i. The eigenvector corresponding to r=-1l+i 


matrix satisfy 


lla. 


lid. 


15a. 


15b. 
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= 0 so that & = (2+i)& and 


a4 5 OY G1 
1 -2-i AE, 


thus one complex-valued solution is 


is given by 


2+i . 
x(t) = ) e( tit! Finding the real and complex 
1 


(1) 


parts of x leads to the general solution 


+ [2cost — sint + {2sint + cost ; 
cy ,e + c2e - Setting 


x = 
cost sint 
1 2 i: 
t = 0 we find x(0) = = Cy + C2 , which is 
1 1 0 
2c, + cp = 1 
equivalent to the system - Thus cy = 1 and 
ec; +0=1 
Co = -1 and 


+{2cost — sint + {2sint + cost 
x(t) =e =e 


cost sint 

-+[ cost — 3sint 

e , which spirals to zero as 
cost — sint 


t 


t > o due to the e~ term. 


The eigenvalues are given by 


3/4-r -2 3 
Seo ob: B/ 2 91E7 (16S -0. 
a —5/4-r 
The trajectory starts at *a 
(5,5) in the x 1x2 plane (5,5,0) 
and spirals around and 
converges to the t axis 
as t JD o~. *4 
t 
25K = 5 2 
The eigenvalues satisfy =r - 4 + 50 = 0, so 
QO -2-r 


Y4,YQ = tV 4-50. 


The critical value of @ yields r,; = ry7 = 0, or a = 4/5. 
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21. If we seek solutions of the form x = Ett, then r must be 
an eigenvalue and 6 a corresponding eigenvector of the 
coefficient matrix. Thus r and & satisfy 


-l-r -1 YG 0 

= . The determinant of coefficients 
2 -—l-r E> 6) 

is (—1-r) 2 $2-= P24 Ors 3, so the eigenvalues are 

r=-1+*vV/2i. The eigenvector corresponding to 


—j~2i  -1 /& 0 
-l + J2i satisfies 1 | = ) or 
2 —-~2il\§ 0 


V/2i& + & = 0. If we let & =1, then & =-/2i, and 


1 
ect = } Thus a complex-valued solution of the 
—V2i 


1 ‘ 
given D.E. is | toHv2i. 0 Prom Eq. (15) of 
V2 2 


Section 5.5 we have (since rV2i g 
foes tt [cos (1/2 Int) + isin(\/2 lnt)] for t > 0. 
Separating the complex valued solution into real and 
imaginary parts, we obtain the two real-valued solutions 


ay cos (\/2 Int) ay sin(1/2 Int) 


andv=t 


f2 sin(\/2 1nt) —\/2 cos (\/2 Int) 


v2i i 
eint = ev2 i int) 


u=t 


23a. The eigenvalues are given by (r+1/4) [ (rt1/4) ? she Ae} 10% 


23b. x, os 
, 


23c. Graph starts in the 
first octant and 
spirals around the 
X3 axis, converging x 


(5,5,5) 


to zero. 
x, 


29a. We have yi = x1 = yo, y3 = X2 = Yar Y2 = -2y1 + y3, and 
Y4 = Yi 7 2Y3- Thus 
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0 1 0 0 

: 20 1 0 
Y = y- 

0 0 0 1 

1 0 -2 0 


29b. The eigenvalues are given by v4 + 4x7 +3 = 0, which 
yields r? = -1, -V¥3, sor =ti, tV3i. 


29c. For r = + i the eigenvectors are given by 


= 0. Choosing &; = 1 yields & =i 


1 0 -2 -iAd&, 
and choosing &3 = 1 yields &4 = i, so 
(Lh, “dy Ly i) T(cost + isint) is a solution. Finding the 
real and imaginary parts yields 
w, = (cost, —sint, cost, —sint)? and 
wo = (sint, cost, sint, cost)? as two real solutions. 
In a similar fashion, for r= V3i, we obtain 
E = (1,34, -1, -¥3i) and 
wW3 = (cosV/3t, -\/3 sin Sty -cos\/3 ty V3 sin 3 t)" and 
Wy = (siny/3 ty 1/3 cos\/3 iy -siny/3 i -/3 cos\/3 2 ae 
Thus y=c ,w, + Cow2 + Cc3w3 + Cy4Wy, SO y. (0) = (2, 1, 2, 1) 
yields c,; + c3 = 2, co + [3 ca =1, cy — c3 = 2, and 
C2 - 3 cq = 1, which yields cy = 2, cp = 1, and 


2cost + sint 


—2sint + cost 
2cost + sint 
—2sint + cost 


29e. The natural frequencies are @; = 1 and @2 = 3, which 
are the absolute value of the eigenvalues. For any other 
choice of I.C., both frequencies will be present, and 
thus another mode of oscillation with a different 
frequency (depending on the I.C.) will be present. 
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Each of the Problems 1 through 10, except 2 and 8, has been 
solved in one of the previous sections. Thus a fundamental 
matrix for the given systems can be readily written down. 

The fundamental matrix ®(t) satisfying ®(0) = I can then be 
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found, as shown in the following problems. 


-3/4-r 1/2 
2 The characteristic equation is given by = 
1/8 -3/4-r 
r? + 3r/2 + 1/2 = 0, sor =1, 1/2. For r = 1 we have 
1/4 Apo V4 Se 0 : -2 
= , and thus & (2) = . Likewise 
1/8 1/4) \& 0) 1 


2 =2 2 
E(2) = ) and thus x") (t) = be and x!) (t) = bee. To 
1 1 ne 


find the first column of ® we choose c, and cy so that 


1 
c x‘) (0) + cox '*) (0) = } which yields -2c,; + 2c. = 1 and 
0 
Ci + cp = 0. Thus cy = -1/4 and cp = 1/4 and the first column 
1/2e*/2 + 1/2et 
of ® is . The second colunm of ® is 
Paarl py qertl2 
; (1) (2) 0 ; 
determined by dj ,x (0) + dox (0) = which yields d,; = dz = 
1 


EEE tae, IE 
1/2 and thus the second column of ® is 3 


Ljje */2 | A soe * 


4. From Problem 4 of Section 7.5 we have the two linearly 


: . (1) 1 -3t 
independent solutions x (t) = e and 


-4 


1 
x) (t) = e*t, Hence a fundamental matrix W is given 
1 


e3t ett 
by W(t) = . To find the fundamental matrix 
wee A 
@®(t) satisfying the I.c. ®(0) = I we can proceed in 
either of two ways. One way is to find W(0), invert it 
to obtain wt(o), and then to form the product 
Wit)W4(0), which is ®(t). Alternatively, we can find 
the first column of ® by determining the linear 
combination 


1 
cyx'1) (t) + cox!) (t) that satisfies the I.C. } This 
0 
requires that cy, + cp = 1, -4c, + co = 0, so we obtain 
c, = 1/5 and cp = 4/5. Thus the first column of ®(t) is 
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10. 
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(1/5)e3* + (4/5) e?* 
-(4/5)e3t + (4/5) e2* 


® is that linear combination of x!) (t) and x (2) (t) that 


} Similarly, the second column of 


0 
satisfies the I.C. i Thus we must have 

1 
cy + cp = 0, -4c1 + Co = 1; therefore c, = -1/5 and 
co = 1/5. Hence the second column of ®(t) is 


_ + oe 
(4/5)e3t + (1/5) e2*) 


Two linearly independent real-valued solutions of the 
given D.E. were found in Problem 2 of Section 7.6. Using 
the result of that problem, we have 

-2e 'sin2t 2e tcos2t 
Wit) = 


t Ht 


. To find ®(t) 
cos2t e “sin2t 


ae 


we determine the linear combinations of the columns of 


1 0 
W(t) that satisfy the I.C. and | respectively. 
0 1 


In the first case c, and cy satisfy 0c, + 2cp = 1 and 

Cc, + Ocp = O. Thus cy = 0 and cp = 1/2. In the second 
case we have 0Ocy + 2c2 = 0 and c, + O0cp = 1, So cy = 1 
and cp = 0. Using these values of c,; and cp to form the 
first and second columns of ®(t) respectively, we obtain 


etcos2t -2e 'sin2t 
@(t) = 5 
(1/2)etsin2t e tcos2t 
1 
From Problem 14 Section 7.5 we have x‘!) = | -4 o 
-1 
1 a 
x(27) = | -1 e°2t and x) = | 2 e2t. For the first column 
1 al 
of ® we want to choose cj, C2, C3 such that c1x'1) (0) + 
il 
(2) (3) = = 
Cox (0) + c3x (0) O}. Thus cy + co + c3 hy 
0 


-4c, - Cp + 2c3 = 0 and -c, - co + c3 = 0, which yield 
Cy = 1/6, cp = 1/3 and c3 = 1/2. The first column of ® 
is then (1/6et + Lise oe a i /gee", —o/3e" = i/te** + a, 
ah) Ger Soy se oe: ij2e? >) 7s Likewise, for the second 


11. 
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0 
column we have d,x'1) (0) + dox '?) (0) + d3x'>) (0) =|1, 

0 
which yields d, = -1/3, dz = 1/3 and d3 = 0 and thus 


(-1/3et + i/jte*, 4/3et - ijge**, 1/3et - ijse"*) * is 
the second column of ®(t). Finally, for the third column 


0 

we have e,x't) (0) + eox (2) (0) + e3x '3) (0) = |01], which 
1 

gives e, = 1/2, eg = -1 and e3 = 1/2 and hence 


(1/2et - ere 4 i/ze*", -2et + e 2t 4 e*; 


-1/2et + e 2 + 1/2e%*)T is the third column of ®(t). 


From Eq. (14) the solution is given by @(t)x°. Thus 
3/2et-1/2e* -1/2et+1/2e% *) 
3/2e°-3/2e* -1/2et+3/2e*) \1 


7 hn | 7 2? o(2 
7/2et-9/2e* 2\1 2\3 ; 


x = 
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1. 


The eigenvalues and eigenvectors of the given coefficient 
3-r -4)(& 0 . 

matrix satisfy = . The determinant of 
1 -1-r) \& 

2 


coefficients is (3-r) (-l-r) + 4 = r? - 2r + 1 = (r-1)? so 
ry, = 1 and rp = 1. The eigenvectors corresponding to 


2 -4 Ei 0 
this double eigenvalue satisfy = , or 
1 =2 E> 0) 


&; - 2 = 0. Thus the only eigenvectors are multiples 


seen (2 


} One solution of the given D.E. 


BE. is 
1 
(1) 2 t . ; 5 
x (t) = e-, but there is no second solution of this 
1 


form. To find a second solution we assume, as in 
Eq. (13), that x = Etet + net and substitute this 
expression into the D.E. As in Example 2 we find that & 


2 
is an eigenvector, so we choose E = } Then NQ must 
1 
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2 -4)N1 2 
satisfy = , which verifies Eq. (16). 
1 -2 No L 


Solving these equations yields 1 - 2N2 = 1. If No =k, 
where k is an arbitrary constant, then NH, = 1 + 2k. 
Hence the second solution that we obtain is 


2 1 + 2k 2 ad 2 
1 k 1 0 1 


The last term is a multiple of the first solution x!) (t) 


and may be neglected, that is, we may set k = 0. Thus 
(2) 2) ot a) O23 de 
x (t) = te’ + e- and the general solution is 
iL 0 
x = cyx') (t) + cox!) (t). All solutions diverge to 


infinity as t 4 oo. The graph is shown on the right. 


3. The origin is attracting 1s 


om Substituting x = Ear into the given system, we find that 
the eigenvalues and eigenvectors satisfy 
I-r 1 1)\(& 0 
2 1-r -1}]|/€/=]0)]. The determinant of coefficients 
O° der E3 0 
is -r? + 3r* - 4 and thus ry = -1, ro = 2 and r3 = 2. 


The eigenvector corresponding to rj, satisfies 


2 ot era 0 -3 
2 2 -1]/&|=]0| which yields €") =| 4 | and 
QO: s=1, -2 &3 0 2 
-3 
x) = 4 |e. The eigenvectors corresponding to the 
2 
-1 1 1)\(& 0 
double eigenvalue must satsify 2°21 1 Ege "|50l, 
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0 
which yields the single eigenvector EY) = 1 | and hence 
-1 
0 
x?) (t) = 1 fe*t. The second solution corresponding to 
-1 
the double eigenvalue will have the form specified by 
0 
Eq. (13), which yields x3) = 1 | te*t + ne?*. 
-1 
Substituting this into the given system, or using 
=) aA -A Nh 0 
Eq. (16), we find that 1M satisfies Zt Sal. N2|= d. 
0 aL bw las -1 
Using row reduction we find that N; = 1 and Neo + 3 = 1, 
where either No or N3 is arbitrary. If we choose Nz = 0, 
1 0 1 
then NT} = | 0 | and thus x3) = 1 | tet* + | 0 | 6%. The 
1 -1 1 
general solution is then x = cyx") + Cox (2) + c3x!3), 
2-r 3/2 


We have = (r=1/ 2)" = 0. For r = 1/2, the 


—3/2 -l-r 


3/2 3/2 YE i 
eigenvector is given by = 0, so€= 
23)D BIE NE, a 


1 
and he is one solution. For the second solution we 
=1 


t/2 t/2 


A 
, where (A — =o = Ee; A being 
the coefficient matrix for this problem. This last 
equation reduces to 31/2 + 3N2/2 = 1 and 
—3N1/2 -— 3N2/2 = -1. Choosing N2 = 0 yields Ni = 2/3 


and hence 


al 2/3 1 3 
x= Cy be + cl be + cl bere, x(0) = ) 
-1 0 a1 —2 


gives cy, + 2c9/3 = 3 and -c, = -2, and hence c, = 2, 
Co = 3/2. Substituting these into the above x yields the 
solution. 


have x = &te + Ne 
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11. The eigenvalues are r = 1,1,2. For r = 2, we have 
-1 00)/f& 0 0 
-4 -1 0}]|& |= ]|01], which yields € = | so one 
3 60 &3 0 
0 
solution is x) = 1062. For r= 1, we have 
ih 
0: O00 \.(-Ea 0 
-40 0 E> = 10], which yields the second solution 
3-64 &3 0 
0 
x (2) = 1 et. The third solution is of the form 
-6 
0 000 0 
x (3) = 1 jtet + net, where | -4 0 0 = | 1 | and thus 
-6 361 -6 
Ni = -1/4 and 6N2 + N3 = -21/4. Choosing Nz = 0 gives 
N3 = —-21/4 and hence 
-1/4 0 0 
x(t) = cy +] 1 te" l+ clo b2t. The 
-21/4 -6 d 
I.C. then yield c; = 2, = 4 and c3 = 3 and hence 
-1 0 
x = 2 “a 0) 2t which become unbounded 
-33 1 


as t > oo. 


x, 
12. 8 (2,3,-1) 
t 
5 10 
x, 
*3 


14. Assuming x = Et* and substituting into the given system, 


1-r -4)(& 0 
we find r and & must satisfy = , which 
4 -7-r) \&> 0) 


has the double eigenvalue r = -3 and single eigenvector 


15. 


l7a. 
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1 
} Hence one solution of the given D.E. is 


1 
x7) (t) = ) ome By analogy with the scalar case 
1 


considered in Section 5.5 and Example 2 of this section, 

we seek a second solution of the form x Ht Pint + ce 

Substituting this expression into the D.E. we find that ] 
and © satisfy the equations (A + 3I)NH = 0 and 


1 -4 


(A + 31)C = 1, where A = ) and I is the identity 


4 -7 


al 


matrix. Thus = } from above, and C is found to be 


1 


0 
. Thus a second solution is 
-1/4 


1 1 
x) (t) = ) wane + = 
i -1/4 


All solutions of the given system approach zero as 

t > o if and only if the eigenvalues of the coefficient 
matrix either are real and negative or else are complex 
with negative real part. Write down the determinantal 
equation satisfied by the eigenvalues and determine when 
the eigenvalues are as stated. 


The eigenvalues and eigenvectors of the coefficient 


t-r 1 1)(& 0 

matrix satisfy | 2 1-r -1 &>/=]0]. The determinant 
33), 2° dor &3 0 

of coefficients is 8 - 12r + 6r* - r° = (2-r) 3, so the 


eigenvalues are r, = rp = r3 = 2. The eigenvectors 
corresponding to this triple eigenvalue satisfy 
-1 1 1\(& 0 


21 <4 &>|/=]|0]|. Using row reduction we can reduce 
a3) 32) 22 &3 0 
this to the equivalent system €, - & - &3 = 0, and 
E> + €3 = 0. If we let € = 1, then €3 = -1 and &, = 0, 
0 
so the only eigenvectors are multiples of E = 1 


=I 
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17b. 


17x 


17d. 
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From part a, one solution of the given D.E. is 
0 


x) (t) = al eft, but there are no other linearly 
-1 


independent solutions of this form. 


We now seek a second solution of the form 

x = Ete*t a net. Thus Ax = att e*t + ane** and 

x = 2bte*" + Ee*t + 2ne**. Equating like terms, we then 
have (A-2I)€ = 0 and (A-2I)n = & Thus € is as in part 
a and the second equation yields 


coe ee Ca | Nh 0 
2. =1--=1 Ne|}= 4] 1 +4. By row reduction this is 
=3 2 2 N3 -1 
1 ve. aL Na 0 
equivalent to the system | 0 4. 1: Ne|=|]1) j4dIf we 
0 0 0 13 0 
1 
choose 3 = 0, then No = 1 and Hi = 1, so n= {1}. Hence 
0 
a second solution of the D.E. is 
0 1 
$602 GE): Se |) “| tes Pg Nay |e 
-1 0 


Assuming x = €(t#/2)e7* + nte*t + Ce*t, we have 

Ax = AE(t2/2)e** + ante** + abe** and 

x = Ete2* + 28 (t2/2)e7* + ne2t + 2nte*t + 2Ee2* and thus 
(A-21)§ = 0, (A-2I)NH = € and(A-21)G =. Again, & and H 
are as found previously and the last equation is 
equivalent to 


-1 1 1\(& 1 
2 -1 -1]|/C2}=]1/). By row reduction we find the 
-3 2 2/)\¢, 0 
1-1 -1)\(% -1 
equivalent system | 0 dl il C2 | = 3 |. If we let 
0 0 0} \ C3 0 
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2 
Co = 0, then C3; = 3 and C, =2, so € = | 0] and 
3 
0 dL 2 
ge) ey as | ee 72 jee * | De) EAE. [0 te F 
-1 0 3 
17e. W is the matrix with x‘) as the first column, x2) as 
the second column and x‘?) as the third column. 
012 
17£.T = oe Mee) and using row operations on T and I, ora 
-1 0 3 
=3), 32 °2 
computer algebra system, a 3 -2 -2] and thus 
al po he. 251 
210 
T lar = [0:2 /1-) eeo 
002 


és f aie : M2 20 
19a. J JJ = = 
o ALO A Ge he 
’ ‘ alae a a 
0 AJ\oO A? 0 AS 
19b. Based upon the results of part a, assume 


C aed 
ws , then 
0 x? 


La as, att \ ] AP nant 
OA 0 A” 


: ABtT (n+) A7 
~ 0 qn 


replaced by n+l. Thus, by mathematical induction, J” 
has the desired form. 


q 
ll 
q 
q 
Il 


} which is the same as J” with n 


19c. From Eq. (23), Section 7.7, we have 
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=. ee 
exp(Jt) = I+ yy 
n! 
n=1 
pyres! nantes 
co 
yi 4 
=I+ 
nen 
n=1 0 A t 
n! 
_ y aren y" qe-ign 
n! (n-1)! 
_ n=1 n=1 
AED 
0 1 + yy 
n! 
n=1 
elt a 
= , Since 
0 elt 
co -1 co 
yy ee 2 t(1 + > ve ) = tert 
(n-1)! n! . 
n=1 n=1 


19d. From Eq. (28), Section 7.7, we have 


, eit tert x9 xpertyxSt edt 
x = exp(Jt)x = = 
0 ett x9 xgert 
0) 0) 
X1 x2 
- At 4 elt. 
x8 0 
Section 7.9, Page 417 
il From Section 7.5 Problem 3 we have 
il 1 
x9) = cy et + ca ) et, Note that 
1 3 
d ‘ 0 
g(t) = e+ t and that r = 1 is an eigenvalue of 
0 1 
the coefficient matrix. Thus if the method of 
undetermined coefficients is used, the assumed form is 
given by Eq. (18). 
26 Using methods of previous sections, we find that the 


eigenvalues are r, = 2 and rpg = -2, with corresponding 


3 1 
eigenvectors [> | and ‘4 Thus 
-V3 


1 
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4/3 al 
x) = oy ame eo | e *t, Writing the 
1 Sis 


1 0 
nonhomogeneous term as ) et + | e t we see that we 
0 V3 


can assume x'P) = aet + be ™. Substituting this in the 
D.E., we obtain 


1 0 
aet - be * = Aaet + Abe + ) et + | et, where A 
is the given coefficient matrix. All the terms involving 
: 1 0 
e- must add to zero and thus we have Aa - a + = 3 


This is equivalent to the system 
V3a. = -1 and 3a; - 2a, = 0, or ay = -2/3 and 
ag = -1/V3. Likewise the terms involving et must add 


0 0 
to zero, which yields Ab + b + | = } The solution 
V3 0 
of this system is by = -1 and by = 2/V/3. Substituting 
these values for a and b into x!P) and adding x'P) to 


x (Co) 


yields the desired solution. 

The method of undetermined coefficients is not straight 
forward since the assumed form of x'?) = acost + bsint 
leads to singular equations for a and b. From Problem 3 
of Section 7.6 we find that a fundamental matrix is 


5cost 5sint 
Wit) = . The inverse 
2cost + sint -cost + 2sint 
matrix is 
cost - 2sint ; 
sint 
5 
writ) = , which may be found as 
2cost + sint 
5 -cost 


in Section 7.2 or by using a computer algebra system. 
Thus we may use the method of variation of parameters 
where x = W(t)u(t) and u(t) is given by 


, 


w(t) = Wl(t)g(t) from Eq.(27). For this problem 


-—cost 
g(t) = and thus 


sint 
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cost - 2sint ; 
sint 
, 5 -cost 
u(t) = 
2cost + sint sint 
-cost 
5 
1 2 - 3cost2t + sin2t 
) -1 - cos2t - 3sin2t 


after multiplying and using appropriate trigonometric 
identities. Integration and multiplication by W yields 
the desired solution. 


In this problem we use the method illustrated in Example 
1. From Problem 4 of Section 7.5 we have the 


Tk 


transformation matrix T = } Inverting T we find 


4 1 
defy sed 
that T/ = } If we let x = Ty and substitute 


4 il 
into the D.E., we obtain 


Pa oe a sae 1 (1 -1)\)(e%* 
yon yp 
5 \4 1)\4 -2)\-4 1 5 \4 1) \-2et 


=a <6 {if ere 4 Der 
= yto . This corresponds to 


0 2 Ds ttereh- es ee 

the two scalar equations 

yi + 3y1 = (1/5)e** + (2/5)e°, 

Yo - 2y2 = (4/5)e°2* - (2/5)et, 
which may be solved by the methods of Section 2.1. For 
the first equation the integrating factor is e?* and we 
obtain (e**y,)’ = (1/5)e* + (2/5)e4%*, so 
Saal = (1/5)et + (1/10) e4t + ci. For the second equation 
the integrating factor is ev7t) so 
(e2ty,)’ = (4/5)e4* - (2/5)e*. Hence 
etty, = -(1/5)e"4* + (2/5)e + + cp. Thus 

on ge is 7 eye 7 . 
y= e + e- + . ‘Finally, 

-1/5 2/5 exee™ 


multiplying by T, we obtain 


0 1/2 1 1 
x = Ty = ) ae ) et 4 a ) evry ca ) eet 
= 0 -4 1 


The last two terms are the general solution of the 
corresponding homogeneous system, while the first two 
terms constitute a particular solution of the 
nonhomogeneous system. 


12 


14. 
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Since the coefficient matrix is the same as that of 
Problem 3, use the same procedure as done in that 
problem, including the Wt found there. In the interval 
T/2 <t <M sint > 0 and cost < 0; hence |sint | = sint, 
but |cost | = -cost. 


To verify that the given vector is the general solution 
of the corresponding system, it is sufficient to 


substitute it into the D.E. Note also that the two terms 
(c) 


in x are linearly independent. If we seek a solution 
of the form x = W(t)u(t) then we find that the equation 
corresponding to Eq. (26) is tW(t)w(t) = g(t), where 

& <r 1-t? 
Wit) = and g(t) = . Thus 

t 13/7 2t 
w = (1/t) P+ (t) g(t). Using a computer algebra system or 


row operations on W and I, we find that 


= Shots Slf2t , 3 3 
we = and hence uj = 5 and 
-t/2 t/2 2t 2 iL: 
, 1 t* 3 3t 
Up SS AR oe bey Swheeh. yields: uy Ss Se ener 
2 2 2t 2 
1 Eo oe ee 
and ug = ae + Z + 3 + Co. Multiplication of u by 


W(t) yields the desired solution. 
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In the following problems that ask for a large number of 
numerical calculations the first few steps are shown. It is 
then necessary to use these samples as a model to format a 
computer program or calculator to find the remaining values. 


la. The Euler formulas iS Ypi1i = Yn + A(3 + ty - Vy) for 


n = 0,1,2,3... and with tg = 0 and yo = 1. Thus 

Yi = 1+ .05(3 + 0-1) =1.1 

¥o = 1,1 + .05(2 + .05 = 1.1) = 2,1975 = ye) 

y3 = 1.1975 + .05(3 + .1 - 1.1975) = 1.29263 

ya = 1.29263 + .05(3 + .15 - 1.29263) = 1.38549 = y(.2). 


lc. The backward Euler formula iS Yi, = Yn + H(3 + tyti - Ynsi)- 
Solving this for ynpii we find ypii= [yn + A(3 + tyei)]/(1+tn). 
1 + .05(3.05) 


Thus yi 1.097619 and 
1.05 
1.097619 + .05(3.1) 
Yo 1.292971. 
1.05 
2 2 
yo + 2toy 5)“ + 0 
Si Meme = es et oe =. cone 
3 + t§ 3 + 0 
(.504167)7 + 2(.05) (.504167) 
y2 = .504167 + .05 5 509239 
3 + (.05) 
2 
yi + 2(.05) yi 
5c. Yi = -5 + .05 a % which is a quadratic 
3 + (.05) 
equation in y;. Using the quadratic formula, or an 
equation solver, we obtain y; = .5050895. Thus 
y+ 2(.ly2 
Yo = .5050895 + .05——————__— which is again quadratic 
2 
3 + (.1) 
in yo, yielding y2 = .5111273. 


Ja. For part a eighty steps must be taken, that is, 
n= 0,1,...79 and for part b 160 steps must taken with 
n= 0,1,...159. Thus use of a programmable calculator or 
a computer is required. 


To. We have yni1 = Yn + A(.5-tys1 + 2Yni1), which is linear in 


Yn + -oh —ht 1 
Ynt1 and thus we have yn = i a = . Again, 80 


9C% 


15. 


16. 
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steps are needed here and 160 steps in part d. In This 


case a spreadsheet is very useful. The first few, the 
middle three and last two lines are shown for h = .025: 

n Yn ty Ynt1 

0) 1 0) P06513 

1 1.06513 -025 1.13303 

Z 1213303, -050 1.20381 

38 7.49768 -950 7.87980 

39 7.87980 ~975 8.28137 

40 8.28137 1.000 8.70341 

78 55.62105 1.950 58.50966 

719 58.50966 1,975 61.54964 

80 61.54964 2.000 


At least eight decimal places were used in all 
calculations. 


The backward Euler formula gives 


VYnt1 = Yn + AV tn41 + Ynt1- Subtracting y, from both 


sides, squaring both sides, and solving for yn+i yields 
h2 
=y, + = + nV va +: ther h7/4. Alternately, an 


Yntl 


equation solver can be used to solve 


VYntl = Yn + AV ther + Ynt1 FOr Yn+1- The first few values, 


for 


h = 0.25, are yy = 3.043795, yo = 2.088082, y3 = 3.132858 and 


Vince Bal TOS hai fs 


If y =1-t + 4y then 
y’ = -1 + 4y’ = -1 + 4(1-t+4y) = 3 - 4t + 16y. In 
Eq. (12) we let yn, Yn and Yn denote the approximate 
values of (ty), O (ty), and o”(t,), respectively. 
Keeping the first three terms in the Taylor series we 
have 
Yn+1 = Yn + yah + Yon h?/2 

=yn, t+ (1 -t, + 4yp)h + (3 - 4t, + 16y,)h?/2. Forn 
to = 0 and yo = 1 we have 


S12 
ae 1.595. 


V1 = 1+ (1 - O + 4)(.1) + (3 - 0 + 16) 


If y = d(t) is the exact solution of the I.V.P., then 
2o(t) - 1 and o”’(t) = 26’(t) = 40(t) - 2. From 


Eq. (21), @ns, = [20(t,) - 1]h?, ty < t, < t, + h. Thus a 


0, 
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bound for epi, is lenii| < [1 + 2max |o(t) | 1h’. Since the 
exact solution is y = o(t) = [1 + exp(2t)]/2, 

eCn+1 = hexp (2t,) - Therefore 

le;| < (0.1) 2exp(0.2) = 0.012 and 

lea| < (0.1) exp (0.8) = 0.022, since the maximum value of 
exp (2ty) occurs at t = .1 and t = .4 respectively. From 


Problem 2 of Section 2.7, the actual error in the first 
step is .0107. 


19. The local truncation error is ens, = 0” (ty) h2/2. For this 
problem ’(t) = 5t -— 36//*(t) and thus 
o’(t) = 5 -— (3/2)6-1/29’ = 19/2 - (15/2)to>1/2. 


Substituting this last expression into €p4,; yields the 
desired answer. 


22d. Since y” = —-5msin5mt, Eq. (21) gives ey, = -(5m"/2)sin(5mt,)h?. 


.08. 


lt 


ST 5 
Thus ered < -—h* <. .05, or A < 
2 50m 


23a. From Eq. (14) we have E, = (ty) - yn. Using this in 
Eq. (20) we obtain 
Fac = Eg thi tlt, Oty) 1 — f(tgryy) ) tO (Eg) b7/2. “Using 
the given inequality involving L we have 
|£ltyrO(t,) 1 —-£lta va) | SD. [Ot --— y,| L|E,| and thus 
” 2 2 
[Eni] S$ [En] + BLIEn| + ,mag |" (t)[h°/2 = alEn| + Bh°. 


23b. Since @ = 1+ hL, @ - 1 = hL. Hence Bh*(a"-1)/(a-1) = 
Bh? [(1+hL)" - 1]/hL = Bh[(1+hL)" - 1]/L. 


23c. (1+hL)” < exp(nhL) follows from the observation that 
exp(nhL) = [exp(nL)]™ = (1 + hL + h?L?/2! + ...)". 
Noting that nh = ty - to, the rest follows from Eq. (ii). 


24. The Taylor series for @(t) about t = tyy, is 
2 
(t-tn41) 
a. + 


O(t) = O(tyar) + O° (tyay) (tty) + O" (tay) 5 

Letting o’(t) = £(t,o(t)), t = ty and h = typhi — ty we 
have O(tn) = O(tna1) — £(tns1,O(tnei))h + 0” (ty) h2/2, where 
tH Xs tn < thit- Thus 

(tat) = Olty) + £ (thst, O(tn4r))h — O” (ty)h?/2. Comparing 


this to Eq. 13 we then have en, = -0”(t,)h?/2. 
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25b. From Problem 1 we have ynii = Yn + A(3 + ty - Yn), SO 


yi = 1+ .05(3 +0-1) =1.1 

yo = 1.1 + .05(3 + .05 - 1.1) = 1.20 = y(.1) 

¥3 = 1.20 + .05(8 + .1 = 1.20) = 1.306 

va = 1,304 .05(3 = .15 = 1,30) = 1.39 = ¥(.2). 
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la. 


10. 


11. 


The improved Euler formula is 
Yn+1 = Yn [Yn + £(ty + h, Yn + hyn) ]h/2 where 


y = f(t,y) =3+t- y. Hence y, = 3 + t, - y, and 
f(t, + h, yn + hyn) = 3 + tn+1 - (Yn + hyn) - Thus we obtain 

h? j 
Ynt1 = Yn + (3 + ty -— ya) + ae — Yn) 

h2 

= Yeo ASF Ei = Yah ete ie FY) Thus 
(.05) * 
y1 = 1 + (3-1) (.05) + eager ee = 1.098750 and 
(.05) ? 

Yo = yi + (3 +.05 - yy) (.05) + - a ie -.05 + yz) = 1.19512 
are the first two steps. In this case, the equation 


specifying ynii1 is somewhat more complicated when 

Si = 3 + tn - Yn Was substituted. When designing the steps to 
calculate ypi, On a computer, Vn can be calculated first and 
thus the simpler formula for ynpii can be used. The exact 


solution is y(t) =2 +t - ee so y(.1) = 1.19516, 
y(.2) = 1.38127, y(.3) = 1.55918 and y(.04) = 1.72968, so the 
approximations using h = .0125 are quite accurate to five 


decimal places. 


In this case y, = 2t, + e ™" and thus the improved Euler 
formula is 


(et, #6) + Stags ee Oe FY 


Yn+1 = Yn + . . For 


n= 0, 1, 2 we get yz = 1.05122, yo = 1.10483 and y3 = 1.16072 
for h = .05. 


See Problem 4. 


The improved Euler formula is 


£ (thr Yn) + f£ (tnt, Yn thf (tn, Yn) ) 
Ynt+1l = Yn + 5 h. As suggested 


in the text, it’s best to perform the following steps when 
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implementing this formula: let k; = (4 - tyy,)/(1 + vol 
kp = yn + hky and k3 = (4 - tpaik2)/(1 + k3). Then 
Ynt1 = Yn + (ki + k3)h/2. 


14a. Since O(tyh + h) = O(tyhi1) we have, using the first part of 
Eq.(5) and the given equation, 
Cntr = O(tns1) - Ynt1 = [0(ty)-yn] + [o’ (ty) = 
Yn + £(tyth, ynthy’n) - et 
* - ; nA yh + 6’ (t,)h2/2! + oO” (ty) h/3!. 
Since y, = O(t,) and y, = O’(t,) = £(ty,y,) this reduces 
to 
Suey SO CEA h7/ 21 = te eat Vee Se HE tay va 


- £(tpryn) }h/2! + O” (ty) h3/3!, 
which can be written in the form of Eq. (i). 


14b. First observe that y’ = f(t,y) and y” = fi (t,y) + 
fy(t,y)y’. Hence 6”’(ty) = fe(tneyn) + fy (tne Yn) f (tnryn) - 
Using the given Taylor series, with a =t,, h=h, b= yy 
and k = hf(ty,Yyn) we have 


E[tyth, yathf (ty, Yn) )] = f£ (tn, Yn) tft (tor Yn) At fy (tn, Yn) HE (tyr Yn) 
LE QS eet (Ent (ear Val Egy (Een) bE eae) 172! 


where ty, < € < tp + h and |N-ynl < hl f(tyryn) |. 
Substituting this in Eq.(i) and using the earlier 
expression for 6”(t,) we find that the first term on the 
right side of Eq.(i) reduces to 

=e * Steg (Er) faye): + fy Er) ayo Ie 7S 
which is proportional to h? plus, possibly, higher order 
terms. The reason that there may be higher order terms 
is because § and n will, in general, depend upon h. 


14c. If f(t,y) is linear in t and y, then fet fty fyy 0 


and the terms appearing in the last formula of part (b) 
are all zero. 


15. Since o(t) = [4t - 3 + 19exp(4t)]/16 we have 
o’’(t) = 76exp(4t) and thus from Problem 14c, since f is 
linear in t and y, we find 
en+1 = 38[exp(4t,) ]h?/3. Thus 
[ein2y |S (36h°/3) exp (8) = 37) 758.8h* on70 < tS 2 For n= 1, 
we have je;| = |(t1) - yil < (38/3)exp(0.2) (.05)? = .001934, 
which is approximately 1/15 of the error indicated in Eq. (27) 
of the previous section. 


9%. 


24. 
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The Euler method gives 
Y1 = Yo +t R(5to - 3V yo) = 2 + .1(-3V 2) = 1.57574 and the 
improved Euler method gives 


£(to, Yo) a E(ti, yi) 
2 
= 2 +4 [-3\/2 + (.5 - 3\/1.57574)].05 = 1.62458. 


Thus, the estimated error in using the Euler method is 

1.62458 -—- 1.57574 = .04884. Since we want our error tolerance 
to be no greater than .0025 we need to adjust the step size 
downward by a factor of 4/ .0025/.04884 = .226. Thus a step 
size of h = (.1)(.23) = .023 would be needed for the required 
local truncation error bound of .0025. 


The modified Euler formula is 

Ynt1 = Yn + Hf[ty + A/2, yn + (h/2)f (ty, Yn) ] where 

£(t,y) = 5t - 3Vy. Thus 

yY1 = 2 + .05[5(to + .025) - 3sqrt(2 + .025(5to - 3/2 ))] 
= 1.79982 for tp = 0. The values obtained here are 

between the values for h = .05 and for h = .025 using the 

Euler method in Problem 2. 
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Ws 


The Runge-Kutta formula is 
Yntl = Yn + H(kyiy + 2ky2 + 2kn3 + Kyg)/6 where kyi, Kyo 


etc. are given by Eqs.(3). Thus for 

f(t,y) = 2t +e *Y, (to,yo) = (0,1) and h = .1 we have 
koi = O + eo = 1 

Kon = 2(0 + .05) + | (07-08) GF. O5kor) _ 4 948854 

key = 2(.05) + o 1°08) + O5Ko) — 4.048738 


koqg = 2(.1) + a ere 1.095398 and hence 


V1 = 1 + .1(Ko1 + 2Ko2 + 2ko3 + koa) /6 = 1.104843. 


K 
an 
In 


(4 - tyyn)/(1 + y%). Thus for tg = 0, 


We have f (tn, Yn) 


Yo = -2 and h = .1 we have 

koi = £(0,-2) = .8 

kg2 £(.05, 2+ .05(.8)) = £(.05, - 1.96) = .846414, 

ko3 £(.05, - 2 + .05k92) = £(.05, - 1.957679) = .847983, 
kog = £(.1, - 2 + .1ko3) = £(.1, - 1.915202) = .897927, and 
Yi = -2 + .1(ko1 + 2Ko2 + 2k93 + koqg)/6 = -1.915221. For 


comparison, see Problem 11 in Sections 8.1 and 8.2. 
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14b. We have f(ty,Yyn) = ee + ae to = 0, yo = 1 and h = .1 so 
koi = 07 +: 1% = 1 
kop = (.05)% + (1 + .05)% = 1.105 
ko3 = (.05)2 + [1 + .05(1.105)]? = 1.11605 
kog = (.1)? + [1 + .1(1.11605)]? = 1.245666 and thus 
yi = 1 + .1(kKo1 + 2kq2 + 2k093 + kog)/6 = 1.11146. Using these 
steps in a computer program, we obtain the following values 


for y: 
t h =.1 h = .05 h = .025 h = 0.125 
.8 5.842 5.8481 5.8483 5.8486 
9 14.0218 14.2712 14.3021 14.3046 
=95 46.578 49.757 50.3935 
14c. No accurate solution can be obtained for y(1), as the values 
at t = .975 for h = .025 and h = .0125 are 1218 and 23,279 


respectively. These are caused by the slope field becoming 
vertical ast > 1. 
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4a. The predictor formula is 
Yntl = Yn + H(55fyp — 59fp-1 + 37fp-2 — 9fp-3)/24 
and the corrector formula is 
Yntl = Yn + A(9fpi1 +19f, —5fp-1 + fpr) /24, where 
f, = 2t, + exp(-tyy,). Using the Runge-Kutta method, from 
Section 8.3, Problem 4a, we have for tp = 0 and yo = 1, 
y1 = 1.1048431, yo = 1.2188411 and y3 = 1.3414680. Thus the 
predictor formula gives yg = 1.4725974, so fq = 1.3548603 and 


the corrector formula then gives yy = 1.4726173, which is the 
desired value. These results, and the next step, are 
summarized in the following table: 

n Yn fy Ynt1 fi Ynt1 

0 1 Hl Corrected 

1 1.1048431 1.0954004 

2 1.2188411 1.1836692 

3 1.3414680 1.2686862 1.4725974 1.3548603 1.4726173 

4 1.4726173 1.3548559 1.6126246 1.4465016 1.6126215 

5 1.6126215 


4b. 


Ac. 


Ja. 
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where f, is given above, yny; is given by the predictor 
formula, and the corrected yyy, is given by the corrector 
formula. Note that the value for f, on the line for 

n = 4 uses the corrected value for yy, and differs 
slightly from the f, on the line for n = 3, which uses 
the predicted value for y,. 


The fourth order Adams-Moulton method is given by 

Eq. (10): yna1 = Yn + (h/24) (9f,4, + 19f, - 5f5-1 + fy) 
Substituting h = .1 we obtain 

Vnitr = Yat €.0379) (Lot, —-S£pat * fpsea) + «03759 fae 
For n = 2 we then have 


V3 = yo + (.0375) (19f2 - 5f1 + fo) + .0375f3 


= 1.293894103 + .0375(.6 + e 3Y3), using values for 
Yo, fo, f1, f2 from part a. An equation solver then yields 
y3 = 1.341469821. Likewise 


ya = y3 + (.0375) (19f3 - 5f) + £1) + .0375£, 


1.421811841 + .0375(.8 + e °*%4), where £3 is calculated 
using the y3 found above. This last equation yields 
Yq = 1.472618922. Finally 


Y5 = Va + (.0375) (19f,4 — 5f£3 + fo) + -0375f5 


= 1.558379316 + .0375(1.0 + e °°%5), which gives 
ys = 1.612623138. 


We use Eq. (16): 
Yn+1 = (1/25) (48yn — 36yn-1 + 16Yn-2 - 3Yn-3 + 12hfn41).- 
Thus yqg = 04 (48y3 —- 36y5 + 16y, - 3Y0) + .048f, 
= 1.40758686 + .048(.8 + eo {¥4y using values 

for yo, Yi- Yo, y3 from part a. An equation solver then 
yields yg = 1.472619913. Likewise 
V5 = .04(48yq - 36y3 + 1l6y2 - 3y1) + .048f5 

1.54319349 + .048(1 + e °°%5), which gives 
ys = 1.612625556. 


Using the predictor and corrector formulas (Eqs.6 and 10) 
with fp = .5 - ty, + 2yn and using the Runge-Kutta method 
to calculate yi1,y2 and y3, we obtain the following table 
for h = .05, tg = 0, yo = 1: 
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n Yn fy Yn+1 fit Yn+1 
corrected 

0 Hl 29 

d: 1.130171 2.710342 

2 1.271403 2.9420805 

3 1.424858 3.199717 1.591820 3.483640 1.591825 

4 1.591825 3.483649 1.773716 3.797433 Lg TAS PZ 

5 1.773721 3.797443 1.972114 4.144227 1.972119 

6 1.972119 4.144238 2.188747 4.527495 2.188753 

7 2.188753 4.527507 2.425535 4.951070 2.425542 

8 2.425542 4.951084 2.684597 5.419194 2.684604 

) 2.684604 5.419209 2.968276 5.936551 2.968284 

10 2.968284 


7b. From Eq. (10) we have 


h 
Ynt+1 = Yn + ey eats + 19f, - 5fp-1 + fn-2) 


h 
= Yn + a — tn+1 + 2yne1) + 19fn - 5fp-1 + fn-2]- 
Solving for yn+, we obtain 
h 
Yn+1l = [Yn + en = S£n-7 + En-2 + A505) = 9tn41) ]/(1-.75h). 


For h = .05, to = 0, yo = 1 and using y; and y2 as calculated 
using the Runge-Kutta formula, we obtain the following table: 


n Yn fy Yn41 

0) 1 29 

1 1.130171 2.710342 

2 1.271403 2.942805 1.424859 
S 1.424859 BO OFS 1.591825 
4 1.591825 3.483650 1.773722 
5 1.773722 3.797444 1.972120 
6 1.972120 4.144241 2.188755 
7 2.188755 4.527510 2.425544 
8 2.425544 4.951088 2.684607 
9 2.684607 5.419214 2.968287 
10 2.968287 


7c. From Eq (16) we have 
Ynt1 = (48yn - 36yn-1 + 16yp-2 - 3Y¥n-3 + 12hfp41)/25 
= [48yn - 36yn-1 + 16yn-2 - 3¥n-3 + 12h (.5-tys1) ]/25+ (24/25) hyysy- 
Solving for yn+1 we have 
Yn+1 = [48yn — 36Yn-1 + 16Yn-2 - 3Yn-3 + 12h(.5-tyy1) 1] /(25-24h). 
Again, using Runge-Kutta to find y; and y2, we then obtain 
the following table: 
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n Yn Ynt+1 

0 1. 

1 1.130170833 

2 1.271402571 

3 1.424858497 1... 591825573 
4 1:,5918255'73 1.773724801 
5 1.773724801 1.972125968 
6 1.972125968 2.188764173 
7 2.188764173 22425551376 
8 2.425557376 2.684625416 
9 2.684625416 2.968311063 
10 2.968311063 


The exact solution is y(t) = et + t/2 so y(.5) = 2.9682818 and 
y(2) = 55.59815, so we see that the predictor-corrector 
method in part a is accurate through three decimal places. 


16. Let Po(t) = At? + Bt + C. As in Eqs. (12) and (13) let 
Po(tn-1) = Yn-1r P2(tn) = Yn, Po (tnii) = Ynui and 
Po (that) = £ (thet, Yne1) = fauz- Recall that ty; = ty, —h 


and ty4, = tp + h and thus we have the four equations: 


A(ty-h) 2? + B(tp-h) + 


C = Yn-1 (i) 

até + Btn +C=yYyn (ii) 
A(tpth)? + B(t,th) + C = ynu (iiay 

2A(tyth) + B= fnii (iv) 
Subtracting Eq. (i) from Eq. (ii) to get Eq. (v) (not 
shown) and subtracting Eq. (ii) from Eq. (iii) to get Eq. 
(vi) (not shown), then subtracting Eq. (v) from Eq. (vi) 
yields yni1 -— 2Yn + Yn-1 = gene, which can be solved for 
A. Thus B = fyi - 2A(tpth) [from Eq. (iv)] and 
C= yy -— tytn + At? + 2At,h [from Eq. (ii)]. Using 
these values for A, B and C in Eq. (iv) yields 
Ynti = (1/3) (4¥p-Yn-1t2hfyy1), which is Eq. (15). 
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If 0 <t <1 then we know 0 < t* <1 and hence 
eY < t? + e¥ <1 + eY. 

represents a slope, 
Eq.(i) is bounded above by the solution of Eq. (iii) 
is bounded below by the solution of Eq. (iv). 


2a. 
Since each of these terms 

we may conclude that the solution of 
and 


2b. 1 (t) and d2(t) can each be found by separation of 


170 


2G 


4a. 


4b. 
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variables. For 0 ,(t) we have dy = dt, or 
1+e” 
ey 
dy = dt. Integrating both sides yields 

e Y+1 
-In(e Y+1) =t + c. Solving for y we find 
y= In[1/(cye"*-1)]. Setting t = 0 and y = 0, we obtain 
c; = 2 and thus $,(t) = In[et/(2-et)]. As t > 1n 2, we 
see that 0,(t) ~ o. A similar analysis shows that 
do(t) = In[1/(c2-t)], where cp = 1 when the I.C. are 


used. Thus @2(t) —~ co as t ~ 1 and thus we conclude 
that @(t) — co for some t such that 1n2 <t <1. 


From Part b: 0,(.9) = In[1/(cye-"9-1)] = 3.4298 yields 
Cc, = 2.5393 and thus ,(t)  o when t = .9319. 
Similarly for 2(t) we have cp = .9324 and thus 

do(t) —- co when t = .932. 


The D.E. is y’ + 10y = 2.5t? + .5t. So yn = ce 1° is the 
solution of the related homogeneous equation and the 
particular solution, using undetermined coefficients, is 
Yp = At? + Bt + C. 
Substituting this 
into the D.E. yields 
A= 1/4, B=C=0. 
To satisfy the I.C., 


c = 4, so 

y(t) = 4e 79 + (t7/4), 
which is shown in the 
graph. 


From the discussion following Eq (15), we see that h must 


be less than ~— for the Euler method to be stable. 


|x| 
Thus, for r = 10, h < .2. For h = .2 we obtain the 
following values: 


t= 4 4.2 4.4 4.6 4.8 535-0 

y= 8 4 8.84 1.28 9.76 2.24 
and for h = .18 we obtain: 

t = 4.14 4.32 4.50 4.68 4.86 5.04 


-26 4.68 5.04 5.48 5.89 6.35. 


K 
| 
Ss 


Clearly the second set of values is stable, although far 
from accurate. 


Ac. 


4d. 


5a. 


5c. 
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For a step size of .25 we find 


t= 4 4.25 4.75 5.00 
y = 4.018 4.533 5.656 6.205, 


for a step size of .28 we find 


t= 4.2 4.48 4.76 5.00 
y = 10.14 10.89 11.68 12.51, 


and for a step size of .3 we find 


t = 4.2 4.5 4.8 Deak 

y = 353 484 664 912. 
Thus instability appears to occur about h = .28 and 
certainly by h = .3. Note that the exact solution for 
t = 5 is y = 6.2500, so for h = .25 we do obtain a good 
approximation. 
For h = .5 the error at t = 5 is .013, while for h = .385, 


the error at t = 5.005 is .01. 


The general solution of the D.E. is y(t) =t + ce”, 
where y(0) = 0 4% c = 0 and thus y(t) = t, which is 
independent of A. 


Your result in Part b will depend upon the particular 
computer system and software that you use. If there is 
sufficient accuracy, you will obtain the solution y=t 
for t on 0 < t < 1 for each value of A that is given, 
since there is no discretization error. If there is not 
sufficient accuracy, then round-off error will affect 
your calculations. For the larger values of A, the 
numerical solution will quickly diverge from the exact 
solution, y = t, to the general solution y =t + cet, 
where the value of c depends upon the round-off error. 
If the latter case does not occur, you may simulate it by 
computing the numerical solution to the I.V.P. 

y - Ay = 1 - At, y(.1) = .10000001. Here we have 
assumed that the numerical solution is exact up to the 
point t = .09 [i.e. y(.09) = .09] and that at t = .1 
round-off error has occurred as indicated by the slight 
error in the I.C. It has also been found that a larger 
step size (h = .05 or h = .1) may also lead to round-off 
error. 
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2a. The Euler formula iS Xp4, = x, + hf,, where 
2¥nttnYn 2-0 
£, = , X09 = 1 and yo = 1.Thus fp = = 
XnYn (1) (1) 
2 1+.1(2) ts2 
, #1, = m7 i 
1 1+.1 (1) 1.1 
2.4+.1(1.1) 2251 
fy — = 
(1.2) (1.1) 32 
12d (2551) 1.451 o(.2) 
and x2 = — = 
de dA de (Ls 32) 1.232 w(.2) 
2b. Eqs. (7) give: 
£(0,1,1) 2+0 2 
Ko1 = = = 
g(0,1,1) (1) (1) i 
2.44.1 (41) Ze 
ko2 = = 
1) ff 32 
2.002+.1 (1.5132) 2.6152 
ko3 = — 
(1.251) (1.132) 1.41613 
é 3.04608+.2 (1.28323) 3.30273 
04 = — 
(1.52304) (1.28323) 1.95441 
Using E in scalar form, we then have 
xX, = 1+( ae oe as 2 (2.6152)4+3.30273] = 1.51844 


Yi. = 1+(.2/6) [142 (1.32)4+2 (1.41613)+1.95440] = 1.28089. 


7. Write a computer program to do this problem as there are 
twenty steps or more for h < .05. 


8. If we let y = x’, then y’ = x” and thus we obtain the 


system x’ = y and y’ = t-3x-t’y, with x(0) = 1 and 

y(0) = x’(0) = 2. Thus £(t,x,y) = y, 

g(t,x,y) = t - 3x - t*y, to = 0, X95 = 1 and yo = 2. If a 
program has been written for an earlier problem, then its 
best to use that. Otherwise, the first two steps are as 
follows: 
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| 2+(-.15) fe Eg 
.05-3(1.1)—(.05) 7(1.85) 7 i 
2+(—.16273) 1.83727 
oe Pern sik oneal 7 eed 
7 2+ (—. 32321) _ { 1.67679 
pe henge eee) 7 ee 


and thus 


* 

fo) 

i) 
Il 


xy = 14+(.1/6) [2 + 2(1.85)4+2 (1.83727) +(1.67679) ]=1.18419, 
Y1 = 2+(.1/6) [-3-2 (3.25463) -2 (3.23209) -3.46796]=1.67598, 


which are approximations to x(.1) and y(.1) = x’(.1). 
In a similar fashion we find 
1.67598 1.50251 
kii = ki2 = 
—3.46933 —3.68777 
1.49159 1.30983 
ki3 = kig = 
—3.66151 —3.85244 
and thus 


X2=X1+(.1/6) [1.67598+2 (1.50251) +2 (1.49159) +1. 30983]=1.33376 
y2=Vvi-(.1/6) [3.46933+2 (3.68777) +2 (3.66151) +3.85244]=1.30897. 


Three more steps must be taken in order to approximate 
x(.5) and y(.5) = x’(.5). The intermediate steps yield 
x(.3) 1.44489, y(.3) = .9093062 and x(.4) = 1.51499, 
y(.4) -4908795. 
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For Problems 1 through 16, once the eigenvalues have been 
found, Table 9.1.1 will, for the most part, quickly yield the 
type of critical point and the stability. In all cases it 
can be easily verified that A is nonsingular. 


la. The eigenvalues are found from the equation det (A-rI)=0. 


3=r “=2 
Substituting the values for A we have = 
2 =25r 


r* — r —- 2 = 0 and thus the eigenvalues are r,; = -1 and 


4 =27) 0 
rg = 2. For rz, = -1, we have = and thus 
2 -1\&> 0) 


4 1 1 -2Y& 0 
i = and for rz we have = and thus 
2 2 -4)\€&> 0) 


lb. Since the eigenvalues differ in sign, the critical point 
is a saddle point and is unstable. 


Che 


ie ES 
WAL 


4a. Again the eigenvalues are given by = 
4 


r° + 6r + 9 = 0 and thus ry = 


ro = -3. The eigenvectors 

4 -4Y¥& 0 

are solutions of £ = and hence there is 
= 2 @) 


4 


i 
just one eigenvector E = } 
1 


4b. Since the eigenvalues are negative, (0,0) is an improper 
node which is asymptotically stable. If we had found 
that there were two independent eigenvectors then (0,0) 
would have been a proper node, as indicated in Case 3a. 


Ja. 


7b. 


Td. 


10a. 


10b. 
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In this case det(A - rI) = r“~ - 2r + 5 and thus the 
eigenvalues are rj,7 = 1+ 2i. For rj; = 1 + 2i we have 


i le ~ a a (°) 
= = and thus 
4 -2-2i) \&> 8-8i -8) \&> 0) 


1 
&@) = } Similarly for rg = 1-21 we have 
dea) 


oe ie a _ (°) epsumene ela 1 } 
4 -2+2i) \&> 0) 1t+i 


Since the eigenvalues are complex with positive real 
part, we conclude that the critical point is a spiral 
point and is unstable. 


2 


Again, det(A-rI) =r 
1-3i 2 G1 0 
For ry = 31 we have = and thus 
“<>. S132 E> 0 
2 
(1) _ ‘ : erat 
E 143i!" Likewise for ro 347 


( 143i 2 ey : (°) eens 2 } 
-5 -1+3i) \€ 0 =1=3i 


Since the eigenvalues are pure imaginary the critical 


point is a center, which is stable. 
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10d. 


D3) 
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x° + u then x = w’ and thus the system 


dd 0 de gl 2 
x + u- which will be in 
1-1 1 = 0 


1 1 0 2 
the form of Eq. (2) if x = . Using row 
0 


operations, this last set of equations is equivalent to 


he ed 0 2 0 0 
x = and thus xj = 1 and x7 = 1. Since 
0 -2 -2 


Lu 
uv = u has (0,0) as the critical point, we 
dy al 
conclude that (1,1) is the critical point of the original 
system. As in the earlier problems, the eigenvalues are 
t=~ 1 
given by =r° = 2 = 0 and thus r,,9 = £V2. 
ieee Rog 
Hence the critical point (1,1) is an unstable saddle 
point. 


The equivalent system is dx/dt = y,dy/dt = -(k/m)x-(c/m)y 
which is written in the form of Eq. (2) as 


d[{x 0 al x 
— = . The point (0,0) is clearly a 
dt ly -k/m -c/m/) \y 


critical point, and since A is nonsingular, it is the 
24 (c/m) r+k/m=0 


SO Y4,¥%2 = [-c + (c? - 4km) 1/2] /2m. In the underdamped 


case oa - 4km < 0, the characteristic roots are complex 


with negative real parts and thus the critical point 
(0,0) is an asymptotically stable spiral point. In the 
overdamped case c? - 4km > 0, the characteristic roots 
are real, unequal, and negative and hence the critical 


point (0,0) is asymptotically stable node. In the 
2 


only one. The characteristic equation is r 


critically damped case c“ - 4km = 0, the characteristic 
roots are equal and negative. As indicated in the 

solution to Problem 4, to determine whether this is an 
improper or proper node we must determine whether there 


18a. 


18b. 


19a. 


19b. 


19¢.; 
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are one or two linearly independent eigenvectors. The 
eigenvectors satisfy the equation 


c/2m 1 §1 0 
= , which has just one solution if 
-k/m -c/2m/) \ & 0) 


c* - 4km = 0. Thus the critical point (0,0) is an 
asymptotically stable improper node. 


If A has one zero eigenvalue then for r = 0 we have 
det (A-rI) = detA = 0. Hence A is singular which means 
Ax = 0 has infinitely many solutions and consequently 
there are infinitely many critical points. 


From Chapter 7, the solution is x(t) = cy& + co&(@et*, 
which can be written in scalar form as 

xy = c16()) + 6 {2e and x2 = cr8f + coffe" 
Assuming Et4) # 0, the first equation can be solved for 
coe", which is then substituted into the second 
equation to yield xy = cy &$2) + [&4$2) /E{2)] [xy-c Ef). 
These are straight lines parallel to the vector Ese). 
Note that the family of lines is independent of cp. If 
ete) = 0, then the lines are vertical. If rz > 0, the 
direction of motion will be in the same direction as 
indicated for €"), If ry < 0, then it will be in the 
opposite direction. 


gt 


Det (A-rI) = x* — (ayjtag2)r + ai1a22 - a21ai12 = 0. If 


ai1 + agg = 0, then re = —(a11a22 - a21a12) < 0 if 
ai1a22 — a21ai2 > 0. 


Eq. (i) can be written in scalar form as dx/dt = aux + 
aly and dy/dt = a,x + aor which then yields Eq. (iii). 


Ignoring the middle quotient in Eq. (iii), we can rewrite 
that ti + ax - + dy = 0 

at equation as (25% av) x (3% a3Y) y 1 
Eq. (ii).. 


which is exact since ae = eh from 


Integrating 0, =a x + a,,y we obtain o> = a,x /2 + a, xy 


21 
, , 

+ d th + = - - =- 

g(y) an us a5 g ras aay org ved 

‘ a 2 2 : 

Eq. s GH 2+ s 2 = k/2 

using Eq. (ii) ence a,x / a, xy aly / /2 is 
the solution to Eq. (iii). The quadratic equation Ax? + 


Bxy + Cy = D is an ellipse provided B* - 4AC < 0. Hence 
for our problem if 
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+ < 0 th Eq. (i i 11i . Usi 
ay Cis en Eq. (iv) is an ellipse sing 


2 
ata = 0 we have a =- and hence 


aa 
ala 22 22 11°22 
< 0 or a44a22 


aia + aia aa > 0, which is true by 
11 22 21 12 21 12 

Eqs.(ii). Thus Eq. (iv) is an ellipse under the conditions 
of Eqs. (ii). 


; ; d |x cee 
20. The given system can be written as —— = i 
dtly 

Thus the eigenvalues are given by 

r?-(a ta )r+aia_-aia 
11 22 11°22 “12 21 
definitions we rewrite this as r* - pr + q = 0 and thus 

m,2 = (pt \p*-4q)/2 = (p + /A)/2. The results are 


now obtained using Table 9.1.1. 


= 0 and using the given 
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A. Solutions of the D.E. for x 
are y are x = Ae * and 


y = Be *t respectively. (4,2) 
x(0) = 4 and y(0) = 2 yield 
A= 4 and B = 2, so x = 4e?* 
and y = se" Solving the x 
first equation for e and 
then substituting into the 

second yields y = 2[x/4]* = x*/8, which is a parabola. 
From the original D.E., or from the parametric solutions, 
we find that 0 < x $ 4 and 0 < y §$ 2 for t 2 0 and thus 
only the portion of the parabola shown is the trajectory, 
with the direction of motion indicated. 


3s Utilizing the approach indicated in Eq. (14), we have 
dy/dx = -x/y, which separates into xdx + ydy = 0. 


2 2 


Integration then yields the circle x* + a = c*, where 


c* = 16 for both sets of I.C. The direction of motion 
can be found from the original D.E. and is 
counterclockwise for both I.C. To obtain the parametric 


equations, we write the system in the form 


d x QO -1 x 
—— = , which has the characteristic 
dt y 1 0 y 


=r -=1 
equation =r°+1= 0, or r=+ i. Following 
1 =r 


Ja. 


Tb. 


ex 


12a. 
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the procedures of Section 7.6, we find that one solution 


1 | cost + isint 
of the above system is = and thus 


-i sint - icost 
cost sint 
two real solutions are u(t) = and v(t) = - 
sint -cost 


The general solution of the system is then 


x 
= cyu(t) + cov(t) and hence the first I.C. yields 
y 


C1 = 4, co = 0, or x = 4cost, y = 4sint. The second I.C. 
yields cy = 0, co = -4, or x = -4sint, y = 4cost. Note 
that both these parametric representations satsify the 
form of the trajectories found in the first part of this 
problem. 


The critical points are given by the solutions of 
x(1l-x-y) = 0 and y(1/2 - y/4 - 3x/4) = 0. The solutions 
corresponding to either x = 0 or y = 0 are seen to be 

x = 0, y=0; x = 0, y=2; x = 1, y = 0. In addition, 
there is a solution corresponding to the intersection of 
the lines 1 - x - y = 0 and 1/2 - y/4 - 3x/4 = 0 which is 
the point x = 1/2, y = 1/2. Thus the critical points are 
(0,0), (0,2), (1,0), and (1/2,1/2). 


For (0,0) since all trajectories leave this point, this 
is an unstable node. For (0,2) and (1,0) since the 
trajectories tend to these points, respectively, they are 
asymptotically stable nodes. For (1/2,1/2), one 
trajectory tends to (1/2,1/2) while all others tend to 
infinity, so this is an unstable saddle point. 


The critical points are given by y = 0 and 


2 
x(1 - x /6 - y/5) = 0, so (0,0), (\/6,0) and (-\/6,0) 
are the only critical points. 


T2C. 


15a. 


15b. 


19a. 


21a. 
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Clearly (6 , 0) and (-/6 , 0) are spiral points, and are 
asymptotically stable since the trajectories tend to each 
point, respectively. (0,0) is a saddle point, which is 
unstable, since the trajectories behave like the ones for 


(1/2,1/2) in Problem 7. 


d dy/dt 8x 
= 2 so 4xdx - ydy = 0 and thus Ax? - y? = C, 


dx  dx/dt 2y’ 
which are hyperbolas for c # 0 and straight lines y 


= +2x for 


19b. 


d 2X 
2 ss tS, so (y-2xy)dx + (x-y-x*) dy = 0, which is an 
dx —xty+x 
exact D.E. Therefore (x,y) = xy - x’y + g(y) and hence 
oo = 2 , = 2 , a7 
ae =x - x° + gly) =x - y - x*, so g(y) = -y and 
y 
gly) = 9 Thus 2x*y -— 2xy + y? =c (after multiplying by 


-2) is the desired solution. 


dy -sinx : 2 
== , so ydy + sinxdx = 0 and thus y“/2 - cosx = c. 


ax y 
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21b. 

23. We know that @’(t) = F[@(t), w(t)] and 
w(t) = Glo(t), w(t)] for a <t < PB. By direct 
substitution we have 
M(t) = O’(t-s) = F[o(t-s), W(t-s)] = F[®(t), W(t)] and 
W(t) = w(t-s) = Gld(t-s), w(t-s)] = G[®(t), W(t)] for 


a< t-s < B or ats < t < Bts. 


24. Suppose that t, > to. Let s = t; - to. Since the system 
is autonomous, the result of Problem 23, with s replaced 
by -s shows that x = $,(tt+s) and y = wWy(t+s) generates 


the same trajectory (C,) as x = 0,(t) and y = w(t). But 
at t = to we have x = 01(tots) = 01(ti) = Xo and 
Y = Wyr(tots) = Wilti) = yo. Thus the solution 


x = Od, (tts), y = Wy (t+s) satisfies exactly the same 
initial conditions as the solution x = @o(t), y = Wo(t) 
which generates the trajectory Co. Hence Cg and C; are 
the same. 


25. From the existence and uniqueness theorem we know that if 
the two solutions x = O(t), y = W(t) and x = xg, y = yo 


satisfy (a) = xo, W(a) = yo and x = xo, y = yo at t =a, 
then these solutions are identical. Hence o(t) = x9 and 
w(t) = yo for all t contradicting the fact that the 


trajectory generated by [d(t), w(t)] started at a 
noncritical point. 


26. By direct substitution 


M(t) = oO (tt+T) = F[O(ttHT), W(ttT)] = F[®(t), W(t)] and 
W(t) = w(tt+T) = Glo(tt+T), w(t+T)], GI®(t), W(t)]. 
Furthermore @M(t 9) = Xo and W(to) = yo. Thus by the 
existence and uniqueness theorem ®(t) = o(t) and 

Y(t) = w(t) for allt. 
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In Problems 1 through 4, write the system in the form of 
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Eq.(4). Then if g(0) = 0 we may conclude that (0,0) is a 
critical point. In addition, if g satisfies Eq.(5) or 
Eq. (6), then the system is almost linear. In this case the 


linear system, Eq.(1), will determine, in most cases, the 
type and stability of the critical point (0,0) of the almost 
linear system. These results are summarized in Table 9.3.1. 


3. In this case the system can be written as 


a sf 0.0 - (1+x) Siny 
ary = + - However, the 
at ly -1 0 y 1 - cosy 


coefficient matrix is singular and g, (x,y) = (1+x)siny 


does not satisfy Eq.(6). However, if we consider the 
Taylor series for siny, we see that (1+x)siny - y = 

3 5 3 
siny - y + xsiny = -y /3! + y /5! + + x(y - y /3! +"), 
which does satisfy Eq. (6), using x = rcos@, y = rsin@. 
Thus the first equation now becomes 
ax 
dt 


af{x 0 1)\(x (1+x) siny-y 
— = + , where the 
dtly =1,°0 y 1-cosy 


coefficient matrix is now nonsingular and 


= y + [(1+x)siny-y] and hence 


(1+x) siny-y 


g(x,y) = satisfies Eq. (6). 


l-cosy 
4. In this case the system can be written as 
2 
d x 1 O x y 1. 30 
a = + and thus A = and 
dt \y ee ye ey ee i it 
2 
y ; 0 , 
g= 3 Since g(0) = we conclude that (0,0) is a 
0 0 
critical point. Following the procedure of Example 1, we 
let x = rcos@ and y = rsin@ and thus 
2 2 
r sin 0 : 
g1(x,y)/r = —— > 0 as r > O and thus the system is 
i 
2 
almost linear. Since det(A-rI) = (r-1) , we find that 
the eigenvalues are oy = . = 1. Since the roots are 


equal, we must determine whether there are one or two 
eigenvectors to classify the type of critical point. The 
: 0 0 5 0 
eigenvectors are determined by = 
0 


and hence 
1 046, 


Section 9.3 183 


0 
1 


point for the linear system is an unstable improper node. 
From Table 9.3.1 we then conclude that the given system, 
which is almost linear, has a critical point near (0,0) 
which is either a node or spiral point (depending on how 
the roots bifurcate) which is unstable. 


there is only one eigenvector E = } Thus the critical 


6a. The critical points are the solutions of x(1-x-y) = 0 and 
y(3-x-2y) = 0. Solutions are x = 0, y = 0; x = 
3 - 2y = 0 which gives y = 3/2; y = 0 and 1 - x = 0 which 
give x = 1; and1l-x-y= 0, 3 - x - 2y = 0 which give 
x =-l, y = 2. Thus the critical points are (0,0), 
(0,3/2), (1,0) and (-1,2). 


ou 
~ 


6b, For the critical point (0,0) the D.E. is already in the 

6c. form of an almost linear system; and the corresponding 
linear system is du/dt = u, dv/dt = 3v which has the 
eigenvalues ry = 1 and rpg = 3. Thus the critical point 
(0,0) is an unstable node. Each of the other three 
critical points is dealt with in the same manner; we 


consider only the critical point (-1,2). In order to 
translate this critical point to the origin we set 
x(t) = -1 + u(t), y(t) = 2 + v(t) and substitute in the 
D.E. to obtain 
du/dt = -1 +u- (-1+u) 2 -— (-ltu) (2+v) =u+v—- u* - uv 
and 

dv/dt = 3(2+v) - (-l1tu) (2+v) - 2 (2+v) 2 = -2u - 4v - uv - 2v*. 
Writing this in the form of Eq. (4) we find that 

dl u* + uv | ; ; 
A = and g = - which is an almost 
$2.24 uv + 2v? 

linear system. The eigenvalues of the corresponding 
linear system are r = (-3 + V9 + 8)/2 and hence the 
critical point (-1,2), of the original system, is an 


unstable saddle point. 


2 


2 
10a. The critical points are solutions of x + x* + y = 0 and 


y(1-x) = 0, which yield (0,0) and (-1,0). 


10b. For (0,0) the D.E. is already in the form of an almost 
linear system and thus du/dt = u and dv/dt =v. For 
(-1,0) we let u = xt+l, v = y so that substituting x = u-1 


du 2 2 
and y = v into the D.E. we obtain — = -u + u + v_ and 
dt 
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10c. 


18a. 


18b. 


18c. 
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dv 
— = 2v - uv. Thus the corresponding linear system is 
dt 
u’ = -u and v’ = -2v. 
1 0O 
For (0,0) A = which has r = r = 1, so that 
0 1 1 2 
(0,0), for the nonlinear system, will be either a node or 
spiral point, depending on how the roots bifurcate. In 


any case, since cr, and r, are positive, the system will 


-1 0O 
be unstable. For (-1,0) A= ) and thus 
0 2 


ah = -1 and % = 2, and hence the nonlinear system, from 


Table 9.3.1, has an unstable saddle point at (-1,0). 


d x Hl 0 x 0 
The system is —— = + 3 | and thus is 
dt \y 0 -2)\y x 


almost linear using the procedures outlined in the 
earlier problems. The corresponding linear system has 
the eigenvalues r,; = 1, rg = -2 and thus (0,0) is an 
unstable saddle point for both the linear and almost 
linear systems. 


The trajectories of the linear system are the solutions 

of dx/dt = x and dy/dt = -2y and thus x(t) = c,e* and 

y (t) 

fore 
— 72 2 

yY = C{co/x*, c, # 0. 

Several trajectories 

are shown in the figure. 


oe taae To sketch these, solve the first equation 


|| 


and substitute into the second to obtain 


vertical axis) is the 
only trajectory for 


which x — 0, y > 0 as t > oc. 


Since x(t) = Cje’; we 
must pick c, = 0 for 

x > 0 and t > o. Thus 
x = 0, y= eye ee (the 


For x # 0 we have dy/dx = (dy/dt)/(dx/dt) = (-2y+x?)/x. 
This is a linear equation, and the general solution is 
y= x7/5 + k/x?, where k is an arbitrary constant. In 
addition the system of equations has the solution x = 0, 


y= Be “>. Any solution with its initial point on the 
y-axis (x=0) is given by the latter solution. The 
trajectories corresponding to these solutions approach 
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the origin as t — oo. The 
trajectory that passes 
through the origin and 
divides the family of 
curves is given by k = 0, 
namely y = x°/5. This 
trajectory corresponds to 
the trajectory y = 0 for 
the linear problem. 
Several trajectories 

are sketched in the figure. 


22b.From the graphs in part a, we see that v, is between v = 2 


and v = 5. Using several values for v, we estimate v. = 4.00. 
23a. 
; x Xo 
v=2 
t an 
20 
For v = 2, the motion is damped oscillatory about x = 0. 


For v = 5, the pendulum swings all the way around once 
and then is a damped oscillation about x = 2m (after one 
full rotation). For problem 22, this later case is not 
damped, so x continues to increase, as shown earlier. 


27a.Setting c = 0 in Eq.(10) of Section 9.2 we obtain 
mL*d*0/dt* + mgLsin® = 0. Considering d@/dt as a function 
of @ and using the chain rule we have 


dad do d dé dé 1 a do 

(— )}rs. “Ehus 
dt dt d@ dt dt 2 dd dt 
(1/2) mL*d[ (dO/dt)*] /de = -mgLsin@. Now integrate both 
sides from @ to 0 where dO@/dt = 0 at 80 =a: 
(1/2) mL? (d@/dt)* = mgL(cos® - cosa). Thus 
(dO/dt)* = (2g/L) (cos@ - cosa). Since we are releasing 


the pendulum with zero velocity from a positive angle Qa, 
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the angle 90 will initially be decreasing so d@/dt < 0. 
If we restrict attention to the range of 0 from 80 = @ to 


6 = 0, we can assert d@/dt = -\/ 2q/L \/ cos® - cosa . 
Solving for dt gives dt = -\/L/2g d0/1/cosé - cosa. 


27b.Since there is no damping, the pendulum will swing from 


its initial angle @ through 0 to -a@, then back through 0 
again to the angle @ in one period. It follows that 
6@(T/4) = 0. Integrating the last equation and noting 
that as t goes from 0 to T/4, 9 goes from @ to 0 yields 


T/4 = -\V/L/2g ih (1/\/ cos8 - cosa )d@. 
OL 


ee ee (x) = clx) 
Fie. ee en = x cans O28. 4 . 
ae Yr oe at g y 
28b.Under the given assumptions we have g(x) = g(0) + g’ (0)x 
2 
+ g"(G) x /2 and c(x) = c(0) + o' (6) x, where 
O0< Gur g, < x and g(0) = 0. Hence 
dy _ , ” 2 , 
go Ee) ae > ee > ie (G1) x°/2 - co’ (G2) xy] 


and thus the system can be written as 


dt ly -g’(0) -c(0) J ly -g” (E,) x2/2 - co’ (Ez) xy } 


from which the results follow. 
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3b. 


SC. 


x(1.5 - .5x - y) = 0 and y(2 - y - 1.125x) = 0 yield (0,0), 
(0,2) and (3,0) very easily. The fourth critical point is 

the intersection of .5x + y = 1.5 and 1.125x + y = 2, which 
is (.8;,1.1) . 


da u 1.5-xX9-Yo 
From Eq (5) we get 
dt\v -1.125yo 2- -2yo0- dt 125x9Q 
2, 


(0,0) we get uw’ = 1.5u and w’ = 2v, so r = 3/2 and r = and 
thus (0,0) is an unstable node. For (0,2) we have wv’ = -.5u 
and v’ = -2.25u-2v, so r = -.5, -2 and thus (0,2) is an 
asymptotically stable node. For (3,0) we get w’ = -1.5u-3v 
and v’ = -1.375v, so r = -1.5, -1.375 and hence (3,0) is an 
symptotically stable node. For (.8,1.1) we have 

wu = -.4u -.8v and v’ = -1.2375u - 1.1v which give 

r = -1.80475, .30475 and thus (.8,1.1) is an unstable saddle 


point. 
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5b. The critical points are found by setting dx/dt = 0 and 

dy/dt = 0 and thus we need to solve x(1 - x - y) = 0 and 
y(1.5 - y - x) = 0. The first yields x = 0 or y Loa 
and the second yields y = 0 or y = 1.5 - x. Thus (0,0), 
(0,3/2) and (1,0) are the only critical points since the 
two straight lines do not intersect in the first quadrant 
(or anywhere in this case). This is an example of one of 
the cases shown in Figure 9.4.5 a or b. 


5e. 


6b. The critical points are found by setting dx/dt = 0 and 
dy/dt = 0 and thus we need to solve x(1-x + y/2) = 0 and 
y(5/2 - 3y/2 + x/4) = 0. The first yields x = 0 or 
y = 2x - 2 and the second yields y = 0 or y = x/6 + 5/3. 
Thus we find the critical points (0,0), (1,0), (0,5/3) 
and (2,2). The last point is the intersection of the two 
straight lines, which will be used again in part d. 


6c. For (0,0) the linearized system is x’ = x and y’ = 5y/2, 
which has the eigenvalues r; = 1 and ry = 5/2. Thus the 
origin is an unstable node. For (2,2) we let 
x =u + 2 andy =v+ 2 in the given system to find 


(since x’ = uw’ and y’ = v’) that 
du/dt = (ut2)[1 - (u+2) + (vt+2)/2] = (ut2) (-utv/2) and 
dv/dt = (vt+2) [5/2 - 3(vt+2)/2 + (u+2)/4] = (vt2) (u/4 - 3v/2). 
u) =2, ll u 
Hence the linearized equations are = 
Vv b/2 °=3 Vv 
which has the eigenvalues rj,2 = (-5 + 3)/2. Since 


these are both negative we conclude that (2,2) is an 
asymptotically stable node. In a similar fashion for 
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(1,0) we let x =u +1 and y =v to obtain the linearized 


a) fet a2) Cu 
system = . This has 
Vv 0 11/4 Vv 


r, = -1 and rp = 11/4 as eigenvalues and thus (1,0) is an 
unstable saddle point. Likewise, for (0,5/3) we let 


u) 11/6 0 u 
x =u, y =v + 5/3 to find = as the 


Vv 5/12 -5/2 Vv 
corresponding linear system. Thus r, = 11/6 and 
ro = -5/2 and thus (0,5/3) is an unstable saddle point. 


To sketch the required trajectories, we must find the 
eigenvectors for each of the linearized systems and then 
analyze the behavior of the linear solution near the 
critical point. Using this approach we find that the 


x 1 
solution near (0,0) has the form ) = =| ) et + 
y 


0 
of e>t/2 and thus the origin is approached only for 
1 


t 


large negative values of t. In this case e~ dominates 


e°t/2 and hence in the neighborhood of the origin all 
trajectories are tangent to the x-axis except for one 
pair (c,; = 0) that lies along the y-axis. 

For (2,2) we find the eigenvector corresponding to 


r= (-5 + 3/2 = -1.63 is given by (i=a/ 3 yei72 + & = 0 


a 1 
and thus | = is one eigenvector. For 


Caan .37 


r= (-5 -/3)/2 = -3.37 we have (1 +\/3)&/2 + & = 0 and 


1 1 
thus = ) is the second eigenvector. 
~ (9/3 +1) /2 -1.37 


Hence the linearized solution is 


u af di 
= Cy ery Sr be Co ete: oe large 
Vv 37 = 1.34 


positive values of t the first term is the dominant one 
and thus we conclude that all trajectories but two 
approach (2,2) tangent to the straight line with slope 
-37. If cy, = 0, we see that there are exactly two 

(co > 0 and cp < 0) trajectories that lie on the straight 
line with slope -1.37. 

In similar fashion, we find the linearized solutions near 
(1,0) and (0,5/3) to be, respectively, 


6e. 
6f. 


8a. 


Sy 
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which, along with the 
above analysis, yields 
the sketch shown. 


From the above sketch, it appears that (x,y) 7 (2,2) as 
t — co as long as (x,y) starts in the first quadrant. 
To ascertain this, we need to prove that x and y cannot 
become unbounded as t — oo. From the given system, we 
can observe that, since x > 0 and y > 0, that dx/dt and 
dy/dt have the same sign as the quantities 1 - x + y/2 
and 5/2 - 3y/2 + x/4 respectively. If we set these 
quantities equal to zero we get the straight lines 

y = 2x - 2 and y = x/6 + 5/3, which divide the first 
quadrant into the four sectors shown. The signs of 

x’ and y’ are indicated, 
from which it can be 
concluded that x and y 
must remain bounded [and 
in fact approach (2,2) ] 
as t — oo. The 
discussion leading up to 
Fig.9.4.4 is also useful 
here. 


Setting the right sides of the equations equal to zero 
gives the critical points (0,0), (0, €2/05), (€1/61,0), 
and possibly 

([€4O2 — E201] /[0102 -— 0102], [&20, -E€1A2)]/[0,;02 - O1M5]). 
(The last point can be obtained from Eq.(36) also). The 
conditions €9/Q2 > €1/0; and €2/62 > €1/Q, imply that 

E20, — €102 > 0 and €102 - E20, < O. Thus either the x 
coordinate or the y coordinate of the last critical point 


is negative so a mixed state is not possible. The 
linearized system for (0,0) is x’ = € 1x and y’ = €2y and 
thus (0,0) is an unstable equilibrium point. Similarly, 


it can be shown [by linearizing the given system or by 
using Eq. (35)] that (0, €2/62) is an asymptotically 
stable critical point and that (€,0;, 0) is an unstable 
critical point. Thus the fish represented by y(redear) 
survive. 
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The conditions €)/0, > €2/Q2 and €;/Q, > €5/62 imply that 
E501 -— €41Q2 < 0 and £105 - €20%, > 0 so again one of the 
coordinates of the fourth point in 8a. is negative and 
hence a mixed state is not possible. An analysis similar 
to that in part(a) shows that (0,0) and (0,€2/02) are 
unstable while (€1/0,,0) is stable. Hence the bluegill 
(represented by x) survive in this case. 


O01 1 1 V1 
x = €4x(1 - x- y) €4x(1 - —x - —y) 
Ey Ey B B 
O02 O12 1 Y2 
y = €oy(1 - —y -—x) = €9y(1 - —y - —x). The coexistence 
Eo Eo R R 


i BE ! 1 Yu Y2 1 
equilibrium point is given by —x + —y = 1 and —x+—-—y= 
B B R R 


1. Solving these (using determinants) yields 
X = (B - ¥iR)/(1 - ¥1¥2) and Y = (R - Y¥2B)/(1-7¥1Y2)- 


If B is reduced, it is clear from the answer to part (a) 
that X is reduced and Y is increased. To determine 
whether the bluegill will die out, we give an intuitive 
argument which can be confirmed by doing the analysis. 
Note that B/Y¥, = €1/0, > €2/02 = R and 

R/Y¥2 = €2/Q2 > €1/0, = B so that the graph of the lines 
1 - x/B - Y1y/B = 0 and 1 - y/R - Y2x/R = 0 must appear 
as indicated in the figure, 
where critical points are 
inidcated by heavy dots. 

As B is decreased, 

X decreases, Y increases 
(as indicated above) and 
the point of intersection 
moves closer to (0,R). If 
B/Y1 < R coexistence is not 


possible, and the only 8 Rly x 
critical points are (0,0), (0,R)and (B,0). 

It can be shown that (0,0) and (B,0) are unstable and 
(0,R) is asymptotically stable. Hence we conlcude, when 
coexistence is no longer possible, that x ~ 0 andy ~ R 
and thus the bluegill population will die out. 


Setting each equation equal to zero, we obtain x = 0 or 

(4 - x - y) = 0 and y = 0 or (2 + 20 - y - Ox) = 0. Thus we 
have (0,0), (4,0), (0,2 + 2a), and the intersection of 

x + y = 4 and ox + y=2 + 2a. If OF 1, this yields (2,2) 
as the fourth critical point. 


12b. 


12c. 


12d. 
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u) -2 -2yYu 
For @ = .75 the linear system is = , which 
Vv =1.5 S2,,A9 
has the characteristic equation r? + 4r + 1 = 0 so that 
r=-24+ \/3. £4Thus the critical point is an asymptotically 
uy) -2 -2Yu 
stable node. For @ = 1.25, we have = , so 
Vv -2.5 -2\v 
2 _ _ . 
r* + 4r -1 = 0 and r = -2 +75. Thus (2,2) is an unstable 
saddle point. 
Letting x = ut2 and y = vt2 yields 
ul’ = (ut2) (4 - u-2 - v-2) = -2u - 2v - u* - uv and 
vl = (vt2) (2 + 20 - v-2 - Qu - 20) = -2Qu - 2v - v? - quv. 
Thus the approximate linear system is u’ = -2u - 2v and 


v’ = -20u - 2v. 


The eigenvalues are given by 


-2-r -2 
= r+ 4r + 4 - 4a = 0, or r= -24+ 2VQa. 


-2Q0 —-2-r 
Thus for 0 < @ < 1 there are 2 negative real roots 
(asymptotially stable node) and for @ > 1 the real roots 
differ in sign, yielding an unstable saddle point. @ = 1 
is the bifurcation point. 
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3b. 


3c: 


We have x = 0 or (1 - .5x - .5y) = 0 and y = 0 or 
(-.25 + .5x) = 0 and thus we have three critical points: 
(0,0), (2,0) and (1/2,3/2). 


For (0,0) the linear system is dx/dt = x and 
1 0 
dy/dt = -.25y and hence A = which has 
0 -1/4 
eigenvalues r,; = 1 and rp = -1/4 and corresponding 


i 0) 
eigenvectors and } Thus (0,0) is an unstable 
0 1 


saddle point. 
For (2,0), we let x = 2 + u and y = v in the given 


u 
equations and obtain fe = -(utv) “ieee and 
ac 


dv 3 
dt 


1 
v t+ got The linear portion of this has matrix 
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<1) ei 
A= , which has the eigenvalues r,; = -1, 
0 3/4 


1 -4 
ro = 3/4 and corresponding eigenvectors and } 


0 7 
Thus (2,0) is also an unstable saddle point. 
1 3 
For | 5’ 5 | we let x = 1/2 + u and y = 3/2 + v in the 
; . . . du 1 1 dv 
given equations, which yields Se = Vv, u 
dt 4 4 dt 4 
1 1 
4 4 
as the linear portion. Thus A = , which has 
3 
= 0 
4 
1.3 
eigenvalues r,,2 = (-1 + y11i)/8. Thus ee is an 


asymptotically stable spiral point since the eigenvalues 


are complex with negative real part. Using 
ry = (-1 + 11i)/8 we find that one eigenvector is 
-2 
and by Section 7.6 the second eigenvector is 
1+ Vili 


3e. 


3f. For (x,y) above the line x + y = 2 we see that x’ < 0 and 
thus x must remain bounded. For (x,y) to the right of 
x = 1/2, y’ > 0 so it appears that y could grow large 
asymptotic to x = constant. However, this implies a 
contradiction (x = constant implies x’ = 0, but as y gets 
larger, x’ gets increasingly negative) and hence we 
conclude y must remain bounded and hence (x,y) 7~ 
(1/2,3/2) as t ~ ow, again assuming they start in the 
first quadrant. 


Ja. 


Tb. 


TC: 


dds 


13 
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The amplitude ratio is (cK/y)/(\VacK/Q) = avc/yVa. 


From Eq (2) @= .5, 1, Y= .25 and c = .75, so the 


* a= 
ratio is .5\/.75/.25V/1 = 2.75 = V3 = 1.732. 


A rough measurement of the amplitudes is (6.1 - 1)/2 = 2.55 


and (3.8 -. 9)/2 = 1.45 and thus the ratio is approximately 
1.76. In this case the linear approximation is a good 
predictor. 


The presence of a trapping company actually would require 
a modification of the equations, either by altering the 
coefficients or by including nonhomogeneous terms on the 
right sides of the D.E. The effects of indiscreminate 
trapping could decrease the populations of both rabbits 
and fox significantly or decrease the fox population 
which could possibly lead to a large increase in the 
rabbit population. Over the long run it makes sense for 
a trapping company to operate in such a way that a 
consistent supply of pelts is available and to disturb 
the predator-prey system as little as possible. Thus, 
the company should trap fox only when their population is 
increasing, trap rabbits only when their population is 
increasing, trap rabbits and fox only during the time 
when both their populations are increasing, and trap 
neither during the time both their populations are 
decreasing. In this way the trapping company can have a 
moderating effect on the population fluctuations, keeping 
the trajectory close to the center. 


The critical points of the system are the solutions of 
the algebraic equations x(a - Ox - Oy) = 0, and 

y(-c + yx) = 0. the critical points are x = 0, y = 0; 
x = a/O, y = 0; and x = c/y, y = a/Q — coO/ay = OA/O 
where A = a/O - c/y > 0. 

To study the critical point (0,0) we discard the 
nonlinear terms in the system of D.E. to obtain the 


corresponding linear system dx/dt = ax, dy/dt = -cy. The 
characteristic equation is r? - (atc)r - ac = 0 so 

Yy = a, YQ = -c. Thus the critical point (0,0) is an 
unstable saddle point. 

To study the critical point (a/o,0) we let x = (a/o) + u, 
y = 0 + v and substitute in the D.E. to obtain the almost 
linear system du/dt = -au - (aQ/oO)v - oul Ouv, 

dv/dt = yYAv + yuv. The corresponding linear system is 
du/dt = -au - (aQ/o)v, dv/dt = yAv. The characteristic 


2 


equation is r“ + (a - YA)r - ayA = 0 so ry = -a, Yr2 = YA. 
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Thus the critical point (a/o,0) is an unstable saddle 
point. 
To study the critical point (c/y, OA/Q) we let 


x = (c/¥Y) + u, y = (OA/Q) + v and substitute in the D.E. 
to obtain the almost linear system 

du 

— = -(c6/y)u - (ac/y)v - ou? - auv 

dt 

dv 

— = (OAY/Q)u + Yyuv 

dt 

The corresponding linear system is 

du/dt = -(co/y)u - (Ac/y)v, dv/dt = (OAY/a)u. The 


2 


characteristic equation is r*“ + (cO/y)r + cOA = 0, so 


Y1,02 = [-(co/y) + V (co/y) 2 - 4coA ]/2. Thus, depending 
on the sign of the discriminant we have that (c/y, OA/Q) 
is either an asymptotically stable spiral point or an 
asymptotically stable node. Thus for nonzero initial 
data (x,y) % (c/Y, GA/QM) as t > oo. 
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6a. 


Assuming that V(x,y) = ax” + cy? we find V,(x,y) = 2ax, 
Vy = 2cy and thus Eq.(7) yields V(x,y) = 2ax (-x? + xy’) + 
2cy (-2x*y - y") = -[2ax* + 2 (2e-a) xy" + 2cy*). If we 


choose a and c to be any positive real numbers with 


2c > a, then V is a negative definite. Also, V is 
positive definite by Theorem 9.6.4. Thus by Theorem 9.6.1 
the origin is an asymptotically stable critical point. 


Assuming the same form for V(x,y) as in Problem 1, we 
have 


V(x,y) = Zax (=x? + 2y?) + 2cy (-2xy?) = -2ax’ + 4(a-c) xy?. 


If we choose a = c > 0, then V(x,y) = -2ax* 


< 0 in any 
neighborhood containing the origin and thus V is negative 
semidefinite and V is positive definite. Theorem 9.6.1 
then concludes that the origin is a stable critical 
point. Note that the origin may still be asymptotically 
stable, however, the V(x,y) used here is not sufficient 
to prove that. 


The correct system is dx/dt = y and dy/dt = -g(x). Since 
g(0) = 0, we conclude that (0,0) is a critical point. 


6b. 


7b. 


7c. 


Td. 
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From the given conditions, the graph of g must be 


positive for 0 < x < k and negative for -k < x < 0. Thus 
if 0<x<k then ,gis)ds 20; 
0 
if -k <x <0 then [fotsras =- { g(s)ds > 0. 
x 
Since V(0,0) = 0 it follows that V(x,y) = y*/2 + [fsts)as 
is positive definite for -k < x < k, -o < y < co. Next, 
: ax dy 
we have V(x,y) = Vxy— + Vy— = g(x)y + y[-g(x)] = 0. 
dt dt 


Since V(x,y) is never positive, we may conclude that it 
is negative semidefinite and hence by Theorem 9.6.1 (0,0) 
is at least a stable critical point. 


V is positive definite by Theorem 9.6.4. Since 
Vx(X,y) = 2x, Vy(%,y) = 2y, we obtain 
V(x,y) = 2xy - 2y? - 2ysinx = 2y[-y + (x - Sinx)]. If 


x < 0, then V(x,y) < 0 for all y > 0. If x > 0, choose y 


so that 0 < y < x - sinx. Then V(x,y) > 0. Hence V is 
not a Liapunov function. 


Since V(0,0) = 0, 1 - cosx > 0 for 0 < |x| < 2m and gos 
0 for y 4 0, it follows that V(x,y) is positive definite 
in a neighborhood of the origin. Next V,(x,y) = sinx, 
Vy(%ryY) = y, so 


V(x,y) = (sinx) (y) + y(-y - sinx) = => Hence V is 


negative semidefinite and (0,0) is a stable critical 
point by Theorem 9.6.1. 


2 


V(x,y) = (x+y) 7/2 + x* + ye fo = 3x7/2 + xy + y? is 
positive definite by Theorem 9.6.4. Next 
Vx(X,y) = 3% + y, Vy(%ry) = x + 2y so 
V(x,y) = (3xty)y - (x+2y) (yt+tsinx) 
= 2xy - y? — (x+2y)sinx 
= 2xy - y* - (x+2y) (x - ax?/6) 
= -x* - y? + On (x+2y) x7/6 


= -r* + ar’ (cos@ + 2sin®) (cos*@)/6 < -r? + r4/2 


= -r*(1-r°/2). Thus V is negative definite for 
r< V2. From Theorem 9.6.1 it follows that the origin 
is an asymptotically stable critical point. 
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8. Let x = u and y = du/dt to obtain the system dx/dt = y 


and dy/dt = -c(x)y - g(x). Now consider 
V(x,y) = y7/2 + jo ls)ds, which yields 
V = g(x)y + yl-c(x)y - g(x)] = -y%e(x). 
10b. Since Vx(x,y) = 2Ax + By, Vy(x,y) = Bx + 2Cy, we have 
oe = (2Ax + By) (a41% + ayoy) + (Bx + 2Cy) (a21x% + Aaooy) = 


(2Aai1 + Bap1) x? + [2 (Aay2 + Caz1) + Blayzitae22)]xy + 


(2Caz2 + Bajz2) rae 


We choose A, B, and C so that 

2Aai, + Bagi = -1, 2(Aaj2 + Cag) + Bl(ayitae2) = 0, and 
2Caog2 + Bajg = -1. The first and third equations give us A 
and C in terms of B, respectively. We substitute in the 
second equation to find B and then calculate A and C. The 
result is given in the text. 


10c. Since aj 1a22 - a12a21 > O and ajy + ago < O, we see that 


A < 0 and so A > 0. Using the expressions for A, B, and 
C found in part (b) we obtain 


(4AC-B*) A* = [a3 ,+a32 + (a11a22-a12a21) ] lajitaf2 + (a11a22-a12a21) ] 
- (a12a22+a11a21) ” 
= (ajytajota3;+a32) (ai1a22-ai2ao1) + (ajitaz2) (a3i+a32) 
+ (€11422-€12821) °- (a12a22+€a11€821) * 
= (aj, tajot+a3i+a32) (aiia22-a12a21) + 2(a11a22—-a12€21) *. 
Since a1 1a2 - a12a2, > 0 it follows that 4AC - Be > 0. 


2 


lla. For V(x,y) = Ax* + Bxy + ey? we have 


V = (2Ax + By) (a11k+a12y + Fi (x,y)) + (Bxt+2Cy) (a21xtae22y + G1 (x,y) ) 
= (2Ax+By) (a11%+a12y) + (Bx+2Cy) (a21x+a22y) 
+ (2Ax+By)F1(x,y) + (Bxt+2Cy) G1 (x,y) 
= -x?-y? + (2Ax+By) Fy (x,y) + (Bx+2Cy)G,(x,y), if A,B and C are 
chosen as in Problem 10. 


1llb. Substituting x = rcos@, y = rsin@ we find that 


V[x(r,9), y(r,9)] = -r*+r (2Acos0+Bsin@) F;[x(xr,8), y (r,8) ] 
+ r(Bcos@ + 2Csin®)G,[x(r,89), y(r,9)]. Now we make use 
of the facts that (1) there exists an M such that 

|2a| <M, |B] $M, and |2c| <M; and (2) given any 

€ > 0 there exists a circle r = R such that 

[Fi (x,y) | < er and |G,(x,y)| < er for 0 < r < R. We have 
|2Acos®8 + Bsin®| < 2M and |Bcos@ + 2CsinO| < 2M. Hence 


vixtes0), y(x,@)] < -r* + 2Mr(er)+2Mr(er) = -r7(1 - 4Me). 
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If we choose € = M/8 we obtain V[x(r,9), y(r,9)] -r7/2 


for 0 <r < R. Hence V is negative definite inO<r<R 
and from Problem 10c V is positive definite and thus V is 
a Liapunov function for the almost linear system. 
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8a. 


Note that r= 1, 0 =t + top satisfy the two equations for 
all t and is thus a periodic solution. If r < 1, then 
dr/dt > 0, and the direction of motion on a trajectory is 
outward. If r > 1, then the direction of motion is 
inward. It follows that the periodic solution r = 1, 

6 =t + tg is a stable limit cycle. 


r=1, 0 = -t + to is a periodic solution. If r <1, 
then dr/dt > 0, and the direction of motion ona 
trajectory is outward. If r > 1, the dr/dt > 0, and the 


direction of motion is still outward. It follows that 
the solution r = 1, 0 = -t + tg is a semistable limit 
cycle. 

r=1, 0=-t + to and r = 2, 0 = -t + to are periodic 
solutions. If r < 1, then dr/dt < 0, and the direction 
of motion on a trajectory is inward. If 1 < r < 2, then 


dr/dt > 0, and the direction of motion is outward. 
Similarly, if r > 2, the direction of motion is inward. 
It follows that the periodic solution r = 1, 

6 = -t + tp is unstable and the periodic solution r = 2, 
@ = -t + to is a stable limit cycle. 


Differentiating x and y with respect to t we find that 


dx/dt = (dr/dt)cos@ - (rsin®@)dO/dt and 
dy/dt = (dr/dt)sinO + (rcos@)d0@/dt. Hence 
ydx/dt - xdy/dt = (rsin@cos@)dr/dt - (r*sin°0)d@/dt - 
(rcos@sin®)dr/dt - (r*cos@) d@/dt 

= -— r*d0@/dt. 
Multiplying the first equation by x and the second by y 
and adding yields xdx/dt + ydy/dt = (x*+y*) £(r)/r, or 
rdr/dt = rf(r), as in the derivation of Eq. (8), and thus 
dr/dt = f(r). To obtain an equation for @ multiply the 
first equation by y, the second by x and substract to 
obtain ydx/dt - xdy/dt = -x?-y*, or -r*d@/dt = -r’*, using 


the results of Problem 7. Thus d@/dt = 1. It follows 
that periodic solutions are given by r =c, 9=t + to 
where f(c) = 0. Since 0 = t + tg, the motion is 
counterclockwise. 
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First note that f(r) = r(xr-2) #(r-3) (r-1). Thus r=1, 
@=t + tor r = 2, O=t + toy and r = 3, 0 =t + to are 
periodic solutions. If r < 1, then dr/dt > 0, and the 
direction of motion on a trajectory is outward. If 

1 <r < 2, then dr/dt < 0 and the direction of motion is 
inward. Thus the periodic solution r=1, 0=t + tg is 
a stable limit cycle. If 2 < r < 3, then dr/dt < 0, and 
the direction of motion is inward. Thus the periodic 
solution r = 2, 8@=t + to is a semistable limit cycle. 
If r > 3, then dr/dt > 0, and the direction of motion is 
outward. Thus the periodic solution r = 3, @=t + to is 
unstable. 


Setting x = rcos@, y = rsin@ and using the techniques of 


Problem 8 the equations transform to dr/dt = r? - 2 
d@/dt = -1. This system has a periodic solution r = 2, 
@=-t +top. If r< V2, then dr/dt < 0, and the 
direction of motion along a trajectory is inward. If 
r> fo; then dr/dt > 0, and the direction of motion is 
outward. Thus the periodic solution r = oe 6 = -t + to 


is unstable. 


If F(x,y) = xtytx?-y?, G(x,y) = -x+2y+x°yt+y?/3, then 
Fy(x,y) + Gy(x,y) = 14+3x724+2+x?+y? = 34+4x24+y?, Since the 
conditions of Theorem 9.7.2 are satisfied for all x and 
y, and since F, + G, > 0 for all x and y, it follows that 
the system has no periodic nonconstant solution. 


Since x = o(t), y = W(t) is a solution of Eqs. (15), we 
have do/dt = F[d(t),w(t)], dw/dt = G[o(t),w(t)]. Hence 
on the curve C, 

F(x,y)dy - G(x,y)dx = oO’ (t)W(t)dt -w(t)d’(t)dt = 0. It 
follows that the line integral around C is zero. 
However, if Fy + Gy has the same sign throughout D, then 
the double integral cannot be zero. This gives a 
contradiction. Thus either the solution of Eqs.(15) is 
not periodic or if it is, it cannot lie entirely in D. 


Setting x’ = 0 and solving for y yields y = x°9/3 —- x +k. 
Substituting this into y’= 0 then gives 


x + £8 (x°/3 - x + k) - .7 = 0 Using an equation solver we 
obtain x = 1.1994, y = -.62426 for k = 0 and x = .80485, 
y = -.13106 for k = .5. To determine the type of critical 


points these are, we use Eq. (13) of Section 9.3 to find the 


16b. 


16d. 
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3(1=x2) 3 
linear coefficient matrix to be A= , where X& 
=1/3 = 38/3 
is the critical point. For x, = 1.1994 we obtain complex 


conjugate eigenvalues with a negative real part, and 
therefore k = 0 yields an asymptotically stable spiral 
point. For x, = .80485 the eigenvalues are also complex 


conjugates, but with positive real parts, so k = .5 yields 
an unstable spiral point. 

Letting k = .1, .2, .3, .4 in the cubic equation of part (a) 
and finding the corresponding eigenvalues from the matrix in 
part (a), we find that the real part of the eigenvalues 
change sign between k = .3 and k = .4. Continuing to 
iterate in this fashion we find that for k = .3464 that the 
real part of the eigenvalue is -.0002 while for k = .3465 
the real part is .00005, which indicates kK. = .3465 is the 


critical point for which the system changes from stable to 


unstable. 


You must plot the solution for values of k slightly less 
than kop, found in part (c), to determine whether a limit 


cycle exists. 
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la. 


lb. 


From Eq (6), A = -8/3 is clearly one eigenvalue and the 
other two may be found from A* + 11A - 10(r-1) = 0 using 
the quadratic formula. 


For A = A, we have 


-10+8/3 -10 0 Y& 0 
ca -1+8/3 0 |€ | =]0], which requires €, = € = 0 
0 0 O: NES 0 
and €3 arbitrary and thus &() = (0,0,1)7. 
For A = A3 = (-11 + @)/2, where O = /81+40r, we have 
-10+(11-«@) /2 10 0 G1 0 
ca -1+(11-q@) /2 0) E> | =| 0 
0 0 -8/3+ (11-0) /2 \ &3 0 


The last line implies &3 = 0 and multiplying the first 
line by 
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(81-07) /4 
(-94+Qa)/2 we obtain 
xr 


8 


Substituting a? = 814+40r we have 


-10r  -10(9-a) /2 0 
r (9-0) G1) _ } ieee 
r (9-0) /2 ) (E> 0 


which is proportional to the answer given in the text. 


Similar calculations give €!?). 


Simply substitute r = 28 into the answers in parts 


The calculations are somewhat simplified if you let 


x =P +u, y=6 + v, and z = 
B = V8(r-1)/3. 


Eq. (13) of Section 9.3, which 
, 

u Fy Fy Bee u 

v] =|Gy Gy G, vie 

W H H H WwW 
% Y a (Xo, Yor Zo) 

In this example F = -10x + 10y 

H = -8z/3 + xy and thus 

u ‘ -10 10 0 u 

Vv = r -1 —Xo Vv 

Ww Yo Xg —8/3 Ww 

xo = Yo = 8(r-1) /3 


Eq.(9) is found by evaluating 


If r = 28, then Eq. (9) is 34° + 41A2 + 3040 + 4320 
which has the roots -13.8546 and 


(r-1)+w, 


is: 


, G= rx - y - xz and 


-10-A 
1 


B 


where 


An alternate approach is to extend 


, which is Eq. (8) 


10 


-1-A 


B 


9 - 


(a) 


0, 
-093956 + 10.1945i. 


If r1,Y%2,r3 are the three roots of a cubic polynomial, 


then the polynomial can be factored as 


and 


for Pz since 


(X-r1) (X-L2) (x-r3). Expanding this and equating to the 
given polynomial we have A = -—(rj+¥rotr3), 
B= ryr2 + ryr3 + Yer3 and C = -ryror3. We are interested 


in the case when the real part of the complex conjugate 


roots changes sign. Thus let ro = o+ifB and r3 = a-if, 


which yields 


A = -(r,+20), B = 2ar, + a? + B? andc 


Hence, if AB = C, we have 


-r1 (07+?) . 


(b). 


36% 


5a. 


5b. 
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—(r1+20) (20r,;+07+B2) = -r1(a7+B7) or 

-2a[r¢ + 20r,; + (07+B7)] = 0 or -20[ (rj+a) 7+B2] = 0. 

Since the square bracket term is positive, we conclude 
that if AB = C, then a = 0. That is, the conjugate 
complex roots are pure imaginary. Note that the converse 
is also true. That is, if the conjugate complex roots 
are pure imaginary then AB = C. 


Comparing Eq. (9) to that of part b, we have A = 41/3, 
B = 8(r+10)/3 and C = 160(r-1)/3. Thus AB = C yields 
r = 470/19. 


We have V = 2x[0O(-xty)] + 20y[rx-y-xz] + 20z[-bztxy] 
= -20x? + 2oxy + 20rxy —- 20y" — 20bz? 
= 20{-[x?- (r+1) xyty*]-bz?}. For r < 1, the 
term in the square brackets remains positive for all 


values of x and y, by Theorem 9.6.4, and thus V is 
negative definite. Thus, by the extension of Theorem 
9.6.1 to three equations, we conclude that the origin is 
an asymptotically stable critical point. 


V = rx? + oy? + o(z-2r)? = c > 0 yields 

dv 

os = 2rx[O(-xty)] + 20y(rx-y-xz) + 20(z-2r) (-bzt+xy). Thus 
iC 

-260[rx*+y? + b (2? - 2rz)] = -26[rx? + y? + b(z-r) 7 - br2]. 


From the proof of Theorem 9.6.1, we find that we need to 


show that V, as found in part a, is always negative as it 
crosses V(x,y,Z) = Cc. (Actually, we need to use the 
extension of Theorem 9.6.1 to three equations, but the 
proof is very similar using the vector calculus 
approach.) From part a we see that 


Vv <0 if rx? + y? + b(z-r) ? > br2, which holds if (x,y,z) 


, ; ae y? (z-r) ? ; 
lies outside the ellipsoid + + 1. (1) 
br br? r? 
Thus we need to choose c such that V = c lies outside 
Eq. (i). Writing V = c in the form of Eq. (i) we obtain 
me hei y? (gary 7 io 
the ellipsoid + + 1. (11) Now let 
c/rxr c/o c/o 
M = max(Vbr, r\Vb, r), then the ellipsoid (i) is 
<2 y2 (z-r) 2 
contained inside the sphere S11: + + Ly 
M? Me M? 


Let S2 be a sphere centered at (0,0,2r) with radius 
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x? y" (z-2r) ; : 
Mtr: 5 + 5 + 5 = 1, then S1 is contained 
(M+r) (M+r) (M+r“) 
in S2. Thus, if we choose c, in Eq. (ii), such that 


e c : 
— > (Mtr)? and — > (M+r) *, then V < 0 as the trajectory 
r oO 


crosses V(x,y,z) = c. Note that this is a sufficient 


condition and there may be many other “better” choices 
using different techniques. 


8b. Several cases are shown. Results may vary, particularly 
for r = 24, due to the closeness of r to r, = 24.06. 


20 


x(t) re22 1¢(3,6,0) 20 1 nit) r=23 1C(3,8,0) 


-20 


x(t) re24 1c(3,8,0) 


10(5,5,5) 1¢(5,5,5) 


O<t<100 


oad 1c(S.5.5) 


20) x(t) re22 Ic(5,5,10) 1¢(5,5,10) 
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Section 10.1 Page 547 
2s y(x) = cycos\V/2x + cosinV2x is the general solution of the 
D.E. Thus y’(x) = -V/2c isinV2x + V2c2cos\V2x and hence 
y (0) = V2co = 1, which gives cp = 1/V2. Now, 
y (%) = -V2cisinV2a + cos\//2m = 0 then yields 
cosV27 
Cy cotV2m/\/2. Thus the desired solution is 
V2sinV2T7 
y = (cot\V/2 McosV2x + sinV/2x)/V2. 
3 We have y(x) = cjcosx + c2sinx as the general solution and 
hence y(0) = c, = 0 and y(L) = cesinL = 0. If sinL # 0, then 
Co = 0 and y(x) = 0 is the only solution. If sinL = 0, then 
y(X) = Cosinx is a solution for arbitrary cp. 
Te y(x) = cycos2x + cysin2x is the solution of the related 
il 
homogeneous equation and yp(x) = 3s" is a particular 
. : . ; 1 
solution, yielding y(x) = c,cos2x + cp)sin2x ee as the 
. 1 
general solution of the D.E. Thus y(0) = cj aig = 0 and 
1 ; ; 
y(™@) = cy — = 0 and hence there is no solution since there 
is no value of c; that will satisfy both boundary conditions. 
11. If A < 0, the general solution of the D.E. is 
y = cysinhVuUx + cocoshyux where -A = Ll. The two B.C. 
require that cp = 0 and cj = 0 so A < 0 is not an eigenvalue. 
If A = 0, the general solution of the D.E. is y = cy + Cox. 
The B.C. require that c, = 0, cp = 0 so again A = 0 is not an 
eigenvalue. If A > 0, the general solution of the D.E. is 
y = cysinVAx + cocos\V/Ax. The B.C. require that cy = 0 and 
VA cycosVAR = 0. The second condition is satisfied for 
X #0 and cy #0 if VAR = (2,-1)0/2, n = 1,2,... . Thus the 
eigenvalues are A, = (2n-1) 7/4, n= 1,2,3... with the 
corresponding eigenfunctions yy(x) = sin[(2n-1)x/2], 
N= 1,2, 3.5.25 
15. For A < 0 there are no eigenvalues, as shown in Problem 11. 


For A = 0 we have y(x) = cy + Cox, so y’(0) = cp = O and 
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y (%) = cp = 0, and thus A = 0 is an eigenvalue, with 

yo(x) = 1 as the eigenfunction. For A > 0 we again have 
y(x) = cysinVAx + cocosV/A x, so y (0) = frcr = 0 and 

y (L) = -co AsinVAL = 0. We know A > 0, in this case, so 


the eigenvalues are given by sinVAL = 0 or VAL =n. Thus 


An = (n@/L)* and y,(x) = cos(ntx/L) for n = 1,2,3... 
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10. 


We look for values of T for which sinh2(x+T) = sinh2x for 
all x. Expanding the left side of this equation gives 
sinh2xcosh2T + cosh2xsinh2T = sinh2x, which will be 
satisfied for all x if we can choose T so that cosh2T = 1 
and sinh2T = 0. The only value of T satisfying these 

two constraints is T = 0. Since T is not positive we 
conclude that the function sinh2x is not periodic. 


We look for values of T for which tanw(x+T) = tanmx. 
Expanding the left side gives 
tant(x+T) = (tanmtx + tannT)/(1-tantxtanaT) which is equal 
to tantx only for tanntT = 0. The only positive solutions 
of this last equation are T = 1,2,3... and hence tanmx is 
periodic with fundamental period T = 1. 
Oo -1 <x < 0 
To start, let n = 0, then f(x) = ; forn= 
1 0 <sx<il 
Oo1ls<sx< 2 0 3s x< 4 
£(x) = ; and for n = 2, £(x) = . 
12<x< 3 1 4<x< 5 


continuing in this fashion, and drawing a graph, it can be 
seen that T = 2. 


£ (x) 
The graph of f(x) is: i 
We note that f(x) is 
a straight line with 
a slope of one in any “3-2 1 2 3 x 
interval. Thus f(x) has the form xt+tb in any interval for 
the correct value of b. Since f£(x+2) = £(x), we may set 
x = -1/2 to obtain £(3/2) = £(-1/2). Noting that 3/2 is 
on the interval 1 < x < 2[£(3/2) = 3/2 + b] and that -1/2 
is on the interval -1 < x < O[f£(-1/2) = -1/2 + 1], we 
conclude that 3/2 + b = -1/2 + 1, or b = -1 for the 
interval 1 < x < 2. For the interval 8 < x < 9 we have 
f(x+8) = £(x+6) = ... = £(x) by successive applications 
of the periodicity condition. Thus for x = 1/2 we have 
£(17/2) = £(1/2) or 17/2 + b = 1/2 so b = -8 on the 


interval 8 < x < 9. 
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In Problems 13 through 18 it is often necessary to use 
integration by parts to evaluate the coefficients, although 
all the details will not be shown here. 


13a. The function represents 
a sawtooth wave. It is 
periodic with period 2L. 


13b. The Fourier series is of the form 


co 
f(x) = ao/2 + yy (ancosmmx/L + bySinmmx/L ), where the 
m=1 
coefficients are computed from Eqs. (13) and (14). 
Substituting for f(x) in these equations yields 


ao = 1/1) [* (0 ax = 0 and aq = (1/1) [* (=x) cos (mmx/1) ax = "10; 


m= 1,2... (these can be shown by direct integration, or 
using the fact that * g(x) dx = 0 when g(x) is an odd 
function). Finally, 

bm = aay [* (-x) sin (mmx/L) dx 


L 


= (x/mm) cos (mtx/L) 


= (1/mm) [* cos (mmx/1) ax 
-L 
L 


(2Lcosmn) /mm — (L/m*n*) sin (mmx/L) = 2L(-1)™/mn 
-L 
Substituting these terms in the above Fourier series for 


f(x) yields the desired answer. 
15a. See the next page. 


15b. In this case f(x) is periodic of period 2m and thus 
L= 7m in Eqs. (9), (13,) and (14). The constant ap is 
0 
found to be ag = (1/N)] xdx = -N/2 since f(x) is zero on 
TU 
the interval [0,%]. Likewise 
0 
an = (a/m | xcosnxdx = [1 - (-1)"]/n?z, using integration 
—T 
by parts and recalling that cosnm = (-1)”. Thus a, = 0 
for n even and a, = 2/n*°n for n odd, which may be written 


aS aon-1 = 2/(2n-1) *m since 2n-1 is always an odd number. 
0 

In a similar fashion by, = a/m | xsinnxdx = (-1)"1/n and 
—TU 

thus the desired solution is obtained. Notice that in 

this case both cosine and sine terms appear in the 

Fourier series for the given f(x). 


206 Section 10.2 


21a. 


1) F 4 t 
2 
1 [2 x? aa ee ap 2 
21b. ag = dx = x ==, SO = — and 
242 2 12 2 3 2 3 
= |? x? nix 
ayn = cos ax 
242 2 2 
ee _ mmx 8x nlx 16 ) ntx 
= [ sin + cos sin 
4 on 2 n?n 2 n°n? ar 
= (8/n*m*)cos(nm) = (-1)"8/n?*n? 


where the second line for a, is found by integration by 
parts or a computer algebra system. Similarly, 


1 f2 x? _ nmx : 2_,.. ntx 
by = sin ax 0, since x“sin—— is an odd 
242 2 2 2 
; 2 8 (-1) nx 
function. Thus f(x) = + cos 2 
3 n n? 2 
n=1 
: 2 8 (-1) nix 
21lc. As in Eq. (27), we have s,(x) = + cos 
3 m2 , n2 2 
n= 


-2 ot 1 2 


21d. Observing the graphs we see that the Fourier series 
converges quite rapidly, except, at x = -2 and x = 2, 
where there is a sharp “point” in the periodic function. 


_ (0.08 0.8: 


2 
oer leg tx) | 


0.03) vets 


ae 


27a. 
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First we have [P75 G0 ax = [Patsras by letting x =s+T 
T 


in the left integral. Now, if 0 <a*<T, then from 


elementary calculus we know that 
at+T gy a 


g(x)dx = [ g(x)dx + [P7500 ax = [7s 00 ax + [25 e0 ax 
a 


a a 
using the equality derived above. This last sum is 


T 
Ne and thus we have the desired result. 
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2a. 


2b. 


4a. 


Substituting for f(x) in Eqs.(2) and (3) with L=T7 


yields ag = (1/Z) sxx = 0/2; 
an = (1/m [*xcosmadx = (cosmm - 1)/mm* = 0 for m even and 
= -2/mm* for m odd; and 
bn = (1/m) [*xsinmxax = —(mtcosmnm) /mm = (-1)™*1/m, 
0 
m= 1,2... . Substituting these values into Eq.(1) with 
L = @ yields the desired solution. 


The function to which the series converges is indicated 
in the figure and is periodic with period 2m. Note that 


-31 -21 1 1" 2n 3n 


the Fourier series converges to %/2 at x = -t, %, etc., 
even though the function is defined to be zero there. 
This value (m/2) represents the mean value of the left 
and right hand limits at those points. In (-t, 0), 


f(x) = 0 and f’(x) = 0 so both f and f’ are continuous and 
have finite limits as x ~~ -&® from the right and as 
x — 0 from the left. In (0, %), £(x) = x and f’(x) = 1 


and again both f and f’ are continuous and have limits as 
x — 0 from the right and as x ~ @ from the left. Since 
f and f’ are piecewise continuous on [-%, =] the 
conditions of the Fourier theorem are satisfied. 


Substituting for f(x) in Eqs.(2) and (3), with L = 1 


yields ap = [i o-#)ax = As; 
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1 1 
apes [5 o-#?)cosnmxax = (2/nn) | xsinntxdx 


1 


1 
(-2/n?n?) [xcosnmx| a [? cosnmxax 


4(-1)"*1/n?n?; and 
1 


bh = _(1-x*) sinntxdx = 0. Substituting these values 


into Eq.(1) gives the desired series. 


4b. The function to which the series converges is shown in 
the figure and is periodic of fundamental period 2. In 
[-1,1] £(x) and f’(x) = -2x are both continuous and have 
finite limits as the endpoints of the interval are 
approached from within the interval. 


£ (x) 


-3 -1 1 3x 


Ja. As in Problem 15, Section 10.2, we have 
T 2cos (2n-1) x (-1) ™*t sinnx 
+) + ] 


a eae ™ (2n—1) # n 
n=1 
Tt 3 2cos (2k-1)x (i) "sinks 
Tb. en (x) = £(x) + 
4a mkt)? k 
Using a computer algebra system, we find that for 
n= 5, 10 and 20 the maximum error occurs at x = -% in 


each case and is 1.6025, 1.5867 and 1.5787 respectively. 

Note that the author’s n values are 10, 20 and 40, since 

he has included the zero cosine coefficient terms and the 
sine terms are all zero at x = -%. 


Te. It’s not possible in this case, due to Gibb’s phenomenon, 
to satisfy le, (x) | < 0.01 for all x. 


1 
12a.aq = [5 6) ax = 0 and ap = [5 ox) cosnmax = 0 since 


and (x-x?) cosnax are odd functions. 


(x-x 
1 3 * 
by = (x-x~) Sinntxdx 
1: 
x? 3x7 (n°07+6) (n?m7+6) : 
= [—cosntx— sinntx———__,—_ xcosn™x+—_,_,_ sinntx] el 
nt nn n-1 n° 
—12 12 (-1)7 
= oy 3 cosnt, so f(x) = - z : sinntx. 
n-w Tl n 
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12 (1y* 
12b. en (x) = £(x) + — yo  sinkne. These errors will be 


14. 


3 
k=1 ss 
much smaller than in the earlier problems due to the n 
factor in the denominator. Convergence is much more 


rapid in this case. 


3 


The solution to the corresponding homogeneous equation is 
found by methods presented in Section 3.4 and is 

y(t) = cycos@t + cosin@t. For the nonhomogeneous terms 
we use the method of superposition and consider the 
sequence of equations Yn + 0°Vn = bysinnt for 

n= 1,2,3... . If @ > 0 is not equal to an integer, 
then the particular solution to this last equation has 
the form Y, = a,cosnt + dpsinnt, as previously discussed 
in Section 3.6. Substituting this form for Y, into the 
equation and solving, we find a, = 0 and d, = bn/ (@2-n?) . 
Thus the formal general solution of the original 
nonhomogeneous D.E. is 


co 
y(t) = cycosmt + cosin@t + yy b,(sinnt) /(@*-n?), where 
n=1 
we have superimposed all the Y, terms to obtain the 
infinite sum. To evalute c; and cp we set t = 0 to 
obtain y(0) = cy = 0 and 
co 
y (0) = @cp + Yinbs/ (@?-n?) = 0 where we have formally 
n=1 
differentiated the infinite series term by term and 
evaluated it at t = 0. (Differentiation of a Fourier 
Series has not been justified yet and thus we can only 
consider this method a formal solution at this point). 


co 

Thus cp = -—(1/0) Yi nby/ (@?-n?), which when substituted 
n=1 

into the above series yields the desired solution. 


If @ =m, a positive integer, then the particular 
solution of nae + min = b,sSinmt has the form 
Ym = t(agcosmt + d,sinmt) since sinmt is a solution of 
the related homogeneous D.E. Substituting Y, into the 
D.E. yields a, = -bp/2m and d, = 0 and thus the general 
solution of the D.E. (when @ = m) is now y(t) = c,cosmt 
oo 
+ cosinmt - byt (cosmt)/2m + yy bn (sinnt) / (m@-n?) . 


n=1,n#4m 
To evaluate c; and cp we set y(0) = 0 = cy and 
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y (0) = com - by/2m + yy ban/ (m?-n?) = 0. Thus 
n=1,n4m 
Co = Din/ 2m? = y ban/m(m?-n7) , which when substituted 
n=1,n#4m 


into the equation for y(t) yields the desired solution. 


In order to use the results of Problem 14, we must first 
find the Fourier series for the given f(t). Using Eqs. (2) 
and (3) with L = m, we find that 


(1/m [ax = (a/m [*ax = Oy 


ag = 
TU 
1 2m 
a, = (1/m [*cosnxdx - ca/m | cosnxdx = 0; and 
TC 
Tv, Qu, 
bh = (1/m [*sinnxcx - ca/m | sinnxdx = 0 for n even and 
TU 
= 4/nu for n odd. Thus 
co 
f(t) = (4/nm) Yi sin(2n-1)t/(2n-1). Comparing this to the 
n=1 
forcing function of Problem 14 we see that by of 
Problem 14 has the specific values bo, = 0 and 
bon-1 = (4/%)/(2n-1) in this example. Substituting these 


into the answer to Problem 14 yields the desired 
solution. Note that we have asumed @ is not a positive 
integer. Note also, that if the solution to Problem 14 
is not available, the procedure for solving this problem 
would be exactly the same as shown in Problem 14. 


From Problem 8, the Fourier series for f(t) is given by 


co 


f(t) = 1/2 + (4/n7) ¥ cos (2n-1) mt/ (2n-1)? and thus we may 
n=1 
not use the form of the answer in Problem 14. The 


procedure outlined there, however, is applicable and will 
yield the desired solution. 


We will assume f(x) is continuous for this part. For the 
case where f(x) has jump discontinuities, a more detailed 
proof can be developed, as shown in part b. From Eq. (3) 


1 fx _ nx 
we have bh, = —] f£(x)sin——dx. If we let u = f(x) and 
LJ-L L 


. atx , -L nix 
dv = sin——dx, then du = f (x)dx and v = —cos 
L 
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1 -L nx |L Ts) fs 4 x 
b, = —[—f(x)cos [7 + —]' £ (x) cos——ax] 
L nv L nv J-L 
1 AZ x 
= -—[f(L)cosnnt — f£(-L)cos(-nt)] + f (x) cos dx 
nt nt JL 
1 fu, nx . 
= £ (x)cos dx, since f(L) = £(-L) and 
nt J-L 
1lf.Le, nux . 
cos(-nt) = cosnmt. Hence nby = £ (x) cos dx, which 
T IHL 


exists for all n since f’(x) is piecewise continuous. 
Thus nb, is bounded as n > oo. Likewise, for a,, we 


: cS ire _ ntx ; 
obtain na, = -—]| f (x)sin——\dx and hence na, is also 
T J-L L 


bounded as n — oo. 


Note that f and f’ are continuous at all points where f” 
is continuous. Let x1, ..., Xm be the points in (-L,L) 
where f” is not continuous. By splitting up the interval 
of integration at these points, and integrating Eq. (3) by 
parts twice, we obtain 


i n = ntx; on 
nba = PY ce (eit) -£ (k-) ]cos =e i) 8 (ier) Deesnn 
ee 
nwx; L fr nix 


—— | £”(x) sin——dx, where 
L 


m 
L - rd . 
-=) [f£ (x4+) -f£' (x 1-) ]Jsin 
ae : Bee 


we have used the fact that cosine is continuous. We want 
the first two terms on the right side to be zero, for 
otherwise they grow in magnitude with n. Hence f must be 
continuous throughout the closed interval [-L,L]. The 
last two terms are bounded, by the hypotheses on f’ and 
£”. Hence n*b, is bounded; similarly n*a, is bounded. 
Convergence of the Fourier series then follows by 


co 
comparison with ) ree 


n=1 
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Let f(x) = tan2x, then 
sin(-2x) —sin(2x) 

f(-x) = tan(-2x) = = = -tan2x = -f (x) 
cos (—2x) cos (2x) 


and thus tan2x is an odd function. 


Let f(x) =e %*, then f(-x) = e* so that f(-x) # f(x) and 
f(-x) # -f(x) and thus e * is neither even nor odd. 
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7. 
Even Extension Odd Extension 
10. 
x x 
Even Extension 3 Odd Extension 
13. By the hint f(-x) = g(-x) + h(-x) = g(x) — h(x), since g 
is an even function and f is an odd function. Thus 
f(x) + £(-x) = 2g(x) and hence g(x) = [f(x) + f£(-x)]/2 
defines g(x). Likewise 
f(x)-f(-x) = g(x)-g(-x) + h(x)-h(-x) = 2h(x) and thus 
h(x) = [£(x) - £(-x)]/2. 


All functions and their derivatives in Problems 14 through 30 
are piecewise continuous on the given intervals and their 
extensions. Thus the Fourier Theorem applies in all cases. 


14. For the cosine series we use the even extension of the 

function given in Eq. (13) and hence 

{° ee a 
f(x) = on the interval -2 < x < 0. 

1t+x -1 <x < 0 

However, we don’t really need this, as the coefficients 
in this case are given by Eqs.(7), which just use the 
original values for f(x) on 0 < x §$ 2. Applying Eqs. (7) 
we have L = 2 and thus 


2 
ap = (2/2) |* (1-%) ax + (2/2) | Odx = 1/2. Similarly, 
1 
1 
an = (2/2) |* (1x) cos (nmx/2) ax = 4[1-cos(nt/2)]/n*n* and 
by, = 0. Substituting these values in the Fourier series 
yields the desired results. 
For the sine series, we use Eqs.(8) with L = 2. Thus 
ayn = 0 and 


bh = (2/2) |* (1x) sin (nmx/2) ax = 4[nnt/2 - sin(nmt/2)]/n?n?. 


15% 


18. 


20. 
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The graph of the function to which the series converges 
is shown in the figure. Using Eqs.(7) with L = 2 we have 


1 1 

ao = ee = 1 and ay = 9 COS (nnx/2) dx = 2sin(nt/2)/nt. 
Thus a, = 0 for n even, a, = 2/nm for n = 1,5,9,...and 
an = -2/nnt for n = 3,7,11,... . Hence we may write 


ao, = 0 and ap,-1 = 2(-1) ™t1/(2n-1)n, which when 
substituted into the series gives the desired answer. 


The graph of the function to which the series converges 
is indicated in the figure. 


£ (x) 


Since we want a sine series, we use Eqs.(8) to find, with 


L=%, that by = (2/m) [*sinnxdx = 2[1-(-1)"]/nm and thus 


by = 0 for n even and by, = 4/nm for n odd. 


The graph of the function to which the series converges 
is shown in the figure. 


-3 -2 1 1 2 


We note that f(x) is specified over its entire 
fundamental period (T = 1) and hence we cannot extend f 
to make it either an odd or an even function. Using 
Eqs.(2) and (3) from Section 10.3 we have (L = 1/2) 


1 1 
ap = 2 peel = 1, a, = 2 ore ees = 0 and 


1 
by = 2[txsin (2nmx) ax = -l/nn. [Note: We have used the 
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results of Problem 27 of Section 10.2 in writing these 
integrals. That is, if f(x) is periodic of period T, 
then every integral of f over an interval of length T has 
the same value. Thus we integrate from 0 to 1 here, 
rather than -1/2 to 1/2.] Substituting the above values 
into Eq.(1) of Section 10.3 yields the desired solution. 
It can also be observed from the above graph that 

g(x) = £(x) - 1/2 is an odd function. If Eqs.(8) are 
used with g(x), then it is found that 


g(x) (-1/T) JJ sin (2nmx) /n and thus we obtain the same 


n=1 
series for f(x) as found above. 


2 [2 >, _... MIX 
25a. b, = —] (2-x*) sin— dx 
2 JO 2 
—2 2 nux 8x | nlx 16 nx | |2 
= [— (2-x*)cos sin cos 
nt 2 nn 2 n°n3 2 0 
4 
= —  (l+cosnt) + (1l-cosnt) and thus 
nt n2n3 
= 4n*n? (1+cosnt) + 16(1-cosnT) _ nmx 
E(x) = yi )sin 
n°n? 
n=1 
259B £(x) 


25c. 1 


28b.For the cosine series(even extension) we have 


1 


2 fi 
ag = —] xdx = — 
2 JO 2 
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2 f1 nlx 2x | n&x 4 nwx _|1 
an = —| xcos dx = [—sin + cos 
2 Jo 2 nt 2 n@n? 2 '0 
Ze «se 5, TATE 4 4 nt 4 
= sin cos so 
nt 2 nn? 2 nn f 
1 == 4cos(nt/2) + 2nNsin(nt/2) —- 4 nx 
g(x) = — + yy cos . 
4 n-n? 2 
n=1 
For the sine series (odd extension) we have 
2f1  . nx —2x nlx 4 . nmx jl 
by = —] xsin dx = [ cos + sin 
2 Jo 2 nt 2 nn 2 10 
—2 nt 4 _ nt 
= cos + sin 1 So 
nt 2 n@n? 2 
 4sin(nt/2) — 2ntcos (nx/2) _ ntx 
h(x) = — sin . 
nn 2 
n=1 


Z23C% 


28d. The maximum error does not approach zero in either case, 
due to Gibb’s phenomenon. Note that the coefficients in 
both series behave like 1/n as n 4 o since there is an 
n in the numerator. 


31. We have [Reco = [Pecoax ip [Fecoax. Now, if we let 
-L -L 0 
x = -y in the first integral on the right, then 
0 0 L L 
[Pecoax = [Pe ay = [Pena = -[Pe way. Thus 


[Fecoax 2 -[Pe «yay + [Pt oo ax = 0; 


32. To prove property 2 let f, and fz be odd functions and 


let f(x) = £1(x) + fo(x). Then f(-x) = £1(-x) + f2(-x) = 
-f,(x) = [-fo(x)] = -f1(x) + fo(x) = -f (x), so f(x) is 
odd. Now let g(x)= £1(x)f2(x), then 

g(-x) = £1(-x)f2(-x) = [-f1(%) ][-f2(«)] = £1(%) f2(*) = g(x) 
and thus g(x) is even. Finally, let h(x) = £1(x)/f2(x) 
and hence h(-x) = f,(-x)/f2(-x) = [-f1(x)]/[-f2(x)] = 
f1 (x) /f2(x) = h(x), which says h(x) is also even. 


Property 3 is proven in a similar manner. 
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34. Since F(x) = [fe cerae we have 


F(-x) = Mexekc = -[*£(-s) as by letting t = -s. If f 


is an even function, f(-s) = f(s), we then have 

F(-x) = - *“€(s)ds = -F(x) from the original definition of 
0 

F. Thus F(x) is an odd function. The argument is 


similar if f is odd. 


35. Set x = L/2 in Eq. (6) of Section 10.3. Since we know f 
is continuous at L/2, we may conclude, by the Fourier 
theorem, that the series will converge to 
f(L/2) = L at this point. Thus we have 


co 


L = L/2 + (2L/nm) we) +17 (2n-1), since 


n=1 
sin[(2n-1)%/2] = as) eae Dividing by L and simplifying 
1 ised -1 n+l 22 (eal n 
gales oy. 
4 (2n-1) 2nt+1 
n=1 n=0 


37a. Multiplying both sides of the equation by f(x) and 
integrating from 0 to L gives 


L 12 
f d £ ( by L) jd 
[ [£ (x) ] “dx = [ a). sin (ntx/L) ]dx 


n=1 


= Lelie ) sin (ntx/L) dx = (L/2) y'x2, by Eq. (8). 


This pean is ates to that of Problem 17 of Section 
10.3 if we set a, = 0, n = 0,1,2, , Since 


= [rte ]2dx = = ale [£ (x ] 2dx : In a similar manner, it 


can be shown that 


L 
(2/1) | [f£(x)]7dx = a3/2 + yak 


n=1 


37b. Since f(x) = x and b, = 2L(-1)"*'/nm (from Eq. (9)), we 
obtain 


(2/1) |* te G0) 2ax 7 (2/1) |*x?ax = BTA. < yor? = 
0 0 


0 412/n?n? = 4L7/n? yi a/n?) or 17/6 = yan’). 
n=1 = 


38. 


39:3 
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We assume that the extensions of f and f’ are piecewise 
continuous on [-2L,2L]. Since f is an odd periodic 
function of fundamental period 4L it follows from 
properties 2 and 3 that f(x)cos(nmx/2L) is odd and 

f(x) sin(nwtx/2L) is even. Thus the Fourier coefficients 
of f are given by Eqs.(8) with L replaced by 2L; that is 
a, = 0, n = 0,1,2,... and 


bn = (2/21) [**£ (x) sin (nmx/21) ax, n=1,2,... . The 
0) 
Fourier sine series for f is f(x) = )ibasin (nmx/2L) . 
n=1 
2 
From Problem 38 we have by, = (1/1) [7°£ G0 sin (nmx/21) ax 


cast) |e (x) sin (ntx/2L) dx + ay |" (2L-x) sin (ntx/2L) dx 
TL 
(1/1) [£ G0 sin (nmx/21) ax - (1/1) [ f(s) sin tne (21 -s)/2L]ds 
Ts 
cast) |e (x) sin (ntx/2L) dx- 1/1) |e (s) cos (nt) sin (nts/2L) ds 


and thus b, = 0 for n even and 


ba, = (2/1) |¢ (0) sin (nmx/2L) dx for n odd. The Fourier 


series for f is given in Problem 38, where the by, are 
given above. 
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Sis 


We seek solutions of the form u(x,t) = X(x)T(t). 
Substituting into the P.D.E. yields X”’T + X’T’ + XT’ = 

X’T + (X’ + X)T’ = 0. Formally dividing by the quantity 
(X’ + X)T gives the equation X”/(xX’ + X) = -T’/T in which 
the variables are separated. In order for this equation 
to be valid on the domain of u it is necessary that both 
sides be equal to the same constant A’. Hence 


x”/ (X’ + X) = -T’/T = A or equivalently, 
x” — A(X’ + X) = 0 and T’ + AT = 0. 
We seek solutions of the form u(x,y) = X(x)Y(y). 


Substituting into the P.D.E. yields X”Y + (x+y) XY” = 

x’Y + xXY” + yXY” = 0. Formally dividing by XY yields 
x’/X + xY’/Y + yY’/Y = 0. From this equation we see that 
the presence of the independent variable x multiplying 
the term uyy in the original equation leads to the term 
xY’/Y when we attempt to separate the variables. It 
follows that the argument for a separation constant does 
not carry through and we cannot replace the P.D.E. by two 
O.D.E. 
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Following the procedures of Eqs.(5) through (8), we set 
u(x,y) = X(x)T(t) in the P.D.E. to obtain X”T = 4XT’, or 

X’X = 4T’/T, which must be a constant. As stated in the text 
this separation constant must be -X2 (we choose -A* so that 
when a square root is used later, the symbols are simpler) 
and thus Xx” + A“x = 0 and T’ + (A7/4)T = 0. Now u(0,t) = 
X(0) T(t) = 0, for all t > 0, yields X(0) = 0, as discussed 
after Eq.(11) and similarly u(2,t) = X(2)T(t) = 0, for all 

t > 0, implies X(2) = 0. The D.E. for X has the solution 
X(x) = CycosAx + CyosinAx and X(0) = 0 yields Cy; = 0. Setting 
x = 2 in the remaining form of X yields X(2) = Cosin2A = 0, 
which has the solutions 2A = nm or A = n®/2, n= 1,2,... 

Note that we exclude n = 0 since then A = 0 would yield 


X(x) = 0, which is unacceptable. Hence 

X(x) = sin(ntx/2), n= 1,2,... . Finally, the solution of the 
D.E. for T yields T(t) = exp(-A°t/4) = exp(-n’m°t/16). Thus we 
have found u,(x,t) = exp (-n*m*t/16) sin(ntx/2). Setting t = 0 


in this last expression indicates that u,(x,0) has, for the 
correct choices of n, the same form as the terms in u(x,0), 
the initial condition. Using the principle of superposition 
we know that 

u(x,t) = cyuz(x,t) + CouUg(x,t) + Cgug(x,t) satisfies the 
P.D.E. and the B.C. and hence we let t = 0 to obtain 

u(x,0) = cyuz(x,0) + Cog (x,0) + Cgug(x,0) = 

c,sintx/2 + cosintx + cysin2mx. If we choose cj = 2, 

Cp = -1 and cy = 4 then u(x,0) here will match the given 
initial condition, and hence substituting these values in 
u(x,t) above then gives the desired solution. 


Since the B.C. for this heat conduction problem are 
u(0,t) = u(40,t) = 0, t > 0, the solution u(x,t) is given 
by Eq. (19) with a* = 1 cm*/sec, L = 40 cm, and the 
coefficients c, determined by Eq. (21) with the I.C. 


u(x,0) = f(x) = x, 0S x € 20; = 40 - x, 20 $< x € 40. 
i 20 _ nmtx 40 — nmx 
Thus cy, = —I[ xsin—dx + (40—-x) sin——dx] 
20 JO 40 20 40 
160 . nw 
= 377 Sin. It follows that 
n° 2 
160 \ sin (nt/2) 1 
sin(n 7 nix 
u(x,t) = ; eo n*mt /160054 4 
TU n 


n=1 


Section 10.5 219 


15a. 
ej u(10,t 
a 
iri ir oer ie 
15b. 
4 u(5, t) i 
a te u( 15, t) 
es A 
? 
oe ies i Sr rr ites 
15c. 
: . 7 —— 
e 
i its [ite 


15d. As in Example 1, the maximum temperature will be at the 
midpoint, x = 20, and we use just the first term, since 
the others will be negligible for this temperature, since 


t is so large. Thus 
160 _., -n2t/1600.: 
u(20,t) =1= ; sin(@/2)e sin(20%/40). Solving 
TU 
for t, we obtain et/1600 = 72/160, or 
1600 160 
eS ; in oS 451.60 sec. 
Tt TT 


18a. Since the B.C. for this heat conduction problem are 


u(0,t) = u(20,t) = 0, t > 0, the solution u(x,t) is given by 
Eq. (19) with L = 20 cm, and the coefficients c, determined by 
Eq. (21) with the I.C. u(x,0) = £(x) = 100°C. Thus 


eee 


Cn = ca/10) [) 100) sin (ntx/20)dx = -200[(-1)*-1]/nmz and hence 
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18b. 


19b. 


20. 


22: 
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Con = O and Cony = 400/(2n-1)%. Substituting these values 
into Eq. (19) yields 


sid eo (2n-1) 2n?02t /400 


400 _ (2n-1) 1x 
u(x,t) = yy sin 
T 2n-1 20 


n=1 


For aluminum, we have a? = .86 cm*/sec (from Table 
10.5.1) and thus the first two terms give 


400. _ i ee 
u(10,30) = fe M2(.86)30/400 _ Bie 9m? (.86) 30/400) 
Tt 3 
= 67.228°C. If an additional term is used, the 


temperature is increased by 


80 _-25n2(.86) 30/400 
T 


= 3x 10° degrees C. 


Using only one term in the series for u(x,t), we must 


solve the equation 5 = (400/m) exp [-m7 (.86)t/400] for t. 
Taking the logarithm of both sides and solving for t 
yields t = 4001n(80/m) /m*(.86) = 152.56 sec. 


Applying the chain rule to partial differentiation of u 
with respect to x we see that uy, = ug§x = ug (1/L) and 


Ugg: = uge (1/1). Substituting uge/L? for u,, in the heat 


equation gives 0.7 uge/L? = Ut OF Uge = (17767) We. Ina 
12 
similar manner, ut = ute = ae (07/15) and hence —>ut = ur 
Q 


and thus Uge = Ute 


Substituting u(x,y,t) = X(x)Y(y)T(t) in the P.D.E. yields 
a2 (X”YT + XY’T) = XYT’, which is equivalent to 
x” y” aM 

+ By keeping the independent variables x 


Xx ¥ OT 

and y fixed and varying t we see that T’/a°T must equal 
some constant 0, since the left side of the equation is 
fixed. Hence, X’/X + Y’/Y = T’/a°T = 61, or 

X”"/X = 6, - Y’/Y and T’ - 010°T = 0. By keeping x fixed 

and varying y in the equation involving X and Y we see 
that 6, - Y’/Y must equal some constant Oy since the left 
side of the equation is fixed. Hence, 

Xx”’/X = 0, - Y’/Y = Op so X” - Oo7X = 0 and Y” -(6, - 6Oy)Y = O. 


For T’ - 010°T = 0 to have solutions that remain bounded as 
t — co we must have 6; < 0. Thus, setting 60; = ee we have 
T + @7A*T = 0. For X” - 6>X = 0 and homogeneous B.C., we 


conclude, as in Sect. 10.1, that 62 < 0 and, if we let 
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G> = -u*, then X” + w*X = 0. With these choices for 6, and 6» 
we then have Y” + (A7-u?)y = 0. 
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3% The steady-state temperature distribution v(x) must 

satisfy Eq.(9) and also satsify the B.C. v,(0) = 0, 

v(L) = 0. The general solution of v” = 0 is 

v(x) = Ax + B. The B.C. vy,(0) = 0 implies A = 0 and then 
v(L) = 0 implies B = 0, so the steady state solution is 
v(x) = 0. 

7. Again, v(x) must satisfy v” = 0, v’(0) -v(0) = 0 and v(L) = T. 
The general solution of v” = 0 is v(x) = ax + b, so v(0) =b, 
v’(0) = a and v(L) = T. Thus a - b = 0 and aL + b = T, which 
give a = b = T/(1+L). Hence v(x) = T(x+1)/(L+1). 


9a. Since the B.C. are not homogeneous, we must first find 
the steady state solution. Using Eqs.(9) and (10) we have 


v’ = 0 with v(0) = 0 and v(20) = 60, which has the 
solution v(x) = 3x. Thus the transient solution w(x,t) 
satisfies the equations 0. Wax = wr, w(0,t) = 0, 

w(20,t) = 0 and w(x,0) = 25 - 3x, which are obtained from 


Eqs.(13) to (15). The solution of this problem is given 
by Eq. (4) with the c, given by Eq. (6): 


1 [20 _ ntx 
Cn = (25-3x) sin——dx = (70cosnmt+50)/nmt, and thus 
10 Jo 20 
= 70cosnnt + 50 nix 
u(x,t) = 3x + > @ 0 86n'nt/400.5n "since 
nt 20 
n=1 
a? = .86 for aluminum. 
9b. 9¢ . 


u(x, 15) 


9d. Using just the first term of the sum, we have 
20 Tt 
u(5,t) = 15 — —e%-86mt/4005in- = 15 + .15. Thus 
Tt 4 
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20 T 
os ane .15, which yields t = 160.30 sec. 
15 


To obtain the answer in the text, the first two terms of 
the sum must be used, which requires an equation solver 
to solve for t. Note that this reduces t by only .01 
seconds. 


12a. Since the B.C. are u,(0,t) = ux,(L,t) = 0, t > 0, the 
solution u(x,t) is given by Eq. (35) with the coefficients 
Cy, determined by Eq. (37). Substituting the I.C. 


u(x,0) = £(x) = sin(mx/L) into Eq. (37) yields 
eg. = YT) sin (Rx/L) dx = 4/n and 
Cn = (2/1) [*sin (nx/L) cos (nmx/L) dx 


(1/t) [sin nt) ax/t] - sin[ (n-1)7x/L] }dx 


(1/m™) {[1 - cos(n+1)m]/(n+1) - [1 - cos(n-1)%]/(n-1) } 
= 0, n odd; = -4/(n?-1)n, n even. Thus 
u(x,t) = 2/n-(4/n) ) exp [-4n?n70.t /L?] cos (2nmx/L) / (4n?-1) 
n=1 
where we are now summing over even terms by setting 
n = 2n. 


12b. As t  o we see that all terms in the series decay to 
zero except the constant term, 2/T. Hence 


lim u(x,t) = 2/t. 
too 
1 1 
L2C% 
08 “ u(5,t) 
oe t=100 7 
O4 oe 
u(x,t) t=20 
02 e2 
t=0 
0 
0 0 0 w ° 
1 
a u(10,t) as 
os as 
” aa u(20, t) 
02 02 
® D o F F) 


12d. The original heat in the rod is redistributed to give the 
final temperature distribution, since no heat is lost. 


14a. 


14c. 


15a. 
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Since the ends are insulated, the solution to this 
problem is given by Eq. (35), with a? = 1 and L = 30, and 


Co = 
Eq. (37). Thus u(x,t) = oe + | cnexp (-n?n7t/900) cos (ntx/30), 
n=1 
where 
2 [30 1 
Co = = £ Se 5dx = — and 
30 Jo 15 
2 [3 nix 10 nix 50 nt nt 
—]| f(x)cos dx = — 25cos dx [sin - sin—] 
30 Jo 30 155 30 nt 
4 8 
1] u(x,t) 
6 
15 
ie “a u(0,t) 
5 2 
ons 0 1% 0 2 3 0 Wiuwwnnn 


u(20,t) “ 
a ulio,t) 


02 46 6 1012 14 16 18 mw 22 24 


~ ulé.e) 
6 Pee St) 


5 “Fae 


steady state 


Although x = 4 and x = 1 are symmetrical to the initial 
temperature pulse, they are not symmetrical to the insulated 
end points. 


Substituting u(x,t) = X(x)T(t) into Eq.(1) leads to the 
two O.D.E. X” - oX = 0 and T’ - @*o0T = 0. An argument 
similar to the one in the text implies that we must have 
X(0) = 0 and X’(L) = 0. Also, by assuming oO is real and 
considering the three cases 6 < 0, 6 = 0, and Oo > O we 
can show that only the case o < 0 leads to nontrivial 
solutions of X” - oX = 0 with X(0) = 0 and X’(L) = 0. 
Setting o = -A*, we obtain X(x) = k,sinAx + k»cosAx. 

Now, X(0) = 0 4 kp = O and thus X(x) = ky sinAx. 
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Differentiating and setting x = L yields Ak,cosAL = 0. 
Since ’ = 0 and k; = 0 lead to u(x,t) = 0, we must choose 
xX so that cosAL = 0, or A = (2n-1)R/2L, n = 1,2,3,... 
These values for \ imply that o = —(2n-1) *n*/4L* so the 
solutions T(t) of T’ - a°’oT = 0 are proportional to 

exp[= (20-1) 707 7t/ 4071. Combining the above results 
leads to the desired set of fundamental solutions. 


In order to satisfy the I.C. u(x,0) = f(x) we assume that 
u(x,t) has the form 
co 
u(x,t) = Yi cnexp [= (2n-1) 207017 417] sin [ (2n-1) Mx/ 2D] . The 
n=1 
coefficients c, are determined by the requirement that 


co 


u(x,0) = Yi ensin[ (2n-1) mx/2L] = f(x). Referring to 
n=1 

Problem 39 of Section 10.4 reveals that such a 

representation for f(x) is possible if we choose the 


coefficients c, = (2/1) |“ Gx) sin[ (2n-1) mx/ 2b] ax. 

We must solve vi (x) = 0, 05 x <a and v5 (x) = 0, 

as x < L subject to the B.C. v,(0) = 0, vo(L) = T and 
the continuity conditions at x = a. For the temperature 
to be continuous at x = a we must have vj,(a) = v2(a) and 
for the rate of heat flow to be continuous we must have 
-K1A1V}1 (a) = -K2Aov9 (a), from Eq. (2) of Appendix A. The 
general solutions to the two O.D.E. are vyz(x) = C1x + Dj 
and v2(x) = Cox + Dog. By applying the boundary and 


continuity conditions we may solve for Cy, Dj, and Cz and 
Dz to obtain the desired solution. 
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la. 


Since the initial velocity is zero, the solution is given 
by Eq. (20) with the coefficients c, given by Eq. (22). 
Substituting f(x) into Eq.(22) yields 


2 L/22X . nx L 2(L-x) . nx 
Ca [ sin ax + sin ax] 
L Jo L LL / 2 L L 
8 _ nt 
= 7 8in_. Thus Eq. (20) becomes 
n° 2 
co 
8 1 nt nmtx ntat 
u(x,t) = yy sin sin cos _ 
12 n2 2 L L 
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Ds 
1, u(x,2.5) x 10 x 10 
” fey 5 -.5 
Pi acet tate oN -1 u(x,7.5) -1 u(x, 10) 
10 
iow 
Vypucre) t, u(3,t) 


35 


le. The graphs in part b can best be understood using Eq. (28) 
(or the results of Problems 13 and 14). The original 
triangular shape is composed of two similar triangles of 
1/2 the height, one of which moves to the right, h(x-at), 
and the other to the left, h(x+tat). Recalling that the 
series are periodic then gives the results shown. The 
graphs in part c can then be visualized from those in 
part b. 


6a. The motion is governed by Eqs.(1), (3) and (31), and thus 
the solution is given by Eq. (34) where the k, are given 


by Eq. (36): 
2 L/4 4x nix 3L/4 nix zt 4 (L-x) nix 
ky = — I i — sin——dx + [ . sin——dx + sin dx] 
nta JO L L/4 Li 3L Ti L 
8L _ na _ 3nt ; ; ; ; 
(sin + sin——). Substituting this in Eq. (34) 
n°na 4 
nt 3nt 
co Sin— + sin—— 
8L nix ntat 
yields u(x,t) >» 5 sin sin 
al n L L 
n=1 
6b. [oerred 


ts0, 10,20 
oh ee 
te12.5, ey 
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6c. 
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“u(2.5,t) 


Assuming that u(x,t) = X(x)T(t) and substituting for u in 

Eq. (1) leads to the pair of O.D.E. X” + oX = 0, 

T’ + a*oT = 0. Applying the B.C. u(0,t) = 0 and 

ux(L,t) = 0 to u(x,t) we see that we must have X(0) = 0 

and X’(L) = 0. By considering the three cases o < 0, 

Oo = 0, ando > 0 it can be shown that nontrivial solutions of 
the problem X” + oX = 0, X(0) = 0, X’(L) = 0 are possible if 
and only if 0 = (Qn=1)-n2 40, n= 1,2,... and the 


corresponding solutions for X(x) are proportional to 

sin[ (2n-1)%x/2L]. Using these values for o we find that T(t) 
is a linear combination of sin[(2n-1)mat/2L] and 
cos[(2n-1)m@at/2L]. Now, the I.C. u-(x,0) implies that 


T’ (0) = 0 and thus functions of the form 
Un (x,t) = sin[(2n-1)%x/2L]cos[(2n-1)Nat/2L], n = 1,2,... 
satsify the P.D.E. (1), the B.C. u(0,t) = 0, ux(L,t) = 0, 
and the I.C. uz(x,0) = 0. We now seek a superposition of 
these fundamental solutions u, that also satisfies the 
I.C. u(x,0) = f(x). Thus we assume that 

oo 
u(x,t) = Yi ensin[ (2n-1) mx/2L] cos [ (2n-1) mat /2L1. The 

n=1 


I.C. now implies that we must have 


co 
f(x) = Yi ensin[ (2-1) mx/2L1 . From Problem 39 of Section 
n=1 
10.4 we see that f(x) can be represented by such a series 
and that 


é, = (2/1) [* G0 sin (2n-1) mx/2L] ox, AS LypSy ens 


Substituting these values into the above series for 
u(x,t) yields the desired solution. 


From Problem 9 we have 


= hea _ (2n-1) 1x 
Cy = ah San dx 


LJ(L-2) /2 2L 
—4 (2n—-1) 7 (L4+2) (2n-1) 1 (L-2) 
= =~. [eos ) cos ( )] 
(2n-1)7% 4L 4L 
8 _ (2n-1)m | (2n-1)% 
= sin sin using the 


(2n-1)% 4 2L 


10b. 


10c. 


13. 


14. 
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trigonometric relations for cos(A +B). Substituting 
this value of c, into u(x,t) in Problem 9 yields the 


desired solution. 


|. fo. ._..L. 


' u(x,5.5) i u(x,8) u(x, 10) 


| eae aes Leeper Os ae (eee 
Tepes oe eae — 


re 


Using the chain rule we obtain u, = ug + UnNx = 

ug + Uy Since E& = Nx = 1. Differentiating a second time 
Gives Ux, = Uge + 2UEn + Unn- In a Similar way we obtain 
Ut = ueSt + UnNt = —aug + aUy, Since & = -a, Ne = a. Thus 
Ure = a” (uge — 2Uey + Unn)- Substituting for ux, and up 

in the wave equation, we obtain ug, = 0. Integrating 
both sides of ugy = 0 with respect to N yields 

ug(§,N) = ¥(§) where y is an arbitrary function of €. 
Integrating both sides of ug(§,n) = y(§) with respect to § 
yields u(E,n) = Jy(&)d& + win) = o(&) + win) where yin) 

is an arbitrary function of n and Jy(E)d& is some 


function of & denoted by 0(&). Thus 
u(x,t) = u(&(x,t),N(x,t)) = O(x - at) + W(x + at). 
The graph of y = sin(x-at) for the various values of t is 


indicated in the figure on the next page. Note that the 
graph of y = sinx is displaced to the right by the 
distance “at” for each value of t. 
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l7a. 


1l7b. 
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t=O t=l/a 


Similarly, the graph of y = (x + at) would be displaced 
to the left by a distance “at” for each t. Thus 
d(x + at) represents a wave moving to the left. 


Write the equation as aos = Ut + au and assume 


u(x,t) = X(x)T(t). This gives a°X”’T = XT” + @?xXT, 

x” 1 Th 
or — = —~(— + a.) =o. The separation constant 0 is 

X a At 
ee using the same arguments as in the text and earlier 
problems. Thus X” + A*x = 0, X(0) = 0, X(L) = 0 and 
T” + (a7 + 27A7)T = 0, T7(0) = 0. If we let B24 = AZa7+02, 
_ nmx ntx 
we then have u,(x,t) = cosB,tsin , where A, = 
L L 
co 

; anes ; | nmtx 

Using superposition we obtain u(x,t) = YcncosB,tsin—— 
L 
n=1 
co 
| nmx ; 
and thus u(x,0) = ycnsin = £(x). Hence c, are given 
L 
n=1 

by Eq. (22). 
We have u(x,t) = @(x-at) + W(xtat) and thus 
ut (x,t) = -ad’(x-at) + ay’ (xtat). Hence 
u(x,0) = (x) + W(x) = £(x) and 
ur (x,0) = -ad’(x) + aw (x) = 0. Dividing the last 


equation by a yields the desired result. 


Using the hint and the first equation obtained in part (a) 


leads to (x) + W(x) = 20(x) + c = £(x) so 

O(x) = (1/2) f(x) - c/2 and w(x) = (1/2)£(x) + c/2. Hence 
u(x,t) = (x - at) + W(x + at) = (1/2) [f(x - at) - c] + 
(1/2) [£(x + at) + c] = (1/2) [£(x - at) + £(x + at)]. 


Substituting x + at for x in f(x) yields 


2 -1<x+t+at<i1 

f(x + at) = : 
0 otherwise 

Subtracting “at” from both sides of the inequality then 

yields 


18a. 


18b. 


18c. 


24. 
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2 -1- at <x<i1- at 


0 otherwise 


As in Problem 17a, we have u(x,0) = 0(x) + W(x) = 0 and 
Ur (K,0) = —ag’(x) + aw" (x) = g(x). 
From part (a) we have W(x) = -@(x) which yields 
-—2ad(x) = g(x) from the second equation in part a. 
-1 x 
Integration then yields 6(x) - (x9) = Be g(&)d& and 
a JX 
hence 
Wx) = (/2a) |*5 (6) ab — (xo) 
Xo 
u(x,t) = O(x-at) + W(xtat) 
= ~(1/2a) [* "a (&) a8 + (xX) + (1/2) [***"a 1) a8 ~ (Xo) 
Xo Xo 
= (1/2a) []**"g (E) dé - li Fg (E) ab] 
baa cae 
= (1/2a) []*"*"g (E) a& + [* 9 (6) 1 
Xo x-a 
=< (1/2 TBE (CE) aE 
xa 
Substituting u(r,9,t) = R(r)@(0)T(t) into the P.D.E. 


yields R’OT + ROT/r + RO”’T/r* = ROT’/a* or equivalently 
R’/R + R’/rR + O’/@r* = T’/a*T. In order for this 
equation to be valid for 0 < r < rp, OS OS 2N, t > O, 
it is necessary that both sides of the equation be equal 
to the same constant -o. Otherwise, by keeping r and 0 
fixed and varying t, one side would remain unchanged 
while the other side varied. Thus we arrive at the two 
equations T” + oa*T = 0 and r°R’/R + rR’/R + or* = -0”/O. 
By an argument similar to the one above we conclude that 
both sides of the last equation must be equal to the same 
constant 6. This leads to the two equations 

r°-R” + rR’ + (or* - 8)R = 0 and @ + 8@ = 0. Since the 
circular membrane is continuous, we must have 


@(2m) = @(0), which requires 5 = wt”, MW a non-negative 
integer. The condition @(2m) = @(0) is also known as 
the periodicity condition. Since we also desire 


solutions which vary periodically in time, it is clear 
that the separation constant oO should be positive, 

o = A*. Thus we arrive at the three equations 

r°R” + rR’ + (Ar? - w2)R = 0, @” + p2@ = 0, and 

Tt” 4 A7a°? = 0. 
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la. 


Tb: 


iow 


Assuming that u(x,y) = X(x)Y(y) leads to the two O.D.E. 
xX” - oX = 0, Y" + OY = 0. The B.C. u(0,y) = 0, 

u(a,y) = 0 imply that X(0) = 0 and X(a) = 0. Thus 
nontrivial solutions to X” - oX = 0 which satisfy these 
boundary conditions are possible only if 6 = -(nt/a) 7, 
n= 1,2...; the corresponding solutions for X(x) are 
proportional to sin(nmx/a). The B.C. u(x,0) = 0 implies 
that Y(0) = 0. Solving Y” - (nt/a)*Y = 0 subject to this 
condition we find that Y(y) must be proportional to 
sinh(nty/a). The fundamental solutions are then 

Un (x,y) = Sin(ntx/a)sinh(nty/a), n = 1,2,..., which 


satisfy Laplace’s equation and the homogeneous B.C. We 
co 

assume that u(x,y) = )casin (ntx/a) sinh (nty/a) , where 
n=1 

the coefficients c, are determined from the B.C. 


co 


u(x,b) = g(x) = ) casi (ntx/a) sinh (ntb/a) . It follows 
n=1 

that 

cysinh(ntb/a) = (2/a) [°5 (x) sin (nmx/a) ax, n= 1,2,... 


Substituting for g(x) in the equation for c, we have 


Cysinh(ntb/a) = (2/a) t[*/?xsin (nmx/a) ax + 

[f,, (e-) sin (nmx/a) oon = [4a sin(nn/2)]/n?x?, n = 1,2,..., 
a 

so cy = [4a sin(n@/2)]/[n°n*sinh(nmtb/a)]. Substituting 


these values for cy, in the above series yields the 


desired solution. 


& x=.5,2.5 


x=0,3 
% 02 o4 06 0.8 1 Y 


ld. 
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7 ©) 


0s as 


In solving the D.E. Y” —- A*y = 0, one normally writes 

Y(y) = cysinhAy + cycoshAy. However, since we have 

Y(b) = 0, it is advantageous to rewrite Y as 

Y(y) = dysinha(b-y) + dgcosha(b-y), where d,, dz are also 
arbitrary constants and can be related to cy, coz using 
the appropriate hyperbolic trigonometric identities. The 
important thing, however, is that the second form also 
satisfies the D.E. and thus Y(y) = djsinhaA(b-y) satisfies 
the D.E. and the homogeneous B.C. Y(b) = 0. The rest of 
the problem follows the pattern of Problem 1. 


Let u(x,y) = v(x,y) + w(x,y), where u, v and w all 
satisfy Laplace’s Eq., v(x,y) satisfies the conditions in 
Eq. (4) and w(x,y) satisfies the conditions of Problem 2. 


Following the pattern of Problem 3, one could consider 
adding the solutions of four problems, each with only one 
non-homogeneous B.C. It is also possible to consider 
adding the solutions of only two problems, each with only 
two non-homogeneous B.C., as long as they involve the 
same variable. For instance, one such problem would be 


Uxx + Uyy = 0, u(x,0) = 0, u(x,b) = 0, u(0,y) = ky), 
u(a,y) = f(y), which has the fundamental solutions 
n(X,y) = [c,ysinh(ntx/b) + d,cosh (ntx/b) ]sin(nty/b) 
Assuming u(x,y) = Youn ey) and using the B.C. 
n=1 
b 
u(0,y) = k(y) we obtain dy, = (2) |x (y) sin (nty/b) 4 
Using the B.C. u(a,y) = f(y) we obtain 
b 
Cysinh(nta/b) + d,cosh(nta/b) = (2/) |*£ (y) sin (nty/b) ay, which 


can be solved for cy, since d, is already known. The second 
problem, in this approach, would be ux, + Uyy = 0, u(x,0) 
h(x), u(x,b) = g(x), u(0,y) = 0 and u(a,y) = 0. This has the 
fundamental solutions 
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un (x,y) = [apsinh(nty/a) + b,cosh(nty/a)]sin(nmtx/a, so that 
u(x,;y) = Youn (ey). Thus u(x,0) = h(x) gives 
n=1 
bh = (2/a) , n(x) sin (ntx/a) dx and u(x,b) = g(x) gives 
apnsinh(ntb/a) + b,cosh(ntb/a) = (2/a) |?9 (20 sin (nmx/a) ax, which 


can be solved for a, since by, is known. 


Using Eq. (20) and following the same arguments as 


presented in the text, we find that R(r) = kyr” + kor™ 
and ©(8) = cyisinn® + cycosn@, for n a positive integer, 
and uo(r,89) = 1 for n= 0. Since we require that u(r,9) 


be bounded as r — oo, we conclude that k, = 0. The 
fundamental solutions are therefore 
un(r,8) = r “cosnO, vyz(r,9) = r “sinnO, n = 1,2,... 
together with ug(r,9) = 1. Assuming that u can be 
expressed as a linear combination of the fundamental 
solutions we have 
co 
u(r,9) = co/2 + Yi? (cacosnd + kysinn®). The B.C. 
n=1 
requires that 
co 
u(a,9) = co/2 + Yi a (cacosné + kysinn®) = £(8) for 
n=1 
0 <0< 2m. This is precisely the Fourier series 
representation for £(8) of period 2m and thus 


ac, = (1/m [7 (8) cosnéae, mes OP 1 Oe oe Cand 

a "ky, = (1/m) |7£ @) sinn6a®, mS Dec 

Again we let u(r,89) = R(r)@(8) and thus we have 

r°R” + rR’ - OR = 0 and ©” + o@ = 0, with R(0) bounded and 
the B.C. @(0) = O(a) = 0. For o < 0 we find that 

@(0) = 0, so we let o = A* (A* real) and thus 

©(8) = cycosA® + cosindA®. The B.C. @(0) = 0 4 cy = O and 
the B.c. @(@) = 0 DA =nt/a, n= 1,2,... 

Substituting these values into Eq. (31) we obtain 

R(r) = kyrt?/% + kor ™™/%, However ky = 0 since R(0) must 
be bounded, and thus the fundamental solutions are 
uy(r,8) = r™™/sin(nn0/a). The desired solution may now 


be formed using previously discussed procedures. 


8a. 


8b. 


8c. 


13a. 
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Separating variables, as before, we obtain 

Xx” + 42x = 0, X(0) = 0, X(a) = 0 and Y” - A*Y = 0, Y(y) bounded 
as y > o. Thus X(x) = sin(nmx/a), and A* = (nm/a)?. 

However, since neither sinhy nor coshy are bounded as y — oo, 
we must write the solution to Y” - (nm@/a)*Y = 0 as 

Y(y) = cyexp[nty/a] + coexp[-nty/a]. Thus we must choose 

Cc; = 0 so that u(x,y) = X(x)Y(y) 7% 0 as y 4% co. The 


—ntly/a 


fundamental solutions are then u,(x,t) =e sin(ntx/a) . 


co 


Yi cata (7 Y) then gives 


u(x,y) 


u(x, 0) 


M1: 


. 2 f1 _ nn 
Cnsin(nax/a) = £(x) so that c, = —] f(x) sin——dx. 
a 


x (a-x) sin dx = E git cosnm) 


2 f ntx dat 
(0) a n-v 


Using just the first term and letting a = 5, we have 


u(x,y) = — ze which, for a fixed y, has a maximum 


at x = 5/2 and thus we need to find y such that 
200 


a3 


sides and solving for y yields yo = 6.6315. With an equation 


e7Y/5 = 11. Taking the logarithm of both 


u(5/2,y) 


solver, more terms can be used. However, to four decimal 
places, three terms yield the same result as above. 


Assuming that u(x,y) = X(x)Y(y) and substituting into 
Eq. (1) leads to the two O.D.E. X” - oX = 0, Y” + oY = 0. 
The B.C. u(x,0) = 0, uy(x,b) = 0 imply that Y(0) = 0 and 
Y’(b) = 0. For nontrivial solutions to exist for 

Y” + oY = 0 with these B.C. we find that o must take the 
values (2n-1) *m*/4b?, n= 1,2,...; the corresponding 
solutions for Y(y) are proportional to sin[(2n-1)ty/2b]. 
Solutions to xX” - [(2n-1) 2m*/4b2]X = 0 are of the form 
X(x) = Asinh[(2n-1)%x/2b] + Bcosh[(2n-1)%x/2b]. However, 
the boundary condition u(0,y) = 0 implies that 

X(0) = B= 0. It follows that the fundamental solutions 
are u,(x,y) = cypsinh[ (2n-1)mx/2b]sin[(2n-1)ny/2b], 

n= 1,2,... . To satisfy the remaining B.C. at x =a we 
assume that we can represent the solution u(x,y) in the 


form u(x,y) = Yi cnsinh [ (2n-1) mx/2b] sin [ (2n-1) ty/2b) . 


n=1 
The coefficients c, are determined by the B.C. 
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u(a,y) = Ycnsinh[ (2n-1) ma/2b] sin[ (2n-1) Ry/ 2b] = f(y). 
n=1 

By properly extending f as a periodic function of period 

4b as in Problem 39, Section 10.4, we find that the 

coefficients c, are given by 


Cysinh[ (2n-1)ta/2b] = (2/) [£(y) sin (2n-1) ny/2b]ay, 


NH] 1) Q)..06- 
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2% Since the B.C. at x = 1 is nonhomogeneous, the B.V.P. is 


nonhomogeneous. 


4. The D.E. may be written y” + (A-x?)y = 0 and is thus 
homogeneous, as are both B.C. 


Dis Since the D.E. contains the nonhomogeneous term 1, the 
B.V.P. is nonhomogeneous. 


9. If A = 0, then y(x) = cyx + cp and thus y(0) = co, 
y(1) = cy, + co, y’ (0) = cy and y’(1) = c,. Hence the B.C. 
yield the two equations cz - cy; = 0 and cy + Cp + cy = O 
which give cy = cp = 0 and thus A = 0 is not an 
eigenvalue. 


If A > 0, the general solution of the D.E. is 


y= c,sin Ax + c,cosy x. The B.C. require that 


a 2 Vn . = 0, and 
(sinVA + Ji cosy) )c, + (cosVA - Vi sinV A )c, = 0. In 
order to have nontrivial solutions A must satisfy 


(A-1)sinV/A - 2\/AcosV/A = 0. In this case c= Vhs, 


and thus 9 = siny/A_ x + A, cosa x. If 7 #1, the 


eigenvalue equation is equivalent to tanVA = 2\/n / (A-1) 
and thus by graphing £(V/2) = tan/A and 

g(V2 ) = ayn /(A-1) we can estimate the eigenvalues. Since 
g(r) has a vertical asymptote at A = 1 and £(V/2) has a 
vertical asymptote at Jnr = 1/2, we see that 1 < fay < 1/2. 


By interating numerically, we find \/A, = 1.30655 and thus 
A, = 1.7071. The second eigenvalue will lie to the right of 


m, the second zero of tanVyA. Again iterating numerically, 
we find V/Ao = 3.6732 and thus Az = 13.4924. For large values 
of n, we see from the graph that VA, = (n-1)%, which are the 


zeros of tan\/A. Thus d = (n-1)*m2 for large n. 


For A < 0, the discussion follows the pattern of Example 1 
yielding y(x) = cisinh/p x + cocosh\/M x. The B.C. then yield 
C2 - Jucy = 0 and 

(sinhy/u + Ju cosh) cy + (cosh + Ju sinh )co =0, which 
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have a non-zero solution if and only if 


Pe BW + 2\Vuwcoshy wu . By plotting y = tanhVU and 
= -2\/u /(ut1) we see that me intersect only at uM = 0, and 
ee there are no negative eigenvalues. 


10. If A = 0, the general solution of the D.E. is 


y= c, + cx. The B.C. y(0) + y (0) = 0 requires 


Ce ves 0 and the B.C. y(1) = 0 requires ea) Tea = 0 


and thus A = 0 is an eigenvalue with corresponding 
eigenfunction (x) = 1-x. 


If A < 0, set -A = u* to obtain y = c,cosux + c,sinpx. 


In this case the B.C. require c, + uc, = 0 and 


1 


c,cosH + c,sinw = 0 which yields nontrivial solutions for cy 
and c, (i.e., c= “Uc,) if and only if tanu = WU. By 
plotting on the same graph f(U) = UW and g(W) = tanw, we see 


that they intersect at My = 0 (4 = 074A = 0, which has 
already been discussed), uw, = 4.49341 (which is just to the 
left of the vertical asymptote of tanu at uw = 37/2, 

Mo = 7.72525 (which is just to the left of the vertical 


asymptote of tanu at WM = 5”/2) and for larger values 
uo = (2nt+1)m/2. Since r = He, we have r, = -20.1907, 


n 


I 


Ss is 272 = ; = 
Ao 59.6795, d = —(2nt1)°n*/4 and 6 sin x — H cosp x. 


If A > 0, the general solution of the D.E. is 
y(x) = c,cosh Ax + c,sinhy x. The B.C. respectively 


require that c, + r c, = 0 and c,cosh A + c,sinhyA = 0 and 


thus A must satisfy tanhVyA = VA in order to have 
nontrivial solutions. The only solution of this equation is 
X = 0 and thus there are no positive eigenvalues. 


lla. From Eq. (i) the coefficient of y’ is WQ and from Eq. (ii) the 
coefficient of y’ is (uP)’. Thus (—UP)” = UO, which gives 
Eq. (iii). 


11lb. Eq. (iii) is both linear and separable. Using the latter 
approach we have du/u = [(Q-P’)/P]dx and thus 


inw = *[Q(s)/P(s) ]ds - InP. Taking the exponential of 
x 


both sides yields Eq. (iv). The choice of Xo simply alters 


the constant of integration, which is immaterial here. 
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Since P(x) = x2 and Q(x) = x, we find that 


U(x) = (1/x*)exp[ * (s/s2)ds] = k/x, where k is an 
x 
0 
arbitrary constant which may be set equal to 1. It 


follows that Bessel’s equation takes the form 
(xy’)’ + (x?-v?/x) y S00, 


18a.Assuming y = s(x)u, we have y’ = s’u + su’ and 


20. 


” 


y’ = s’u + 2s’u’ + su” and thus the D.E. becomes 

su” + (2s’+4s)u’ + [s” + 4s’ + (44+9A)s]lu = 0. Setting 

2s’ + 4s = 0 we find s(x) = e ** and the D.E. becomes 

u” + 9Au = 0. The B.C. y(0) = 0 yields s(0)u(0) = 0, or 
u(0) = 0 since s(0) #0. The B.C. at L 

is y'(L) = s’(L)u(L) + s(L)u(L) = e 74(-2u(L) + u’(L)) = 0 
and thus u’(L) - 2u(L) = 0. Thus the B.V.P. satisfied by 
u(x) is u” + 9Au = 0, u(0) = 0, w(L) - 2u(L) = 0. 


If A < 0, the general solution of the D.E. u” + 9Au = 0 
is u = c,sinh3Hx + cpcosh3ux where -A = w*. The B.C. 
require that cy = 0, cy ,(3ucosh3uUL - 2sinh3uL) = 0. In 
order to have nontrivial solutions W must satisfy the 
equation 3u/2 = tanh3uL. A graphical analysis reveals 
that for L < 1/2 this equation has no solutions for wu ¥ 0 
so there are no negative eigenvalues for L < 1/2. If 

L > 1/2 there is one solution and hence one negative 


eigenvalue with eigenfuction @_1(x) = e *¥sinh3ux. 


If A} = 0, the general solution of the D.E. u” + 9Au = 0 
is u = cy + Cox. The B.C. require that c, = 0, 

C2(1-2L) = 0 so nontrivial solutions are possible only if 
L = 1/2. In this case the eigenfuction is @9(x) = xerre, 
If A > 0, the general solution of the D.E. u” + 9Au = 0 
is u= cisin3VAx + cocos/A x. The B.C. require that 

co = 0, c1(3VAcos3VAL - 2sin3VAL) = 0. In order to 
have nontrivial solutions A must satisfy the equation 
Jr = (2/3)tan3VAL. A graphical analysis reveals that 
there is an infinite number of solutions to this 
eigenvalue equation. Thus the eigenfunctions are 

On (xX) = e?¥sin3V/An x where the eigenvalues A, satisfy 


Van 7 (273) tan3%/ Ag Le 


This is an Euler equation whose characteristic equation 
has roots rj; =A and rz =1. If A = 1 the general 
solution of the D.E. is y = cx + c,xInx and the B.C. 
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require that Ce = 0 and thus A = 1 is not an 
eigenvalue. If A#1, y= cx + oe is the general 
solution and the B.C. require that Cte = QO and 

2c, + 2% aes Cos hegt) = 0. Thus nontrivial solutions 
exist if and only if A = oe lee The graphs of 

£(A) = A and g(A) = 2(1-274) intersect only at A’ = 1 
(which has already been discussed) and A = 0. Thus the 
only eigenvalue is A = 0 with corresponding eigenfunction 
d(x) = x - 1 (since Cr = Ey)" 


22a.For positive A, the general solution of the D.E. is 
y= c,sin Ax + c,cosy x. The B.C. require that 


Vac, + Oc, = 0; c,sin Xn + c,cosVA = 0. Nontrivial 


solutions exist if and only if VAcos\V/A - GsinVA = 0. 
If o = 0 this equation is satisfied by the sequence 
A. = ([(2n-1)m/2]?, n = 1,2,... . If a #0, 4 must 


satisfy the equation VA/a = tanVA. A plot of the 
graphs of f(VA) = VA/a and g(Vr) = tan\A reveals 


that there is an infinite sequence of postive eigenvalues 
for @ < 0 and @ > 0. 


22b. By procedures shown previously, the cases A < 0 and 
X = 0, when @ < 1, lead to only the trivial solution and 
thus by part a all real eigenvalues are positive. For 
0 <a< 1, the graphs of £(V2) and g(Vr) (see part a) 
intersect once on 0 < fr < 1/2. As Q approaches 1 from 


below, the slope of f£(\/A) decreases and thus the 
intersection point approaches zero. 


22c. If A = 0, then y(x) = cy + Cox and the B.C. yield 
Oc, + cp = 0 and cy + co = 0, which have a non-zero 
solution if and only if @= 1. 


22d. Let -A = w*, then y(x) = cycosh—x + cy9sinhux and thus the 
B.C. yield Qc, + Ucyg = 0 and (cosh) c; + (sinhw)c2g = 0, which 
have non-zero solutions if and only if tanhw = U/a. For a@>l1, 
the straight line y = w/a intersects the curve y = tanhu in 
one point, which increases as @ increases. Thus A = -y? 


decreases as QO increases. 


23. Using the D.E. 0, and following the hint yields: 
Lim) "dndndx + hn), 10 nO no = 0. Integrating the first term by 
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, L Liv ye L 
parts yields: 040m 10 - [Ponoaax - haf “Ond nd. Upon utilizing 
he B.C. the first term on the left vanishes and thus 
[Po2eaax = hal Onna. Similarly, the D.E. for 0, yields 


[Fone nax = In| °Ond aces and thus (A, - Am) [Pont aces = 0. Tf 
An # Am the desired result follows. 


24b. The general solution of the D.E. is 
y = cysinwx + cocosux + c3sinhwx + cycoshux where A = uw, 
The B.C. require that cp + cy = 0, -cp + cy = 0, 
cySinwL + cecosuL + c3sinhwL + cygcoshuL = 0, and 


Cc,COSUL - cgsinuwL + c3coshuL + cygsinhuL = 0. The first two 


equations yield cy = cqg = 0, and the last two have nontrivial 
solutions if and only if sinwLcoshuL - cosuLsinhuL = 0. In 
this case the third equation yields c3 = -c,sinywL/sinhuL and 


thus the desired eigenfunctions are obtained. The quantity 
ML can be approximated by finding the intersetion of 

f(x) = tanx and g(x) = tanhx, where x = UL. The first 
intersection is at x = 3.9266, which gives A, = 237.72/L’ and 
the second intersection is at x = 7.0686, which gives 

he = 2,496.5/L". 
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1. We have y(x) = cycosVAx + cosinVAx and thus y(0) = 0 
yields c; = 0 and y’(1) = 0 yields fr cocos =0. A=0 
gives y(x) = 0, so is not an eigenvalue. Otherwise 
X = (2n-1)*n?/4 and the eigenfuctions are sin[(2n-1)%x/2], 
n= 1,2,... . Thus, by Eq. (20), we must choose KO so that 


1 
[sin t(an-2) ax/21 Pax = 1, since the weight function 


r(x) = 1 (by comparing the D.E. to Eq.(1)). Evaluating the 
integral yields k2/2 = 1 and thus KO = V2 and the desired 


normalized eigenfuctions are obtained. 


3: Note here that (x) = 1 satisifes Eq. (20) and hence it 


is already normalized. 


Dive From Problem 17 of Section 11.1 we have e*sinntx, 
n= 1,2,... as the eigenfunctions and thus kK must be chosen 
1 
so that [2x 0 x20%sin?nmxax = 1. To determine r(x), we must 


write the D.E. in the form of Eq.(1). That is, we multiply 
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the D.E. by r(x) to obtain ry” - 2ry’ + ry + Ary = 0. Now 


choose r so that (ry’)’ = ry”-2ry’, which yields r’ = -2r or 
-2x 
r(x) =e . Thus the above integral becomes 
1 2 2 x 
| k sin ntxdx = 1 and k = V2. Hence @ (x) = V/2e sinntx 
oO on n n 


are the normalized eigenfunctions. 


es Using Eq. (34) with r(x) = 1, we find that the 
coefficients of the series (32) are determined by 
1 
a= (£,0. ) = V2 [xsint (2n-1) mx/2] ax 


= (4/2 i 2n- 1)? m2) sin(2n-1)%/2. Thus Eq. (32) yields 


n-1 
ee Ay /2 sin[(2n-1)mx/2], 0< x <1, 
(2n- 1)? 


£ (x) 


which agrees see the expansion using the approach 
developed in Problem 39 of Section 10.4. 


10. In this case o (3) = (V2 /O) )cos/A ne where 


= 2 1/2 
Oo (1 + sin*\/A_) . Thus a yields 
1 
a= (v2 ya, |, cos\/A xdx = //2 sinh, /o.[h., 
14. In this case Lly] = y” + y’ + 2y is not of the form shown 


in Eq. (3) and thus the B.V.P. is not self adjoint. 


17. In this case L[y] = [(1+x*)y’]’ + y and thus the D.E. has 
the form shown in Eq.(3). However, the B.C. are not 
separated and thus we must determine by integration 
whether Eq. (8) is satisfied. Therefore, for u and v 
satisfying the B.C., integration by parts yields the 


following: 
(L[ul,v) = [2 cc a2) v1 40) vax 5 Pai ee) -[ (1+x2) v’u’tuv} dx 
0 
1 
= vu’ (1+x?) -uv (1+x?) + [20 a+) vv pnd 
0 
= (u,L[v]) 


since the integrated terms add to zero with the given 
B.C. Thus the B.V.P. is self-adjoint. 


21a. Substituting @ for y in the D.E., multiplying both sides 
by 6, and integrating form 0 to 1 yields 


| *ro2ax - [few eere + q(x)02}dx. Integrating the 


first term on the right side once by parts, we obtain 
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[92a = -p(1)9’(1) (1) + p(0)O’(0) (0) + [ wo'2+a0) ax. 


Ifa, + 0, b, # 0, then (1) = -b,6(1) /b, and 

0 (0) = ~a,9(0) /a, and the result follows. If a, = 0, 
then (0) = 0 and the boundary term at 0 will be missing. 
A similar result is obtained if b, = 0. 


21b. From the text, p(x) > 0 and r(x) > 0 for 0 < x < 1 (following 
Eq. (4)). If q(x) 2 0 and if bi/b2 and -a;/azp are non-negative, 
then all terms in the final equation of part a are non-negative 
and thus A must be non-negative. Note that A could be zero if 
q(x) = 0, by = 0, a, = O and O(x) = 1. 


21lc. If either q(x) # 0 or ay #0 or by # 0, there is at least one 
positive term on the right and thus A must be positive. 


23a. Using (x) = U(x) + iV(x) in Eq. (4) we have 
L[O] = L[U(x) + iV(x)] = Ar(x) [U(x)+iV(x)]. Using the 
linearity of L and the fact that A and r(x) are real we 
have L[U(x)] + iL[V(x)] = Ar(x)U(x) + idr(x)V(x). 
Equating the real and imaginary parts shows that both U 
and V satisfy Eq.(1). The B.C. Eq.(2) are also satisfied 


by both U and V, using the same arguments, and thus both 
U and V are eigenfunctions. 


23b. By Theorem 11.2.3 each eigenvalue A has only one linearly 
independent eigenfuction. By part a we have U and V 
being eigenfunctions corresponding to A and thus U and V 
must be linearly dependent. 


23c. From part b we have V(x) = cU(x) and thus 
O(x) = U(x) + icuU(x) = (1+ic)U(x). 


24. This is an Euler equation, so for y = x* we have 


r* — (Atl)r + A = 0 or (r-1) (r-A) = 0. If A= 1, the general 
solution to the D.E. is y = cx + c,xinx. The B.C. require 
that c, = 0, 2c, + 2(1n2)c, = 0 so c, = c, = O and 7 =1 is 
not an eigenvalue. If A #1, the general solution to the 
D.E. is y = cx + ear The B.C. require that Cott = 0 and 
2c, + ote. = 0. Nontrivial solutions exist if and only if 
2-22=0. If A is real, this equation has no solution 


(other than A = 1) and again y = 0 is the only solution to 
the boundary value problem. Suppose that A = a + bi with 
b #0. Then 24 = 2atbi = 2a2bi = 2aexp(ibln2), which upon 


Xr 
substitution into 2 = 2 yields the equation 
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25b. 


25Ciz 
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ix 


exp(ibln2) = 21-8. Since e = cosx + isinx, it follows that 
cos(bln2) = 217? and sin(bln2) = 0, which yield a = 1 and 
b(1n2) = 2nm or b = 2nmt/1n2, n = +1, +2,... . Thus the only 


eigenvalues of the problem are 
r = 1+ i(2nm/1n2), n = +1, +2,... 


For A < 0, there are no eigenfuctions. For A > 0 the 
general solution of the D.E. is 


yr C, + Cs * c,sin Ax + epcosy hk. The B.C. require 
that 
c,te, = 0, o, = 0, cy + cL + c,sin/AL + c,cos/A L = 0, 
and 


C+ Ac,cosyAL -VAc,sinyAL = 0. Thus ¢, = <¢, = 0 
and for nontrivial solutions to exist A must satisfy the 
equation V/A LcosVAL - sinVAL = 0. In this case 


ee (-V Xr cosVA L) (c,) and it follows that the 


eigenfunction 9%, is given by 


o, (x) 7 sin(4/A, x) - \/A, xcos\/A, L where r, is the 
smallest positive solution of the equation 
VAL = tanVAL. A graphical or numerical estimate of 


ee. 
reveals that r = (4.4934)*/L . 


Assuming A # 0 the eigenvalue equation is 


2(1l-cosx) = xsinx, where x = \/AL. Graphing 
f(x) = 2(1-cosx) and g(x) = xsinx we see that there is an 
intersection for 6 < x < 7. Since both f(x) and g(x) are 
zero for x = 2m, this then is the precise root and thus 

2 2 
A = (2m) /L. In addition, it appears there might be an 
intersection for 0 < x < 1. Using a Taylor series 
representation for f(x) and g(x) about x = 0, however, 
shows there is no intersection for 0 < x < 1. Of course 


x = 0 is also an intersection, which yields A = 0, which 
gives the trivial solution and hence A = 0 is not an 
eigenvalue. 
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see 


We must first find the eigenvalues and normalized 
eigenfunctions of the associated homogeneous problem 
y’ + Ay = 0, y(0) = 0, y(1) = 0. This problem has the 
solutions > (x) = k sinntx, for d = n’n72, n= 1,2,... 
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a) 
Choosing k_ so that [fo2a = 1 we find i Se V2. Hence 


the solution of the original nonhomogeneous problem is 
given by y = Yib.o, (x), where the coefficients bo are 


found from Eq. (12), b = c / (hk -2) where a is given by 


1 
= V2 [*xsinnaxax (Eq.9). [Note that the original 


” 


problem can be written as -y = 2y + x and therefore 
comparison with Eq.(1) yields r(x) = 1 and f(x) = x]. 
Integrating the expression for co by parts yields Cue 


——_ 
(2 (-1)"*1/nn and thus y a \/ 2 sinntx. 


ae 2) 


From Problem 1 of Section 11.2 we have 

= \/2 sin[ (2n-1) 1x/2] for a = (2n-1)*m2/4 and from 
Problem 7 of that section we have 
Cae 4/2 (- sie Roker at 2n-1) 2q2 Substituting these values 


into b = c/(A -2) and y = ) b @ yields the desired 
n n n non 
n=1 
result. 


Referring to Problem 3 of Section 11.2 we have 
co 
y= by + Yio, (2 cosnnx) , where be = c / (hk -2) for 


n= 0,1,2,... . The rest of the calculations follow 
those of Problem 1. 


Note that the associated eigenvalue problem is the same 
as for Problem 1 and that |1-2x| = 1-2x for 0 < x < 1/2 
while |1-2x| = 2x-1 for 1/2 <x <1. 


Writing the D.E. in the form Eq. (1), we have -y” = by + f(x), 


so r(x) = 1. The associated eigenvalue problem is 
y + Ay = 0, y’(0) = 0, y’(1) = 0 which has the eigenvalues 
Ma - n= 0,1,2... and the normalized eigenfunctions 
do = 1, (x) V2 cosntx, n = 1,2..., as found in Problem 3, 
co 
Section 11.2. Now, we assume y(x) = bg + >) bpOy (X) = y 
n=0 
Cn 1 
bnOy (x), Eq. (5), and thus by n , where Cy = ham 
nH 
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10. 


i Beil 


12% 


14. 


18. 
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n= 0,1,2..., Eq.(9). Thus 
c CypCcosnmtx 
yoo = Yon 00 = -co + V2 o> 5 ieee a9e 
n=0 An-H n=l An-H 


have assumed UW #A,, n = 0,1,2... 


Since w = m* is an eigenvalue of the corresponding 
homogeneous equation, Theorem 11.3.1 tells us that a 
solution will exist only if -(a+x) is orthogonal to the 


corresponding eigenfunction V2 sinmtx. Thus we require 

1 

, (atx) sintxdx = 0, which yields a = -1/2. With a = -1/2, 
we find that Y = (x-1/2)/n? and y, = esintx + dcosmtx by 
methods of Chapter 3. Setting y = vs + Y and choosing d 


to satisfy the B.C. we obtain the desired family of 
solutions. 


Note that in this case wt = 4m? and o, = V2sin2mx are the 


eigenvalue and eigenfunction respectively of the 
corresponding homogeneous equation. However, there is no 


al 
value of a for which -\//2 fp anoths Pee ee = 0, and thus 


there is no solution. 


In this case a solution will exist only if -a is 


1 
orthogonal to V2 cosmx., that is if [Zecosmxax = 0. 


Since this condition is valid for all a, a family of 
solutions exists. 


co co 


Since Vico.) converges to zero we have Yic.o. = 0. 
n=1 n=1 


Multiplying and integrating as suggested yields 


co 


1 
dx = 0 
Fidc,¢, G12 G96, 60 x or 


n=1 


1 
Ve fx 00, 090, 00 ax = 0. The integral that multiplies 


n 


is just 8 med (22) of Section 11.2]. Thus the infinite sum 


becomes co and the last equation yields Cos QO. 


A twice differentiable function v satisfying the boundary 
conditions can be found by assuming that v = ax + b. 

Thus v(0) = b= 1 and v(1) = a+ 1 while v’(1) =a. 

Hence 2a + 1 = -2 or a = -3/2 and v(x) = 1 - 3x/2. 


1.9%. 


22. 
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Assuming y = u + v we have (utv)” + 2(utv) = 

u’ + 2u + 2(1-3x/2) = 2 - 4x or uw’ + 2u = -x, u(0) = 0, 

u(1) + uw’(1) = 0 which is the same as Example 1 of the 

text. 

From Eq. (30) we assume u(x,t) = Yip. (6) 6,00, where the 
n=1 


o. are the eigenfunctions of the related eigenvalue 
problem y” + Ay = 0, y(0) = 0, y’(1) = 0 and the b (t) are 
given by Eq. (42). From Problem 2, we have 

o, = V2 sin[(2n-1)mx/2] and A = (2n-1)?m?/4. To 
evaluate Eq. (42) we need to calculate 

OS = [2sin cex/2) V2 sin (2n-1) mx/20% [Eq. (41) with 

r(x) = 1 and f(x) = sin(%x/2)], which is zero except for 


n = 1 in which case Go = 2/2, and 


y= [2 (oe V2 sint 2n-1) mx/2 14x [Eq. (35) with 


F(x,t) = -x]. This integral is the negative of the c, in 
Problem 2 and thus 
Y, = ~4V2 (-1)"*1/ (2n-1)?n2 = -¢, n=1,2,... . Setting 
es in Eq. (42) we then have 

V2 _ a . 
— é T2t/4 _ Cc | ek alt s)/4q. 

1 > 1Jo 
/ 4c ‘: 
_ 2 enh 2t/4 _ 1-2 (t-s)/4 
2 
2 Tt 0 
4c 4c 
V2 _ 1 Ts 
= GETS oe ee Nn ME Saas 
2 12 m2 
X (t-s) A (t-s) : 
‘eee -s = -s 
similarly b = -c | en ds = -(c /A_)e 2 
n 0 n n 
0 
At Bes 
= —(c\/Xd ) (1-e n ), where i = (2n-1)°n4/4, 

n = 2,3,... . Substituting these values for b along 


with o. = \//2 sin[(2n-1)m%x/2] into the series for u(x,t) 


yields the solution to the given problem. 


In this case OS 0 for all n and baer is given by 


y= [Zot 2x) 2 sin (@n-1) mx/21 0x 


n 
= et |? a0 V2 sin[ (2n-1)mx/2]dx. This last integral 


can be written as the sum of two integrals, each of which 
has been evaluated in either Problem 6 or 7 of Section 
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11.2. Letting co denote the value obtained, we then have 
t -A (t-s) 

y =cet andthus b =c]fe. e-Sds = 

n n n n 0 

A tft (A -1)s ‘rv t 

ce “f eon ds = [c /(A -1)](e-t-e =), where 

n n n 

rd = (2n-1)*nm2/4. Substituting these values into Eq. (30) 


yields the desired solution. 


24. Using the approach of Problem 23 we find that v(x) 


satisfies v” = 2, v(0) = 1, v(1) = 0. Thus 

v(x) = x2 + c,x + ¢, and the B.C. yield v(0) = c, = 1 and 
v(l) =1 + cy + 1= 0 or Cas -2. Hence 

v(x) = x2 - 2x + 1 and w(x,t) = u(x,t) - v(x) where, from 
Problem 23, we have iia Poe w(0,t) = 0, w(1,t) = 0 and 
w(x,0) = x2 - 2x + 2 - v(x) = 1. This last problem can 
be solved by methods of this section or by methods of 
Chapter 10. Using the approach of this section we have 


w(x,t) = ys b(t). (x) where o (x) = \/2 sinnnx 
n=1 


[which are the normalized eigenfunctions of the 
associated eigenvalue problem y” + Ay = 0, y(0) = 0, 
y(1) = 0] and the b are given by Eq. (42). Since the 
P.D.E. for w(x,t) is homogeneous Eq. (42) reduces to 
rt 
b =aeo. 
n 


5 (A = n*n2 from the above eigenvalue problem), 


where 


a = [22-V2 sinnmxax = \/2 [1-(-1)"]/nm. Thus 


n 
Val D (tae)? 
u(x,t) = x*-2x +14 ) a ea a Qe nm Aty/ 9 sinntx, 
nt 
n=1 


which simplifies to the desired solution. 


28a. Since yo = ci+C2x, we assume that 

Y(x) = U, (x) + xu, (X) - Then Y’ = u, since we require 
u, + xu, = 0. Differentiating again yields Y” = u, and 
thus uy = -f(x) by substitution into the D.E. Hence 
u(x) = -[*e(svas, ul = xf(x), and u,(x) = [fst eras. 
Therefore Y = [fst (s1as - x[*£(s) as = -[* -s) £(s) as and 


O(x) = Cc, + C.x - » Ors) £(s)ds. 


28b. 


28c. 


28d. 


30b. 


30c. 


30d. 
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From part a we have y(0) = c, = 0. Thus 

y(xX) = Cox - , (srs) f(s) ds and hence 

y(l) = cy - [2 a-s) £(s)as = 0, which yields the desired 
0 


value of Cp. 


From parts a and b we have 
(x) = x[? (a-s) £(s)as - [Zors) £ (sas 


= [fx (a-s)£(s)as + [?x<a-s) £(s)as 7 [fes) £(s)as 


x 


= [f e-xs-xt5) £ (5) as + [?a-s) £(s)as 


x 


2 [fsa £(s)as + [?xa-s) £¢s)as. 


x 


We have $(x) = [2c cs) £(s)as 
= [fc xs) £(s)as + [Petx,s) £(syas 


1 
= ['sa-» as + [ x(l-s)ds, which is the same 


x 
as found in part c. 


In this case y, (*) = sinx and Y, (x) = sin(1-x) [assume 

y, (%) = c,COSx + c,sinx, let x = 1, solve for Cc, in terms 
of c, using y(1) = 0 and then let or sinl]. Using 
these functions for vy and y, we find W(y,ry,) = -sinl 
and thus G(x,s) = -sins sin(1-x)/(-sinl), since p(x) = 1, 
for 0 $s <x. Interchanging the x and s verifies G(x,s) 
for x $s <l 


+ p(x) Ly) Oxy, (x) + vy, ()¥} (x) - yxy) OG) - y, Ox) yy (x) ] 


= bby. = yolpy, | = sy, haley yletehy 1 0. 


Let c = P(x)Wly,,y,) (x). If 0 <s $ x, then 
G(x,s) = ~Y, (s)y, (x) /c. Since the first argument in 


G(s,x) is less than the second argument, the bottom 
expression of formula (iv) must be used to determine 
G(s,x). Thus, G(s,x) = ~y, (s)y, (x) /c. A similar argument 


holds if x <s <1. 
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30e. We have (x) = [2c cs) £(s)as 
eee peewee 
7 ds - ds 
0 Cc x (e) 
(where c = p(x)W(y1,y2) and thus, by Leibnitz’s rule, 
co’ (x) = —y1(X) yo (x - [Rv )yo(x) £(s)ds + yy (x) yo (x) £ (x) 
ae 1(X)yo2(s)f(s)ds. From this we obtain 
-c(po’)’ = (py2)’ [{v.ts4 (s)ds + pydsyif (x) 
ss (pvi)’[*v2(s) £(s) as - pyiy2f(x). Dividing by 
c and adding q(x)@(x) we get 
oa (py2")” AYe2 fx 
(-pod) +qd = see [Suter e(sras pues yi(s)£(s)ds 
(so 0 c JO 
ea avi 
+ ———J] yo2(s)f(s)ds - ——] yo2(s)f(s)ds + £(x) 
c Jx 
(py) Bi ay 
= ——— ]yi(s)f(s)ds + ———] yo(s)f(s)ds + f(x) 
Cc 0 c x 
= £(x), 


33's 


since y; and y2 satisfy Lly] = 0. Using (x) and @’(x) as 
found above, the B.C. are both satisfied since yj, (x 


( 
) 
satisfies one B.C. and yo(x) satisfies the other B.C. 


In general y(x) = c,cosx + c,sinx. For y’(0) = 0 we must 
choose oo = 0 and thus y, (*) = cosx. For y(1) = 0 we have 
c,cosl + c,sinl = 0, which yields Cc, = ~c, (cos1)/sinl and 
thus y, (x) = c,cosx — c, (cos1) sinx/sinl 
= c, (sinlcosx — coslsinx)/sinl 
= sin(1-x) [by setting C= sinl]. 
Furthermore, Wly,,y,) = -cosl and thus 
coss sin (1-x) 
Oo<ss<x 
cosl 
G(x,s) = , 
cosx sin(1-s) 
<s<l 
cosl 
and hence 
O(x) = , [coss sin(1-x) £(s)/cosl]ds 


1 
+ [ [cosx sin(1-s)f(s)/cosl]ds is the solution of the 
x 


given B.V.P. 
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2a. 


2b. 


2¢; 


The D.E. is the same as Eq. (6) and thus, from Eq. (9), the 
general solution of the D.E. is 


y = cI, (VAX) + coY,(VAX)- The B.C. at x = 0 requires 
that c= 0, and the B.C. at x = 1 requires 


S RIVA) = 0. For 4 = 0 we have 9) (x) = J,(0) = 1 
and if } is the n*P positive root of TV) = 0 then 

o (x) = J (A, *) - Note that for 4 = 0 the D.E. becomes 
(xy’)’ = 0, which has the general solution y = c,lnx + c,. 
To satisfy the bounded conditions at x = 0 we must choose 
C= 0, thus obtaining the same solution as above. 


For n #0, set y = Jy (fA, ¥) in the D.E. and integrate 
1 per 1 

from 0 to 1 to obtain -| (xJd_)’dx = 2 | xd (\/A_ x) dx. 
0 0 nJo 0 n 


Integrating the left side of this equation yields 


1 
1 yp _ , 
[yar = xJ)(\/A. x) 


1 
are eigenvalues from part a. Thus [2x35 6/2, oo = 0. 


= J (Ja) - 0 = 0 since the d 


For other n and m, we let L[y] = -(xy’)’. Then 
L{J,@/a_x)] = A xy /R, 0) and 
L{J)(/4, X) J = A eTy A, *) » Multiply the first equation 


by Jy Oy met the second by Jy (fa, *) > subtract the 


second from the first, and integrate from 0 to 1 to 


1 
l {J ( AX) LIT, a, ¥)] - Jy (fA, x) LIT, 4/4, x) 1} dx 7 


(A - A) [2x55 6%, 2055/8, 29 ax. Again the left side 


is zero after each term is integrated by parts once, as 


was done above. If d # A the result follows with 
O (x)= Jy (yh, x). 
Since A = 0 is an eigenvalue we assume that 


y= b, + Yio 3, 4/4, x). Since 
n=1 


—[xF) (A x) 1’ = A xT, / A, x) e n = 0,1,..., we find that 
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—(xy’)° = x) Ab J (4/2, x) [note that do = 0 and by are 
n=1 


missing on the right]. Now assume 


ES 

£(x)/x = co + yet Va, ® - Multiplying both sides by 
n=1 

XF5 (4) Meg XD 4 integrating from 0 to 1 and using the 

ed eee relations of part b, we find 


JG) d, [Rx ax/ [x92 [8 20 ax, #203 845,20 ¢, 


Cc .—} 
n 
1 
[Note that Ca 2 gee oe since the denominator can be 
integrated.] Substituting the series for y and f(x)/x 


into the D.E., using the above result for -(xy’)’, and 
simplifying we find that 


(ub, + c,) + ice Se ve WIT, *) = 0. Thus 
n=1 


De —c,/u and b= c/ (AH), n= 1, 2,-.4.25: (where VA, 
are obtained from Jy (yr, ?) S10 
4a. Let L[y] = -[(1-x*)y’]’. Then L{d.] =A 6 and 


L[g 1] = Ao. Multiply the first equation by ou the 
second by Ou subtract the second from the first, and 
integrate from 0 to 1 to obtain 

Foses - > LId l)dx = (A - 1) [20,0 *- The integral 
on the left side can be shown to be 0 by integrating each 
term once by parts. Since d # d if m#n, the result 
follows. Note that the result may also be written as 


(x)dx = 0, m#n. 
n-1 


co 
4b. First let f(x) = Yio (0, multiply both sides by O (xr 
n=1 
and integrate term by term from x = 0 to x = 1. The 
orthogonality condition yields 


1 1 
CoS | f(x) (x) ax/ | o2(x)dx, n = 1,2,... where it is 
n 0 n lemmas! 
understood that > (x) = Pon (*) + Now assume 
y= bo (x). As in Problem 2 and in the text 


n=1 
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co 
-[ (1-x2)y’]’ = Yr» o. since the @ are eigenfunctions. 
n=1 
Thus, substitution of the series for y and f into the D.E. 
co 
and simplification yields Yi te, (A=W) - c.]d (x) = 0. Hence 
n=1 
b = c/ (A - Uw), n =1,2,... and the desired solution is 
obtained [after setting (x) = Poa (eh: 
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la. 


lb. 


Le. 


Since u(x,0) = 0 we have Y(0) = 0. However, since the 
other two boundaries are given by y = 2x and y = 2(x-2) 
we cannot separate x and y dependence and thus neither X 
nor Y satisfy homogeneous B.C. at both end points. 


The line y = 2x is transformed into & = 0 and y 
transformed into 6 = 2. The lines y = 0 and y = 
transformed into nN = 0 and N = 2 respectively, so the 
parallelogram is transformed into a square of side 2. From 
the given equations, we have x = € + n/2 and y =n. Thus 
ug = UxxE + UyyE = Ux and 


Un = UxXy + UyYn = 1/2uy + uy. Likewise 

ugE = Uxx — KE + UxyVE = Uxx 

Uy = UxxXy + UxyYn = 1/2uxx + Uxyy and 

Unn = 1/2UxxXq + 1/2UxyVy + UyxXn + UyyYny 
= 1/4uyy, + Uyy + Uyy- Therefore, 


5/4uge - Ugh + Unn = Uxx + Uyy = 0. 


Substituting u(&,n) = U(&)V(yM) into the equation of part b 
yields 5/4U’V - U’V’ + UV’ = 0 or upon dividing by UV 

5 U" Vv’ Uv 
+ , which is not separable. The 

4 vu V UV 


B.C. become U(€,0) = 0, U(&,2) = £(§+1) (since x = §& + 1/2), 
U(0,7) = 0, and U(2,nN) = 0. 


This problem is very similar to the example worked in the 


text. The fundamental solutions satisfying the 
P.D.E.(3), the B.C. u(1,t) = 0, t 2 0 and the finiteness 
condition are given by Eqs.(15) and (16). Thus assume 
u(r,t) is of the form given by Eq.(17). The I.C. require 


that u(r,0) = yc J (A r) = 0 and 
n 0 n 


n=1 
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5a. 


ob 
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u(r,0) = Joa ak J, 0,2) = g(r). From Eq. (26) of 
n=1 
Section 11.4 we obtain c = 0 and 


Aka = [frs(n19,0,nar/[ra2 azar, i SOs 


This problem is the same as Problem 22 of Section 10.7. 
The periodicity condition requires that WM of that problem 
be an integer and thus substituting yw? = n? into the 
previous results yields the given equations. 


Substituting u(r,9,z) = R(r)@(0)2(z) into Laplace’s 
equation yields R’@Z + R’OZ/r + RO”’Z/r2 + ROZ” = 0 or 
equivalently R’/R + R’/rR + ©”’/r2O = - Z”/Z = 6. In order 
to satisfy arbitrary B.C. it can be shown that oO must be 
negative, so assume o = -A2, and thus 2” - A2Z = 0 and, 
after some algebra, it follows that 

v@R”"/R + rR’/R + A2r2 = -O’/O = a. The periodicity 
condition @(0) = @(2nm) requires that a be an integer n 


so & = n*. Thus r’R” + rR’ + (A2r2 - n?)R = 0, 
©” + n2@ = 0, and 2” - A2Z = 0. 


If u(r,0,z) is independent of 6, then the ©0”/r?@ term 
does not appear in the second equation of part a and thus 


R’/R + R/rR = - 2”/Z = -A2, from which the desired result 
follows. 
Assuming that u(r,z) = R(r)Z(z) it follows from Problem 5 
that R = c,J, (Ar) + CY) (Ar), from Eq. (13), and 
Z= kee + eet Since u(r,z) is bounded as r > 0 and 
approaches zero as z — oo we require that Cys 0, k, = 0. 
The B.C. u(1,z) = 0 requires that Jy (A) = 0 leading to an 
infinite set of discrete positive eigenvalues 
Vidor eed wee . The fundamental solutions of the 
Az 

problem are then ui (£72) = Jy (A rie BT SD pha se 

co 

-r’ z 

Thus assume u(r,z) = Yic.g, (Are My THe: B.C. 

n=1 
u(r,0) = f(r), O S$ r < 1 requires that 


f(r) so 


u(r,0) = Vic J, (A,r) 


n=1 
c = [ire r)J,(h,ryar/|*ra2 (hear, Mm = ApQpc..4 


Tb. 


9a. 


10. 
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Again, © periodic of period 2m implies A* = n*. Thus the 
solutions to the D.E. are R(r) = c,d, (kr) + c,¥ (kr) (note 


that ~’ and k here are the reverse of Problem 3 of Section 
11.4) and @(8) = d,cosn@ + d,sinnd, n= .0,;1,2:5.. % For the 


solution to remain bounded, &, = 0 and thus 


co 
v(r,8) = (1/2) cod (kr) + Yon (ex) sinm@+c cosm@) . 

oe m m 
Hence v(c,9) is then a Fourier Series of period 2m and 
the coefficients are found as in Section 10.2, Eqs.(13), 
(14) and Problem 27. 


Substituting u(p,98,6) = P(p)@(0)P(o) into Laplace’s 
equation leads to 
p2p”/P + 2pP’/P = —(csc2o)0”’/O - B’/@ - (coth) P’/d = o. 


In order to satisfy arbitrary B.C. it can be shown that o 
must be positive, so assume O = u2, 

Thus p2P” + 2pP’ - w2P = 0. Then we have 

(sin?o) ®”’/® + (sindcosd) ®’/® + w%sin2d = - O’/O = a. 

The periodicity condition ©(0) = @(2nm) requires that a 
be an integer A so @ = 42. Hence ©” + A2@ = 0 and 
(sin2o)®” + (sindcosh) ®’ + (u2%sin2) - ’2)® = 0. 


Since u is independent of 0, only the first and third of 
the Eqs. in 9a hold. The general solution to the Euler 
equation is 


P= cp? + cp where o> (-14+\/1+4u2 )/2 > 0 and 
vr, = (-1-V1+4y?)/2 < 0. Since we want u to be bounded 


2 
as p > 0, we set C525 0. As found in Problem 22 of 


Section 5.3, the solutions of Legendre’s equation, 
Problem 9c, are either singular at 1, at -1, or at both 
unless w* = n(n+1), where n is an integer. In this case, 
one of the two linearly independent solutions is a 
polynomial denoted by Po (Problems 23 and 24 of 


Section 5.3). Since toe (-1 + 1+4n(n+1) )/2 =n, the 
fundamental solutions of this problem satisfying the 
n 
finiteness condition are u_ (Pro) =pP (s) = PrP (cos), 
n 


n= 1,2,... . It can be shown that an arbitrary 
piecewise continuous function on [-1,1] can be expressed 
as a linear combination of Legendre polynomials. Hence 
we assume that 
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co 


u(p,o) = Vic prP (cosd) . The B.C. u(1,0) 


n=1 


f£(d) requires 


co 


that u(1,0) = Vic P, (cosd) = £(o), OS O< 7. From 
n=1 
Problem 28 of Section 5.3 we know that PB (s) are 


orthogonal. However here we have P_ (cos) and thus we 


must rewrite the equation in Problem 9b to find 

-[ (sino) ®’]’ = p2(sino)®. Thus P (cos) and P , (coso) are 
orthogonal with weight function sind. Thus we must 
multiply the series expansion for f£(0) by singP (cos) 
and integrate from 0 to ® to obtain 


c = [7+ (0) singe, (cose) a0/| "singe? (cose) ao. To obtain the 


m 


answer as given in the text let s = cos. 


Section 11.6, Page 675 


2a. bm = V2 [*xsinmaxax = 2 (-1)™?1)/mnm and thus 


2c (-1) ™+sinmmx 
oy 2 


Tl 
m=1 
1 
2b. We have Ry, = [ [x - S,, (x) ] dx, where S,(x) is given in 
0) 
part a. Using appropriate computer software we find 
Ry = 1307, R2 _ -0800, Rs = -0367, Rio = -0193, Ris = .0131 
and Ryg = .0104. 
2c. As in part b, we find Rog = .0099, and thus n = 20 will 


insure a mean square error less than .01. 


4a. Write S (x) as ni/x /e™*’/* and use L’Hopital’s Rule: 


ny x ; Vx 


lim = lim 0 for x # 0. For x = 0, 
n—oo nx2/2 Noo x 4 
enx /2 
2 
Sn(0) = 0 and thus lim S,(x) = 0 for all x in [0,1]. 
n—eco 


2 _ ; SF 
nx? |o = (l-e™). Since e" > 0 as n % oc, we 
2 


have that Rp ~ o as n 4 o. 


7b. 


ez 


Td. 
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Expanding the integrand we get 
1 

R = | r(x) [£(x) - S_ (x) ]%dx 

n 0 n 


1 1 
= £2 dx - 2 | a d 
[Bre (x) dx Lehi (x), (x) x 


+ y Vexe fe 00, 00, Coax, 


i=1 j=1 
where the last term is obtained by calculating S? (x). 


Using Eqs.(1) and (9) this becomes 


ae 

i=1 i=1 

n n 
1 
= [2x00 £2 09 ax - ye + Vite, - a)*, by completing 
1 1 
i=1 i=1 
the square. Since all terms involve a real quantity 


squared (and r(x) > 0) we may conclude RL is minimized by 


choosing Cc, = a,- This can also be shown by calculating 
OR /dc, = 2(c,-a,) and setting equal to zero. 
From part a we have £, (x) = 1 and thus £, (x) = iE + Cx 
: _ fi _ 

must satisfy (f£,,£,) = g Ae Pee) OR = 0 and 

1 
(f,,f,) = [P teyte,9?a% = 1. Evaluating the integrals 
yields c, + c,/2 = 0 and cé iCal Se c/s = 1, which have 
the solution Cees V3, Co -2\/3 and thus 
£, (x) = V3 (1-2x). 

= 2 i = 

£, (x) cy + cx + Cx must satisfy (f£,,f£,) 0, 
(f,,f,) = 0 and (f,,f,) =k. 

= 2 = 
For g, (x) cy + cx + c,x° we have (g,79,) 0 and 
(g,79,) = 0, which yield the same ratio of coefficients 
as found in 7c. Thus g, (x) = cf (x), where c may now be 
found from g, (1) = 1. 


This problem follows the pattern of Problem 7 except now 
the limits on the orthogonality integral are from -1 to 


1, That is (P,,P,) = [2e, co? coax =0, i# 4. For 


i = 0 we have Pts) = 1 and for i= 0 and j= 1 we 
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1 
= = 2 = = 
have (P,P) [5 teyte,x) ax (c | x+C,x /2) 2c, 0 and 
-1 
thus P(1) = 1 yields P(x) = x. The others follow ina 


similar fashion. 


9a. This part has essentially been worked in Problem 5 by 


setting Cc, = a,;- 


9b. 


ira 


q.(6) shows that RL 2 0 since r(x) 2 0 and thus 


n 


1 
[f= 69 £2 G9 ax - ye > 0. The result follows. 


i 
i=l 


1 
9c. Since f is square integrable, [ x (x) £2(x)dx = M < co and 
0 
therefore the monotone increasing sequence of partial 
n 
sums T= yi is bounded above. Thus limT_ exists, 
n i noo n 
i=1 
which proves the convergence of the given sum. 
9d. This result follows from part a and part c. 


co 
9e. By definition if Via, (9) converges to f(x) in the 


i=l 


1 
mean, then R > 0 as n- oo. Hence [2x60 £2 09 ax = yia?. 


co 
1 
Conversely, if [2x00 £2 G9 ax = ye, limR = 0 and 


noo nN 
i=l 
oc 


Via, converges to f(x) in the mean. 


i=l 


co 
10. Bessel’s inequality implies that ye. converges and thus 
i=l 


the nth term a -> 0 as n—->o. 
n 


12. If the series were the eigenfunction series for a square 


co 


2 


integrable function, the series ye. would have to 


i=l 
converge. But ay = 15 a, = ly AV ae a, = 1/4 pay 


co co 
and ) at = ) 1/n is the well-known harmonic series which 
n 
n=1 n=1 
does not converge. 
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PREFACE 


This workbook was designed to accompany the software package ODE Ar- 
chitect, and that’s why we call it a Companion. Each of the 13 Companion 
chapters corresponds to a multimedia module in the Architect and provides 
background and opportunities for you to extend the ideas contained in the 
module. Each chapter ends with several problem sets, called Explorations, 
related to the chapter and module topics. The Exploration pages can be pho- 
tocopied so that you can write in answers and derivations, and hand them in 
along with printouts of graphs produced by the Architect. There is also a 
notepad facility in the Architect which, with the cut and paste features, makes 
it possible to write reports. 


ODE Architect 


ODE Architect provides a highly interactive environment for constructing and 
exploring your own mathematical models of real-world phenomena, whether 
they lead to linear or nonlinear systems of ODEs. The Architect’s multime- 
dia front end guides you through experiments to build and explore your own 
ODEs. The software has numerical solvers, 2- and 3-D graphics, and the 
ability to build physical representations of systems such as pendulums and 
spring-mass systems as well as the ability to animate them. Together with its 
library of ODEs, the ODE Architect brings a wealth of opportunities to gain 
insights about solutions to ODEs. 


The overall guiding feature is for the software to be easy to use. Nav- 
igational paths are clearly marked and simple to follow. When starting the 
software, you are presented with a title screen followed by a main menu al- 
lowing selection of a specific module. You may prefer to go directly to the 
Architect Tool to run your own experiments. At any place in the software, you 
will be able to call up the contents menus and access the material in any order. 
We expect that most will work through the multimedia modules. Let’s look 
at each of the three principal parts of the ODE Architect in more detail: The 
Multimedia ODE Architect, The ODE Architect Tool, and the ODE Library. 


Multimedia ODE Architect 


C:ODE-E members and colleagues have authored the multimedia modules, 
each with its own theme. The modeling process is detailed, supported by 
highly interactive simulations. You will explore the problem-solving process 
via “what-if” scenarios and exercises. You are guided to build your own ODEs 
and solve them numerically and graphically, and compare the predicted results 
to empirical data when appropriate. 

Each module has up to four submodules, and they range from the straight- 
forward to the advanced. The animations are often funny, the voice-overs 
and text informal, but the modeling and the mathematics are the real thing. 
Most submodules go through a model-building process and several experi- 
ment screens, and then end with some questions (Things-to-Think-About, or 
TTAs). These questions extend the topics of the submodule and take you to 
the solver tool to produce solution curves and orbits, or write a report con- 
necting the mathematics, the models, and the pictures. When you open the 
Tool using a TTA link, the pertinent equations and parameter settings will au- 
tomatically be entered into the equation quadrant of the Tool. You are then 
poised to think about, and without constraint, explore the model introduced in 
the submodule. 


ODE Architect Tool 


The ODE Architect Tool is a first-rate, research-quality numerical ODE solver 
and graphics package. The ODE Architect Tool employs a graphical user 
interface to enter and edit equations, control solver settings and features, and 
to create and edit a wide variety of graphics. A second mode of operation, the 
Expert Mode, provides access to more advanced features. 

The Tool is the heart of the software, and it is a workspace where you 
can: 


e Construct, solve, and explore ODEs 
e Input data tables 


e Graph and animate solution curves, phase plane graphs, 3D graphs, 
Poincaré sections, discrete maps, direction fields, etc. 


e Build, analyze, and animate physical representations of dynamical sys- 
tems. 


The robust Tool will solve systems of up to 10 first-order ODEs which 
can be entered using a simple, natural scripting language. Auxiliary func- 
tions involving the state variables can be defined. A solver/grapher feature 
for discrete dynamical systems is also available from the Tool. A variety of 
engineering functions such as square waves, sawtooth waves, and step func- 
tions are included in the Tool function library. Two- and three-dimensional 
graphics are supported, as well as time and parameter animations of solution 


ODE Library 
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data. Initial conditions can be entered by clicking in a graph window or via 
the keyboard. Graph scales can be set automatically or manually. Numer- 
ical values of solutions can be viewed in tabular form. Parameter-sensitive 
analysis is made easy with a built-in parameter-sweep tool. You can do pa- 
rameter and initial-value sweeps to see the effects of data changes on orbits 
and solution curves. Graphs are editable and you can scale and label axes, 
mark equidistant-in-time orbital points, color the graphs, change line styles, 
overlay graphs of functions and solution curves for different ODEs—all with 
no programming or special commands to remember. 

The solvers in the ODE Architect are state-of-the-art numerical solvers 
based on those developed by Dr. L.F. Shampine and Dr. I. Gladwell at South- 
ern Methodist University. For a delightfully readable account on using nu- 
merical ODE solvers in teaching ODEs, please refer to their paper: 


Shampine, L.F., and Gladwell, I., “Teaching Numerical Methods in 
ODE Courses” 


in the book Revolutions in Differential Equations, edited by Michael J. Kalla- 
her in the MAA Notes series. 

Module 1, “Modeling with the ODE Architect’, is an on-line tutorial for 
many of the features of the Tool. The Architect also has help facilities and the 
multimedia side is self-documenting. 


The ODE Library has dozens of pre-programmed, editable, and interactive 
ODE files covering a wide range of topics from mathematics, physics, chem- 
istry, population biology, and epidemiology. There are also many ODEs to 
illustrate points such as data compression, ODEs with singular coefficients, 
bifurcations, limit cycles, and so on. Each Library file has explanatory text 
along with the equations and includes an illustrative graph or graphs. The Li- 
brary files are organized into folders by topic and they have descriptive titles 
to facilitate browsing. These files also provide a marvelous way to learn how 
to use the tool. 
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INFORMATION 
ABOUT MODULES/ CHAPTERS 


Modules/Chapters 1-3 are all introductory modules for first-order ODEs 
and simple systems of ODEs. Any of these modules/chapters can be 
used at the beginning of an ODE course, or at appropriate places in 
elementary calculus courses. 


Modules/Chapters 4—9 involve higher-order ODEs and systems and their 
applications. Once students understand how to deal with two-dimen- 
sional systems graphically, any of these modules/chapters is easily ac- 
cessible. 


Modules/Chapters 10-12 apply two-dimensional systems to models that il- 
lustrate more advanced techniques and theory; the multimedia approach 
makes them nevertheless quite accessible. The modules are intended to 
enable students to get much further with the technical aspects explained 
in the chapters than would be otherwise possible. 


Module/Chapter 13 treats discrete dynamical systems in an introductory 
fashion that could be used in a course in ODEs, calculus, or even a 
non-calculus course. 


A Multimedia appendix on numerical methods gives insight into the ways 
in which numerical solutions are constructed. 


Description/ Prerequisites for Individual Modules/ Chapters 


We list below for each Module/Chapter its prerequisites and some comments 
on its level and goals. In general, each module progresses from easier to 
harder submodules, but the first section of nearly every module is at an intro- 
ductory level. 

The modules can be accessed in different orders. It is not expected that 
they will be assigned in numerical order. Consequently, we have tried to ex- 
plain each concept wherever it appears, or to indicate where an explanation 
is provided. For example, Newton’s second law, F = ma, is described every 
time it is invoked. 


There is far more material in ODE Architect than could possibly fit into a 
single course. 


Module/ Chapter 1: Modeling with the ODE Architect 
Assumed concepts: Precalculus; derivative as a rate of change 


This module is unlike all the others in that it is not divided into submod- 
ules, and it provides a tutorial for learning how to navigate ODE Architect. It 
carries that tutorial process along in tandem with an introduction to modeling 
that assumes very little background. 


Module/ Chapter 2: Introduction to ODEs 
Assumed concepts: Derivatives; slopes; slope fields 


The module begins with some simple first-order ODEs and their solutions 
and continues with slope fields (and a slope field game). 

The Juggler and the Sky Diver submodules use second-order differential 
equations, but both the chapter and the module explain the transformation to 
systems of two first-order differential equations. 


Module/ Chapter 3: Some Cool ODEs 


Assumed concepts: Basic concepts of first-order ODEs, solutions, and 
solution curves 


Newton’s law of cooling, and solving the resulting ODEs by separation 
of variables or as linear equations with integrating factors, are presented thor- 
oughly enough that there need be no prerequisites. 

The submodule for Cooling a House extends Newton’s law of cooling to 
real world cases that are easily handled by ODE Architect (and not so easily 
by traditional methods). This section makes the point that rate equations and 
numerical solutions are often a much smarter way to go than to trudge toward 
a solution formula. 


Module/ Chapter 4: Second-Order Linear Equations 
Assumed concepts: Euler’s formula for complex exponentials 


The module and chapter treat only constant coefficient ODEs. The chap- 
ter begins by demonstrating how to treat a second-order ODE as a system 
of first-order ODEs which can be entered in ODE Architect. Both the first 
submodule and the chapter explain from scratch all the traditional details of 
an oscillating system such as amplitude, period, frequency, damping, forcing, 
and beats. 

The Seismograph submodule is a real world application. The derivation 
of the equation of motion is not simple, but the multimedia module gives in- 
sight into the workings of a seismograph, and it is not necessary to understand 
the details of the derivation to use and explore the modeling ODE. 
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Module/ Chapter 5: Models of Motion 
Assumed concepts: Newton’s second law of motion 


This module’s collection of models of motion in one and two dimensions 
is supported by a chapter that gives background on vectors, forces, Newton’s 
laws, and the details of the specific submodules; so it stands on its own without 
further prerequisites. 


Module/ Chapter 6: First-Order Linear Systems 
Assumed concepts: Basic matrix notation and operations (multiplication, 
determinants); complex numbers; Euler’s formula 


This unit introduces all of the basic notions, both algebraic (emphasized 
in the chapter) and geometric (emphasized in the module), for linear systems. 
The central roles of eigenvalues and eigenvectors are explained. The Tool can 
be used to calculate eigenvalues and eigenvectors. 

The Explorations bring in coupled tank problems (Chapter 8 introduces 
compartment models) and small motions of a double pendulum (which are 
extended in Chapter 7). 


Module/ Chapter 7: Nonlinear Systems 
Assumed concepts: Equilibrium points; phase plane and component plots; 
matrices; eigenvalues and eigenvectors 


The goal is to use graphical solutions to make handling nonlinear sys- 
tems as easy (almost) as linear systems. Linearization of a nonlinear ODE is 
introduced as a basic concept, and the chapter goes on to elaborate perturba- 
tions and bifurcations. The Tool can be used to find equilibrium points, and 
calculate the Jacobian matrix and its eigenvalues/eigenvectors at each equi- 
librium point. The predator-prey and saxophone reed models are introduced 
and explained in the module while the spinning bodies and double pendulum 
models are treated in the chapter and also in the Library with an animated 
model linked to the ODE. 


Module/ Chapter 8: Compartment Models 
Assumed concepts: Systems of ODEs 


Both the module and the chapter use 1D, 2D, 3D, and 4D applications 
(in sequence) to illustrate principles of the Balance Law and interpretations 
of solutions. The final submodule introduces Hopf bifurcations and the inter- 
esting behavior of chemical reactions in an autocatalator. Three of the models 
are linear; the last is nonlinear. 


Module/ Chapter 9: Population Models 
Assumed concepts: Systems of ODEs 


The module and chapter introduce simple 1D, 2D, and 3D nonlinear mod- 
els, and give a discussion of the biology behind the models. 
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Module/ Chapter 10: The Pendulum and Its Friends 


Assumed concepts: Systems of ODEs; the first submodule of Module 4; 
the arctangent function; parametric curves on a surface 


The pendulum submodule explores all the traditional aspects of a pendu- 
lum, using integrals of motion. Child on a Swing and Geodesics on a Torus 
give new extensions of pendulum analysis; supporting detail is given in the 
chapter. The approach to modeling is a little different in this chapter—for ex- 
ample, how to invent functions that behave as needed (Child on a Swing), or 
how to exploit part of an ODE that looks familiar (Geodesics on a Torus). 


Module/ Chapter 11: Applications of Series Solutions 


Assumed concepts: Systems of ODEs; acquaintance with infinite series 
and convergence; the first submodule of Module 4 


The module introduces the techniques and limitations of series solutions 
of second-order linear ODEs. The Robot and Egg provides motivation for the 
subject and Aging Springs illustrates Bessel functions. The chapter contains 
information about the mathematics of series solutions. 


Module/ Chapter 12: Chaos and Control 


Assumed concepts: The pendulum ODEs of Module 10; systems of ODEs; 
experience with Poincaré sections and/or discrete dynamical systems (Chap- 
ter 13) is helpful 


The three submodules of this unit tell a story, and in the process illus- 
trate a theorem from current research. This module uses sensitivity to initial 
conditions and the Poincaré section to assist with the analysis. Sinks, sad- 
dles, basins, and stability are described. Finally, the elusive boundaries of the 
Tangled Basin provide a mechanism for control of the chaotically wandering 
pendulum. The module ends in a fascinating control game that is both fun to 
play and illuminates the theorem mentioned above. 


Module/ Chapter 13: Discrete Dynamical Systems 


Assumed concepts: Acquaintance with complex numbers and the ideas of 
equilibrium and stability are helpful 


The module provides a gentle introduction to an increasingly important 
subject. The chapter fills in the technical and mathematical background. 

This module could be used successfully in a liberal arts course for stu- 
dents with no calculus. 


User's Guide 


Level-of-Difficulty of Modules 


The chart below is a handy reference for the levels of the submodules. 


Elementary Intermediate Advanced 
1 
21,22 2.3, 2.4 
3.1 3.3 332 
4.1 42 
51 5.2 5.3 
6.1 bg 6.3 
7.1 72 7.3 
8.1 8.2 8.3 8.4 
9.1 9.2 9.3 
10.1 10.2 10.3 
11.1 11:2 
12.1 12.2.12:3 
13.1 13.2 13.3 


In constructing this chart we have used the following criteria: 


Elementary: Straightforward, self-contained, can be used as a unit in any 
introductory calculus or ODE course. 


Intermediate: Builds on some prior experience, including earlier submodules 
and chapters. 


Advanced: More challenging models or mathematics, especially suitable for 
term or group projects. 


The User’s Guide is the basic reference for the features of the ODE Architect 
Tool. The Guide is included on the CD-ROM for ODE Architect. 
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Pacific sardine population and harvest. 


Overview _in the two decades from 1932 to 1951, the Pacific sardine fishery completely 
collapsed. In this chapter you will learn to use the ODE Architect to construct 
a mathematical model which describes this event rather well. This will have two 
purposes: it will familiarize you with the menus and features of the ODE Architect, 
and it will acquaint you with the principles of mathematical modeling. 

First we'll construct a model for the Pacific sardine population during the 
years 1930-1950 as if it were unharvested. Then we will focus on the harvesting 
that actually took place and see how it contributed greatly to the destruction of 
the sardine population. 


Key words Modeling; Pacific sardine; population model; initial conditions; exponential growth; 
carrying capacity; logistic equation; harvesting 


See also Chapter 9 for more on population models. 
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Chapter 1 


@ Building a Model of the Pacific Sardine Population 


ES In this chapter we will 
build a model for the sardine 
fishery in California and also 
introduce features of the ODE 
Architect Tool for solving 
differential equations. Consult 
the User’s Guide for a full 
description of all features of the 
tool. 


E> Problem statement. 


Step 1: State the problem and its context 
The Pacific sardine (Sardinops sagax caerulea) has historically experienced 
long-range cycles of abundance and depletion off the West Coast of Califor- 
nia. It was during one of the abundant periods, 1920 through 1951, that a huge 
sardine fishing and canning industry developed. The total catch for the Cal- 
ifornia coastline reached a peak of 726,124 tons during the 1936-37 season 
(June through the following May). The Pacific sardine population then began 
a serious decline during the 1940s until, as one estimate has it, by 1959 the 
sardine biomass was 5% (0.2 million tons) of the 1934 level (4 million tons). 
(The biomass is the amount of a particular organism in its habitat.) There is 
general agreement that heavy harvesting played a role in the decimation of the 
Pacific sardine during that period. The fishing industry had a serious decline 
after the 1950-51 season: increasing numbers of fishermen went bankrupt or 
moved to other fisheries. Undoubtedly the canneries were also affected. 

After 50 years of fishing for the Pacific sardine, a moratorium was im- 
posed by the California legislature in 1967. The Pacific sardine seems to be 
making a comeback as of the mid-1980s, though the numbers are not yet near 
the abundant levels of the 1930s. 

Here are the goals of your model: 


1. Determine the extent to which the precipitous decline of the Pacific sar- 
dine population was due to over-harvesting from 1941 to 1951. 


2. Ascertain an optimal harvest rate that would stabilize and sustain the 
sardine population during that time period. 


Step 2: Identify and assign variables 

Assigning the variables in a mathematical model is a skill that requires some 
practice. Doing some background reading and studying the context of the 
problem and the problem statement helps to clarify which are the most impor- 
tant features of the system you wish to model. 

It turns out that there tend to be long-range cycles of Pacific sardine abun- 
dance and scarcity. These cycles are not yet completely understood, but it is 
certain that factors such as ocean temperature, nutrient upwelling from deep 
waters, currents that aid fish migration, predator populations of larger fish and 
of sea lions, and, of course, fishing, play a vital role in the cycles. In this 
model we will focus on a period when the harvesting of the sardine was very 
heavy. Due to the large magnitude of the harvesting, its effect was dominant 
for the period of time we will model, 1941-1951, so we will neglect the other 
factors. That the other factors still operate on the population is evidenced by 
the difficulty in getting the model to match the data perfectly. Nevertheless, 
you'll see how modeling, while not always explaining every aspect, provides 
insight into the dynamics of an otherwise very complex biological relation- 
ship. 
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E> Sardine biomass is a state 
variable, the other quantities are 
parameters. 


iE Graphical representation 
of the problem. 


Given the information we have at this point we need the following vari- 
ables and parameters in our model: 


1. Sardine biomass (in units of million tons) 
2. Growth rate for the Pacific sardine (in units of million tons/year) 
3. Maximum biomass, or carrying capacity (in units of million tons) 


4. Sardine harvesting (in units of million tons/year) 


Note that we opted to define sardine biomass in million tons, rather than num- 
bers of fish, to be consistent with the data and estimates used. 

It’s good practice to introduce as few parameters as necessary into a 
model at first. Additional parameters can be added if they are needed to im- 
prove the accuracy of the model. The model may be refined until the desired 
level of accuracy is achieved. 

With the variables and parameters identified, the next step is to construct 
an equation for the rate of change of the state variable in terms of the state 
variable itself, the model’s parameters, and possibly also time. This equation 
is known as a differential equation (abbreviated ODE). When an ODE is en- 
tered into ODE Architect along with an initial value of the state variable, the 
Architect Tool displays a graphical representation of the solution. 

Figure 1.1 represents the estimated Pacific sardine biomass and harvest 
during the period 1941-1951. Note again the use of sardine biomass in million 
tons, rather than numbers of fish. 
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Figure 1.1: Sardine biomass and harvest. 
Our first task is to use ODE Architect to build a mathematical model 


to simulate the growth and decline of the Pacific sardine biomass without 
harvesting. Then we can explore the impact of harvesting on that biomass. 
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BSS Click on the spinning orb 
to go directly to the Architect 
Tool. 


Chapter 1 


Place the ODE Architect CD-ROM in your computer and start the ODE 
Architect Tool. Four quadrants will be displayed on the screen (see Fig- 
ure 1.2). The upper left quadrant is the equation quadrant; it should be empty 
now. The two right-hand quadrants should be empty. These are plot quad- 
rants that will display 2- or 3-dimensional plots when you solve differential 
equations. The lower left quadrant currently shows the initial conditions (IC) 
display. Notice that it is selectable using the four tabs (IC, Sweep, Solver, 
Equilibrium) on the lower edge of the quadrant. For now leave IC selected. 
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Figure 1.2: ODE Architect tool screen 


Step 3: State the relationships that govern the variables 

We begin by simulating the unchecked growth (no harvesting) of the Pacific 
sardine population, which we will designate as the state variable sardine. Ba- 
sic biology suggests that it is reasonable to assume that the rate of biomass 
growth (i.e., the derivative d(sardine) /dt) at a given time t is proportional to 
the quantity of sardines (the size of the biomass) present at that time f. 


Step 4: Translate the laws into equations 
Since sardine’ is a common notation for the derivative (rate of change) of 
sardine, we can write 


sardine’ = r * sardine 


where r is a proportionality factor that we will refer to as the growth rate 
factor. 
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iE Entering differential 
equations. 


iE Setting initial conditions. 


iE Setting the time interval. 


IE Starting the solution. 


Fishery and biomass data collected over the period 1932-1958 indicate 
that the Pacific sardine population has had a volatile history. The Pacific sar- 
dine biomass, if not manipulated or constrained, can grow at a rate of between 
10% and 40% per year. We will assume a moderate position and set the growth 
rate factor at r = 0.20. A modeler often has to make assumptions and guess 
parameter values to get a model started; you can refine the assumptions later. 


Step 5: Solve the resulting differential equations 
Point and click the cursor in the equation quadrant and type in 


sardine’ = r * sardine (1) 


using an apostrophe for the prime, and an asterisk for multiplication; hit Re- 
turn (or Enter) and assign the value 0.20 to the parameter r by typing in 


r= 0.20 


Now click the cursor on the box marked Enter just below the equation quad- 
rant. Notice that this causes scales to appear in the two plot quadrants. 

Now go to the lower left quadrant to set the initial conditions. Double 
click in the appropriate box to select a variable; then type in the new value. 
Set t (time) to start at 1930 and set sardine to be | (unit of million tons). 
We'll go back later and put in a more realistic estimate for sardine. In the 
Integration panel, set the solve time to 20 by inserting the number 20 in the 
Interval box. Leave the default value of 100 in the # Points box. 

Click the Solve icon and notice that the right arrow is automatically se- 
lected. Your screen will look something like this (Figure 1.3): 
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Figure 1.3: Exponentially growing sardine population. 


E33 Unbounded growth. 


ES Introduce a carrying 
capacity. 
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Step 6: Interpret and test the solutions in context 

There is now a classical exponential growth curve in the upper right quadrant. 
This implies that the sardine biomass grows without bound, which can’t be 
true as there is not enough room on the planet! The exponential growth must 
be limited by factors like available food supplies, disease, predators, and so 
on; therefore we have to modify our model to reflect this fact. We learned 
earlier that the sardine biomass has been as large as 4 million tons, but we 
don’t truly know the maximum sustainable biomass (carrying capacity), so 
to start let’s assume a carrying capacity of 6 million tons. We can refine this 
guess later if we have trouble fitting the model to actual data. As we said 
before, it’s not uncommon to have to make informed guesses for values that 
are not known or available. Then the values can perhaps be deduced by “fine 
tuning” (refining) the model in subsequent iterations to conform to reality. 


Step 7: Refine the model to predict the empirical data 
The following differential equation is sometimes used to exhibit maximum 
carrying capacity behavior in a population: 


sardine’ = r (capacity — sardine) 


This equation says that the growth rate at any time is proportional to the “room 
to grow” factor capacity — sardine. Now click the cursor in the equations 
region. Using our assumed growth rate constant of r = 0.20 per year and a 
carrying capacity of 6 million tons, we modify the sardine growth to be 


sardine’ = r * (6 — sardine) (2) 


Before entering the new sardine ODE, clear the graphics screens by clicking 
on Clear at the lower left and choosing Clear All Runs. A “confirmation” 
window will pop up; click on Yes. Now click in the equation region, make the 
corrections to your equation, and then click on the box marked Enter. Click 
on the Solve icon and notice in the plot window that the graph of the sardine 
biomass climbs and levels out at the assumed carrying capacity of 6 million 
tons. 


Y “Check” your understanding by comparing this curve with the earlier 
one and notice some significant differences: (1.) The first curve was concave 
up; this one is concave down. Why is that significant? (2.) The first curve 
grew without bound and had no asymptotes; the second curve has a horizontal 
asymptote. Explain why. 


Examine the two graphs carefully at early values of t, say the first five 
years. Recall that the slope of a line tangent to the solution curve is the growth 
rate of the biomass at that time. How do the two curves differ in this regard? 
When is the rate of change of the biomass the greatest? Is it realistic for a 
biomass to exhibit its greatest rate of increase when the population is small- 
est? The answer to these questions is not as simple as you might think. For 
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[SS Exceed carrying capacity. 


[SS To set scaling of axes. 


many biological populations, rate of change is proportional to the size of the 
population. The solution of ODE (1) exhibits this proportionality but it is un- 
constrained and so it’s not useful over its whole domain. The solution curve of 
ODE (2) doesn’t exhibit the proportional growth property. Which of the two 
is most appropriate for the Pacific sardine? We’ll come back to that question 
after a little exploration with ODE (2). 

Now let’s see if ODE (2) will allow us to exceed the carrying capacity for 
any length of time. Change the initial biomass to 12 million tons of sardines 
in the IC window. Click on the Solve icon. Notice that the vertical scale in 
the graph changes to accommodate the revised values and that both the old 
(lower) and the new (upper) curves are displayed on the graph. Observe what 
happened to the “overstocked” sardine population. How does this compare to 
what happened when the initial sardine biomass was 1 million tons? If you 
examine the two plots closely, you’ll see that both plots stabilize at a level of 
about 6 million tons (see Figure 1.4). 
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Figure 1.4: Sardine populations approach carrying capacity. 


Sometimes it’s advantageous to change the scales of the axes to make 
graphs easier to read and interpolate, so we’d like to show you how to reset 
the vertical and horizontal scales. (The default setting for scales for ODE 
Architect is Auto Scale.) Select the upper right graph by placing the cursor 
arrow on the graph and clicking the right-most mouse button (or click on the 
icon at the upper right corner of the graph). You will see various plot window 
options presented. Select Scales from the resulting dropdown menu using the 
left-most mouse button. Click on Auto Scale to toggle it off. (The check in the 


E33 You must click the OK 
button to enter changes. 


iE Sweeping a variable. 


E> If the # Points is set to n, 


you'll get n overlayed graphs. 


Chapter 1 


box will disappear.) To change other values, double click in the box to select 
the value and just type to make a change. On the X-Scale menu set Minimum 
= 1930; Maximum = 1950; Number of Ticks = 10; and Label every = 2. 
(Adjust the number of ticks by clicking on the down arrow and selecting, or 
by double clicking the box and typing in the new value.) Make sure Linear is 
selected (not Log). Now select the Y-Scale menu (at the top): click the Auto 
Scale to toggle it off; set Minimum = 0; Maximum = 12; Number of Ticks 
= 10; and Label every = 2; and check that the Linear button is selected. Your 
screen should have a window that looks like Figure 1.5: 


Figure 1.5: Plot scales window. 


Click on OK to cause the graph to be rescaled. (In this particular case, it 
turns out that the scale did not change from the automatically selected value.) 

Now click on the Clear box in the Integration panel and choose Clear 
All Runs. What has changed? Next click on the Solve icon again. Notice that 
you got only the most recent curve (carrying capacity exceeded); you cleared 
the previous solution. 

We can extend the ease of making comparisons by sweeping through sev- 
eral possible initial values for sardine and displaying them all on one graph. 
Click on the Clear box and choose Clear All Runs. Now notice the Sweep 
tab beneath the Initial Conditions panel; click on Sweep. Click on Single for 
type of sweep. We will choose Sweep 1 to be a sweep (multi-plot) of various 
initial values of sardine. In the Sweep 1 box, click on the down arrow and 
select sardine. Set Start = 1; Stop = 7; and # Points = 3. Now click on the 
Sweep box next to the Solve icon (not the Sweep tab) (Figure 1.6). 

Notice that ODE Architect makes several runs. Notice also that the initial 
value for sardine located in the IC window was ignored and the values we 
entered in the sweep conditions were used instead. 

To better see these results, let’s rescale the vertical axis (Y-Scale) to Min- 
imum = | and Maximum = 7. Look back at page 7 if you do not recall how to 
do this. Figure 1.7 shows that multiple runs are easily comparable in this for- 
mat. Which initial value for sardine created the most stable or flattest curve? 
Does the population always stabilize around the same biomass? 
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Figure 1.7: The sardine curves with a rescaled vertical axis. 
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Do the resulting curves accurately represent the growth you’d expect over 
the whole range of values for t? Growth is usually proportional to population 
size when well below the carrying capacity. However, when you look at your 
graph notice that for small populations of sardines, the growth rate is rather 
steep. As the sardine population approaches the carrying capacity the biomass 
should level off, which the preceding curves do reflect. 

Now we’ll examine the properties of the model we created in ODE (2). 
The growth rate is proportional to (capacity — sardine) and so for small sar- 
dine biomass, the biomass grows at a nearly constant rate. Near the carrying 
capacity, the factor (capacity — sardine) causes a leveling off (see Figure 1.7): 
the factor forces growth to be proportional to the distance from capacity. 


@ The Logistic Equation 


is Changing the equation. 


iE Try various initial values. 
As before, use a Single sweep. 


Combining the elements of the proportional growth model given by ODE (1) 
and the restricted growth model given by ODE (2) leads to what is called 
the logistic equation for growth (or the Verhulst equation, after the nineteenth 
century Belgian mathematician and biologist P. F. Verhulst): 
sardine’ =r sardine9— ane (3) 
Notice that for values of sardine very near zero, the factor r * sardine dom- 
inates the computation, causing approximate exponential growth behavior. 
This is because the factor (6 — sardine) /6 has a value very near 1. For val- 
ues of sardine near 6 (the carrying capacity), the factor (6 — sardine) /6 is 
near zero, and so growth slows to approach zero. Therefore we can expect 
exponential growth for small biomass with growth tapering off as the biomass 
approaches carrying capacity. Let’s see if this refinement improves the model. 
Click on the IC tab to clear the graph and enter a new equation. After 
clicking on the Clear box, and choosing Clear All Runs, click in the equa- 
tions quadrant and modify the growth ODE to read: 


sardine’ = r * sardine *« (6 — sardine) /6 (4) 


Don’t forget to click the box labeled Enter. Reset the initial sardine biomass 
to 1. Finally, click on the Solve icon. Your screen should look something like 
Figure 1.8. 

Notice that the graph now displays a mathematical representation more 
like what we expect of the sardine biomass over the long term. It is an elon- 
gated S-shaped curve with slow growth for small biomass, maximum growth 
near the midrange, and slow growth near the carrying capacity. 

Use the sweep feature now to see how the logistic growth curve responds 
for various initial conditions for the variable sardine. Sweep 1 sardine; Start 
= 1; Stop = 7; # points = 4. Click on Sweep. Figure 1.9 shows the four 
solution curves. 
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Figure 1.9: Four logistic solution curves. 
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Y Does the model respond to your initial conditions in a reasonable man- 
ner? Do you think that this is a good population model to use for modeling 
the biomass of the Pacific sardine? 


Let’s now use the model given in equation (3) to explore the harvesting that 
took place in the years 1941-1951. 


@ Introducing Harvesting via Landing Data 


iE Defining the harvest. 


iE Using the 2D custom tab. 


In Figure 1.1 you saw a graph of the Pacific sardine harvest and the resulting 
biomass decline during the years 1941-51. We have not yet taken into account 
this harvest (or landing) data in our model; so our model does not yet reflect 
the collapse of the sardine fishery that occurred. We’ll now incorporate the 
landing data into our model in the form of a lookup table. 

The tutorial in Module 1 provides you with landing data for the Pacific 
sardine over the time period 1941-1951 in the form of a table with 11 rows 
and 2 columns (tutorial steps 13 and 14). This data can be entered as a lookup 
table named HTABLE by following these directions (which also appear in the 
tutorial): 


e Start by clicking on the Equations entry on the menu bar and choosing 
Lookup Tables to display the lookup table manager window. 


e Double click on <Create New Table> to display the new table win- 
dow. Enter the name HTABLE, and specify 11 rows and 2 columns in 
the appropriate boxes. Then click the OK button. An array of empty 
cells will appear with 11 rows and 2 columns. 


e Enter the data (provided in the tutorial window) in the array by clicking 
on cell [1, 1] to start. When all of the data is entered, click the OK 
button. 


e Close the lookup table manager window. 


Now you have a lookup table called HTABLE. 
Go to the equation quadrant and, on a new line, add the following 


harvest = lookupval(HTABLE, 1, t, 2) 


Be sure to click the Enter box. The value returned by lookupval is the data in 
column 2 of HTABLE corresponding to the t-value of the data in column 1. 
(If ¢ is not an integer, the value returned is computed by linear interpolation.) 

Let’s now look at this harvest data. Since harvest is not an ODE state 
variable, the Architect does not automatically generate a plot tab; we will 
have to make it by hand. Click on the 2D tab at the lower right to select what 
we want to plot on each of the two axes. Place the cursor on the lower right 
plot quadrant, and after clicking the right-most mouse button, select Edit with 
the /eft-most mouse button. Leave the X-Axis variable set to t. For the Y-Axis 
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E35 See the lower right graph 
in Figure 1.11. 


iE Including harvest in the 
sardine model. 


click on the down arrow after 1: <None> and select harvest. Now click on 
Titles at the top of the edit window and type in the Graph Title box: Harvest. 
In the X-axis Title box type: Year; and in the Y-axis Title box: Harvest. 
See Figure 1.10. Click OK. Using the right-most mouse button again on the 
lower graph, select Scales. Set the X-Scale as follows: deselect Auto Scale; 
set Minimum = 1940; Maximum = 1955; Number of Ticks = 3; Label 
every = 2. Select the Y-Scale, deselect Auto Scale, and set: Minimum = 0; 
Maximum = |; Number of Ticks = 5; and Label every = 1. Click OK. 


a 
Cum fie 


purse 


Figure 1.10: Plots and Titles panels for 2D tab. 


Click on the Solve icon. Notice that a graphical representation of the 
Pacific sardine landings appears in the lower graph but the upper graph has 
not been affected. That’s because we have not included harvest (landings) 
in the sardine model yet. (Note: the two graphs have different vertical axis 
scales.) 

After clicking on Clear and choosing Clear All Runs, go to the equation 
quadrant and modify the sardine ODE as follows: 


sardine’ = r * sardine *« (6 — sardine) /6 — harvest (5) 


You may have to scroll the equations quadrant (on some computers) in order 
to see the whole equation. (You can also move the dividing line between 
the right and left quadrants, at the slight expense of the graphing resolution.) 
Click the Enter box. Before we run the model, we must change the initial 
conditions to reflect the reality of the Pacific sardine population at that time. 
In the literature, the most reliable data for the Pacific sardine biomass starts 
in 1941. Thus set the IC for ¢ to 1941 and the IC for sardine to 2.71. Reset 
Interval to 10. Now click the Solve icon and note the results. For best viewing 
of the top right graph window choose the X-Scale; deselect Auto Scale; set 
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Figure 1.11: Model sardine biomass (upper), harvested biomass (lower). 


Minimum = 1940; Maximum = 1955; Number of Ticks = 3; Label every 
= 2. Rescale the Y-Scale axis to: Minimum = 0; Maximum = 3; Number of 
Ticks = 3; Label every = 1. See Figure 1.11 for the graphs. 

[> Fishery collapse. How do these model results compare with the expected behavior at the 
beginning of the chapter? While the overall behavior is captured in general 
terms by the model, it is unusual to have a model match the estimated data 
exactly. 


¥ What are your thoughts about the model as it relates to historical behav- 
ior? Explain any discrepancies. 


Step 8: Interpret the implications of the model 

[3S Analysis. It is now clear that while over-exploitation of the sardine landings was not the 
sole factor, it played a very large role in the collapse of the California fishery 
in the early 1950s. Since we now have a functioning model of that ten-year 
period in time, you have the amazing power to use your computer to revise 
history and attempt to save the fishing industry. What limit on the landings 
would have allowed a sizable sardine harvest! but not a collapse of the fishery? 


‘Historical note: A limit to the total catch of sardines at between 200,000 and 300,000 tons was 
recommended as early as 1929, and repeatedly over the next several years. 


How to Model in Eight Steps 
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Now it is your turn to examine some options and try some alternate scenarios 
in the Explorations that follow. 


@ How to Model in Eight Steps 


References 


Modeling a situation mathematically involves many ideas and activities, but 
modeling is not always straightforward. There are many times when you may 
be puzzled, confused, and frustrated and you must retrace or rethink the steps 
involved. We summarize the steps in an order that allows for easy reference, 
but keep in mind the need to retreat, reassess, and redefine your thinking. 


. State the problem and its context. 

. Identify and assign variables. 

. State the laws that govern the relationships between the variables. 

. Translate the laws into equations. 

. Solve the resulting equations. 

. Interpret and test the solutions in the context of the natural environment. 


. Refine the model until it predicts the empirical data. 
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. Interpret the implications of the model. 
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Chapter 1 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 1.1. Constant Harvesting of a Biomass 


1. No harvesting. 
Let’s examine the rate of growth (the derivative) of the sardine biomass using 
the logistic model of ODE (3). To do this we’ll look at the values of sardine’ 
as a function of sardine biomass size. Go to the equations quadrant and type 
in the ODE 


sardine’ = r * sardine * (6 — sardine) /6 


r= 0.20 


Click the Enter box. 

To create a plot of sardine vs. sardine’, select the 2D tab (if necessary), 
place the cursor over the lower right graph, press the right-most mouse button, 
and select Edit. For the X-Axis use the down arrow to select sardine. For Y- 
Axis 1, select sardine’. Click now on the Titles tab at the top of the edit 
window. Type Rate of Growth vs. Biomass as the Graph Title, Sardine as 
the X-axis label and Sardine’ as the Y-axis label. Click OK. Place the cursor 
over the lower right graph again, press the right-most mouse button and select 
Auto Scales: Both (if necessary). Next set the IC for ¢ to 1941 and the IC 
for sardine to 1, and set the Interval to 20. Click Clear and select Clear All 
Runs (if necessary), then click the Solve icon. 

The top graph shows (by default) sardine vs. time. Notice in the lower 
graph that the sardine growth rate, sardine’, is maximized somewhere near a 
midsized sardine population of about 3 million tons. Rescale the Y-axis of the 
top graph (if necessary) to Minimum = 0; Maximum = 6; Number of Ticks 
= 6. Verify that the sardine biomass grows at the rate of approximately 10% 
to 40% per year, depending upon the size of the biomass. 
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iE Clearing a 2D custom 
graph. The same procedure clears 
a 3D custom graph. 


Exploration 1.1 


Constant harvesting. 

Let’s analyze the effect of constant harvesting on the logistic sardine popula- 

tion of Problem |. Since the sardine biomass was 2.71 million tons in 1941, 

reset the sardine IC to 2.71 and keep the sardine vertical scale set on the range 

0 to 6 and re-solve to observe the relative stabilization of the population. 
Now insert a constant harvesting term in the model by modifying the 

ODE in the equation quadrant to read 


sardine’ = r * sardine *« (6 — sardine) /6 — harvest 


Try a harvest value that is slightly less than the biomass growth amount for 
2.71 million tons by setting a constant harvest in the equation quadrant. For 
example you could try harvest = 0.28 (280,000 tons per year) and solve the 
model. (Be sure to click on the Enter box first.) 

Now click on the 2D tab in the lower graph quadrant. Clear the graph 
in that quadrant by setting all axes to <None> in the Plots tab of the Edit 
box, then going to the Titles tab and deleting all titles. For the upper right 
graph you can set up and run a sweep of harvest over the values 0.1 (100,000 
tons/year) to 0.7 (700,000 tons/year) using 7 points in the sweep. Describe 
the biomass behavior for harvest levels of 0.1; 0.3; 0.5; 0.7. From your explo- 
ration, determine what constant harvest amount provides a large harvest yet 
does not jeopardize the long-term viability of the Pacific sardine population. 
Explain what you mean by “large harvest” and “long-term viability.” Did the 
harvest levels suggested by fishery researchers stand up? 


How does the IC affect the optimum harvest level? 

Is the optimum harvest level that you determined in Problem 2 affected by the 
initial biomass of the sardine in 1941? Try some different values for the IC 
and explain what you learn about the relationship between initial biomass and 
the optimum constant harvest amount. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 1.2. Constant Effort Harvesting 


Using a constant effort harvesting function. 

Another model for harvesting is to land a certain percentage of the existing 
biomass each year. This is called constant effort (or proportional) harvesting. 
Introduce constant effort harvesting into ODE (5) by setting 


harvest = 0.25 « sardine 


to harvest 25% of the sardine population each year. Try arun. What happens? 
Go back and revise the harvest function to 


harvest = k * sardine 


and sweep through several values of your choosing for the harvest coefficient 
k. Summarize your results. What is the optimum harvest coefficient? Explain 
what you mean by “optimum” harvest coefficient. 
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Exploration 1.2 


How does the IC affect the optimum harvest percentage? 
Run some experiments to determine if the optimum harvest percentage you 
select in Problem 1 is sensitive to the initial biomass of the sardine in 1941. 


Explain your results. How do your results compare to the results of Problem 3 
in Exploration 1.1? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. 


Course/Section 


Exploration 1.3. Investigating a Harvesting Function 


1. 


A unifying harvest strategy. 

We can combine the strategies used in Explorations 1.1 (Problem 2) and 1.2 
(Problem 1) by using a function that approximates each strategy at the ap- 
propriate time: proportional harvest for small sardine biomass and constant 
harvest for sufficiently large sardine biomass. A function suitable to this pur- 
pose is 


a * sardine 
B+ sardine 


Use some algebra to demonstrate that the function does behave as claimed. 


Approximately what is the proportional harvest coefficient? Approximately 
what is the constant harvest level? 


harvest = 
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Exploration 1.3 


Testing the function. 

Determine values for w and f suitable for the Pacific sardine based on what 
you learned from Explorations 1.1 (Problem 2) and 1.2 (Problem 1). Is the 
optimal choice of a and f dependent on the initial biomass of the sardine? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 1.4. The Ricker Growth Rate Model 


[> Compare the Ricker 
with the logistic function: 


R=rP(1— P/K) for positive 


constants r and K. 


Biologists commonly use the Ricker function to model fish population repro- 
duction. The Ricker function is R = a Pe’-?)/’m, where R is the reproduction 
rate, a is a constant, P is the parental or spawning stock population, P, is 
the stock size at which R = P, and P,, is the stock size that yields maximum 
reproduction in the absolute sense. Calibrated for the Pacific sardine during 
the time period 1941 through 1951, this function is: R = 0.15 Pe@4-P/17, 


The Ricker population model. 
Replace the logistic term in ODE (5) with the Ricker function to obtain 


sardine’ = 0.15 * (sardine) * exp((2.4 — sardine) /1.7) 


This function exhibits “compensatory behavior” that biologists know many 
fish populations exhibit. Plot two sardine populations vs. time on the same 
set of axes for comparison: sardine’ as per the Ricker function above and 
sardine2’ as per the logistic growth model used earlier. You have to select the 
2D tab on the graphics window when defining the graph to get both popula- 
tions on the same graph. To compare their respective growth patterns, plot the 
two sardine populations from 1920 to 1960 (# Points = 40) with IC set to 1 on 
both plots and with no harvesting. Based on this comparison, speculate what 
“compensatory” behavior is as envisioned by the biologists and reflected by 
the Ricker function. 
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Exploration 1.4 


Repeat the harvest experiments. 

Repeat Exploration 1.1, Problem 2, using the Ricker function in the sardine 
ODE. What harvest level would provide a stable sustainable Pacific sardine 
population? Test whether the optimal harvest rate depends on the popula- 
tion IC. Are the results significantly different than when you used the logistic 
function? 


Introduction to ODEs 


A slope field and some solution curves for y = ysin(t+ y). 


Overview Ordinary differential equations (ODEs) mode! many natural processes, so solu- 
tions of ODEs can be used to predict the behavior of those processes. 
This chapter will investigate ODEs and initial value problems, their solutions, 
and their solution curves, along with some methods for finding solution formulas. 
Slope fields are introduced and used as guides to the behavior of solution curves. 
The path of a juggler’s ball and the descent of a sky diver are modeled by ODEs. 


Key words Differential equation; solution; integration; separation of variables; initial values; 
modeling; slope field; direction field; juggling; sky diving; free fall; parachute; 
gravity; Newton’s second law 


See also Chapter 1 for more on modeling, and Chapter 5 for more on models of motion. 
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Chapter 2 


@ Differential Equations 


Differential equations were first used in the seventeenth century to describe 
physical phenomena, such as the motion of orbiting planets or swinging pen- 
dulums. Since then they have been applied to processes, such as the growth 
of biological populations, the management of investment portfolios, and many 
other dynamical systems. 

An ordinary differential equation is an equation involving an unknown 
function of one variable and one or more of its derivatives. For example, the 
ODE 

2 = ycost 
is a statement about an unknown function y (the dependent variable) whose 
independent variable is t. To solve the ODE we need to find all the functions 
y(t) that satisfy the ODE (we will discuss what we mean by a solution in the 
next section). 


Y “Check” your understanding by identifying the independent and depen- 
dent variables and the order of each ODE (i.e., the highest-order derivative 
that appears): 


dy 
—=22y42 
dx Dane 
az dz : 
33 Bei] +7z =4sin(2r) 


@ Solutions to Differential Equations 


[35 Most ODEs have infinitely 
many solutions. 


A function is a solution of an ODE if it yields a true statement when substi- 
tuted into the equation. For example, y = 2?” is a solution of the equation 


dy 
—=4t 1 
Ai () 
Y Can you find another solution of ODE (1)? 


Actually, ODE (1) has infinitely many solutions. A single solution is 
called a particular solution. The set of all solutions is called the general 
solution. For example, the general solution of ODE (1) is y = 27° + C, where 
C is any constant, while y = 227 + 3 is a particular solution. 
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@ Solving a Differential Equation 


Solving a differential equation involves finding a function, just as solving an 
algebraic equation involves finding a number. 

An ODE such as dy/dt = 2ty gives us information about an unknown 
function y in terms of its derivative(s). In your differential equations class, 
you'll learn some methods for finding solutions of ODEs. The section “Find- 
ing a Solution Formula” later in this chapter also describes two techniques. 


@ Slope Fields 


One useful way to get information about solutions of an ODE is to graph 


ESS Slopes for y’ = ycost: them; graphs of solutions are called solution curves. For first-order ODEs, 
Point Slope you can actually get a good idea of what solution curves look like without 
on : solving the equation! Notice that for the ODE y’ = ycost the slope of the 
(0.2) 4 solution curve passing through the point (f, y) is given by ycost. Every first- 
(0,-1) =1 order ODE gives you direct information about the slope of the solution curve 
nae = through a point, so you can visualize solution curves by drawing small line 
By 


segments with the correct slopes on a grid of fixed points. With patience (or 
a computer), you can draw many such line segments (as in the chapter cover 
figure). This is called a slope field. (Some books call it a direction field.) With 
[35° Each segment of a slope practice you’ ll be able to imagine some of the line segments running together 
field is tangent at its midpoint to tg make a graph. This approximates the graph of a solution to the ODE, that is, 


the soluti through that : : : : 
apse eh Sia es a solution curve. Figure 2.1 shows a slope field with several solution curves. 


Figure 2.1: Slope field and seven solution curves for y’ = ycost. 
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@ Initial Values 


Chapter 2 


We have seen that an ODE can have many solutions. In fact, the general 
solution formula involves an arbitrary constant. What happens if we spec- 
ify that the solution must satisfy another property, such as passing through a 
given point? For example, all functions y = 217 + C are solutions of the ODE 
dy/dt = 4t, but only the specific solution y = 21? + 3 satisfies the condition 
that y = 5 when t = 1. So, if we graph solution curves in the ty-plane, only 
the graph of the solution y = 277 + 3 goes through the point (1, 5). 

The requirement that y(1) = 5 is an example of an initial condition, and 
the combination of the ODE and an initial condition 


dy _ = 
Gna as (2) 


is called an initial value problem (IVP). Its solution is y = 21? +3. 


ZY Replace the condition y(1) = 5 in IVP (2) by y(2) = 3 and find the 
solution of this new initial value problem. How many solutions are there? 


@ Finding a Solution Formula 


ES A table of integrals comes 
in handy here. 


An ODE usually has many solutions. How can you find a solution, and how 
can you describe it? A solution formula provides a useful description, but 
graphs and tables generated by ODE Architect are also useful, especially in 
the all-too-frequent case where no formula can be found. Two techniques to 
find solution formulas are summarized here, and others are in your textbook. 
Integration 


If f(t) is a continuous function, then the general solution of the ODE 

dy 

pales t 

> = fo 
is y(t) = F(t) + C, where F(t) is an antiderivative of f. For example, the 
general solution of dy/dt = sint is y= —cost+C. 


Separation of Variables 


If you can write a differential equation in the form 


dy 
a t 
= FO8O) 
then wherever g(y) 4 0 you can rewrite it as 
1 dy 


g(y) dt 


1 
[werfroa 


= f(t) 


so that 


Finding a Solution Formula 


iE Keep that table of integrals 
handy! 
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Figure 2.2: Four solution curves of dy/dt = sint/(3y* + 1) through the marked 
initial points. 


If H(y) is an antiderivative of 1/g(y) and F(t) is an antiderivative of f(t), 
then a solution y(t) of the ODE solves the equation 


A(y(t))= FO)+C 


for some constant C. 
Here’s an example of a separable ODE: 


dy sint 
ee 3 
dt 3y*+1 3) 
Separating the variables and finding the antiderivatives, we see that 
d 
By + ye = sint 
y+y=—cost+C (4) 


We won’t attempt to express a solution y(t) directly in terms of t (and C), 
but we can check that formula (4) is correct by differentiating each side with 
respect to t. This gives 
ody | dy . 
3y aa + 7 sint 

which has the form of ODE (3) if we divide each side by 3y? +1. Fig- 
ure 2.2 shows solution curves of ODE (3) through the initial points (0, —1.5), 
(0, —1), (0,0), (0, 1). The curves were plotted by using ODE Architect to 
solve ODE (3) with the given initial data. 

Solution formulas are useful, but they exist only for a small number of 
ODEs of special forms. That’s where numerical solvers like ODE Architect 
come in—they don’t need solution formulas. 
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@ Modeling 


[3S The eight steps are 
described in Chapter 1. 


@ TheJ uggler 


[3 So the juggler’s ODE for 
vertical motion is h’ = —32. 


[> In the multimedia module 
ho = 4.5 ft. 


Chapter 2 


A mathematical model is a system of mathematical equations relating specific 
variables that represent some aspect of a natural process. Modeling involves 
several steps: 


CNH N FW NY 


. State the problem and its context. 

. Identify and assign variables. 

. State the laws that govern the relationships between the variables. 

. Translate the laws into equations. 

. Solve the resulting equations. 

. Interpret and test the solutions in the context of the natural environment. 
. Refine the model until it predicts the empirical data. 


. Interpret the implications of the model. 


The models we consider all involve ODEs. 


You can observe the modeling process in the following juggler problem. 


1. 


5-8. 


Find an ODE that describes the height of a ball between the time it 
leaves the juggler’s hand, moving vertically upward, and the time it 
falls back into the hand. 


. Let t= time (in seconds), = height of the ball above the floor (in feet), 


v = velocity (in ft/sec), and a = acceleration (in ft/sec”). 


. Apply Newton’s second law of motion to the ball: the mass m of a 


body times its acceleration is equal to the sum of all of the forces acting 
on the body. We treat the ball as a point mass encountering negligible 
air resistance (drag) so the only force acting on the ball is that due to 
gravity, which acts downward. 


. By Newton’s second law, we have that ma = —mg, where g = 32 ft/sec” 


is the acceleration due to gravity near the surface of the earth, and the 
minus sign indicates the downward direction of the gravitational force. 
Since the ball’s acceleration is a = v’ where v is its velocity, and v = h’, 
we can model the ball’s motion by h” = —32. The initial height ho of 
the ball is that of the juggler’s hand above the floor when the ball is 
launched upward, and that is easy to measure. The initial velocity vp is 
harder to measure directly; it is simpler to solve the model first and then 
experiment to deduce a reasonable value for vg. 


Solving and testing are up to you. See Figure 2.3 for graphs of h(t) 
corresponding to ho = 4 ft and five values of uo. 


The Sky Diver 


@ The Sky Diver 


[&> This kind of air resistance 
is called viscous damping. 


31 


Ball's height (feet) 


Time (seconds) 


Figure 2.3: Five tosses of the juggler’s ball: initial velocities vp range from 5 
to 25 ft/sec. Which time-height curve corresponds to vp = 25? 


Y How must you revise the process when the ball is thrown to the juggler’s 
other hand? (The result appears on Screen 3.4 of Module 2.) 


You might think that the path of a sky diver in free fall looks like the down- 
ward path of the ball in the simplest juggler problem of vertical motion. How- 
ever, as the sky diver’s velocity becomes large the effects of air resistance (or 
drag) become noticeable and must be included in the model. A revised model 
(starting with Step 3) follows: 


3. In this case, Newton’s second law says that mass times acceleration is 
equal to the force due to gravity plus that due to air resistance. Expe- 
rience has shown that the force of air resistance can be modeled fairly 
well by a term that is proportional to velocity and opposite in direction. 


4. We have mh” = mv' = —mg — kv, where k is a constant coefficient of 
air resistance. The initial velocity of the sky diver is vp = 0 ft/sec; the 
initial height when the sky diver jumps from the plane is og ft. 


5. We solve the second-order ODE for h in two steps, first for v (by sep- 
arating the variables) and then for h (by integrating the expression we 
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find for v, since v = h’). Here are the steps: 


/ 


k 
elas lease v(0) =0 


1 dv 
gt+kv/mdt — 
1 
——— dv=-— | dt 
dee : / 
ESS Cis an arbitrary constant. (m/k)\In(g +kv/m) = -t+C 


In(g + kv/m) = (k/m)(-t+ C) 
Exponentiating and setting K = exp(kC/m) we obtain 
g+kv/m= Ke */™ 
Since v = 0 when t = 0, we find that K = g. Solving for v we obtain 


pe ms fe aus 


k 
That means that h(t) solves the IVP 


h! ype —mg ne Be tem, h(0) _ ho 


k 
We find the formula for h(t) by integration and the fact that h = ho at 
t=0: 
—mg, my Kms , ms 
h= ae — ee + 7 + ho 


In our example of free fall (Screen 4.3), these equations become 


ES So the sky diver’s free fall 


"” / k : 
ODE is h” = —32 — (k/5)v. h" =v = 2 eu if m =5 slugs 


=160 | 160 sy 


h! — — 
on er 1 
—160 800 800 
Sg Page ON Aa S500 (5) 


See Figure 2.4 for some time-height curves. 


Since the mass m of the sky diver doesn’t drop out of the ODE when 
damping is added, we have to use appropriate units for the mass. In English 
units (which the English have been wise enough to discard) we have 


force weight Ibs 
mass = = = 


Sa = =sl 
acceleration gravity ft/sec? me 
Opening the Parachute 


If we wish to model what happens when the parachute opens, we’ll need to 
alter the model slightly to account for the sudden change in drag—that is, for 
how the value of k suddenly changes. 


The Sky Diver 


is Opening the chute changes 
k from kp to Kp. 


References 
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Figure 2.4: Six sky divers in free fall from 13,500 ft: viscous damping con- 
stants range from 0.5 to 1.5 slug/sec. Which sky diver has the smallest damp- 
ing constant? 


4. We can use experimental values for the drag coefficients: in free fall 
k re = 0.86, and, after the parachute opens, k , = 6.71, both in slugs/sec. 
The parachute opens at time ¢,, when h is 2500 feet. It’s hard to calcu- 
late t, from formula (5), so we can approximate it by reading the graph 
of h vs. t (use the Explore feature on graphs of Screen 4.4). 


We noticed on Screen 4.5 of Module 2 that an instantaneous opening of 
the parachute would exert an enormous force on the sky diver, so the model 
was further revised to allow the chute to open over a few seconds (a more 
realistic model), and we let k grow gradually, in a linear way, as it goes from 
k pp to k,. Take a look at Exploration 2.4, Problem 3. 


Borrelli, R. L., and Coleman, C. S., Differential Equations: A Modeling Per- 
spective, (1998: John Wiley & Sons, Inc.) 


Boyce, W. E., and DiPrima, R. C., Elementary Differential Equations and 
Boundary Value Problems, 6th ed. (1997: John Wiley & Sons, Inc.) 


Hale, M., and Skidmore, A., A Guided Tour of Differential Equations, (1997: 
Prentice-Hall) 


C:ODE-E Newsletter, http://www.math.hmc.edu/codee, for articles on model- 
ing with ODEs 


IDEA (Internet Differential Equations Activities), created by Thomas LoFaro 
and Kevin Cooper, offers an interactive virtual lab book with models. 
http://www.sci.wsu.edu/idea 
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Chapter 2 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 2.1. ODEs and Their Solutions 


1. Where is that constant? 
Solution formulas for first-order ODEs often involve an arbitrary constant C, 
and it can show up in all sorts of strange places in the formulas. Solve each of 
the following ODEs for y in terms of t and C. 


(a)y'=1+sint (b)y=-y/3 (© y=t/y dy =2Py/Iny 


2. Let’s check out the ODE Architect. 

You can see how good the ODE Architect solver is by creating initial value 
problems for the ODEs of Problem 1 and using the Architect to solve them 
and graph the solutions. Then compare the solver graphs with those obtained 
using the solution formula. For example, use ODE Architect to solve and 
plot the solution of the IVP y’ = —y/3, y(0) = 1. Then graph the solution 
y = e~'/ and compare. To do this, enter the following two equations on the 
editor screen: 


y =—y/3 
eee 
Next enter the initial condition for the ODE, then solve and plot the solution 
on one of the graphics screens. Use the custom 2D plot tab to overlay the 
graph of u. Do the graphs match? Repeat with your own initial data for each 
of the other three ODEs in Problem 1. 
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Exploration 2.1 


How many' solutions does this IVP have? 

Find formulas for two different solutions for the IVP y’ = y!/7, y(0) =0. 
Which solution does ODE Architect give? Repeat with y’ = y?/ = y(0O) = 0. 
[Hint: Is y(t) = 0 for all ¢ a solution? ] 


The effect of a singularity in the differential equation. 

The ODE y’ = y/t has a singularity at the point (0, 0) because at that point, 
y/t = 0/0, which is undefined. Find a formula for all solutions of the ODE. 
Does the IVP y’ = y/t, y(0) = 0, have any solutions? Use ODE Architect for 
y’ = y/t, y(1) =a, for various positive values of a and then solve backward 
in time to see what happens as ¢ gets near zero. Explain. 


‘Usually an IVP has a single solution, but in this Exploration you will see some exceptions. You 
can find out why by reading about “existence” and “uniqueness” in your text. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 2.2. Slope Fields 


1. What happens in the long term? 
The following ODEs are given in Screen 2.2 (Experiment 1). Using ODE 
Architect, describe what the solutions do as t¢ gets very large. Include sketches 
or printouts of your solution curves and their slope fields. 


(a)y=y-1 (b) y’ = 1/4 (c) y =(y—1)/10 


2. More long-term behavior. 
Repeat Problem 1 with the following ODEs. 


(a) y' =ty (b) y’ = (y* —4)/10 (c) y’ = (y—3)/5 
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3. 


Exploration 2.2 


Still more long-term behavior. 
Using ODE Architect, describe the long-term behavior of the solutions of 
y' =ysin(t + y). 


Strange solutions. 

Make up your own ODEs, especially ones whose solution curves or slope 
fields form strange patterns. Use ODE Architect to display your results. De- 
scribe the long-term behavior of solution curves. Attach printouts of your 
graphs. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 2.3. The J uggler 


Second-order ODEs of the form y” = f(t, y, y’) are to be solved in Explo- 
rations 2.3 and 2.4. Since ODE Architect only accepts first-order ODEs, we 
will replace y” = f by an equivalent pair of first-order ODEs. We do this by 
introducing v = y’ as another dependent variable: 


y=u 


v' = f(t, y, v) 


1. What goes up must come down. 
Use ODE Architect to find the position of the ball at several different times ¢ 
for several different initial velocities. Assume no air resistance and that the 
ball moves in a vertical line. What is the name for the shapes of the solution 
curves in the ty-plane? Does it take longer for the ball to rise or to fall? Show 
and explain the difference (if there is one!). 


2. Hand-to-hand motion of the ball. 
For a given initial speed vo, find the range of values of the angle 9 so that the 
ball goes from one hand to the other. Now increase the initial speed. What 
happens to the range of successful values of 69? Explain. [Suggestion: First 
take a look at Screen 3.5 (Experiment 2 in Module 2); then enter the equations 
in ODE Architect and vary 99 with fixed vo to find the ranges. You may also 
want to take a look at Screens 1.2 and 1.3 in Module 5.] 
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3. 


Exploration 2.3 


Raise your hand! 


Suppose the juggler raises his catching hand one foot higher. Repeat Prob- 
lem 2 in this setting. 


Juggling two balls. 

Construct model ODEs for tossing two balls, one after the other, from one 
hand to the other. Use ODE Architect to find the positions of both balls at 
time f. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 2.4. The Sky Diver 


Second-order ODEs of the form y” = f(t, y, y’) are to be solved in Explo- 
rations 2.3 and 2.4. Since ODE Architect only accepts first-order ODEs, we 
will replace y” = f by an equivalent pair of first-order ODEs. We do this by 
introducing v = y’ as another dependent variable: 


y=u 


v' = f(t, y, v) 


1. Terminal speed of a falling body. 
Use ODE Architect and determine the sky diver’s terminal speeds for several 
different values of the viscous damping coefficient (use m = 5 slugs and g = 
32 ft/sec”). Is there any difference if the sky diver jumps at 25,000 feet instead 
of 13,500 feet? [Suggestion: After entering the ODE and solving, click on a 
Data tab in either of the two graphics windows and use approximate data you 
find there.] 


2. Slow down! 
If a sky diver can survive a free-fall jump only if she hits the ground at no 
more than 30 ft/sec, what values of the viscous drag coefficient k make this 
possible? Are these k-values realistic? (Use m = 5 slugs and g = 32 ft/sec.) 
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[Is A step function is one of 
the engineering functions. You 
can find them by going to ODE 
Architect and clicking on Help, 
Topic Search, and Engineering 
Functions. 


Exploration 2.4 


A Modeling Challenge! 

Let’s construct a model for a parachute that opens over a 3 second time span. 
The ODEs for this model are given on Screen 4.5 (Experiment 2), but we have 
to define k(t). Assume that the sky diver has a mass of 5 slugs and that she 
jumps from 13,500 ft. The parachute starts to open after 65 seconds of free 
fall and the damping coefficient changes linearly from k ¢¢ = 0.86 slugs/ft to 
k, = 6.71 slugs/ft as the chute opens. In other words, 


kre, t < 65 
ki) = Vk + S@ 0-65), 65 <1 < 68 
Kp, t > 68 


(a) Write an expression for k(t) using the properties of step functions. Hint: 


1, 65<t<68 
0, otherwise 


Step(t, 65) — Step(t, 68) = 


(b) Use ODE Architect to plot the sky diver’s acceleration, velocity, and 
height vs. time, using your expression for k(f). 


Overview 


Key words 


See also 


Some Cool ODEs 


Temperature (degrees Fahrenheit) 


0 30 60 90 120 150 
Time (minutes) 


A room heats up in the morning, and the air conditioner in the room 
starts its on-off cycles. 


In this chapter, we'll use Newton's law of cooling to build mathematical models 
of a number of situations that involve the variation of temperature in a body with 
time. Some of our models involve ODEs that can be solved analytically; others will 
be solved numerically by ODE Architect. We'll compare the analytical solutions 
and the numerical results and see how both can be used to verify predictions 
made by the models. 


Modeling; Newton’s law of cooling (and warming); initial conditions; general so- 
lution; separation of variables; integrating factor, heat energy; air conditioning; 
melting 


Chapter 1 for more on modeling and Chapter 2 for the technique of separation of 
variables. 
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Chapter 3 


@ Newton’s Law of Cooling 


[35 This becomes a “law of 
warming” if the surroundings are 
hotter than the object. 


Have you ever gotten an order of piping hot French fries, only to find them 
ice cold in what seems like a matter of moments? Whenever an object (or 
substance) is warmer than its surroundings, it cools because it loses heat en- 
ergy. The greater the temperature difference between the object and its sur- 
roundings, the faster the object cools. The temperature of a body rises if its 
surroundings are at a higher temperature than it is. What happens to the ice 
cream in a cone on a hot day? 

Although it is an oversimplification, we will assume that the temperature 
is uniform at all points in the objects we wish to model, but the temperature 
may change with time. Let’s assume that the rate of change of the object’s 
temperature is proportional to the difference between its temperature and that 
of its surroundings. Stated mathematically, we have: 


Newton’s law of cooling. If T(t) is the temperature of an object at time 
t and 7,,;(t) is the temperature of its surroundings, then 


dT 
Go ee) (1) 


where k is a positive constant called the cooling coefficient. 


@ Cooling an Egg 


What happens to the temperature of a hard-boiled egg when you take it out 
of a pot of boiling water? At first, the egg is the same temperature as the 
boiling water. Once you take it out of the water the egg begins to cool, rapidly 
at first and then more slowly. The temperature of the egg, T(t), drops at a 
rate proportional to the difference between the temperature of the air, Ty,,;, 
and T(t). Notice from ODE (1) that if T,,, < T(t), the rate of change of 
temperature, dT/dt, is negative, so T(t) decreases and your egg cools. 


¥ “Check” your understanding by answering this question: What happens 
to the temperature of an egg if it is boiled at 212°F and then transferred to an 
oven at 400°F? 


@ Finding a General Solution 


[SS See Chapter 2 for how to 
solve a separable ODE. 


Equation (1) is a first-order ODE and its general solution contains one arbi- 
trary constant. We can see this as follows: If T,,; is a constant, then ODE (1) 
is separable, and separating the variables we have 


aT 
———— = | kdt 
Pecan / é 


Finding a General Solution 


is Why are the absolute value 
signs needed? 
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Finding an antiderivative for each side we obtain 
—In | Tour -—T(H)|= kt+K 


where K is an arbitrary constant. Multiplying through by —1 and exponenti- 
ating gives us 


|Zou — T(t)| =e Fe" 
or, after dropping the absolute value signs, we have that 
T(t) = Tou +Ce™ (2) 
where C = te~* is now the arbitrary constant. The solution formula (2) is 


called the general solution of ODE (1). 


Y How does the temperature T(t) in (2) behave as t > +00? Why can the 
constant C be positive or negative? 


Given an initial condition, we can determine C uniquely and identify a 
single solution from the general solution (2). If we take T(0) = 7p, then since 
T (0) = Tout + C we see that C = Ty — T,,; and we get the unique solution 


T(t) = Tout + (To — Toure“ (3) 


The constant of proportionality, k, in ODE (1) determines the rate at 
which the body cools. It can be evaluated in a number of ways, for exam- 
ple, by measuring the body’s temperature at two different times and using 
formula (3) to solve for 7p and k. Figure 3.1 shows temperature curves corre- 
sponding to Ty; = 70°F, To = 212°F, and five values of k. 
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Figure 3.1: The cooling coefficient k ranges from 0.03 to 0.3 min! for eggs 
of different sizes. Which is the k = 0.03 egg? 
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E33 ODE Architect helps out 
again. 


Chapter 3 


Y_ An object is initially at 212°F and cools to 190°F after 5 minutes in a 
room that is at 72°F. Find the coefficient of cooling, k, and determine how 
long it will take to cool to 100°F. 


Finding the general solution formula (2) for ODE (1) was straightforward. 
However, the vast majority of ODEs are not so simple to solve and we have 
to use numerical methods. To demonstrate the accuracy of such methods, 
you can compare the numerical solutions from ODE Architect with a known 
solution formula. 


Y How long will it take for a 212°F egg to cool to 190°F in a 72°F room 
if k = 0.03419 min-!? Use ODE Architect and formula (3) and compare the 
results. 


@ Time-Dependent Outside Temperature 


Is Every ODE text discusses 
integrating factors and first-order 
linear ODEs. 


When considering the cooling of an egg, ODE (1) is separable because 7), 
is constant in this instance. Let’s consider what happens when the outside 
temperature changes with time. 

We can still use Newton’s law of cooling, so that if T(t) is the egg’s 
temperature and 7,,,,(t) is the room’s temperature, then 


dT 

a k(Tou(t) — T) (4) 
Note that ODE (4) is not separable (because T,,,; varies with time) but it is 
linear, so we can find its general solution as follows. Rearrange the terms to 


give the linear ODE in standard form: 


aT 
— kT =kTo y(t 
a + 1(f) 
Multiply both sides by e*’, so that 
dT 
et (z + ir) = kialde” (5) 
dt 
Since the left-hand side of ODE (5) is (d/dt)(eT(t)), it can be rewritten: 
d 
a (OT) = Tou (ve (6) 


Integrating both sides of ODE (6) we have that 
i / KTou:(te'dt + C 


where C is an arbitrary constant. The magic factor u(t) = e* that enabled us 
to do this is called an integrating factor. So ODE (4) has the general solution 


T(th =e" ( / KT (the dt + c) 


Air Conditioning a Room 


ES You may find a computer 
algebra system or a table of 
integrals helpful! 
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Temperature 


0 30 60 90 120 150 180 
Time (minutes) 


Figure 3.2: Eggs at initial temperatures of 180, 150, 120, and 90°F cool ina 
room whose temperature oscillates sinusoidally about 70°F for k = 0.03 min-!. 
Do the initial temperatures matter in the long term? 


Finally, letting 7(0) = 7p and integrating from 0 to t, we get the solution 


[Ose ( / kTour(sye™ ds + ro) (7) 
0 


It may be possible to evaluate the integral (7) analytically, but it is easier 
to use ODE Architect right from the start. See Figure 3.2 for egg temperatures 
in aroom whose temperature oscillates between hot and cold. 


Y Show that if 7,,,, is a constant, then formula (7) reduces to formula (3). 


Y Use equation (7) to find a formula for T(t) if 


2n(t + 3) 
24 


Use a table of integrals to carry out the integration. 


Tour(t) = 82 — 10sin ( 


@ Air Conditioning a Room 


Now let’s build a model that describes a room cooled by an air conditioner. 
Without air conditioning, we can model the change in temperature using 
ODE (1). When the air conditioner is running, its coils remove heat energy at 
arate proportional to the difference between T,, the room temperature, and the 
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[35 Newton’s law of cooling 
(twice)! 


E> Time tis measured in 
minutes. 


[SS The modeling here is more 
advanced than you have seen up 
to this point. You may want to 
just use the equations and skim 
the modeling. 


[3S The step function is one of 
the engineering functions. You 
can find them by going to ODE 
Architect and clicking on Help, 
Topic Search, and Engineering 
Functions. 
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temperature 7, of the coils. So, using Newton’s law of cooling for the tem- 
perature change due to both the air outside the room and the air conditioner 
coils, our model ODE is 


aT, 
dt 


where 7;,; is the temperature of the outside air and k and kg. are the appropri- 
ate cooling coefficients. If the unit is turned off, then kz. = 0 and this equation 
reduces to ODE (1). 

Let’s assume that the initial temperature of the room is 60°F and the out- 
side temperature is a constant 100°F. The air conditioner operates with a coil 
temperature of 40°F, switches on when the room reaches 80°F, and switches 
off at 70°F. Initially, the unit is off and the change in the room temperature is 
modeled by 


= K (Tout = T,) + Kac(Tac = T,) 


aT, 
dt 


where we have taken the cooling coefficient k = 0.03 min~!. As we expect, 
the temperature in the room will rise as time passes. At some time f,, the 
room’s temperature will reach 80°F and the air conditioner will switch on. If 
kac = 0.1 min~!, then for t > ty, the temperature is modeled by the IVP 


sal = 0.03(100 — T.) +0.1(440—T7,;), T-(ton) = 80 (9) 
which is valid until the room cools to 70°F at some time t,¢¢. Then for t > to r¢ 
the room temperature satisfies the [VP (8) but with the new initial condition 
T,(to¢p) = 70. Each time the unit turns on or off the ODE alternates between 
the two forms given in (8) and (9). 

Solving the problem by hand in the manner just described is very tedious. 
However, we can use ODE Architect to change the ODE automatically and 
without having to find f,, and t,¢. The key is to define k,, to be a function 
of temperature by using a step function; here’s how we do it. In the equation 
quadrant of ODE Architect write the ODE as 


Tr’ = 0.03 « (100 — Tr) + kac x (40 — Tr) 


=0.03(100—T,), 7,(0) = 60 (8) 


Now define k,. as follows: 
kac = 0.1 * Step(Tr, Tc) 
where 
Tce =754+5%B 
Here 7, is the control temperature and 
B=2» Step(Tr’,0) —1 


Note that B = +1 when T; > 0 (the room is warming) and B = —1 when 
T; < 0 (the room is cooling). This causes T, to change from 80°F to 70°F (or 
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Figure 3.3: Air conditioning keeps the room temperature in the comfort zone, 
T0°F < T, < 80°F. 


the reverse) depending on whether the room is warming or cooling. Finally, 
Kac 18 zero (the air conditioner is off) when T, < 7,., and k,. = 0.1 (the air 
conditioner is on) when T, > T.. 

The overall effect is that the air conditioner switches on only if the room 
temperature is above 80°F, then it runs until the room is cooled to 70°F, and 
then it switches off. The room temperature rises again to 80°F, and the pro- 
cess repeats. The temperature-vs.-time plot is shown in Figure 3.3. The ac- 
companying screen image shows that we have set the maximum time step to 
0.1 (under the Solver tab). If the internal time steps are not kept small, the 
Architect will not correctly notice when the step functions turn on and off. 


@ The Case of the Melting Snowman 


It is difficult to model the melting of a snowman because of its complicated 
geometry: a large roundish ball of snow with another smaller mound on top. 
So let’s simplify the model by treating the snowman as a single spherical ball 
of snow. The rate at which the snowman melts is proportional to the rate at 
which it gains thermal energy from the surrounding air, and it is given by 


—h— (10) 


where V is the ball’s volume, E is thermal energy, and h is a positive constant. 
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[35 Remember that the 
snowman’s temperature is always 
32°F. 


E> This is the snowman’s law 
of melting. 


References 
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Our snowman will gain thermal energy only at its surface, where it is 
exposed to the warm air. So, it is reasonable to assume that the energy gain 
is proportional to both the surface area of the snowman and the temperature 
difference between the air and the snow: 


dE 
WE = KA(V) (Tour — 32) ID) 


where x is a positive constant, and A(V) is the surface area of a sphere of 
volume V. 
If we combine equations (10) and (11) and take k = xh, we obtain 


dV 


To —kKA(V) (Tour — 32) (12) 


¥ The volume of a sphere of radius r is V = sar3 and its surface area is 
A = 4zr’. Eliminate r between these two formulas to express A as a function 
of V. (You will need this soon.) 


Note that ODE (12) is separable even when the outside temperature Ty, 
is a function of time. Separating the variables and integrating we find the 
formula 


1 


which defines V implicitly as a function of ¢. We can find the constant of 
integration C from the volume of the snowman at a specific time. However, 
expressions for the integrals in formula (13) may be hard to find. Once again 
ODE Architect comes to the rescue and solves ODE (12) numerically, given 
formulas for A(V), Tou:(t), and the initial volume. 


¥Y Ifk=0.1451 ft/(hr °P), the original volume of the snowman is 10 ft?, and 
the outside temperature is 40°F, how many hours does it take the snowman’s 
volume to shrink to 5 ft?? 


Nagle, R.K., and Saff, E.B., Fundamentals of Differential Equations, 3rd ed. 
(1993: Addison-Wesley) 


Farlow, S.J., An Introduction to Differential Equations and their Applications, 
(1994: McGraw-Hill) 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 3.1. Cooling Bodies 


1. Too hot to handle. 
When eating an egg, you don’t want it to be too hot! If an egg with an initial 


temperature of 15°C is boiled and reaches 95°C after 5 minutes, how long will 
you have to wait until it cools to 70°C? 


2. A dead body, methinks. 
In forensic science, it is important to be able to estimate the time of death if 
the circumstances are suspicious. Assume that a corpse cools according to 
Newton’s law of cooling. Suppose the victim has a temperature of 72°F when 
it is found in a 40°F walk-in refrigerator. However, it has cooled to 66.8°F 


two hours later when the forensic pathologist arrives. Estimate the time of 
death.! 


'From “Estimating the Time of Death” by T.K. Marshall and FE. Hoare, Journal of Forensic 
Sciences, Jan. 1962. 


52 


Exploration 3.1 


In hot water. 

Heat a pan of water to 120°F and measure its temperature at five-minute in- 
tervals as it cools. Plot a graph of temperature vs. time. For various values 
of the constant & in Newton’s law of cooling, use ODE Architect to solve the 
rate equation for the water temperature. What value of k gives you a graph 
that most closely fits your experimental data? 


More hot water. 
In Problem 3 you may have found it difficult to find a suitable value of k. Here 
is the preferred way to determine k. The solution to ODE (1) is 


T(t) = Tour + (To — Towle ™ 


where in this context T;,,,; is the room temperature. We can measure T,,,; and 
the initial temperature, 7). Rearranging and taking the natural logarithm of 
both sides gives 


In |T(t) Pe Tout| = In |Z = Toutl — kt 


Using the data of Problem 3, plot In|7(t) — Tour| against t. What would you 
expect the graph to look like? Use your graph to estimate k, then use ODE 
Architect to check your results. 


Answer questions in the space provided, or on Name/Date —— 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 3.2. Keeping Your Cool 


1. On again, off again. 
When a room is cooled by an air conditioner, the unit switches on and off 
periodically, causing the temperature in the room to oscillate. How does the 
period of oscillation depend on the following factors? 


e The upper and lower settings of the control temperature 
e The outside temperature 


e The coil temperature, Ty. 
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Exploration 3.2 


2. Keeping your cool for less. 
The cost of operating an air conditioner depends on how much it runs. Which 
is the most economical way of cooling a room over a given time period? 


e Set a small difference between the control temperatures, so that the tem- 
perature is always close to the average. 


e Allow a large difference between the control temperatures so that the 
unit switches on and off less frequently. 


Make sure the average of the control temperatures is the same in all your tests. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 3.3. The Return of the Melting Snowman 


1. The half-life of a snowman. 

Use ODE Architect to plot volume vs. time for several different initial snow- 
man volumes between 5 and 25 ft?, assuming that k = 0.1451 ft/(hr °F) and 
Tour = 40°F. For each initial volume use the Explore feature of ODE Archi- 
tect to find the time it takes the snowman to melt to half of its original size, 
and make a plot of this “half-life” vs. initial volume. Any conclusions? [To 
access the Explore feature, click on Solutions on the menu bar and choose Ex- 
plore. This will bring up a dialog box and a pair of crosshairs in the graphics 
window. Move the crosshairs to the appropriate point on the solution curve 
and read the coordinates of that point from the dialog box. Note that the Index 
entry gives the corresponding line in the Data table.] 


2. Sensitivity to outside temperature. 
Now fix the snowman’s initial volume at 10 ft? and use ODE Architect to plot 
a graph of volume vs. time for several different outside temperatures between 
35°F and 45°F, with k = 0.1451 ft/(hr °F). Find the time it takes the snowman 
to melt to 5 ft? for each outside temperature used and plot that time against 
temperature. Describe the shape of the graph. 


56 


Exploration 3.3 


Other snowmen. 

In developing our snowman model, we assumed that the snowman could be 
modeled as a sphere. Sometimes snowmen are built by rolling the snow in 
a way that makes the body cylindrical. How would you model a cylindrical 
snowman? Which type of snowman melts faster, given the same initial volume 
and air temperature? 


Overview 


Key words 
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The phenomenon of beats. 


Second-order linear differential equations, especially those with constant coeffi- 
cients, have a host of important applications. In this chapter we explore some 
phenomena involving mechanical and electrical oscillations. The first part deals 
with some basic features common to oscillations of all sorts. The second part 
applies some of these results to seismographs, which are instruments used for 
recording earthquake data. 


Newton's second law; oscillation; period; frequency; amplitude; phase; simple 
harmonic motion; viscous damping; underdamping; overdamping; critical damp- 
ing; transient; steady-state solution; forced oscillation; seismograph; Kirchhoff’s 
laws 


Chapter 5 for more on vectors and damping, Chapters 6 and 10 for more on oscil- 
lations, and Chapter 12 for more on forced oscillations. 
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Chapter 4 


@ Second-Order ODEs and the Architect 


E33 ODE Architect only 
accepts ODEs in normal form; 
for example, write 2x’ — x = 6 as 
x’ = x/2+3 with the »’ term 
alone on the left. 


ODE Architect will accept only first-order ODEs, so how can we use it to 
solve a second-order ODE? There is a neat trick that does the job, and an 
example will show how. Suppose we want to use ODE Architect to study the 
behavior of the initial value problem (or IVP): 


u” +3u’+10u=S5cos(2t), u(0)=1, u’(0)=0 (1) 
Let’s write v = uv’, then 
v= <() — <w) =u" 
u” = —10u — 3u' + 5cos(2t) 
so IVP (1) becomes 
u=v, u(0)=1 
v =—10u—3v+5cos(2t), v(0)=0 


ODE Architect won’t accept IVP (1), but it will accept the equivalent IVP (2). 
The components u and v give the solution of IVP (1) and its first derivative 
u’ = v. If we use ODE Architect to solve and plot the component curve u(t) 
of system (2), we are simultaneously plotting the solution u(t) of IVP (1). 


(2) 


Y “Check” your understanding by converting the [VP 
2u” —2u’ +3u=—sin(4t), u(0)=—1, wu’(0)=2 


to an equivalent IVP involving a system of two normalized first-order ODEs. 


@ Undamped Oscillations 


k 
5 QQQYQY | m | 
as 


Second-order differential equations arise naturally in physical situations; for 
example, the motion of an object is described by Newton’s second law, F = 
ma. Here, F is the sum of the forces acting on the object of mass m and 
a is the acceleration, which is the second derivative of the object’s position. 
Many of these differential equations lead to oscillations or vibrations. Many 
oscillating systems can be modeled by a system consisting of a mass attached 
to a spring where the motion takes place in a horizontal direction on a table. 
This simplifies the derivation of the equation of motion, but the same equation 
also describes the up-and-down motion of a mass suspended by a vertical 
spring. 

Let’s assume an ideal situation: there is no friction between the mass and 
the table, there is no air resistance, and there is no dissipation of energy in the 
spring or anywhere else in the system. The differential equation describing 
the motion of the mass is 


— = —ku (3) 


Undamped Oscillations 


[> This is also called Hooke’s 
law restoring force. 


E> See the first two references 
for derivations of formula (5). 


[SS The term “circular 
frequency” is only used with 
trigonometric functions. 


[> This motion is called 
simple harmonic motion. See 
Screen 1.3 of Module 4 for 
graphs. 
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where u(t) is the position of the mass m relative to its equilibrium and k is the 
spring constant. The natural tendency of the spring to return to its equilibrium 
position is represented by the restoring force —ku. Two initial conditions, 


u(O) = uo, u'(0) = vo (4) 


where uo and vo are the initial position and velocity of the mass, respectively, 
determine the position of the mass uniquely. ODE (3) together with the ini- 
tial conditions (4) constitute a well-formulated initial value problem whose 
solution predicts the position of the mass at any future time. 

The general solution of ODE (3) is 


u(t) = C) cos(wot) + Co sin(woft) (5) 


where C| and C> are arbitrary constants and w) = k/m. Applying the initial 
conditions (4), we find that C; = uo and Cp = vg /wo. Thus the solution of the 
IVP (3), (4) is 


u(t) = Up COS(Wot) + (Vo /@o) Sin(@ot) (6) 


The corresponding motion of the mass is periodic, which means that it repeats 
itself after the passage of a time interval T called the period. If we measure 
time in seconds, then the quantity wo is the natural (circular) frequency in 
radians/sec, and T is given by 


T= 21/wW (7) 


The reciprocal of T, or wo/2z, is the frequency of the oscillations measured 
in cycles per second, or hertz. Notice that since w) = ./k/m, the frequency 
and the period depend only on the mass and the spring constant and not on the 
initial data ug and vo. 

By using a trigonometric identity, the solution (6) can be rewritten in the 
amplitude-phase form as a single cosine term: 


u(t) = Acos(wot — 5) (8) 


where A and 6 are expressed in terms of uo and vp/wo by the equations 


A=/u2+(vo/oo)?, tand = — (9) 
Uj@Wo 


The quantity A determines the magnitude or amplitude of the oscillation (8); 4 
is called the phase (or phase shift) because 5/@o measures the time translation 
from a standard cosine curve. 


Y Show that (8) is equivalent to (6) when A and 6 are defined by (9). 
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Chapter 4 


@ The Effect of Damping 


ESS The viscous damping 
force is —cdu/dt. 


ESS Check that this equation 
gives a solution of ODE (10). 


[SS Solutions of an 
underdamped ODE oscillate with 
circular frequency jz and an 
exponentially decaying 
amplitude. 


Equation (8) predicts that the periodic oscillation will continue indefinitely. A 
more realistic model of an oscillating spring must include damping. A simple, 
useful model results if we represent the damping force by a single term that is 
proportional to the velocity of the mass. This model is known as the viscous 
damping model; it leads to the differential equation 
2 
mot — ~ku 0 (10) 

where the positive constant c is the viscous damping coefficient. 

The behavior of the solutions of ODE (10) is determined by the roots r; 
and r2 of the characteristic polynomial equation, 


mr +cr+k=0 
Using the quadratic formula, we find that the characteristic roots r, and rz are 


—c+wvc? —4mk —c— Vc? —4mk (1) 
———S— 1 = 
2m 2m 


The nature of the solutions of ODE (10) depends on the sign of the discrimi- 
nant c? —4mk. If c? 4 4mk, then r; 4 rz and the general solution of ODE (10) 
is 


n= 


u = Cye"™ + Cre” (12) 


where C; and C, are arbitrary constants. 

The most important case is underdamping and occurs when c” — 4mk < 0, 
which means that the damping is relatively small. In the underdamped case, 
the characteristic roots 7, and rz in formula (11) are the complex numbers 


/ =v) 
mee 40 (13) 


(ol Cc 
r=—s—+ip, m=-s——ip, where w= 
2m 2m 2 


Euler’s formula implies that 
e(t+'P)t — 0% (cos Bt + isin Bt) 


for any real numbers a and f, so 


e! =e (cosut+isinut), ee! =e /?"(cosut—isinut) (14) 


Now, using the initial conditions together with equations (12) and (14), we 
find that the solution of the IVP 


2 
mo tet thu =0, u(O) = uo, u'(0) = v9 (15) 
is given by 
us elm {10 cos(yt) + | + sin) } (16) 
bh 2m 


Forced Oscillations 


E> Take a look at Screen 1.6 
of Module 4. 


0 10 20 30 40 50 


Figure 4.1: A solution curve of the 
underdamped _ spring-mass ODE, 
u’ +0.125uv +u=0. 
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Figure 4.2: Solution curves of the 
overdamped spring-mass ODE, wu” + 
2.1u’+u=0. 


¥ Verify that u(t) defined in formula (16) is a solution of IVP (15). 


The solution (16) represents an oscillation with circular frequency jz and 
an exponentially decaying amplitude (see Figure 4.1). From the formula 
in (13) we see that 4 < wo, where wy = ./k/m, but the difference is small 
for small c. 

If the damping is large enough so that c? — 4mk > 0, then we have over- 
damping and the solution of IVP (15) decays exponentially to the equilibrium 
position but does not oscillate (see Figure 4.2). The transition from oscilla- 
tory to nonoscillatory motion occurs when c? — 4mk = 0. The corresponding 
value of c, given by co = 2V/mk, is called critical damping. 


@ Forced Oscillations 


RK F(t) is also called the 
input, or driving term; solutions 
u(t) are the responses to the 
input and the initial data. 


Now let’s see what happens when an external force is applied to the oscillat- 
ing mass described by ODE (10). If F(t) represents the external force, then 
ODE (10) becomes 


du du 
Some interesting things happen if F(t) is periodic, so we will look at the ODE 
du du 


+c 


ma Ai + ku = Focos(at) (18) 
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ES Check that this formula 
gives solutions of ODE (18). 


Chapter 4 


where Fo and w are the amplitude and circular frequency, respectively, of the 
external force F. Then, in the underdamped case, the general solution of 
ODE (18) has the form 


u(t) = e~“/"TC, cos(yt) + Co sin(ut)] + acos(wt)+bsin(wt) (19) 


where a and b are constants determined so that acos(wt) + bsin(wf) is a 
solution of ODE (18). The constants a and b depend on m, c, k, Fo, and w of 
ODE (18), but not on the initial data. The constants C; and C> can be chosen 
so that u(t) given by formula (19) satisfies given initial conditions. 

The first term on the right side of the solution (19) approaches zero as 
t — +00; this is called the transient term. The remaining two terms do not 
diminish as ¢ increases, and their sum is called the steady-state solution (or 
the forced oscillation), here denoted by us(t). Since the steady-state solution 
persists forever with constant amplitude, it is frequently the most interesting 
solution. Notice that it oscillates with the circular frequency w of the driving 
force F. It can be written in the amplitude-phase form (8) as 


us(t) = Acos(wt — 8) (20) 
where A and 6 are now given by 
Fi 
A= ———" tané = ——~" (21) 
m2(w2 — w?)? + e202 m(@ — @*) 


Figure 4.3 shows a graphical example of solutions that tend to a forced oscil- 
lation. 

For an underdamped system with fixed c, k, and m, the amplitude A of 
the steady-state solution depends upon the frequency of the driving force. It 


Input, three responses 


Figure 4.3: Solutions of vu” + 0.3u’ + u = 10cos2t approach a unique forced 
oscillation with the circular frequency 2 of the input. 


Beats 


ESS Recall that the natural 
circular frequency qwp is the value 


wy = Jk]m. 
@ Beats 
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is important to know whether there is a value w = w, for which the amplitude 
is maximized. If so, then driving the system at the circular frequency w, 
produces the greatest response. Using methods of calculus, it can be shown 
that if c? < 2mk then , is given by 


2 2 c 
WO. = Wp (1 = 5) (22) 


The corresponding maximum value A, of the amplitude when w = @, is 


(ee (23) 


ee = (c?/4mk) 


Y/Y Does A have a maximum value when 2mk < c? < 4mk? 


Y_ Find the forced oscillation for the ODE of Figure 4.3. 


Let’s polish the table and streamline the mass so that damping is negligible. 
Then we apply a forcing function whose frequency is close to the natural 
frequency of the spring-mass system, and watch the response. We can model 
this by the IVP 


Fi 
u" +a@zu=—cos(wt), u(0)=0, u'(0)=0 (24) 
m 
where |@p — @| is small (but not zero). The solution is 


F 
u(t) = mae ay ON — cos(wot)] 


2Fo : Wo — @ 5 Wo + @ 
= Fee sin ( ‘| sin( 5) ) (25) 


where trigonometric identities have been used to get from the first form of the 
solution to the second. The term in square brackets in formula (25) can be 
viewed as a varying amplitude for the sinusoid term sin[(@o + w)/2]t. Since 
|@o — @| is small, the circular frequency (wp + w)/2 is much higher than the 
low circular frequency (@p — w)/2 of the varying amplitude. Therefore we 
have a rapid oscillation with a slowly varying amplitude. This is the beat 
phenomenon illustrated on the chapter cover figure for the IVP 


u” + 25u = 2cos(4.5t), u(0)=0, wu’(0)=0 


If you try this out with a driven mass on a spring you will see rapid oscillations 
whose amplitude slowly grows and then diminishes in a repeating pattern. 
This phenomenon can actually be heard when a pair of tuning forks which 
have nearly equal frequencies are struck simultaneously. We hear the “beats” 
as each acts as a driving force for the other. 
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Chapter 4 


@ Electrical Oscillations: An Analogy 


R 


+6 
E(t) I@))L 


Cc 
| | 
1 | 


QQ 0 - 


ESS See also the electrical 
circuit files in the Physical 
Systems and Model Based 
Animation folders in the Library. 


Linear differential equations with constant coefficients are important because 
they arise in so many different physical contexts. For example, an ODE sim- 
ilar to ODE (17) can be used to model charge oscillations in an electrical 
circuit. Suppose an electrical circuit contains a resistor, an inductor, and a 
capacitor connected in series. The current J in the circuit and the charge Q 
on the capacitor are functions of time t. Let’s assume we know the resistance 
R, the inductance L, and the capacitance C. By Kirchhoff’s voltage law for a 
closed circuit, the applied voltage E(t) is equal to the sum of the voltage drops 
through the various elements of the circuit. Observations of circuits suggest 
that these voltage drops are as follows: 


e The voltage drop through the resistor is RJ (Ohm’s law); 
e The voltage drop through the inductor is L(dI/dt) (Faraday’s law); 
e The voltage drop through the capacitor is Q/C (Coulomb’s law). 


Thus, by Kirchhoff’s law, we obtain the differential equation 


dl Q 
L—+RI+==Ett 26 
ee + RI+ C (t) (26) 
Since J = dQ/dt, we can write ODE (26) entirely in terms of Q, 
?’Q,,d2, Qa 


ODE (27) models the charge Q(t) on the capacitor of what is called the simple 
RLC circuit with voltage source E(t). ODE (27) is equivalent to ODE (17), 
except for the symbols and their interpretations. Therefore we can also apply 
conclusions about our spring-mass system to electrical circuits. For exam- 
ple, we can interpret the ODE wu” + 0.3u+ u = 10cos2t, whose solutions are 
graphed in Figure 4.3, as a model for either the oscillations of a damped and 
driven spring-mass system, or the charge on the capacitor of a driven RLC 
circuit. We see that a mathematical model can have many interpretations, and 
any mathematical conclusions about the model apply to every interpretation. 


¥ What substitutions of parameters and variables would you have to make 
in ODE (27) to transform it to ODE (17)? 


@ Seismographs 


ES Look at “Earthquakes and 
the Richter Scale” in Module 4. 


Seismographs are instruments that record the displacement of the ground as a 
function of time, and a seismometer is the part of a seismograph that responds 
to the motion. Seismographs come in two generic types. Matt’s friend Seismo 
is a horizontal-component seismograph, which records one of the horizontal 


Seismographs 


[SS if you’re queasy about 
cross products or approximating 
functions (used in formulas (28), 
(31), (32)) you may prefer to skip 
directly to ODE (33) or 

ODE (34). 
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components of the earth’s local motion. Of course, two horizontal compo- 
nents are required to specify fully horizontal motion, usually by means of 
north-south and east-west components. The other type of seismograph records 
the vertical component of motion. Both of these instruments are based on pen- 
dulums that respond to the motion of the ground relative to the seismograph. 

Since Seismo is an animation of a horizontal-component seismograph, 
we’ll outline the derivation of the ODEs that govern the motion of his arm. 
The starting point is the angular form of Newton’s second law of motion, also 
known as the angular momentum law: 


d 
—L=RxF 2 
PF x (28) 


where L is the angular momentum of a mass (Seismo’s arm and hand) about 
a fixed axis, F is the force acting on the mass, R is the position vector from 
the center of mass of Seismo’s arm and hand to the axis, and x is the vector 
cross product. 


We’ll apply this law using an orthogonal xyz-coordinate system which is 
illustrated on Screen 2.2 of Module 4. In this system the y-axis is horizontal. 
Seismo’s body is parallel to the z-axis and the rest position of Seismo’s arm 
is parallel to the x-axis. The z-axis is not parallel to the local vertical, but 
instead is the axis which results from rotating the local vertical through a small 
angle a about the y-axis. Because of this small tilt, the x-axis points slightly 
downward and the arm is in a stable equilibrium position when it is parallel 
to the x-axis. The seismic disturbance is assumed to be in the direction of the 
y-axis. The xz-plane is called Seismo’s rest plane. 

Seismo’s hand writes on the paper in the xy-plane, and the angle 6 mea- 
sures the angular displacement of his arm from its rest position. Consider an 
axis pointing in the z-direction and through the center of mass of Seismo’s arm 
and hand, and let m represent the mass of the arm and hand. The z-component 
of the angular momentum about that axis is mr?(d0/dt) where r is the radius 
of gyration of the arm. 

To compute the right-hand side of ODE (28), we need to know R, the 
position vector from the center of mass of Seismo’s arm and hand to the origin. 
Note that 


R = —/cos 6x — J sin6y 


where / is the distance from the center of mass to Seismo’s body, and Xx and 
y are unit vectors along the positive x- and y-axes. For small 6, we have the 
approximations cos 6 © 1 and sin @ * 6, so 


R = —/k — lov (29) 
Using equation (29) in ODE (28) and computing the cross product, we obtain 
26 


irra —IF™ +10F™ (30) 


m 
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ESS This is viscous friction. 


Chapter 4 


indicating by superscripts the components of the net force F exerted on the 
arm and hand. 

Now we need expressions for the two components of F in ODE (30). If 
the x-component of friction is assumed negligible then the two force compo- 
nents acting in the x-direction are the x-component of the gravitational force 
and the x-component of the force due to the seismic disturbance. Because the 
arm displacement angle @ and the body inclination angle aw are both assumed 
small, the x-component of the force due to the seismic disturbance can be 
shown to be negligible also. Therefore the x-component of the net force, F™, 
is given by the simple form 


FO = mga (31) 


The right side of equation (31) is the gravity component mg sina approxi- 
mated by mga. 

In the y-direction, the forces acting are the force due to the seismic dis- 
turbance and to friction, the latter assumed to be proportional to the angular 
velocity d0/dt. The force due to the seismic disturbance can be computed 
as follows: Let h be a small ground displacement in the y-direction. Then 
the y-coordinate of the center of mass is approximately 4 + 16. Therefore the 
force due to the earthquake is approximated by 

a? d*h do 
and the net force in the y-direction is 


2 
ae ae dt? dt 22) 


where k is a positive constant characterizing the effect of friction. 

Combining ODE (30) with formulas (31) and (32), we find that the mo- 

tions of Seismo’s arm are governed by the ODE 

do do 1 d°h 

ae Ch WoO = TL de. (33) 
In ODE (33) the quantities m3, L, and c are given by w; = ga/L, where 
L=(r?4+1)/1, and c = k/(mL). We can interpret the terms in (33) as 
follows. The first term on the left arises from the inertia of Seismo’s hand and 
arm. The second term models the frictional force due to the angular motion 
of the arm. The third term, arising from gravity and the tilt of the arm, is the 
restoring force for the oscillations of the arm and hand. Finally, the term on 
the right arises from the effective force of the seismic displacement. 

To simplify ODE (33) a little more, we let h(t) = Hf (t), where H is the 
maximum ground displacement, which means that the maximum value of the 
dimensionless ground displacement f(t) is one. Then ODE (33) becomes the 
following equation for the dimensionless arm displacement y(t) = LO(t)/H: 


d 
—+c—+ay=-— (34) 


Seismographs 


[Is Aa given ODE can model a 
variety of phenomena. 


References 
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This is the ODE used in Screen 2.3 of Module 4. 

It’s an important result that ODE (34) is the same type as ODE (18), 
the only differences being in the definitions of the parameters that multiply 
the individual terms, and in the choice of variables. A second striking result is 
that this same ODE (34) applies as well to the motions of a vertical component 
seismograph. All that is necessary are other modifications in the meanings of 
the parameters and functions. Details are available in the book by Bullen and 
Bolt in the references. 


Borrelli, R. L., and Coleman, C. S., Differential Equations: A Modeling Per- 
spective, (1998: John Wiley & Sons, Inc.) 


Boyce, W. E., and DiPrima, R. C., Elementary Differential Equations and 
Boundary Value Problems, 6th ed. (1997: John Wiley & Sons, Inc.) 


Bullen, K. E., and Bolt, B. A., An Introduction to the Theory of Seismology, 
4th ed. (1985: Cambridge University Press) 
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Figure 4.4: The sweep on c generated five solution curves. The selected 
curve is highlighted, and the corresponding solution u(t) satisfies the condi- 
tion |u(t)| < 0.05 for t > 40. The data tells us that c = 0.175 for the curve. 
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Figure 4.5: The Dual (Matrix) feature produces six solutions for various val- 
ues of c and k. We have selected one of them (the highlighted curve) and 
used the Explore option to get additional information. 


Answer questions in the space provided, or on Name/Date — 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 4.1. The Damping Coefficient 


Assume that Dogmatic’s oscillations satisfy the IVP 


u’+cu'+ku=0, u(O)=1, w(0)=0 (35) 


1. Let k = 1 and use ODE Architect to estimate the smallest value c* of the 
damping coefficient c so that |u(t)| < 0.05 for all t > 40. [Suggestion: Fig- 
ure 4.4 illustrates one way to estimate c* by using the Select feature and the 
Data table. ] 


2. Repeat Problem 1 for other values of k, including k = is 5, 2, and 4. How 
does c* change as k changes? [Suggestion: Figure 4.5 shows the outcome 
of using a Dual (Matrix) sweep on the values of c and k, and then using the 
Explore feature. ] 
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3. Let k= 10 in IVP (35). 


(a) Find the value of c for which the ratio of successive maxima in the graph 
of u vs. tis 0.75. 


(b) Why is the ratio between successive maxima always the same? 
Note: Since the values of the maxima can be observed experimentally, 
this provides a practical way to determine the value of the damping 
coefficient c, which may be difficult to measure directly. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 4.2. Response to the Forcing Frequency 


1. Suppose that Dogmatic’s oscillations satisfy the differential equation 
2u" +u' + 4u = 2cos(at) 


Let w = 1. Select your own initial conditions and use ODE Architect to plot 
the solution over a long enough time interval that the transient part of the 
solution becomes negligible. From the graph, determine the amplitude A, of 
Dogmatic’s steady-state solution. 


2. Repeat Problem 1 for other values of w. Plot the corresponding pairs w, A; 
and sketch the graph of A, vs. w. Estimate the value of w for which A, is 
a maximum. Note: You may want to use the Lookup Table feature of ODE 
Architect (see Module 1 and Chapter 1 for details). 
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Exploration 4.2 


In Problems | and 2, the value of the damping coefficient c is 1. Repeat 
your calculations for c = 5 and c = i: How does the maximum value of A; 
change as the value of c changes? Compare your results with the predictions 


of formula (23). 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 4.3. Low- and High-Frequency Quakes 


In experiments with Seismo, you used ODE (34) to find the response of his 
arm to different ground displacements of sinusoidal type, f(t) = cos wt, when 
1 <w<5. In this exploration you'll investigate what happens for ground 
displacements with frequencies that are lower or higher than these values. 


1. Choose c = 2 and wo = 3 in ODE (34), and set the initial conditions y(O) and 
y’(O) to zero. Use f(t) = cos wt with w = 0.5 for the ground displacement. 
Use ODE Architect to plot the displacement y(t) determined from ODE (34); 
also plot f(t) on the same graph. How do the features of y(t) compare with 
those of f(t)? 


2. Repeat Problem | for values of w smaller than 0.5. Be sure to plot for a long 
enough time interval to see the relevant time variations. What do you think is 
Seismo’s arm response as w approaches zero? How does this compare with 
the corresponding response of a mass on a spring from ODE (18)? 
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3. 


Exploration 4.3 


Repeat Problem 1 for values of w larger than 5, such as w = 10 and w = 20. 
What do you think is Seismo’s arm response as w becomes very large? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 4.4, Different Ground Displacements 


In explorations with Seismo, we assumed that the dimensionless ground dis- 
placements f(t) are sinusoidal, with a single frequency. Real earthquakes 
however, are not so simple: you'll investigate other possibilities in the fol- 
lowing problems. The ODE for Seismo’s dimensionless arm displacement 
y(t) is 

dy | dy 


Des 
ae dn 


ef 
(36) 


Suppose the ground displacement can be modeled by the function 


GT) O2PST 
1 t>T 


fo=| 


How do you interpret this motion? Choose c = 2 and wo = 3, and set y(0) = 
y’'(0) = 0. Use ODE Architect to find y(t) from ODE (36) for the case T = 
2, and display both y(t) and f(t). Note: d?f/dt* can be written using a 
step function. How do the features of y(t) compare with those of f(t)? For 
example, what is the maximum magnitude of y(t), and when does it occur? 
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2. 


3. 


Exploration 4.4 


Now suppose that the ground motion is given by the function f = e~“ sin(zr). 
Choose some values of a in the range 0 < a < 0.5 and study how Seismo’s 
arm displacements change with the parameter a. 


How do you think the results of Problem 2 would change if the period of the 
sinusoidal oscillation were different from 2? Try a few cases to check your 
predictions. 


Overview 


Key words 


See also 


Models of Motion 


-150 
0 100 200 300 400 500 


Seventeen ski jumpers take off from an upward-tilted ski-jump. 


How would you model the motion of a baseball thrown at a target, or the rise and 
fall of a whiffle ball, or the trajectory of a ski jumper? You need modeling principles 
to explain the effects of the surroundings on the motion of a body. 

Building on the work of Galileo, Newton formulated the fundamental laws of 
motion that describe the forces acting on a body in terms of the body’s acceler 
ation and mass. Newton’s second law of motion, for example, relates the mass 
and the acceleration of a moving body to the forces acting on it and ultimately 
leads to differential equations for the motion. 

Bodies moving through the air near the surface of the earth (e.g., a whiffle 
ball, Indiana Newton jumping onto a boxcar, or a ski jumper) are subject to the 
forces of gravity and air resistance, so these forces will affect their motion. 


Vectors; force; gravity; Newton’s laws; acceleration; trajectory; air resistance; vis- 
cous drag; Newtonian drag; lift 


Chapter 1 for more on modeling, and Chapter 2 for “The J uggler” and “The Sky 
Diver’. 
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@ Vectors 


Chapter 5 


A vector is a directed line segment and can be represented by an arrow with a 
head and a tail. We use boldface letters to denote vectors. 
Some terminology: 


The length of a vector v is denoted by |v]. 


Two vectors v and w are equivalent if they can be made to coincide by 
translations. (Translations preserve length and direction of vectors.) So 
parallel vectors of equal length and pointing in the same direction are 
equivalent. 


The sum v + w of v and w is defined by the parallelogram law as fol- 
lows: v + w is the diagonal vector of the parallelogram formed by v and 
w as shown in the margin figure. 


If 7 is any real number, then the product rv is the vector of length |r| |v| 
that points in the direction of v if r > 0 and in the direction opposite to 
vifr <0. 


If a vector u = u(t) depends on a variable f, then the derivative du/dt 
[or u’(t)] is defined as the limit of a difference quotient: 


ri, du _,, u(t+h)—ult) 
a ee 


A coordinate frame is a triple of vectors, denoted by fi, j. k}, that are 
mutually orthogonal and all of unit length. Every vector can be uniquely 
written as the sum of vectors parallel to i, j, and k. So for each vector v 
there is a unique set of real numbers v1, v2, and v3 such that v = vii + 
v2j + u3k. Here v1,v2, and v3 are called the coordinates (or components) 
of v in the frame {i, j, k}. 


Let’s see how to use vectors in a real-life situation. Suppose a particle of 
mass m moves in a manner described by the position vector 


R=R(d) =x()i+ y(Nj+ ck 


If R is differentiable, then 


R(t) =x (Dit y (Oj+t7 Ok 


The vector R’(t) = v(t) is the velocity vector of the particle at time t, and v(t) 
is tangent to the path of the particle’s motion at the point R(t). If R’(r) is 
differentiable, then 


RN =V() =x i+ y"(Oj+2'Ok 


The vector R” (t) = a(t) is the acceleration vector for the particle. 


Forces and Newton’s Laws 


79 
¥ “Check” your understanding by answering this question: If a particle 


moves at a constant speed around a circle, does the acceleration vector from 
the particle point to the inside of the circle or to the outside of the circle? 


Y Ifa particle’s acceleration vector is always tangent to its path, what is the 
path? 


Next, let’s use vectors to express Newton’s laws of motion. 


@ Forces and Newton’s Laws 


ESS Deceleration is just 
negative acceleration. 


Our environment creates forces that act on bodies in a way that causes the 
bodies to accelerate or decelerate. Forces have magnitudes and directions and 
so can be represented by vectors. Newton formulated two laws that describe 
how the forces on a body relate to its motion. 


Newton’s First Law. A body remains in a state of rest, or in a state of 


uniform motion in a straight line if there is no net external force acting 
on it. 


But the more interesting situation is when there is a net external force 
acting on the body. 


Newton’s Second Law. For a body with acceleration a and constant 
mass m, 


F=ma 


where F is the sum of all external forces acting on the body. 


Sometimes it’s easier to visualize Newton’s second law in terms of the 
x-, y-, and z-components of the position vector R of the moving body. If 
we project the acceleration vector a = R” and the forces onto the x-, y-, and 
z-axes, then for a body of mass m, 


mx” = the sum of the forces in the x-direction 
my” = the sum of the forces in the y-direction 
mz” = the sum of the forces in the z-direction 
We’Il look at motion in a plane with x measuring the horizontal distance and y 


measuring the vertical distance up from the ground. We don’t need the z-axis 
for our examples because the motion is entirely along a line or in a plane. 
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@ Dunk Tank 


E33 What is the ball doing if 
6) = 90°? 


is Figure 5.1 was done in the 
Tool, where 9p is in radians. 


Chapter 5 


Imagine your favorite professor seated over a dunk tank. Let’s construct a 
model that will help you find the secret to hitting the target and giving your 
teacher a swim! 

You hurl a ball at the target from a height of 6 ft with speed vo ft/sec and 
with a launch angle of 09 degrees from the horizontal’. The target is cen- 
tered 10 ft above the ground and 20 ft away. Let’s suppose that air resistance 
doesn’t have much effect on the ball over its short path, so that gravity, acting 
downwards, is the only force acting on the ball. 

Newton’s second law says that 


mR’ = —mgj 


where 7m is the ball’s mass, R(t) is the position of the ball at time f relative to 
your hand (which is 6 ft above the ground at the instant ¢ = 0 of launch), and 
g = 32 ft/sec’ is the acceleration due to gravity. In coordinate terms, 

mx” =0 

A 

my’ = —mg 
Since x’(0) = vo cos 6 and y’(0) = vo sin 6, one integration of these second- 
order ODEs gives us 


x'(t) = vo cos A 


, ¢ (1) 
y (t) = vo sin — gt 
Then because x(0) = 0 and y(O) = 6, a second integration yields 
x(t) = (v9 cos Oy )t 
(2) 


1 
y(t) =6 + (vosin %)t — 5et 


To hit the target at some time T we want x(T) = 20 and y(T) = 10. So values 
of T > 0, 6, and vp such that 


x(T) = 20 = (vo cos 09) T 


1 3 
y(T) = 10 =6 + (vosin®)T — 587” @) 


lead to hitting the target right in the bull’s eye and dunking your professor. 
You can try to use system (3), or you can just adjust your launch angle 
and pitching speed by intuition and experience. The screen shot in Figure 5.1 
shows you how to get started with the latter approach. If you play the dunking 
game on Screen 1.3 you’ll find that you can dunk without hitting the target 
head-on, but that a little up or a little down from the center works fine. 


'The sin, cos and other trig functions in the ODE Architect Tool expect angles to be measured in 
radians. Note that 6) = 1 radian corresponds to 360/2m ~ 57.3 degrees. The multimedia modules, 
however, will accept angles measured in degrees. 
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Figure 5.1: This ODE Architect screen shows paths of a ball thrown at ten 
different angles 6). Which paths lead to dunking the prof? 


@ Longer to Rise or to Fall? 


Throw a ball straight up in the air and ask observers whether the ball takes 
longer to rise or to fall. You’ ll get four answers: 


1. Longer to rise 

2. Longer to fall 

3. Rise-time and fall-time are the same 
4. It all depends ... 


What’s your answer? 

A mathematical model and ODE Architect suggest the answer. The forces 
acting on the ball of mass m are gravity and air resistance, so Newton’s second 
law states that 


mR" (t) = —mgj + F 


where R is the position vector of the ball, and F is the drag on the ball caused 
by air resistance. In this case R(t) = y(tj where j is a unit vector pointing 


Earth upward (the positive y direction). If the drag is negligible, we can set F = 0. 
For a light ball with an extended surface, like a whiffle ball, the drag, called 
[35° Drag forces are usually viscous drag, exerts a force approximately proportional to the ball’s velocity 


determined by observation. They yt opposite in direction: 
differ widely from one body to 


another. F(v) = —kv = —kyj 
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Chapter 5 


E33 ODE Architect only 
accepts first-order ODEs, so 
that’s why we use the first-order 
system form. 


If the ball is solid and dense, like a baseball or a bowling ball, then we have 
Newtonian drag, which acts opposite to the velocity with magnitude propor- 
tional to the square of the speed: 


F(v) = —klviv = —kly'ly'j 
Summarizing, we have the models 


0 no drag 


; . 
_— viscous 

y" = y 
k / / s 
—|y|y Newtonian 
m 


or, in system form, 


you 
0 no drag 
k ‘ 
en ee ea viscous 


k : 
—|v|v Newtonian 
m 


To observe different rise times and fall times, you can set y(0) = 0, v(0) = v9 
and see what happens for various positive values of vp. See Figure 5.2 for 
graphs of y(t) with viscous damping, four different initial velocities, k/m = 
2 sec~!, and g = 32 ft/sec. In this setting v is the rate of change of y, so v is 
positive as the ball rises and negative as it falls. 


@ Indiana Newton 


You notice that Indiana Newton is about to jump from a ledge onto a boxcar of 
a speeding train. His timing has to be perfect. He also gets to choose his drag: 
none, viscous, or Newtonian. If you knew the train’s position at all times, and 
how long it takes Indy to drop from the ledge to the top of the boxcar, then 
you could give him good advice about which drag to choose. 

The initial value problem that models Indy’s situation is 


y=v y(0)=h 
v =-—g—F(v)/m v(0) =0 


where m is his mass, F(v) is a drag function, g is the acceleration due to 
gravity, and h is the height of the ledge above the boxcar. His life is in your 
hands! Figure 5.3 shows Indy’s free-fall solution curves y(t) from a height of 
100 ft with three different drag functions. 


Indiana Newton 
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Figure 5.2: Height vs. time of a whiffle ball thrown straight up four times with 
viscous damping and different initial velocities. Does the ball take longer to 
rise or to fall? 
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Figure 5.3: Indiana jumps with no drag (left curve), viscous drag —0.2y’ (mid- 
dle), Newtonian drag —0.02|y’|y’ (right). 
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@ SkiJ umping 


ESS Check that this force is 
perpendicular to velocity. 


[SS The origin of the xy-plane 
is at the edge of the ski jump 
(x-horizontal, y-vertical). The 
edge is horizontal so 

x'(0) = vp > 0, but y’(0) = 0. 


References 


Chapter 5 


When a ski jumper is aloft she is subject to gravitational, drag, and lift forces. 
She can diminish the drag and increase the lift by her posture, ski angle, and 
choice of clothing. Drag acts opposite to velocity and its magnitude is usually 
taken to be proportional to the skier’s velocity R’: 

Drag force = —SR! = —dx'i — dy'j 


The lift force is what makes ski jumping fun. The lift force is that force 
which acts perpendicular to the velocity and enables the jumper to soar. Its 
magnitude is usually taken to be proportional to the speed, so 
Lift force = —Ay'i+ Ax j 
Newton’s second law in the i- and j-directions gives us 
mx” = —8x' — iy’ x'(0) =v9, x(0) =0 
my” = —mg + Ax' — dy’ y’(0) =0, y(0) =0 
where m is the skier’s mass and 4, A, and vg are positive constants. Integration 
of each of these ODEs yields 
mx —mvy = —dx — hy 
my’ = —mgt +Ax— dy 
Divide by the mass to get the system IVP 
x’ = —ax — by + v9 x(0) =0 
y’ =—gt+bx—ay y(0) =0 
where a = 5/m and b = A/mare the drag and lift coefficients, respectively. 
When Newtonian drag and lift occur, 6 and 4 are not constants, so we 


can no longer integrate once to get x’ and y’, and we must treat the original 
second-order ODE differently: 


x =v x(0) =0 
v’ =—dv/m—dAw/m v(0) = v0 
y=w y(0) =0 
w’ =—g+Av/m—dw/m w(0) =0 


where v and w are the velocities in the i- and j-directions, respectively. 

We have assumed that the bottom edge of the ski jump is horizontal, but 
everything can be modified to accommodate a tilt in the launch angle (see the 
chapter cover figure and Exploration 5.4, Problem 1). 


Halliday, D., and Resnick, R., Physics, (1994: John Wiley & Sons, Inc.) 


True, Ernest, “The flight of a ski jumper” in C ODE-E, Spring 1993, pp. 5-8, 
http://www.math.hmc.edu/codee 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 5.1. Dunk Tank 


afin, candy a= [ 2 Soe 
yoy tine 4 [Te SS 


SS i ieee 


1. How big is the target? 
Play the dunk tank game on Screen 1.6 of Module 5 and use various launch 
angles and speeds to help you determine the heights and diameters of the Ein- 
stein, Leibniz, and Newton targets, given that the ball has a 4-inch diameter. 


2. One speed, two angle ranges for success. 
Use the ODE Architect tool to find two quite different launch angles that will 
dunk Einstein if the launch speed is 40 ft/sec. Repeat for Leibniz and Newton. 
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Exploration 5.1 


Launch angles and speeds that dunk Einstein. 

Find the region in the @9vp plane for which the ball hits the target and dunks 
Einstein. Hint: Start with vo = 40 ft/sec and determine the ranges for 69 using 
ODE Architect by playing the dunk tank game. Then repeat for other values 
of uo. 


Solution formulas for the dunk tank model. 

The position and velocity of the ball at time f is given by formula (2). Find 
a formula that relates the launch angle to the initial speed and the time T 
needed to hit the bull’s eye. If you had to choose between using your formula 
and using ODE Architect computer simulations to find winning combinations 
of speed and launch angle, which would you choose? Why? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 5.2. Longer to Rise or to Fall? 


1. Throw a bail up in the air. 
Do just that, and determine as best you can the time it takes to rise and to 
fall. You can use a whiffle ball for slower motion. Explain your results. (No 
computers here, and no math, either!) 


2. Longer to rise or to fall in a vacuum? 
What if there were no air to slow the ball down? Use ODE Architect to de- 
termine whether it takes the ball longer to rise or to fall. Try various initial 
speeds between 5 and 60 ft/sec. [Suggestion: Use the Sweep feature. ] 
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Exploration 5.2 


Longer to rise or to fall with viscous drag? 

Suppose that air exerts a viscous drag force on a whiffle ball (a reasonable 
assumption). For various initial speeds, use the ODE Architect to determine 
whether it takes longer to rise or to fall. Does your answer depend on the 
initial speed? What physical explanation can you give for your results? 


Longer to rise or to fall with your own drag? 

Repeat Problem 3, but make up several of your own formulas for the drag 
force. Include Newtonian drag as one case. This isn’t as outlandish an idea 
as it may seem, since the drag force depends very much on the nature of the 
moving body, e.g., rough or smooth surface, holes through the body, and so 
on. Discuss your results. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 5.3. Indiana Newton 


1. Indiana Newton lands on the boxcar (no drag). 
Indiana Newton jumps from a height / of 100 ft and intends to land on the 
boxcar of a train moving at a speed of 30 ft/sec. Assuming that there is no air 
resistance, use Screen 2.6 of Module 5 to find the time window of opportunity 
for jumping from the ledge. 


2. Indiana Newton lands on the boxcar (Newtonian drag). 
Repeat Problem 1 but with Newtonian drag (coefficient k/m = 0.05 ft~'). 
Compare fall-times with the no-drag and also with the viscous-drag (k/m = 
0.05 sec~!) cases. Find nonzero values of the coefficients so that Indiana 
Newton hits the train sooner with Newtonian drag than with viscous drag. 
How do the fall-times change as Indy’s jump height h varies? 
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3. 


Exploration 5.3 


How long is the boxcar? 


Use computer simulations of Indiana Newton jumping onto the boxcar and 
estimate the length of the boxcar. 


Indiana Newton floats down. 

First, explore Indiana’s fall-times in the viscous- and Newtonian-drag cases 
where the coefficient k/m has magnitudes ranging from 0 to 0.5. The units for 
the coefficient are sec! (viscous damping) and ft~' (Newtonian damping). 
Then find a formula in terms of h, k/m, and t for Indiana’s position after 
he jumps: first in the viscous-drag case, then in the Newtonian-drag case. 


Suggestion: In the viscous case, first solve v’ = —32 —kv/m, v(0) = 0, 
and then integrate and use y(0) = A to get y(t). In the Newtonian-drag case 
proceed similarly but with v’ = —32 — kv. (This one is hard!) Choose values 


of the parameters in each case, and compare the graphs of the height function 
y(t) from your formula with the graphs obtained by the ODE Architect. Any 
differences? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 5.4. Ski J umping 


1. Tilt the edge of the ski jump upward. 

Use the first Things-to-Think-About on Screen 3.7 of Module 5 to see what 
happens to the ski jumper’s path if the edge of the ski jump structure is tilted 
upward at 0.524 radians (about 30°). Set a = 0.01 sec” !, and vp = 85 ft/sec, 
and sweep on the lift coefficient b from 0 to 1.0 in 20 steps. Compare your 
graphs of the jumper’s path with the chapter cover figure. Then animate your 
graphs. Now fix b at the value 0.02 sec~! and sweep on 6 (in radians) to see 
the effect of the tilt angle on the jumper’s path. Explain your results. 


2. Loop-the-loop. 
The second Things-to-Think-About on Screen 3.7 of Module 5 asks you to 
use the ODE Architect to estimate the smallest value of the viscous damping 
coefficient b that will allow the ski jumper to loop-the-loop. If a = 0.01 sec™! 
and vp = 85 ft/sec, estimate that value. Then increase b by increments from 
that value upward all the way to the unrealistic value of 5.0 sec~! and describe 
what you see. 
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Exploration 5.4 


3. 


E35 You need to know about 
matrices and eigenvalues to 
complete this part. See also 
Chapter 6. 


Complex eigenvalues and loop-the-loops. 
The system matrix of the viscous drag/lift model for ski jumping is 


ea 


Explain why the eigenvalues of this matrix are complex conjugates with neg- 
ative real parts if a and b are any positive real numbers. Explain why you are 
more likely to see loop-the-loops if a is small and b is large. Do some simula- 
tions with the ODE Architect for various values of a and b that support your 
explanation. If you plot a loop-the-loop path over a long enough time interval, 
you will see no loops at all near the end of the interval. Any explanation? 


Newton on skis. 

The fourth Things-to-Think-About on Screen 3.7 of Module 5 puts Indiana 
Newton on skis with Newtonian drag (of course!). This situation takes you to 
the expert solver in the ODE Architect, where you are asked to explore every 
scenario you can think of and to explain what you see in the graphs. 


First-Order Linear Systems 


x1-x2 


x2 


Oscillating displacements x; (t) and x2(t) of two coupled springs play 
off against each other. 


Overview This chapter outlines some of the main facts conceming systems of first-order 
linear ODEs, especially those with constant coefficients. You'll have the opportu- 
nity to work with physical problems that have two or more dependent variables. 
Such problems can be modeled using systems of differential equations, which 
can always be written as systems of first-order equations, as can higher-order dif- 
ferential equations. The eigenvalues and eigenvectors of a matrix of coefficients 
help us understand the behavior of solutions of these systems. 


Key words Linear systems; pizza and video; coupled springs; connected tanks; linearized 
double pendulum; matrix; system matrix; J acobian matrix; component; compo- 
nent plot; phase space; phase plane; phase portrait; equilibrium point; eigenvalue; 
eigenvector; saddle point; node; spiral; center; source; sink 


See also Chapter 5 for definitions of vector mathematics. 
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@ Background 


E> How to convert a 


second-order ODE to a system of 


first-order ODEs. 


Chapter 6 


Many applications involve a single independent variable (usually time) and 
two or more dependent variables. Some examples of dependent variables are: 

e the concentrations of a chemical in organs of the body 

e the voltage drops across the elements of an electrical network 

e the populations of several interacting species 

e the profits of businesses in a mall 
Applications with more than one dependent variable lead naturally to sys- 
tems of ordinary differential equations. Such systems, as well as higher-order 
ODEs, can be rewritten as systems of first-order ODEs. 


Here’s how to reduce a second-order ODE to a system of first-order ODEs 
(see also Chapter 4). Let’s look at the the second-order ODE 


yW=fGyy) (1) 
Introduce the variables x; = y and x2 = y’. Then we get the first-order system 
x) =X2 (2) 
xo = f(t, x1, x2) (3) 


ODE (2) follows from the definition of x; and x2, and ODE (3) is ODE (1) 
rewritten in terms of x; and x2. 


¥ “Check” your understanding now by reducing the second-order ODE 
y” +5y’+4y = 0 to a system of first-order ODEs. 


@ Examples of Systems: Pizza and Video, Coupled Springs 


ky 


ky 
200000 771 1 Q0Q000 
pooaaoa | ooo 


/ 
x] 


-. 
x2 


Module 6 shows how to model the profits x(t) and y(t) of a pizza parlor and 
a video store by a system that looks like this: 


x’ =axt+by+c 

y= fxtgyth 
where a, b, c, f, g, and h are constants. Take another look at Screens 1.1—1.4 
in Module 6 to see how ODE Architect handles these systems. 

Module 6 also presents a model system of second-order ODEs for oscil- 
lating springs and masses. A pair of coupled springs with spring constants k, 
and k» are connected to masses m, and mp that glide back forth on a table. As 
shown in the “Coupled Springs” submodule, if damping is negligible then the 
second-order linear ODEs that model the displacements of the masses from 
equilibria are 


myx, = —(ky + ka) x1 + kox2 
MyX4 = Kx = KyXx> 
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[Is A system of first-order 
ODEs is autonomous if the terms 
on the right-hand sides of the 
equations do not explicitly 
depend on time. 


is Trajectories of an 
autonomous system can’t 
intersect because to do so would 
violate the uniqueness property 
that only one trajectory can pass 
through a given point. 


Let’s set mj = 4, m2 = 1, kj =3, and kz = 1. Then, setting x; = v1, x4 = v2, 
the corresponding autonomous system of four first-order ODEs is 


Xi =v 
1 se 
Vv, = —-X)1 —X2 
‘ 4 
/ 
Xo = U2 


The cover figure of this chapter shows how x, and x2 play off against each 
other when x; (0) = 0.4, vi (0) = 1, x2(0) = 0, and v2(0) = 0. The trajecto- 
ries for this IVP are defined in the 4-dimensional x; v1.x2v2-space and cannot 
intersect themselves. However, the projections of the trajectories onto any 
plane can intersect, as we see in the cover figure. 


@ Linear Systems with Constant Coefficients 


iE Dependent variables are 
also called state variables. 


Ks Homogeneous means that 
there are no free terms, that is, 
terms that don’t involve any +. 


[SP An equilibrium point of an 
autonomous system of ODEs is a 
point where all the rates are zero; 
it corresponds to a constant 
solution. 


[3S ifn= 2, we often use x 


and y for the dependent variables. 


The model first-order systems of ODEs for pizza and video and for coupled 
springs have the special form of linear systems with constant coefficients. 
Now we shall see just what linearity means and how it allows us (sometimes) 
to construct solution formulas for linear systems. 

Let ¢ (time) be the independent variable and let x1, x2,... , x, denote the 
dependent variables. Then a general system of first-order linear homogeneous 
ODEs with constant coefficients has the form 


a 
xX, =a 1X1 a12X2 AinXn 
a 
Xo = 421X) a22X2 a2nXn 
(4) 
/ — 
Xy = 4n1%1 an2X2 AnnXn 


where @11, G12, ... ,@nn are given constants. To find a unique solution, we 
need a set of initial conditions, one for each dependent variable: 
Xn (to) = On (5) 


where fo is a specific time and a,... , @, are given constants. The system (4) 
and the initial conditions (5) together constitute an initial value problem (IVP) 
for x,,... ,X, as functions of t. Note that x; =--- = x, = 0 is an equilibrium 
point of system (4). 

The model on Screen 1.4 of Module 6 for the profits of the pizza and 
video stores is the system 


x’ = 0.06x + 0.01 y — 0.013 
y’ = 0.04x + 0.05y — 0.013 


with the initial conditions 


x(0) = 0.30, 


X1(to) = 04, «.., 


(6) 


y(0) = 0.20 (7) 
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Is A change of variables puts 
the equilibrium point at the 
origin. 


E> Vectors and matrices 
appear as bold letters. 


ES A is called the linear 
system matrix, or the Jacobian 
matrix (often denoted by J). 


[3S The vector x(t) is called 
the state of system (10) at time f. 
xy x} 


Chapter 6 


The ODEs (6) are nonhomogeneous due to the presence of the free term 
—0.013 in each equation. The coordinates of an equilibrium point of a sys- 
tem are values of the dependent variables for which all of the derivatives 
Xx},...,X), are zero. For the system (6) the only equilibrium point is (0.2, 0.1). 
The translation X = x — 0.2, Y = y — 0.1 transforms the system (6) into the 
system 


X’ = 0.06X + 0.01Y 


Y’ =0.04X + 0.05Y ®) 


which is homogeneous and has the same coefficients as the system (6). In 
terms of X and Y, the initial conditions (7) become 


X(0)=0.1, Y(O)=0.1 (9) 


Although we have converted a nonhomogeneous system to a homogeneous 
system in this particular case, it isn’t always possible to do so. 

It is useful here to introduce matrix notation: it saves space and it ex- 
presses system (4) in the form of a single equation. Let x be the vector with 
components x1, X2,... ,X, and let A be the matrix of the coefficients, where 
aj; is the element in the ith row and jth column of A. The derivative of the 
vector x, written dx/dt or x’, is defined to be the vector with the components 


dx/dt,...,dx,/dt. Therefore we can write the system (4) in the compact 
form 
ayy +t: Ain 
x’ =Ax, where A= (10) 
an1 me Ann 


In vector notation, the initial conditions (5) become 
(11) 


X(to) =a 


where a is the vector with components a1, ... , Qn. 


¥_ Find the linear system matrix for system (8). 


A solution of the initial value problem (10) and (11) is a set of functions 
x1 = x1 (0) 

(12) 
Xn = Xn(t) 


that satisfy the differential equations and initial conditions. Using our new 
notation, if x(t) is the vector whose components are x;(t), ... ,X,(t), then 
x = x(t) is a solution of the corresponding vector IVP, (10) and (11). The 
system x’ = Ax is homogeneous, while a nonhomogeneous system would 
have the form x’ = Ax + F, where F is a vector function of ¢ or else a constant 
vector. 
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@ Solution Formulas: Eigenvalues and Eigenvectors 


E> The determinant of a 
matrix is denoted by det. 


[SS The keys to finding a 
solution formula for x’ = Ax are 
the eigenvalues and eigenvectors 
of A. 


[> Formula (17) is called the 
general solution formula of 
system (10) because every 
solution has the form of (17) for 
some choice of the constants Cj. 
The other way around, every 
choice of the constants yields a 
solution of system (10). 


To find a solution formula for system (10) let’s look for an exponential solu- 
tion of the form 


x = ve” (13) 


where A is a constant and v is a constant vector to be determined. Substituting 
x as given by (13) into the ODE (10), we find that v and 4 must satisfy the 
algebraic equation 


Av = Av (14) 
Equation (14) can also be written in the form 
(A-ADv=0 (15) 


where I is the identity matrix and 0 is the zero vector with zero for each 
component. Equation (15) has nonzero solutions if and only if A is a root of 
the nth-degree polynomial equation 
det(A — ATI) = 0 (16) 

called the characteristic equation for the system (10). Such a root is called 
an eigenvalue of the matrix A. We will denote the eigenvalues by Aj, ... , An. 
For each eigenvalue 4; there is a corresponding nonzero solution v, called 
an eigenvector. The eigenvectors are not determined uniquely but only up to 
an arbitrary multiplicative constant. 

For each eigenvalue-eigenvector pair (A;, v") there is a corresponding 
vector solution v“e*’ of the ODE (10). If the eigenvalues A;,... , Ay are all 
different, then there are n such solutions, 


vert yMedut 


In this case the general solution of system (10) is the linear combination 


x= Cyv Der 4...4 C,v er! (17) 
The arbitrary constants C;, ... , C, can always be chosen to satisfy the initial 
conditions (11). If the eigenvalues are not distinct, then the general solution 
takes on a slightly different (but similar) form. The texts listed in the refer- 
ences give the formulas for this case. If some of the eigenvalues are complex, 
then the solution given by formula (17) is complex-valued. However, if all 
of the coefficients aj; are real, then the complex eigenvalues and eigenvec- 
tors occur in complex conjugate pairs, and it is always possible to express 
the solution formula (17) in terms of real-valued functions. Look ahead to 
formulas (20) and (21) for a way to accomplish this feat. 
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@ Calculating Eigenvalues and Eigenvectors 


Here’s how to find the eigenvalues and eigenvectors of a 2 x 2 real matrix 


a(t a 


First define the trace of A (denoted by tr A) to be the sum a+ d of the diagonal 
entries, and the determinant of A (denoted by det A) to be the number ad — be. 
Then the characteristic equation for A is 


a—z b 
det(A — AI) = det| a ie. ‘| 
= \*—(a+d)i+ad—be 
=A*— (trA)A +detA 
=0 


The eigenvalues of A are the roots A; and 42 of this quadratic equation. We as- 
sume A; # Ap. For the eigenvalue 4; we can find a corresponding eigenvector 
v") by solving the vector equation 


Av) = Ay) 


for v"), In a similar fashion we can find an eigenvector v) corresponding to 
the eigenvalue A>. 


Example: Take a look at the system 


a _ 0 1 = X{ 
x’ = Ax, a=|2, zl ce) (18) 


trA=0+3=3 and detA=0-3-—1-(—2)=2 


Since 


the characteristic equation is 
7 — (trA)A+detA = 47-34 4+2=0 
The eigenvalues are 4; = 1 and A2 = 2. To find an eigenvector v“) for A1, 


let’s solve 
9 Ta ea) 
2 | Vv A1V Vv 


for v"), Denoting the components of v“) by a and , we have 


E ] A 2 Be sp] . A 


This gives two equations for a and p: 


B=a, —2a+3p=f 


Phase Portraits 
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Figure 6.1: Graphs of five solutions x, (t) (left), x2(r) (right) of system (18). 


The second equation is equivalent to the first, so we may as well seta = B= 1, 
which gives us an eigenvector v‘), In a similar way for the eigenvalue A2, we 
can find an eigenvector v with components w = 1, 6 = 2. So the general 
solution of x’ = Ax in this case is 


x = Cyv De" 4 Coy er! 
= 1 t 1 2t 
=C, Ht +e,[3]< 


x, = Cie’ +r Cxe"* 


xX) = Cye’ + 2Cre 


or in component form 


where C; and C> are arbitrary constants. 


Y Find a formula for the solution of system (18) if x; (0) = 1, x2(0) = —1. 
Figure 6.1 shows graphs of x; (¢) and x2(t) where x; (0) = 1, x2(0) =0, +0.5, 
+1. Which graphs correspond to x;(0) = 1, x.(0) = —1? What happens as 
t > +00? As t > —oo? 


@ Phase Portraits 


ESS Another term for phase 
space is state space. 


We can view solutions graphically in several ways. For example, we can draw 
plots of x; (t) vs. t, x2(t) vs. t, and so on. These plots are called component 
plots (see Figure 6.1). Alternatively, we can interpret equations (12) as a set 
of parametric equations with t as the parameter. Then each specific value of 
t corresponds to a set of values for x,,...,X,. We can view this set of val- 
ues as coordinates of a point in x1x2--+x,-space, called the phase space. (If 
n = 2 it’s called the phase plane.) For an interval of t-values, the correspond- 
ing points form a curve in phase space. This curve is called a phase plot, a 
trajectory, or an orbit. 
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iE Trajectories starting on 
either line at t = 0 stay on the 
line. 


is Eigenvalues of opposite 
signs imply a saddle. 
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Phase plots are particularly useful if n = 2. In this case it is often worth- 
while to draw several trajectories starting at different initial points on the same 
set of axes. This produces a phase portrait, which gives us the best possible 
overall view of the behavior of solutions. Whatever the value of n, the trajec- 
tories of system (10) can never intersect because system (10) is autonomous. 

If A in system (10) is a 2 x 2 matrix, then it is useful to examine and 
classify the various cases that can arise. There aren’t many cases when n = 2, 
but even so these cases give important information about higher-dimensional 
linear systems, as well as nonlinear systems (see Chapter 7). We won’t con- 
sider here the cases where the two eigenvalues are equal, or where one or both 
of them are zero. 

A direction field (or vector field) for an autonomous system when n = 2 is 
a field of line segments. The slope of the segment at the point (x1, x2) is x5/x}. 
The trajectory through (x,, x2) is tangent to the segment. An arrowhead on the 
segment shows the direction of the flow. See Figures 6.2—6.5 for examples. 


Real Eigenvalues 
If the eigenvalues 4, and A> are real, the general solution is 


x = Cyv er! 4 Coy e2! (19) 


where C, and C are arbitrary real constants. 

Let’s first look at the case where 4; and A have opposite signs, with 
Ai > 0 and Az <0. The term in formula (19) involving 4; dominates as 
t — +00, and the term involving 42 dominates as t > —oo. Thus as tf > +00 
the trajectories approach the line that goes through the origin and has the same 
slope as v“), and as t > —oo, they approach the line that goes through the 
origin and has the same slope as v). A typical phase portrait for this case is 
shown in Figure 6.2. The origin is called a saddle point, and it is unstable, 
since most solutions move away from the point. 

Now suppose that A; and A> are both negative, with Ay < A; <0. The 
solution is again given by formula (19), but in this case both terms approach 


x2 
x2 


at 
at 2 
2 


Figure 6.2: Phase portrait of a sad- Figure 6.3: Phase portrait of a nodal 
dle: x, =x) —%, x) =x. sink: x; = —3x, +22, x) = —x. 


Sn on 


Phase Portraits 


ES Both eigenvalues negative 
imply a nodal sink. 


ES Both eigenvalues positive 
imply a nodal source. 


iE Complex eigenvalues with 
nonzero real parts imply a spiral 
sink or a spiral source. 
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zero as t > +00. However, for large positive f, the factor e*2’ is much smaller 
than e*"’, so for C; 4 0 the trajectories approach the origin tangent to the line 
with the same slope as v", and if C; =0 the trajectory lies on the line with the 
same slope as v”). For large negative t, the term involving A2 is the dominant 
one and the trajectories approach asymptotes that have the same slope as v. 
A typical phase portrait for this case is shown in Figure 6.3. The origin attracts 
all solutions and is called an asymptotically stable node. It is also called a sink 
because all nearby orbits get pulled in as t > +00. 

If both eigenvalues are positive, the situation is similar to when both 
eigenvalues are negative, but in this case the direction of motion on the tra- 
jectories is reversed. For example, suppose that 0 < 4; < Az: then the trajec- 
tories are unbounded as t > +00 and asymptotic to lines parallel to v™. As 
t —> —oo the trajectories approach the origin either tangent to the line through 
the origin with the same slope as v“ or lying on the line through the origin 
with the same slope as v®). A typical phase portrait for this case looks like 
Figure 6.3 but with the arrows reversed. The origin is an unstable node. It is 
also called a source because all orbits (except x = 0 itself) flow out and away 
from the origin as ¢ increases from —oo. 


Y Find the eigenvalues and eigenvectors of the systems of Figures 6.2 
and 6.3 and interpret them in terms of the phase plane portraits. 


Complex Eigenvalues 

Now suppose that the eigenvalues are complex conjugates 4; = a + if and 
Az = a — if. The exponential form (13) of a solution remains valid, but usu- 
ally it is preferable to use Euler’s formula: 


e'' — cos(Bt) + isin(Br) (20) 


This allows us to write the solution in terms of real-valued functions. The 
result is 


x = Cie“ [acos(Br) — bsin(Br)] + Coe“ [bcos(Bt) + asin(Br)] = (21) 


where a and b are the real and imaginary parts of the eigenvector v‘") associ- 
ated with A,, and C; and C) are constants. The trajectories are spirals about 
the origin. If w > 0, then the spirals grow in magnitude and the origin is 
called a spiral source or an unstable spiral point. A typical phase portrait in 
this case looks like Figure 6.4. If wa < 0, then the spirals approach the origin 
as t > +00, and the origin is called a spiral sink or an asymptotically stable 
spiral point. In both cases the spirals encircle the origin and may be directed 
in either the clockwise or counterclockwise direction (but not both directions 
in the same system). 

Finally, consider the case 4 = +i6, where £ is real and positive. Now 
the exponential factors in solution formula (21) are absent so the trajectory 
is bounded as t — oo, but it does not approach the origin. In fact, the 
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[SS Pure imaginary 
eigenvalues imply a center. 
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trajectories are ellipses centered on the origin (see Figure 6.5), and the origin 
is called a center. It is stable, but not asymptotically stable. 


Y_ Find the eigenvalues of the systems of Figures 6.4 and 6.5, and interpret 
them in terms of the phase plane portraits. Why can’t you “see” the eigenvec- 
tors in these portraits? 


There is one other graphing technique that is often useful. If n = 2, ODE 
Architect can draw a plot of the solution in tx,x2-space. If we project this 
curve onto each of the coordinate planes, we obtain the two component plots 
and the phase plot (Figure 6.6). 


@ Using ODE Architect to Find Eigenvalues and Eigenvectors 


[SS Use this Architect feature 
to calculate the eigenvalues, 
eigenvectors. 


ODE Architect will find equilibrium points of a system and the eigenvalues 
and eigenvectors of the Jacobian matrix of an autonomous system at an equi- 
librium point. Here are the steps: 


e Enter an autonomous system of first-order ODEs. 


e Click on the lower left Equilibrium tab; enter a guess for the coordinates 
of an equilibrium point. 

e The Equil. tab at the lower right will bring up a window with calculated 
coordinates of an equilibrium point close to your guess. 


e Double click anywhere on the boxed coordinates of an equilibrium in 
the window (or click on the window’s editing icon) to see the eigenval- 
ues, eigenvectors, and the Jacobian matrix. 


If you complete these steps for a system of two first-order, autonomous 
ODEs, ODE Architect will insert a symbol at the equilibrium point in the 
phase plane: An open square for a saddle, a solid dot for a sink, an open dot 
for a source, and a plus sign for a center (Figures 6.2-6.5). The symbols can 
be edited using the Equilibrium tab on the edit window. 


Figure 6.4: Phase portrait of a spiral Figure 6.5: Phase portrait of a cen- 
SOUrCe: x) =X), x, =x, +0.42x. ter: x) =x) +2x, x) = —XxX, — XX. 


Separatrices 


@ Separatrices 
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x1 SS Sy2 


Figure 6.6: Solution curve of x, = x2, x, = —100.25x, +m, 11 (0) =1, m(0)=1, 
the two component curves, and the trajectory in the x,x2-phase plane. 


Y Use ODE Architect to find the eigenvalues and eigenvectors of the sys- 
tems in Figures 6.2-6.5. 


A trajectory I of a planar autonomous system is a separatrix if the long-term 
behavior of trajectories on one side of I is quite different from the behavior 
of those on the other side. Take a look at the four saddle separatrices in Fig- 
ure 6.2, each of which is parallel to an eigenvector of the system matrix. The 
two separatrices that approach the saddle point as ¢ increases are the stable 
separatrices, and the two that leave are the unstable separatrices. 


@ Parameter Movies 


The eigenvalues of a 2 x 2 matrix A depend on the values of trA and det A, 
and the behavior of the trajectories of x’ = Ax depends very much on the 
eigenvalues. So it makes sense to see what happens to trajectories as we vary 
the values of trA and detA. When we do this varying, we can make the 
eigenvalues change sign, or move into the complex plane, or become equal. 
As the changes occur the behavior of the trajectories has to change as well. 
Take a look at the “Parameter Movies” part of Module 6 for some surprising 
views of the changing phase plane portraits as we follow along a path in the 
parameter plane of tr A and det A. 


104 Chapter 6 


References Borrelli, R.L., and Coleman, C.S., Differential Equations: A Modeling Per- 
spective (1998: John Wiley & Sons, Inc.) 


Boyce, W.E., and DiPrima, R.C., Elementary Differential Equations and 
Boundary Value Problems, 6th ed., (1997: John Wiley & Sons, Inc.) 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 6.1. Eigenvalues, Eigenvectors, and Graphs 


1. Each of the phase portraits in the graphs below is associated with a planar 
autonomous linear system with equilibrium point at the origin. What can you 
say about the eigenvalues of the system matrix A (e.g., are they real, complex, 
positive)? Sketch by hand any straight line trajectories. What can you say 
about the eigenvectors of A? 
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2. What does the phase portrait of x’ = Ax look like if A is a 2 x 2 matrix with 
one eigenvalue zero and the other nonzero? How many equilibrium points are 
there? Include portraits of specific examples. 


3. Using Figure 6.6 as a guide, make your own gallery of 2D and 3D graphs 
to illustrate solution curves, component curves, trajectories, and phase-plane 
portraits of the systems x’ = Ax, where A is a 2 x 2 matrix of constants. List 
eigenvalues and eigenvectors of A. Include examples of the following types 
of equilibrium points: 

e Saddle 

e Nodal sink 

e Nodal source 
e Spiral sink 

e Spiral source 
e Center 


e Eigenvalues of A are equal and negative 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 6.2. Pizza and Video 


Sometimes business enterprises are strongly affected by periodic (e.g., sea- 
sonal) influences. We can illustrate this in the case of Diffey and Cue. 
The model describing Diffey’s and Cue’s profits on Screen 1.4 in Mod- 
ule 6 is 
x’ = 0.06x + 0.01 y — 0.013 


22 
y’ = 0.04x + 0.05y — 0.013 ee 


Let’s introduce a periodic fluctuation in the coefficient of x in the first ODE 
and in the coefficient of y in the second ODE. 

Sine and cosine functions are often used to model periodic phenomena. 
We'll use sin(2z) so that the fluctuations have a period of one time unit. We 
will also include a variable amplitude parameter a so that the intensity of the 
fluctuations can be easily controlled. We have the modified system 


1 
x’ = 0.06 (1 + sasin(2x0 J x+0.01y— 0.013 
3 (23) 
y’ =0.04x + 0.05 (: + 707 sin2a0)) y—0.013 


Note that if a = 0, we recover system (22), and that as a increases the ampli- 
tude of the fluctuations in the coefficients also increases. 


Interpret the terms involving sin(2z?) in the context of Diffey’s and Cue’s 
businesses. Use ODE Architect to solve the system (23) subject to the initial 
conditions x(0) = 0.3, y(O) = 0.2 for a = 1. Use the time interval 0 < t < 10, 
or an even longer interval. Plot x vs. t, y vs. t, and y vs. x. Compare the plots 
with the corresponding plots for the system (22). What is the effect of the 
fluctuating coefficients on the solution? Repeat with the same initial data, but 
sweeping a from 0 to 5 in 11 steps. What is the effect of increasing a on the 
solution? 
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2. Use ODE Architect to solve the system (23) subject to the initial conditions 
x(0) =0.25, y(O) = 0 for a =3. Draw a plot of y vs. x only. Be sure to use a 
sufficiently large t-interval to make clear the ultimate behavior of the solution. 
Repeat using the initial conditions x(0) = 0.2, y(O) = —0.2. Explain what 
you see. 


3. For the two initial conditions in Problem 2 you should have found solu- 
tions that behave quite differently. Consider initial points on the line joining 
(0.25, 0) and (0.2, —0.2). For a = 3, estimate the coordinates of the point 
where the solution changes from one type of behavior to the other. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 6.3. Control of Interconnected Water Tanks 


[SS Take a look at 
Chapter 8 for a way to 
diagram this 
“compartment” model. 


Consider two interconnected tanks containing salt water. Initially Tank 1 con- 
tains 5 gal of water and 3 oz of salt while Tank 2 contains 4 gal of water and 
5 oz of salt. 

Water containing p,; oz of salt per gal flows into Tank 1 at a rate of 
2 gal/min. The mixture in Tank 1 flows out at a rate of 6 gal/min, of which 
half goes into Tank 2 and half leaves the system. 

Water containing p, oz of salt per gal flows into Tank 2 at a rate of 
3 gal/min. The mixture in Tank 2 flows out at a rate of 6 gal/min: 4 gal/min 
goes to Tank 1, and the rest leaves the system. 


Draw a diagram showing the tank system. Does the amount of water in each 
tank remain the same during this flow process? Explain. If g,(t) and q2(t) 
are the amounts of salt (in oz) in the respective tanks at time ¢, show that they 
satisfy the system of differential equations: 


gq, =2pi-$qi+@ 
gy = 3pr2 +291 -3a2 


What are the initial conditions associated with this system of ODEs? 


Suppose that p; = 1 oz/gal and pz = 1 oz/gal. Solve the IVP, plot g;(t) vs. t, 
and estimate the limiting value qj that g(t) approaches after a long time. In 
a similar way estimate the limiting value g5 for g2(t). Repeat for your own 
initial conditions, but remember that q;(0) and g2(0) must be nonnegative. 
How are qj and q3 affected by changes in the initial conditions? Now use 
ODE Architect to find gj and g3. [Hint: Use the Equilibrium tab.] Is the 
equilibrium point a source or a sink? A node, saddle, spiral, or center? 
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The operator of this system (you) can control it by adjusting the input param- 
eters p; and p2. Note that gj and q3 depend on p, and pp. Find values of p; 
and p2 so that gj = q5. Can you find values of p; and p2 so that gj = 1.545? 
So that g3 = 1.5q}? 


Let cj and c} be the limiting concentrations of salt in each tank. Express cj 
and c5 in terms of gj and q3, respectively. Find p; and po, if possible, so as 
to achieve each of the following results: 
(a) cj =c5 (b) cf = 1.5c5 (c) c5 = 1.5cF 

Finally, consider all possible (nonnegative) values of p, and pz. Describe 
the set of limiting concentrations cj and c} that can be obtained by adjusting 
Pi and P2- 


Answer questions in the space provided, or on 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. 


Name/Date 


Course/Section 


Exploration 6.4. Three Interconnected Tanks 


[SS Take a look at 
Chapter 8 for a way to 
diagram this 
“compartment” model. 


Consider three interconnected tanks containing salt water. Initially Tanks 1 
and 2 contain 10 gal of water while Tank 3 contains 15 gal. Each tank initially 
contains 6 oz of salt. 


Water containing 2 oz of salt per gal flows into Tank 1 at a rate of 
1 gal/min. The mixture in Tank 1 flows into Tank 2 at a rate of r gal/min. 
Furthermore, the mixture in Tank 1 is discharged into the drain at a rate of 
2 gal/min. Water containing 1 oz of salt per gal flows into Tank 2 at a rate of 
2 gal/min. The mixture in Tank 2 flows into Tank 3 ata rate of r+ 1 gal/min and 
also flows back into Tank 1 at a rate of 1 gal/min. The mixture in Tank 3 flows 
into Tank 1 at a rate of r gal/min, and down the drain at a rate of 1 gal/min. 


Draw a diagram that depicts the tank system. Does the amount of water in 
each tank remain constant during the process? Show that the flow process is 
modeled by the following system of equations, where qi(t), g2(t), and q3(t) 
are the amounts of salt (in oz) in the respective tanks at time f: 


r+2 1 r 
ed) paces 
1 10 gat 1027 pe 
pny F r+2 
ee 10 
ee deal r+l 
AO ee 


What are the corresponding initial conditions? 


Let r = 1, and use ODE Architect to plot qg, vs. t, go vs. t, and q3 vs. t for 
the IVP in Problem 1. Estimate the limiting value of the amount of salt in 
each tank after a long time. Now suppose that the flow rate r is increased to 
4 gal/min. What effect do you think this will have on the limiting values for 
41, q2, and q3? Check your intuition with ODE Architect. What do you think 
will happen to the limiting values if r is increased further? For each value of 
r use ODE Architect to find the limiting values for g,, gz, and q3. 
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3. Although the two sets of graphs in Problem 2 may look similar, they’re ac- 

tually slightly different. Calculate the eigenvalues of the coefficient matrix 

[> Use ODE Architect to find whenr= 1 and whenr = 4. There is a certain “critical” value r = ro between 

the eigenvalues. 1 and 4 where complex eigenvalues first occur. Determine ro to two decimal 
places. 


4. Complex eigenvalues lead to sinusoidal solutions. Explain why the oscilla- 
tory behavior characteristic of the sine and cosine functions is not apparent in 
your graphs from Problem 2 for r = 4. Devise a plan that will enable you to 
construct plots showing the oscillatory part of the solution for r = 4. Then 
execute your plan to make sure that it is effective. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 6.5. Small Motions of a Double Pendulum; Coupled 


Springs 


Another physical system with two degrees of freedom is the planar double 
pendulum. This consists of two rods of length /; and /, and two masses m, 
and my, all attached together so that motions are confined to a vertical plane. 
Here we'll investigate motions for which the pendulum system doesn’t move 
too far from its stable equilibrium position in which both rods are hanging 
vertically downward. We'll assume the damping in this system is negligible. 
A sketch of the double pendulum system is shown in the margin. A 
derivation of the nonlinear equations in terms of the angles 6;(t) and 6(t) 
that govern the oscillations of the system is given in Chapter 7 (beginning on 
page 126). The equations of interest here are the linearized ODEs in 6; and 6, 
where both of these angles are required to be small: 
my 


Lol+ 165 + 20 =0 


m, +m 
L063 +10, + gO =0 


For small values of 0,, 6;, 62, and 6, these ODEs are obtained by linearizing 
ODEs (19) and (20) on page 127. 


Consider the special case where m; = m2 = m and |; = ly = I, and define 
g/1 =a}. Write the equations above as a system of four first-order equations. 
Use ODE Architect to generate motions for different values of wo. Experiment 
with different initial conditions. Try to visualize the motions of the pendulum 
system that correspond to your solutions. Then use the model-based anima- 
tion tool in ODE Architect and watch the animated double pendulums gyrate 
as your initial value problems are solved. 
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Assume @% = 10 in Problem 1. Can you find in-phase and out-of-phase os- 
cillations that are analogous to those of the coupled mass-spring system? De- 
termine the relationships between the initial conditions 6;(0) and 62(0) that 
are needed to produce these motions. Plot 62 against 6; for these motions. 
Then change 6; (0) or 62 (0) to get a motion which is neither in-phase nor out- 
of-phase. Overlay this graph on the first plot. Explain what you see. Use 
the model-based animation feature in ODE Architect to help you “see” the 
in-phase and out-of-phase motions, and those that are neither. Describe what 
you see. 


Show that the linearized equations for the double pendulum in Problem 2 are 
equivalent to those for a particular coupled mass-spring system. Find the cor- 
responding values of (or constraints on) the mass-spring parameters m,, mo, 
k,, and ky. Does this connection extend to other double-pendulum parame- 
ter values besides those in Problems 1 and 2? If so, find the relationships 
between the parameters of the corresponding systems. Use the model-based 
animation feature in ODE Architect and watch the springs vibrate and the 
double pendulum gyrate. Describe what you see. 


Overview 


Key words 


See also 


Nonlinear Systems 


w3 


Angular velocity: twenty-four ways to spin a book. 


While many natural processes can be modeled by linear systems of ODEs, others 
require nonlinear systems. Fortunately, some of the ideas used to understand lin- 
ear systems can be modified to apply to nonlinear systems. In particular, state (or 
phase) spaces and equilibrium solutions (as well as eigenvalues and eigenvectors) 
continue to play a key role in understanding the long-term behavior of solutions. 
You will also See some new phenomena that occur only in nonlinear systems. We 
restrict our attention to autonomous equations, that is, equations in which time 
does not explicitly appear in the rate functions. 


Nonlinear systems of differential equations; linearization; direction fields; state 
(phase) space; equilibrium points; J acobian matrices; eigenvalues; separatrices; 
Hopf bifurcations; limit cycles; predator-prey; van der Pol system; saxophone; 
spinning bodies; conservative systems; integrals of motion; angular velocity; New- 
ton’s second law; nonlinear double pendulum 


Chapter 6 for background on linear systems and Chapters 8-10 and 12 for more 
examples of nonlinear systems. 
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Chapter 7 


@ Linear vs. Nonlinear 


In modeling a dynamical process with ODEs we aim for a model that is both 
reasonably accurate and solvable. By the latter we mean that there are either 
explict solution formulas that reveal how solutions behave, or reliable numeri- 
cal solvers for approximating solutions. Constant-coefficient linear ODEs and 
linear systems have explicit solution formulas (see Chapters 4 and 6), and that 
is one reason linearity is widely assumed in modeling. However, nonlinearity 
is an essential feature of many dynamical processes, but explicit solution for- 
mulas for nonlinear ODEs are rare. So for nonlinear systems we turn to the 
alternative approaches, and that’s what this chapter is about. 


@ The Geometry of Nonlinear Systems 


[SS The equilibrium points of 
a system correspond to the 
constant solutions, that is, to the 
points where all the rate 
functions of the system are zero. 


Let’s start with the linear system of ODEs that models the motion of a cer- 
tain viscously damped spring-mass system that obeys Hooke’s Law for the 
displacement x of a unit mass from equilibrium: 


x=y, y=—-x—-0.ly (1) 
In Chapter 4 we saw that the equivalent linear second-order ODE, x” + 
0.1x’ + x = 0, has an explicit solution formula, which we can use to deter- 
mine the behavior of solutions and of trajectories in the xy-phase plane. 

Now let’s suppose that the Hooke’s-law spring is replaced by a stiffening 
spring, which can be modeled by replacing the Hooke’s-law restoring force 
—x in system (1) with the nonlinear restoring force —x — x°. We obtain the 
system 


x =Yy, y =—x—x-O.ly (2) 


As in the linear system (1), the nonlinear system (2) defines a vector (or di- 
rection) field in the xy-state (or phase) plane. The field lines are tangent to 
the trajectories (or orbits) and point in the direction of increasing time. 

There are no solution formulas for system (2), so we turn to direction 
fields and ODE Architect for visual clues to solution behavior. As you can 
see from Figure 7.1, the graphs generated by ODE Architect tell us that the 
trajectories of both systems spiral into the equilibrium point at the origin as 
t —> +00, even though the shapes of the trajectories differ. The origin corre- 
sponds to the constant solution x = 0, y = 0, which is called a spiral sink for 
each system because of the spiraling nature of the trajectories and because the 
trajectories, like water in a draining sink, are “pulled” into the origin with the 
advance of time. This is an indication of long-term or asymptotic behavior. 
Note that in this case the nonlinearity does not affect long-term behavior, but 
clearly does affect short-term behavior. 


Linearization 


@ Linearization 


ES This is a finite Taylor 
series approximation to g(x, y). 


117 


¥ “Check” your understanding by answering these questions: Do the sys- 
tems (1) and (2) have any equilibrium points other than the origin? How do 
the corresponding springs and masses behave as time increases? Why does 
the —x? term seem to push orbits toward the y-axis if |x| > 1, but not have 
much effect if |x| is close to zero? 


If we start with a nonlinear system such as (2), we can often use linear ap- 
proximations to help us understand some features of its solutions. Our ap- 
proximations will give us a corresponding linear system and we can apply 
what we know about that linear system to try to understand the nonlinear sys- 
tem. In particular, we will be able to verify our earlier conclusions about the 
long-term behavior of the nonlinear spring-mass system (2). 

The nonlinearity of system (2) comes from the —x? term in the rate func- 
tion g(x, y) = —x — x3 — 0.1. In calculus you may have seen the following 
formula for the linear approximation of the function g(x, y) near the point 


(xo, Yo): 
0 0 
g(x,y) © g(xo. yo) + So. yo) (x — x0) + ay yo(y—yo) (3) 


However, g(Xo, yo) will always be zero at an equilibrium point (do you see 
why’?), so formula (3) simplifies in this case to 


0 0 
g(x,y) ® = (xo. yo) (a — x0) + = (x0, yo) — yo) (4) 
x dy 


Since we’re interested in long-term behavior and the trajectories of system (2) 
seem to be heading toward the origin, we want to use the equilibrium point 


a a a a a a ae | 


a era 


Linear System Nonlinear System 
x =y, y=—-x-O.ly x=y, y=—x—2x-0.ly 
Figure 7.1: Trajectories of both systems have the same long-term, spiral-sink 
behavior, but behavior differs in the short-term. 
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E> Linear and nonlinear 
look-alikes. 


ES Look back at Chapter 6 for 
more on complex eigenvalues 
and spiral sinks. 


Chapter 7 


x tx 
0.4 y 0.4 


(0.25, 0.25) 


0.24 0.24} 


-0.2 4 0.24 | 


-0.4 -0.2 0 0.2 0.4 (0) 10 20 30 40 50 


Trajectories t-x curves 
Figure 7.2: Near the equilibrium at the origin trajectories and rx-component 
curves of nonlinear system (2) and its linearization (1) are nearly look-alikes. 


(xo, Yo) = (0,0) in formula (4). Near the origin, the rate function for our 
nonlinear spring can be approximated by 


g(x,y) —x-O0.1ly 


since dg/dx = —1 and dg/dy = —0.1 at x9 =0, yo =0. Therefore the non- 
linear system (2) reduces to the linearized system (1). You can see the ap- 
proximation when the phase portraits are overlaid. The trajectories and tx- 
component curves of both systems, issuing from a common initial point close 
to the origin, are shown in Figure 7.2. The linear approximation is pretty 
good because the nonlinearity —x? is small near x = 0. Take another look at 
Figure 7.1; the linear approximation is not very good when |x| > 1. 


Y How good an approximation to system (2) is the linearized system (1) if 
the initial point of a trajectory is far away from the origin? Explain what you 
mean by “good” and “far away.” 


In matrix notation, linear system (1) takes the form 


ey =[2 tall] o 


so the characteristic equation of the system matrix is 47 + 0.14 + 1 = 0. The 
matrix has eigenvalues 4 = (—0.1 +i/3.99)/2, making (0, 0) a spiral sink 
(due to the negative real part of both eigenvalues). This supports our earlier 
conclusion that was based on the computer-generated pictures in Figure 7.2. 
The addition of a nonlinear term to a linear system (in this example, a cubic 
nonlinearity) does not change the stability of the equilibrium point (a sink in 
this case) or the spiraling nature of the trajectories (suggested by the complex 
eigenvalues). 


Linearization 


[SS The point Xp is an 
equilibrium point of x = F(x) if 


[SS Here’s why linearization is 
so widely used. 
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The linear and nonlinear trajectories and the tx-components shown in Fig- 
ure 7.2 look pretty much alike. This is often the case for a system 


x’ = F(x) (6) 
and its linearization 
x’ = A(x — Xo) (7) 


at an equilibrium point x9. Let’s assume that the dependent vector variable 
x has n components x,,...X,, that F\(x),..., F,(x) are the components of 
F(x), and that these components are at least twice continuously differentiable 
functions. Then the n x n constant matrix A in system (7) is the matrix of the 
first partial derivatives of the components of F(x) with respect to the compo- 
nents of x, all evaluated at xo: 


aF oF 

a ae 
A=| : : 

oF, oF, 

Tr oe pee 


A is called the Jacobian matrix of F at xo, and is often denoted by J or J(xo). 
As an example, look back at system (1) and its linearization, system (2) or 
system (5). 

It is known that if none of the eigenvalues of the Jacobian matrix at an 
equilibrium point is zero or pure imaginary, then close to the equilibrium point 
the trajectories and component curves of systems (6) and (7) look alike. We 
can use ODE Architect to find equilibrium points, calculate Jacobian matrices 
and their eigenvalues, and so, check out whether the eigenvalues meet the 
conditions just stated. If n = 2, we can apply the vocabulary of planar linear 
systems from Chapter 6 to nonlinear systems. We can talk about a spiral sink, 
a nodal source, a saddle point, etc. ODE Architect uses a solid dot for a sink, 
an open dot for a source, a plus sign for a center, and an open square for a 
saddle. 

What happens when, say, the matrix A does have pure imaginary eigen- 
values? Then all bets are off, as the following example shows. 

Start with the linear system 


The system matrix has the pure imaginary eigenvalues +i, making the origin 


a center. Now give the system a nonlinear perturbation to get 
x =y—-x 


y=-x 
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[SS The behavior of the 
linearized system does not 
always accurately predict the 
behavior of the nonlinear system. 


Chapter 7 
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Linear system Perturbed system 
Figure 7.3: Nonlinear terms convert a linear center to a nonlinear sink. 


By picturing the direction field defined by this system, we can see that each 
vector has been nudged slightly inward, toward the origin. This causes so- 
lutions to spiral inward, making (0,0) a spiral sink. Figure 7.3 shows tra- 
jectories from the original linear system on the left, and a trajectory of the 
nonlinear system on the right, spiraling inward. Now it should be clear why 
we had to exclude pure imaginary eigenvalues! 


/ What happens if you perturb the linear system by adding the x? term, 
instead of subtracting? What about the system x’ = y—x°, y’ = —x+ y*? 


@ Separatrices and Saddle Points 


[SS See Chapters 10 and 12 for 
more on separatrices. 


A linear saddle point has two trajectories that leave the point (as time in- 
creases from —oo) along a straight line in the direction of an eigenvector. 
Another two trajectories approach the point (as time increases to +00) along 
a straight line in the direction of an eigenvector. These four trajectories are 
called saddle separatrices because they divide the neighborhood of the sad- 
dle point into regions of quite different long-term trajectory behavior. The left 
plot in Figure 7.4 shows the four separatrices along the x- and y- axes for the 
linear system 


x=x, yory (8) 


with a saddle point at the origin. The two that leave the origin as ¢ increases 
are the unstable separatrices, and the two that enter the origin are the stable 
separatrices. 

If we add some higher-order nonlinear terms to a linear saddle-point sys- 
tem, the separatrices persist but their shapes may change. They still divide 
a neighborhood of the equilibrium point into regions of differing long-term 
behavior. And, most importantly, they still leave or approach the equilibrium 
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(a) Trajectories of System (8) (b) Trajectories of System (9) 
Figure 7.4: Saddle separatrices lie along the axes in (a); two of the separatri- 
ces are bent to the right by a nonlinearity in (b). 


point tangent to eigenvectors of the linearized system. The right plot in Fig- 
ure 7.4 suggests all this for the system (8) with a nonlinear term tacked on: 


CSaRay. y Hay (9) 


Note how the nonlinearity bends two of the separatrices. 


@ Behavior of Solutions Away from Equilibrium Points 


[35> The nonlinear terms are 
critical in determining trajectory 
behavior far away from an 
equilibrium point. 


While we can use linearization in most cases to determine the long-term be- 
havior of solutions near an equilibrium point, it may not be a good method 
for studying the behavior of solutions “far away” from the equilibrium point. 
Consider, for example, the spider-fly system of Module 7: 


S’ = —48 + 2SF, F’=3 (1-5) F-25F 


where S is a population of spiders preying on F, a population of flies (all 
measured in thousands). This nonlinear system has several equilibrium points, 
one of which is at p* = (0.9, 2). 

Take a look at the graphics windows in Experiment 2 of “The Spider and 
Fly” (Screen 1.4). The trajectories of the linearized system that are close to p* 
approximate well those of the nonlinear system. However, trajectories of the 
linearized system that are not near the equilibrium point diverge substantially 
from those of the nonlinear system, and may even venture into a region of the 
state space where the population of spiders is negative! 


Y Look at the Library file “Mutualism: Symbiotic Interactions” in the 
“Population Models” folder and investigate the long-term behavior of solu- 
tion curves by using linear approximations near equilibrium points. 
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A repelling spiral source and attract- 
ing limit cycle (a = 1). 

Figure 7.5: The system, x’ = y+ax—.x°, y’ =—x, undergoes a Hopf bifurcation 
to an attracting limit cycle as the parameter transits the value a = 0. 


An attracting spiral sink (a = —1). 


@ Bifurcation to a Limit Cycle 


IS if you are not “into” 
nonlinear electrical circuits, 
ignore the modeling here and just 
consider ODE (10) as a particular 
nonlinear system. 


ES Current, voltages and time 
are scaled to dimensionless 
quantities in system (10). 


The model equations for an electrical circuit (the van der Pol circuit) contain- 
ing a nonlinear resistor, an inductor, and a capacitor, all in series, are 


x =ytax—-x, y=-x (10) 


where x is the current in the circuit and y is the voltage drop across the ca- 
pacitor. The voltage drop across the nonlinear resistor is ax — x*, where a is a 
parameter. The characteristics of the resistor, and thus the performance of the 
circuit, change when we change the value of this parameter. Let’s look at the 
phase portrait and the corresponding eigenvalues of the linearization of this 
system at the equilibrium point (0, 0) for different values of a. 

As a increases from —1 to 1, the eigenvalues of the Jacobian matrix of 
system (10) at the origin change from complex numbers with negative real 
parts to complex numbers with positive real parts, but at a = 0 they are pure 
imaginary. The circuit’s behavior changes as a increases, and it changes in a 
qualitative way at a = 0. The phase portrait shows a spiral sink at (0, 0) for 
a < 0, then a spiral source for a > 0. Further, the trajectories near the source 
spiral out to a closed curve that is itself a trajectory. Our electrical circuit 
has gone from one where current and voltage die out to one that achieves a 
continuing oscillation described by a periodic steady state. A change like this 
in the behavior of a model at a particular value of a parameter is called a Hopf 
bifurcation. Figure 7.5 shows the changes in a trajectory of system (10) due 
to the bifurcation that occurs when a is increased through zero. 


¥ Find the Jacobian matrix of system (10) at the origin and calculate its 
eigenvalues in terms of the parameter a. Write out the linearized version of 
system (10). Check your work by using ODE Architect’s equilibrium, Jaco- 
bian, and eigenvalue capabilities. 


Higher Dimensions 


TS A limit cycle is 
exclusively a nonlinear 
phenomenon. Any cycle ina 
linear autonomous system is 
always part of a family of cycles, 
none of which are limit cycles. 
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The closed solution curve in Figure 7.5 that represents a periodic steady 
state is called an attracting limit cycle because all nearby trajectories spiral 
into it as time increases. As the parameter value changes in a Hopf bifurcation, 
you can observe an equilibrium point that is a spiral sink changing into a 
source with nearby orbits spiralling onto the limit cycle. You’ ll investigate this 
kind of phenomenon when you use ODE Architect to investigate the model 
system in the “Saxophone” submodule of Module 7. 


@ Higher Dimensions 


So far we have looked at systems of nonlinear ODEs involving only two state 
variables. However it is not uncommon for a model to have a system with 
more than two state variables. Fortunately our ideas extend in a natural way 
to cover these situations. Analysis by linear approximation may still work 
in these cases, and ODE Architect can always be used to find equilibrium 
points, Jacobian matrices, and eigenvalues in any dimension. See for example 
Problem 3 in Exploration 7.3. 

The chapter cover figure shows trajectories of a system with three state 
variables; this system describes the angular velocity of a spinning body. The 
“Spinning Bodies” submodule of Module 7 and Problem | in Exploration 7.3 
model the rotational motion of an object thrown into space; this model is 
described below. 


Y How could you visualize the trajectories of a system of four equations? 


@ Spinning Bodies: Stability of Steady Rotations 


E> As we shall see, not all 
axes L will support steady 
rotations. 


Suppose that a rigid body is undergoing a steady rotation about an axis L 
through its center of mass. In a plane perpendicular to L let 6 be the angle 
swept out by a point in the body, but not on the axis. Steady rotations about 
L are characterized by the fact that 6’ = d0/dt = constant, for all time. In 
mechanics, it is useful to describe such steady rotations by a vector w parallel 
to L whose magnitude |w| = d0/dt is constant. Notice that —w in this case 
also corresponds to a steady spin about L, but in the opposite direction. The 
vector w is called the angular velocity, and for steady rotations we see that w 
is a constant vector. The angular velocity vector w can also be defined for an 
unsteady rotation of the body, but in this case w(t) is not a constant vector. 

It turns out that in a uniform force field (such as the gravitational field 
near the earth’s surface), the differential equations for the rotational motion of 
the body about its center of mass decouple from the ODEs for the translational 
motion of the center of mass. How shall we track the rotational motion of the 
body? For each rigid body there is a natural triple of orthogonal axes L;, Lo, 
and L3 (called body axes) which, as it turns out, makes it relatively easy to 
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[SS A matrix A is positive 
definite if it is symmetric (i.e., 
A! = A) and all of its 
eigenvalues are positive. 


ES Described graphically in 
Module 7. 


[Is A complete derivation of 
the model ODEs can be found in 
the first of the listed references. 


[SS Pure steady rotations are 
possible about any body axis. 


Chapter 7 


model the rotational motion by a system of ODEs. To define the body axes we 
need the inertia tensor \ of the body. Given a triple of orthogonal axes through 
the body’s center of mass, put an orientation on each axis and label them to 
form a right-handed frame (i.e., it follow the right-hand rule). In that frame, I 
is represented by a3 x 3 positive definite matrix. Body axes are just the frame 
for which the representation of I is a diagonal matrix with the positive entries 
I, In, and J; along the diagonal. These values J, 5, and J; are called the 
principal moments of inertia of the body. Note that J; is the moment of inertia 
about the principal axis L,, for k = 1, 2, 3. If a body has uniform density and 
an axis L such that turning the body 180° about that axis brings the body into 
coincidence with itself again, then that axis L is a principal axis. 

Let’s say that a book has uniform density (not quite true, but nearly so). 
Then the three axes of rotational symmetry through the center of mass are 
the principal axes: L3, the short axis through the center of the book’s front 
and back covers; Lo, the long axis parallel to the book’s spine; and Li, the 
intermediate axis which is perpendicular to Lz and L3. For a tennis racket, 
the body axis L2 is obvious on geometrical grounds. The other axes L, and 
L; are a bit more difficult to discern, but they are given in the margin sketch. 

Throw a tennis racket up into the air and watch its gyrations. Wrap a 
rubber band around a book, toss it into the air, and look at its spinning behav- 
ior. Now try to get the racket or the book to spin steadily about each of three 
perpendicular body axes L;, Lz, and L3. Not so hard to do about two of the 
axes—but nearly impossible about the third. Why is that? Let’s construct a 
model for the rotation of the body and answer this question. 

Let’s confine our attention to the body’s angular motion while aloft, not its 
vertical motion. Let’s ignore air resistance. The key parameters that influence 
the angular motion are the principal inertias /;, J), 1; about the respective 
body axes Li, Lo, L3. Let w1, m2, and w3 be the components of the vector 
w along the body axes L;, L2, and L3. There is an analogue of Newton’s 
second law applied to the body which involves the angular velocity vector 
w. The components of the rotational equation of motion in the body axes 


frame are given by [;@, = (2h — )a20@3, hol = (3 —)o,03, ho = 
(1 — 1n)@ >. 
Dividing by the principal inertias, we have the nonlinear system 
! h-k 
oO, = W203 
I 
Bh-I 
wo, = > a0; (11) 
1) 
, |-l 
03 = @1@2 
v6} 


Let’s measure angles in radians and time in seconds, so that each @; has units 
of radians per second. 

First, we note that for any constant a 4 0, the equilibrium point w = 
(a, 0, 0) of system (11) represents a pure steady rotation (or spinning motion) 
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IS aA system of autonomous 
ODEs is conservative if there is a 
function F of the dependent 
variables whose value is constant 
along each orbit (i.e., trajectory), 
but varies from one orbit to 
another. F is said to be an 
integral of motion of the system. 


iE Body axis Ly is parallel to 
the w,-axis, Lz to the w2-axis, 
and Lz to the w3-axis in 

Figure 7.6. 


about the first body axis L; with angular velocity a. The equilibrium point 

(—a, 0,0) represents steady rotation about L; in the opposite direction. Sim- 

ilar statements are true for the equilibrium points w = (0, a, 0) and (0, 0, @). 
Now the kinetic energy of angular rotation is given by 


1 
KE(a,, @2, 03) = 5 (ho; + hos + 103) 


The value of KE stays fixed on an orbit of system (11) since 
d(KE) 
dt 


= Nao} + haw, + ha303 
= (hb — h)w,a203 + U3 — 11) @1@2@3 + ( — 11)@1@203 = 0 


So system (11) is conservative and K E is an integral. The ellipsoidal integral 
surface K E = C, where C is a positive constant, is called an inertial ellipsoid 
for system (11). Note that any orbit of (11) that starts on one of the ellipsoids 
stays on the ellipsoid, and orbits on that ellipsoid share the same value of KE. 


Y Show that the functions 
h-TI IL-I 
3 Oey) 2 3,2 


re 
bo” a Oe 
and 
-Tf Lh-I 
es ny eae 


ns: 
are also integrals for system (11). Describe the surfaces K = const. M = 
const. 


Let’s put in some numbers for /,, J), and J; and see what happens. Set 
I, =2, I, =1, I; =3. Then system (11) becomes 


O; = —203 
Ws = 0103 (12) 
| 
3 = Ze 
With the given values for 11, /2, 1; we have the integral 
KE= 5 (2a; + 03 + 303) (13) 


The left graph in Figure 7.6, which is also the chapter cover figure, shows 
the inertial ellipsoid KE = 12 and twenty-four orbits on the surface. The 
geometry of the orbits indicates that if the body is started spinning about an 
axis very near the body axes L» or L3, then the body continues to spin almost 
steadily about those body axes. Attempting to spin the body about the inter- 
mediate body axis L, is another matter. Any attempt to spin the body about 
the L; body axis leads to strange gyrations. Note in Figure 7.6 that each of the 
four trajectories that starts near the equilibrium point (12, 0, 0) where the 
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w3 


Figure 7.6: Twenty-four trajectories on the inertial ellipsoid KE = 12 (left); 
head-on view from the «,-axis (right) shows a saddle point on the ellipsoid. 


@ -axis pierces the ellipsoid goes back near the antipodal point (and reverses 
its direction of rotation) then returns in an endlessly repeating periodic path. 
This corresponds to unstable gyrations near the w)-axis. 


Y Match up the trajectories in Figure 7.6 with actual book rotations. Put 
a rubber band around a book, flip the book into the air, and check out the 
rotations. Do the projected trajectories in the right graph of Figure 7.6 really 
terminate, or is something else going on? 


@ The Planar Double Pendulum 


[SS This is pretty advanced 
material here, so feel free to skip 
the text and go directly to the 
“Double Pendulum Movies”. Just 
click on the ODE Architect 
library, open the “Physical 
Models” folder and the “The 
Nonlinear Double Pendulum” 
file, and create chaos! 


[SS The “x” here denotes the 
vector cross product. 


The planar double pendulum is an interesting physical system with two de- 
grees of freedom. It consists of two rods of lengths /; and /2, and two masses, 
specified by m, and mz, attached together so that the rods are constrained to 
oscillate in a vertical plane. We’ll neglect effects of damping in this system. 
The governing equations are most conveniently written in terms of the 
angles 6;(t) and 62(t) shown in Figure 7.7. One way to obtain the equations 
of motion is by applying Newton’s second law to the motions of the masses. 
First we’ll consider mass m and the component in the direction shown by the 
unit vector uz in Figure 7.7. Define a coordinate system centered at mass m, 
and rotating with angular velocity Q = (d6,/dt)k, where k is the unit vector 
normal to the plane of motion. If a, ¥, and fF denote the acceleration, velocity, 
and position of m2 with respect to the rotating coordinate system, then the 
acceleration a with respect to a coordinate system at rest is known to be 


A Q. n *y 
a=at  xP+20x44+0x (QO x r) (14) 


For our configuration it follows that fF is given by 


r= —[/; sin(@2 — 0; ) Jug + [2 + 1, cos(@2 — 61) ]u4 (15) 


The Planar Double Pendulum 


I> The Library file, “The 
Nonlinear Double Pendulum” 
uses different symbols for ;, O13 
62, and 64. 


[3 Before equations (19) 

and (20) can be solved by the 
Tool, they need to be converted to 
a normalized system of first order 
ODEs. 
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with the unit vector uy in the direction shown in Figure 7.7. Since the only 
forces acting are gravity and the tensile forces in the rods, the u3-component 
of F = mga in combination with Eqs. (14) and (15) gives 


myly(O2 — 01)" + mallo + Ly cos(O2 — 0110; 
+ my) (6,)” sin(@2 — 01) = —mzg sin, (16) 
Similarly, the component of Newton’s law in the direction of the unit vector 
u, is given by 
ml10 + mgly cos(O2 — 6,)04 — mgly(05)° sin(62 — 61) 
= —m 2g sing, iar h sin(6> = 01) (17) 
where f> is the magnitude of the tensile force in the rod /,. Equations (16) 
and (17) will provide the system governing the motion, once the quantity f is 


determined. An equation for f is found from the u,-component of Newton’s 
law applied to the mass m1: 


ml — —m,gsin 6; + ho sin(@2 — 61) (18) 


Eliminating f) between Eqs. (17) and (18) and simplifying Eq. (16) slightly, 
we obtain the governing nonlinear system of second-order ODEs for the un- 
damped planar double pendulum: 


(my +m2)1,0{ + mlz cos(6 — 0) 65 
— mlz (04)* sin(O2 — 6,) + (m, + mz)g sind; =0 (19) 


M105 + ml, cos(6 = 6,)0/ 


+ myl) (6)? sin(@2 — 01) + m2gsin@,=0 (20) 


Geometry Unit vectors 


Figure 7.7: Geometry and unit vectors for the double pendulum. 
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Another way to derive the equations of motion of the double pendulum 
system is to use Lagrange’s equations. These are 


d|o 0 
ala? -Y|- gy e-Y=9 (21) 
d|o 0 
alae? -Y)|- at -9=9 (22) 


where T is the kinetic energy of the system and V is its potential energy. The 
respective kinetic energies of the masses m, and mp are 


1 / 
T= smili ()° 


1 1 
T= zie (li sin 0, + 1565 sin 2)” + sina(i cos 6; + 1565, cos 62)” 

The corresponding potential energies of m, and mz are 

V, = m,gl,(1 — cos) 

Vo = magl,(1 — cos 6) + mogl2(1 — cos 62) 
Then we have T = 7, + 7 and V = V; + V2. Inserting the expressions for T 
and V into Eqs. (21) and (22), we find the equations of motion of the double 
pendulum. These equations are equivalent to the ones obtained previously us- 


ing Newton’s law. The formalism of Lagrange pays the dividend of producing 
the equations with “relatively” shorter calculations. 
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Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 7.1. Predator and Prey: Linearization and Stability 


1. Let F represent the number of flies and S the number of spiders (both in 
1000s). Assume that the model for their interaction is given by: 
E33 Take a look at the “Spider 
and Fly” submodule of Module 7. S'=—48 + 2SF, F’ =3F —2SF (23) 


where the SF-term is a measure of the interaction between the two species. 


(a) Why is the S F-term negative in the first ODE and positive in the second 
when (5S, F) is inside the population quadrant? 


(b) Show that the system has an equilibrium point at (1.5, 2). 


(c) Show that the system matrix of the linearization of system (23) about 


[35° This makes the point (1.5, 2) has pure imaginary eigenvalues. 
(1.5, 2) a center for the 


jinearied <ysien (d) Now plot phase portraits for system (23) and for its linearization about 


(1.5, 2). What do you see? 


2. Suppose that an insecticide reduces the spider population at a rate proportional 
to the size of the population. 


(a) Modify the predator-prey model of system (23) to account for this. 
(b) Model how insecticide can be made more or less effective. 


(c) Use the model to predict the long-term behavior of the populations. 
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Exploration 7.1 
In a predator-prey system that models spider-fly interaction 
F 
S’'=—-48+2SF, F'=3 (1 ~ 5) F-28F 


the number N represents the maximum fly population (in 1000s). Investigate 
the effect of changing the value of N. What’s the largest the spider population 
can get? The fly population? 


Suppose the spider-fly model is modified so that there are two predators, spi- 
ders and lizards, competing to eat the flies. One model for just the two preda- 
tor populations is 


s'=4(1-3)5-sz. u=3(1-5)L-sz 


(a) What do the numbers 2, 3, 4, and 5 represent? 
(b) What does the term SZ represent? Why is it negative? 
(c) What will become of the predator populations in the long run? 


Take a look at the library file “A Predator-Prey System with Resource Limi- 
tation” in the “Biological Models” folder. Compare and contrast the system 
you see in that file with that given in Problem 2. Create a system where both 
the predator and the prey are subject to resource limitations, and analyze the 
behavior of the trajectories. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. 


Course/Section 


Exploration 7.2. Bifurcations and Limit Cycles 


1. 


Alter the model in the “Saxophone” submodule of Module 10 by adding a 
parameter c: 


! ! 1 3 
u=v, UV CNY 


(a) What part of the model does this affect? 


(b) How do solutions behave for values of c between 0 and 2, taking 
s=b=1? 


(c) As c increases, what happens to the pitch and amplitude? 


Suppose the model for a simple harmonic oscillator (a linear model), 


/ / 
x=Yy, y=a-x 


is modified by adding a parameter c: 


/ 


x =cext+y, y=-x+cy 


(a) What happens to the equilibrium point as c goes from —1 to 1? 


(b) What happens to the eigenvalues of the matrix of coefficients as c 
changes from —1 to 1? 
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3. 

4. 
ES Use the model-based 
pendulum animation in ODE 
Architect and watch the 
pendulum gyrate. 

5. 


iE Sweep on the parameter a, 
and then animate. To animate a 
graph with multiple trajectories 
corresponding to different values 
of a, click on the animate icon 
below the word “Tools” at the top 
left of the tools screen. 


Exploration 7.2 


Suppose we further modify the system of Problem 2: 


f | 
yuTxt 


x’ =exty—x0°+y"), cy—y(x’+y’) 
where —1 < c < 1. Analyze the behavior of the equilibrium point at (0, 0) 
as c increases from —1 to 1. How does it compare with the behavior you 


observed in Problem 2? 


You can modify the system for a simple, undamped nonlinear pendulum (see 
Chapter 10) to produce a torqued pendulum: 


a y’ =—sin(x) +a 

Here a represents a torque applied about the axis of rotation of the pendulum 
arm. Investigate the behavior of this torqued pendulum for the values of a 
between 0 and 2 by building the model and animating the phase space as a in- 
creases. Explain what kind of behavior the pendulum exhibits as a increases; 
explain the behavior of any equilibrium points you see. 


The motion of a thin, flexible steel beam, affixed to a rigid support over two 
magnets, can be modeled by Duffing’s equation: 


3 


x =y, yw=ax-x 


where x represents the horizontal displacement of the beam from the rest po- 


sition and a is a parameter that is related to the strength of the magnets. In- 
vestigate the behavior of this model for —1 < a < 1. In particular: 


(a) Find all equilibrium points and classify them as to type (e.g., center, sad- 
dle point), verifying your phase plots with eigenvalue calculations (use 
ODE Architect for the eigenvalue calculations). Some of your answers 
will depend on a. 


(b) Give a physical interpretation of your answers to Question (a). 


(c) What happens to the equilibrium points as the magnets change from 
weak (a < 0) to strong (a > 0)? 


(d) What happens if you add a linear damping term to the model? (Say, 
y’ =ax— x3 — vy.) 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 7.3. Higher Dimensions 


ES For example, @ = 0, 

@7 = 3, w3 = 1 can be taken as 
an initial point and so can 

oO,= 1: w2 = 0, 

w3 = (10/3). 


Spinning Bodies. 
Use ODE Architect to draw several distinct trajectories on the ellipsoid of 
inertia, 0.5(2w4 + w; + 303) = 6, for system (12). 

Choose initial data on the ellipsoid so that the trajectories become the 
“visible skeleton” of the invisible ellipsoid. What do the trajectories look like? 
What kind of motion does each represent? You should be able to get a picture 
that resembles the chapter cover figure and Figure 7.6. Project your 3D graphs 
onto the | @ -, @2@3-, and @;@3-planes, and describe what you see. Now ap- 
ply the equilibrium/eigenvalue/eigenvector calculations from ODE Architect 
to equilibrium points on each of the w,-, w2-, and w3- axes. Describe the re- 
sults and their correlation with what you saw on the coordinate planes. Now 
go to the Library file “A Conservative System: The Momentum Ellipsoid” in 
the folder “Physical Models” and explain what you see in terms of the previ- 
ous questions in this problem. 


Exploration 7.1 (Problem 4) gives a predator-prey model where two species, 
spiders and lizards, prey on flies. Construct a system of three differential 
equations that includes the prey in the model. You’ II need to represent growth 
rates and interactions, and you may want to limit population sizes. Make some 
reasonable assumptions about these parameters. What long-term behavior 
does your model predict? 


Take another look at the ODEs of the coupled springs model in Module 6. 
Use ODE Architect for the system of four ODEs given in Experiment 1 of that 
section (use c = 0.05). Make 3D plots of any three of the five variables x1, x‘, 
x2, x5, and t. What do the plots tell you about the corresponding motions of 
the springs? Now use the Tool to find the eigenvalues of the Jacobian matrix 
of the system at the equilibrium point. What do the eigenvalues tell you about 
the motions? 
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Exploration 7.3 


Modify the coupled springs model from Module 6 (where coupled linear 
springs move on a frictionless horizontal surface) by making one of the 
springs hard or soft: add a term like +x* to the restoring force. Does this 
change the long-term behavior of the system? Make and interpret graphs as 
in Problem 3. 


Chaos in three dimensions. 

Some nonlinear 3D systems seem to behave chaotically. Orbits stay bounded 
as time advances, but the slightest change in the initial data leads to an orbit 
that eventually seems to be completely uncorrelated with the original orbit. 
This is thought to be one feature of chaotic dynamics. Choose one of the 
following three Library files located in the folder “Higher Dimensional Sys- 
tems”: 


e “The Scroll Circuit: Organized Chaos” 
e “The Lorenz System: Chaos and Sensitivity” 
e “The Roessler System: A Strange Attractor” 


Change parameters until you see an example of this kind of chaos. You may 
want to look at Chapter 12 for additional insight into the meaning of chaos. 


Overview 


Key words 


See also 


Compartment Models 


time 


Oscillating chemical reactions on a wineglass? 


A salt solution is pumped through a series of tanks. We'll use the balance law to 
model the rate of change of the amount of salt in each tank: 


Net rate of change of} _ |Rateinto| | Rate out of 
amount of salt intank{ ~~ tank tank 


If we know the initial amount of salt and the inflow and outflow rates of the 
solution in each tank, then we can set up an IVP that models the physical system. 
We'll use this “balance law” approach to model the pollution level in a lake; the 
flow of a medication; the movement of lead among the blood, tissues, and bones 
of a body; and an autocatalytic chemical reaction. 


Compartment model; balance law; lake pollution; pharmacokinetics; chemical re- 
actions; chemical law of mass action; autocatalysis; Hopf bifurcation 


Chapter 9 for the SIR compartment model, and Chapter 6 for linear systems and 
flow through interconnected tanks. 
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@ Lake Pollution 


ESS You can get the volume 
V(t) of water in the lake by 
solving the IVP V’ = Sin — Sout, 
V(0) = Vo. 


E> So we need to know Vv(0), 
L(0), Pin, Sin, aNd Soy in order to 
determine L(t) and V(t). 


ES Take a look at Screen 1.4 
in Module 8 for on-off inflow 
concentrations. 


Chapter 8 


Modeling how pollutants move through an environment is important in the 
prediction of harmful effects, as well as the formulation of environmental 
policies and regulations. The simplest situation has a single source of pollu- 
tion that contaminates a well-defined habitat, such as a lake. To build a model 
of this system, we picture the lake as a compartment; pollutants in the water 
flow into and out of the compartment. The rates of flow determine the amount 
of build-up or dissipation of pollutants. It is useful to represent this conceptual 
model with a compartment diagram, where a box represents a compartment 
and an arrow represents a flow rate. Here is a compartment diagram for a 
simple model of lake pollution: 


Tin Tout 


L(t) 


The amount of pollutant in the lake at time ¢ is L(t), while rin is the rate 
of flow of pollutant into the lake and roy; is the rate of flow of pollutant out 
of the lake. To obtain the equation for the rate of change of the amount of 
pollutant in the lake, we apply the balance law: the net rate of change of the 
amount of a substance in a compartment is the difference between the rate of 
flow into the compartment and the rate of flow out of the compartment: 


aL 
we a 


This ODE is sufficient when we know the rates r;, and roy, but these rates 
are usually not constant: they depend on the rate of flow of water into the 
lake, the rate of flow of water out of the lake, and the pollutant concentration 
in the inflowing water. Let sin and Sou represent the volume rates of flow of 
water into and out of the lake, V the volume of water in the lake, and pin the 
concentration of pollutant in the incoming water. Now we can calculate the 
rates shown in the compartment diagram: 


L 


Tin = PinSin, Tout = yout 


The ODE for the amount of pollutant in the lake is now 


se = PinSin — pou (1) 
To obtain an IVP, we need to specify L(O), the initial amount of pollutant in 
the lake. The solution to this [VP will reveal how the level of pollution varies 
in time. Figure 8.1 shows a solution to the ODE (1) for the pollution level in 
the lake if the inflow is contaminated for the first six months of every year and 
is clean for the last six months (so pj,(t) is a square wave function). 


Allergy Relief 


@ Allergy Relief 
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Pollutant in lake (tons) 


0 2 4 6 8 10 
Time t (years) 


Figure 8.1: Pollutant level in a lake (on-off inflow rates). 


Y “Check” your understanding by finding the volume V(t) of water in the 
lake at time tif V(O) = 10, sj, = 3, and s,,,; = 1, 3, or 5 (all quantities in 
suitable units). Does the lake dry up, overflow, or stay at a constant volume? 


Medications that relieve the symptoms of hay fever often contain an antihis- 
tamine and a decongestant bundled into a single capsule. The capsule dis- 
solves in the gastrointestinal (or GI) tract and the contents move through the 
intestinal walls and into the bloodstream at rates proportional to the amounts 
of each medication in the tract. The kidneys clear medications from the blood- 
stream at rates proportional to the amounts in the blood. 

Here is a compartment diagram for this system: 


GI tract 
x(t) 


The symbols in this diagram have the following meanings: 


I(t): The rate at which the dissolving capsule releases a medication (for 
example, a decongestant) into the GI tract 
x(t): The amount of medication in the GI tract at time t 
ax(t): The clearance rate of the medication from the GI tract, which equals 
the entrance rate into the blood (a is a positive rate constant) 
y(t): The amount of medication in the blood at time ¢ 
by(t): The clearance rate of the medication from the blood (b is a positive 
rate constant) 
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E> Medication levels in the 
blood (easily measured) indicate 
the levels in the tissues (hard to 
measure), where the medication 
does its good work. 


ESS Screen 2.4 in Module 8 
shows what happens if 

a = 0.6931 hr7!, Ty, = 1 br, and 
band A are adjustable 
parameters. 


E3> ODE Architect to the 
rescue! 


References 
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Applying the balance law to each compartment, we have a system of first- 
order linear ODEs: 

x’ =I—-ax 5 

y’ =ax — by ) 
If we know /(t), the rate constants a and b, and the initial amounts x(0) and 
y(O) of medication in the GI tract and the bloodstream, we can use ODE 
Architect to track the flow of the medication through the body. From a phar- 
macological point of view, the goal is to get the medication levels in the blood 
into the effective (but safe) zone as quickly as possible and then to keep them 
there until the patient recovers. 

There are two kinds of medication-release mechanisms: continuous and 
on-off. In the first kind, the medication is released continuously at an approx- 
imately constant rate, so /(t) is a positive constant. In the on-off case, each 
capsule releases the medication at a constant rate over a brief span of time and 
then the process repeats when the next capsule is taken. In this case we model 
I(t) by a square wave: 


I(t) —A SqWave(t, Ther, Ton) 


which has amplitude A, period T,,, and “on” time T,,. For example, if the 
capsule releases 6 units of medication over a half hour and the dosage is one 
capsule every six hours, then 


I(t) = 12 SqWave(t, 6, 0.5) (3) 


Note that A - T,, = 12 (units/hr) x0.5 (hr) = 6 units. 

Compartment models described by equations such as (2) are called cas- 
cades. They can be solved explicitly, one equation at a time, by solving the 
first ODE, inserting the solution into the second ODE, solving it, and so on 
down the cascade. Although this approach theoretically yields explicit solu- 
tion formulas, in practice the formulas farther along in the cascade of solutions 
get so complicated that they are difficult to interpret. That’s one reason why 
it pays to use a numerical solver, like the ODE Architect. Figure 8.2 shows 
how the amounts of decongestant in the body change when administered by 
the on-off method [equation (3)]. 


Y By inspecting Figure 8.2 decide which of the clearance coefficients a or 
b in system (2) is larger. 


Borrelli, R.L., and Coleman, C.S., Differential Equations: A Modeling Per- 
spective, (1998: John Wiley & Sons, Inc.) 


Spitznagel, E., ““Two-Compartment Phamacokinetic Models” in C-ODE-E, 
Fall 1992, pp. 24, http://www.math.hmc.edu/codee 
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Figure 8.2: Decongestant levels in the GI tract and in the blood. 


@ Lead in the Body 


E> In ancient times lead was 
used to sweeten wine. 


Lead gets into the digestive and respiratory systems of the body via contami- 
nated food, air, and water, as well as lead-based paint, glaze, and crystalware. 
Lead moves into the bloodstream, which then distributes it to the tissues and 
bones. From those two body compartments it leaks back into the blood. Lead 
does the most damage to the brain and nervous system (treated here as tis- 
sues). Hair, nails, and perspiration help to clear lead from the tissues, and the 
kidneys clear lead from the blood. The rate at which lead leaves one compart- 
ment and enters another has been experimentally observed to be proportional 
to the amount that leaves the first compartment. Here is the compartment 
diagram that illustrates the flow of lead through the body. 


In the diagram, L is the inflow rate of lead into the bloodstream (from the 
lungs and GI tract); x, y, and z are the respective amounts of lead in the blood, 
tissues, and bones; and k,, ... , kg are experimentally determined positive rate 
constants. The amount of lead is measured in micrograms (1 microgram = 
10~° gram), and time (t) is measured in days. 
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Ks System (4) is a driven 
linear system with constant 
coefficients, so 
eigenvalue/eigenvector 
techniques can be used to find 
solution formulas if L is a 
constant (see Chapter 6). 


ES It was in the 1970’s and 
80’s that most of the 
environmental protection laws 
were enacted. 


E> See Screen 3.3 in 
Module 8 for the rate constants 
and the inflow rate L. 
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Figure 8.3: Five environmental clean-up scenarios for t > 400 days result in 
five different steady-state lead levels in the blood. 


Applying the balance law to each compartment, we have the linear system 
of ODEs that models the flow of lead through the body compartments: 


x = (L+koy+kyz) — (ki tks +keo)x 
y =kx— (ko +ks)y (4) 
Zz =k3x—kaz 


Unlike the allergy relief system (2), system (4) is not a cascade. Lead moves 
back and forth between compartments, so the system cannot be solved one 
ODE at a time. ODE Architect can be used to find x(t), y(t), and z(t) if x(0), 
y(0), z(O), L(t), and ky,... , ke are known. 

If the goal is to reduce the amount of lead in the blood (and therefore in 
the tissues and bones), we can clean up the environment (which reduces the 
inflow rate) or administer a medication that increases the clearance coefficient 
ko. However, such medication carries its own risks, so most efforts today are 
aimed at removing lead from the environment. A major step in this direction 
was made in the 1970’s and 80’s when oil companies stopped adding lead to 
gasoline and paint manufacturers began to use other spreading agents in place 
of lead. Figure 8.3 shows the effects of changing the lead intake rate L. 

The Food and Drug Administration and the National Institutes of Health 
have led the fight against lead pollution in the environment. They base their 
efforts on data acquired from several controlled studies of lead flow, where the 
study groups were made up of human volunteers in urban areas. The numbers 
we use in Submodule 3 of Module 8 and in this chapter come from one of 
those studies. Some references on the lead problem are listed below. 


Equilibrium 


References 


@ Equilibnum 


[SS The Equilibrium tabs in 
ODE Architect work for systems 
such as (5), where the rate 
functions don’t depend explicitly 
on time (i.e., the systems are 
autonomous). 


[8 You need to know about 
matrices to tackle this one. 
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Y Write down the systems of ODEs for the two compartment diagrams: 


(b) 


Batschelet, E., Brand, L., and Steiner, A., “On the kinetics of lead in the 
human body,” J. Math. Bio., 8 (1979), pp. 15—23 


Kessel, I., and O’ Conner, J., Getting the Lead Out (1997: Plenum) 


Rabinowitz, M., Wetherill, G., and Kopple, J., “Lead metabolism in the nor- 
mal human: Stable isotope studies,” Science, 182 (1973), pp. 725-727. 


In many compartment models, if the inflow rates from outside the system are 
constant, then the substance levels in each compartment tend to an equilibrium 
value as time goes on. Mathematically, we can find the equilibrium values by 
setting each rate equal to zero and solving the resulting system of equations 
simultaneously. For example, the equilibrium for the system 


x =1-2x 


5 
y =2x—3y ©) 


is x = 1/2, y= 1/3, which is the solution to the algebraic system 1 — 2x = 0 
and 2x — 3y = 0. If the system is complicated, you can use ODE Architect 
to find the equilibrium values. Just use the Equilibrium tabs in the lower 
left quadrant and in one of the right quadrants, and you will get approximate 
values for the equilibrium levels. 


Y Go to Things-to-Think-About 2 on Screen 3.5 of Module 8 for the lead 
flow model with constant values for L and the coefficients k;. Use the Equi- 
librium tabs in the tool screen to estimate the equilibrium lead levels in the 
blood, tissues, and bones for the given data. 


Y Suppose that x is a column vector with n entries, b is a column vector of 
n constants, and A is an n x n invertible matrix of real constants. Can you 
explain why the linear system x’ = Ax — b has a constant equilibrium x*? 
Find a formula for x* in terms of A~! and b. 
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@ The Autocatalator and a Hopf Bifurcation 


So far all the compartments in our models have represented physical spaces 
through which substances move. However, there are other ways to think about 
compartments. For example, they can represent substances that transform 
into one another, such as uranium 238 and all of its seventeen radioactive 
decay products, ending with stable lead 206. Or think of a chemical reactor 
in which chemicals react with one another and produce other chemicals. The 
autocatalator is a mathematical model for one of these chemical reactions. 

In an autocatalytic reaction, a chemical promotes its own production. 
For example, suppose that one unit of chemical X reacts with two units of 
chemical Y to produce three units of Y, a net gain of one unit of Y: 


x +2Y —> 3Y 


where k is a positive rate constant. This is an example of autocatalysis. We’ ll 
come back to autocatalysis, but first we need to make a quick survey of how 
chemical reactions are modeled by ODEs. 

Most chemical reactions are first-order in the sense that the rate of decay 
of each chemical in the reaction is directly proportional to its own concentra- 
tion: 


dz 

ae 
where z(t) is the concentration of chemical Z at time ft in the reactor and k is 
a positive rate constant. 

While a first-order reaction is modeled by a linear ODE, such as (6), 
autocatalytic reactions are higher-order and the corresponding rate equations 
are nonlinear. In order to build models of higher-order chemical reactions, 
we will use a basic principle called the Chemical Law of Mass Action: 


—kz (6) 


The Chemical Law of Mass Action. If molecules X;,... , X, react to 
produce molecules Y;,..., Y, in one step of the chemical reaction 


4Xq > ted 


that occurs with rate constant k, then 

X, = —kx1x2+++X,, 1<i<n 

Yj = kxyx2+++Xn, 1< jm 
where x; and y; are, respectively, the concentrations of X; and Y;. The 
chemical species X,,..., Xn, Y1,... , Y» need not be distinct from each 


other: more than one molecule of a given type may be involved in the 
reaction. 
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IS in Figure 8.5, the 
multimedia module, and the 
Library file, different symbols are 
used for the rate constants. 


[3 The term k Xx makes 
this system nonlinear. 


E> See Screen 4.3 of 
Module 8 for values of the rate 
constants. 


For example, the chemical law of mass action applied to the reaction 


k 
X+Y—>Z 
gives 
x’ =—kxy, y’=—kxy, and z'’=kxy 
where k is a positive rate constant and x, y, z denote the respective concen- 
trations of the chemicals X, Y, Z in the reactor. The autocatalytic reaction 
k 
X+2Y —> 3Y 
is modeled by 
x’ =—kxy* 
an 2 2__ py? 
y = —2kxy* + 3kxy* = kxy 


because the rate of decrease of the reactant concentration x is kxy” (think of 
X+2Y as X+Y+Y), the rate of decrease of the reactant concentration y 
is 2kxy? (because two units of Y are involved), and the rate of increase in the 
product concentration y is 3kxy* (think of 3Y as Y+Y+Y). 


¥ If you want to speed up the reaction should you increase the rate constant 
k, or lower it? Any guesses about what would happen if you heat up the 
reactor? Put the reactor on ice? 


With this background, we can model a sequence of reactions that has been 
studied in recent years: 


ky ky k3 ka 
X, — X, X. —> X3, X +2X3 —> 3X3, X3 —> X4 


Note the nonlinear autocatalytic step in the midst of the first-order reactions. 
A compartment diagram for this reaction is 


where x), X2, x3, and x4 denote the respective concentrations of the chemicals 
X1, X2, X3, and X4. The corresponding ODEs are: 


X= apal = (kox2 + k3x2X3) (7) 


x = (kox2 + kgx2x3) — kaxg 
4 
X4 = kax3 
In a reaction like this, we call X, the reactant, X> and X3 intermediates, and 


X,4 the final product of the reaction. For certain ranges of values for the rate 
constants kj, k2, k3, k4 and for the initial reactant concentration x; (0), the 
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[SS The chapter cover figure 
shows how the intermediate 
concentrations x(t) and x3 (tf) 
play off against each other as 
time increases. 
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Figure 8.4: As the reactant falls into the Hopf bifurcation zone, the oscillations 
of the intermediates turn on as the product rises. Later the oscillations turn 
off and the reaction approaches completion. 


intermediate concentrations x(t) and x3(t) will suddenly begin to oscillate. 
These oscillations eventually stop and the intermediates decay into the final 
reaction product. See Figure 8.4. 

The onset of these oscillations is a kind of a Hopf bifurcation for x2(t) 
and x3(t). In this context, if we keep the value of x, fixed at, say xj, the rate 
term k,xj in system (7) can be viewed as a parameter c. Then the middle two 
rate equations can be decoupled from the other two: 


X =c— KoXx2 = k3x2x3 


(8) 
X= =koxo + k3xpxy — k4x3 
Now let’s fix kp, k3, and k4 and use the parameter c to turn the oscillations in 
X2(t) and x3(t) on and off. This is the setting for a Hopf bifurcation, so let’s 
take a detour and explain what that is. 

As a parameter transits a bifurcation value the behavior of the state vari- 
ables suddenly changes. A Hopf bifurcation is a particular example of this 
kind of behavioral change. Suppose that we have a system that involves a 
parameter c, 


RASC 


9 
y = g(x, y,c) me 


and that has an equilibrium point P atx =a, y= b [so that f(a, b,c) =0 
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E> This is the Jacobian matrix 
of system (9). See Chapter 7. 


[SS The Hopf conditions. 


[> Since a’ (co) £ 0, a(c) 
changes sign as c goes through 
co; this means that P goes from a 
sink to a source, or the other way 
around. 


and g(a, b, c) = 0]. Suppose that the matrix of partial derivatives 


af of 
ax 0 
Peale 
dg dg 


has the complex conjugate eigenvalues a(c) +i B(c). The Dutch mathemati- 
cian Eberhard Hopf showed that if: 


(a) the functions f and g are twice differentiable, 

(b) P is a stable, attracting sink for some value co of the parameter c, 
(c) a(co) =0, 

(d) [da/dc].=c, # 9, 

(e) B(co) £9, 


then as the parameter c varies through the bifurcation value co, the attracting 
equilibrium point P destabilizes and an attracting limit cycle appears (i.e., an 
attracting periodic orbit in the xy-phase plane) that grows in amplitude as c 
changes beyond the value co. 

It isn’t always a simple matter to check the conditions for a Hopf bifurca- 
tion (especially condition (b)). It is often easier just to apply the Architect to 
the system and watch what happens to solution curves and trajectories when 
a parameter is swept over a range of values. For instance, for system (8) with 
values ky = 0.08 and k3 = k4 = 1 for the rate constants, we can sweep the 
parameter c and observe the results. In particular, we want to find values of c 
for which an attracting limit cycle is either spawned by P, or absorbed by P. 
At or near the special c values we can use the Equilibrium feature of the ODE 
Architect tool to locate the equilibrium point, calculate the Jacobian matrix, 
and find its eigenvalues. We expect the eigenvalues to be complex conjugates 
and the real part to change sign at the bifurcation value of c. 

Figure 8.5 shows a sweep of twenty-one trajectories of system (8) with c 
sweeping down from 1.1 to 0.1 and the values of k1, k2, and k3 as indicated in 
the figure. See also Problem 3, Exploration 8.4. 


¥ (This is the first part of Problem 3 of Exploration 8.4.) Use ODE Archi- 
tect to duplicate Figure 8.5. Animate (the right icon under Tools on the top 
menu bar) so that you can see how the trajectories change as c moves down- 
ward from 1.1. Then use the Explore feature to determine which values of c 
spawn or absorb a limit cycle. For what range of values of c does an attracting 
limit cycle exist? 


This behavior of the system (8) carries over to the autocatalator sys- 
tem (7). Notice that the first equation in (7) is x} = —k1x1, which is easily 
solved to give x;(t) = x1(O)e"", If ky is very small, say k; = 0.002, the 
exponential decay of x, is very slow, so that if x; (0) = 500, the term ki; (ft), 
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Figure 8.5: Twenty-one trajectories of system (8) for twenty-one values of c; 
initial data is x.(0) = x3(0) = 0, time interval is 100 with 1000 points. 


though not constant, has values between 1 and 0.01 for a long time interval. 
The behavior of the autocatalator will be similar to that of system (8). 

The section “Bifurcations to a Limit Cycle” in Chapter 7 gives another 
instance of a Hopf bifurcation. For more on bifurcations, see the references. 


Gray, P., and Scott, S.K., Chemical Oscillations and Instabilities (1990: Ox- 
ford Univ. Press) 


Hubbard, J.H., and West, B.H., Differential Equations: A Dynamical Systems 
Approach, Part IT: Higher Dimensional Systems, (1995: Springer-Verlag) 


Scott, S.K., Chemical Chaos (1991: Oxford Univ. Press) 


Answer questions in the space provided, or on Name/Date — 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 8.1. Tracking Pollution in a Lake 


1. Suppose that the water flow rates into and out of a lake are sin = Sour = 
10° m?/yr. The (constant) lake volume is V = 10!° m?, and the concen- 
tration of pollutant in the water flowing into the lake is pin = 0.0003 lb/m?. 
Solve the IVP with Z(0) = 0 (no initial pollution) and describe in words how 
pollution builds up in the lake. Estimate the steady-state amount of pollution, 
and estimate the amount of time for the pollution level to increase to half of 
the asymptotic level. 


2. Suppose that the lake in Problem 1 reaches its steady-state level of pollution, 
and then the source of pollution is removed. Build a new IVP for this situation, 
and estimate how much time it will take for the lake to clear out 50% of the 
pollution. How does this time compare to the time you estimated in Problem 1 
for the build-up of pollutant? 
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Exploration 8.1 


What would be more effective in controlling pollution in the lake: (i) reducing 
the concentration of pollutant in the inflow stream by 50%, (ii) reducing the 
rate of flow of polluted water into the lake by 50%, or (iii) increasing the 
outflow rate from the lake by 50%? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 8.2. What Happens When You Take a Medication? 


1. Go to the Library in ODE Architect and check out the file “Cold Pills I: A 
Model for the Flow of a Single Dose of Medication in the Body” in the folder 
“Biological Models.” This model tracks a unit dose of medication as it moves 
from the GI tract into the blood and is then cleared from the blood. Read the 
file and carry out the explorations suggested there. Record your results below. 


2. Go to the Library in ODE Architect and check out “Cold Pills II: A Model 
for the Flow of Medication with Periodic Dosage” in the folder “Biological 
Models.” Carry out the suggested explorations. 
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Exploration 8.2 


3. Suppose you take a decongestant pill every four hours to relieve the symp- 


toms of a cold. Each pill dissolves slowly and completely over the four-hour 
period between doses, releasing 16 units of decongestant at a constant rate. 
The decongestant diffuses from the GI tract into the bloodstream at a rate pro- 
portional to the amount in the GI tract (rate constant is a = 0.5/ hr) and is 
cleared from the bloodstream at a rate proportional to the amount in the blood 
(rate constant is b = 0.1/ hr). Assume that initially there is no decongestant 
in the body. Write a report in which you address the following points. Be sure 
to attach graphs. 


(a) Write out ODEs for the amounts x(t) and y(t) in the GI tract and the 
blood, respectively, at time f. 

(b) Find explicit formulas for x(t) and y(t) in terms of x(0) and y(O). 

(c) Use ODE Architect to plot x(t) and y(t) for 0 < ¢t < 100 hr. What are 
the equilibrium levels of decongestant in the GI tract and in the blood 
(assuming that you continue to follow the same dosage regimen)? 

(d) Graph x(t) and y(t) as given by the formulas you found in part (b) and 
overlay these graphs on those produced by ODE Architect. What are 
the differences? 


(e 


— 


Imagine that you are an experimental pharmacologist for Get Well Phar- 
maceuticals. Set lower and upper bounds for decongestant in the blood- 
stream, bounds that will assure both effectiveness and safety. How long 
does it take from the time a patient starts taking the medication before 
the decongestant is effective? How long if you double the initial dosage 
(the “loading dose”)? How about a triple loading dose? 


(f) For the old or the chronically ill, the clearance rate constant from the 
blood may be much lower than the average rate for a random sample 
of people (because the kidneys don’t function as well). Explore this 
situation and make a recommendation about lowering the dosage. 


4. Repeat all of Problem 3 but assume the capsule is rapidly dissolving: it deliv- 
ers the decongestant at a constant rate to the GI tract in just half an hour, then 
the dosage is repeated four hours later. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 8.3. Get the Lead Out 


1. Check out the ODE Architect Library file “A Model for Lead in the Body” in 
the “Biological Models” folder and carry out the explorations suggested there. 
(The notation for the rate constants in the library file differs from the notation 
used in this chapter.) 


2. Use the following rate constants: k; = 0.0039, kz =0.0111, k; = 0.0124, 
k4 = 0.0162, ks = 0.000035, kg = 0.0211, and put L = 49.3 wg/day in the 
lead system (4). These values were derived directly from experiments with 
volunteer human subjects living in Los Angeles in the early 1970’s. Using the 
data for the lead flow model, describe what happens if the lead inflow rate L 
is doubled, halved, or multiplied by a constant a. Illustrate your conclusions 
by using the ODE Architect to graph the lead levels in each of the three body 
compartments as functions of t. Do the long-term lead levels (i.e., the equilib- 
rium levels) depend on the initial values? On L? Find the equilibrium levels 
for each of your values of L using ODE Architect. Find the eigenvalues of 
the Jacobian matrix for each of your values of L. With the names given in 
Chapter 6 to equilibrium points in mind, would you call the equilibrium lead 
levels sinks or sources? Nodes, spirals, centers, or saddles? 
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Exploration 8.3 


The bones act as a lead storage system, as you can see from the graphs in 
Submodule 3 of Module 8. What happens if the exit rate constant k4 from the 
bones back into the blood is increased from 0.000035 to 0.00035? To 0.0035? 
Why might an increase in k4 be harmful? See Problem 2 for the values of L 
and the rate constants k;. 


The medication now in use for acute lead poisoning works by improving the 
efficiency of the kidneys in clearing lead from the blood (i.e., it increases the 
value of the rate constant ks). What if a medication were developed that in- 
creased the clearance coefficient ks from the tissues? Explore this possibility. 
See Problem 2 for the values of L and the rate constants k;. 


In the 1970’s and 80’s, special efforts were made to decrease the amount of 
lead in the environment because of newly enacted laws. Do you think this 
was a good decision, or do you think it would have been better to direct the 
efforts toward the development of a better antilead medication for cases of 
lead poisoning? Why? What factors are involved in making such a decision? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 8.4. Chemical Reactions: the Autocatalator 


1. Check out “The Autocatalator Reaction” in the “Chemical Models” folder in 
the ODE Architect Library and graph the concentrations suggested. Describe 
how the concentrations of the various chemical species change in time. 


2. Here are schematics for chemical reactions. Draw a compartment diagram for 
each reaction. Then write out the corresponding sets of ODEs for the indi- 
vidual chemical concentrations. [Use lower case letters for the concentrations 
(e.g., x(t) for the concentration of chemical X at time f).] 

k 
(a) X+Y——>Z 
k k 
(b) X+ Y—>Z—>W 
k 
(c) X+2Y —Z 
(d) X+2¥ > 3¥+Z 
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Exploration 8.4 


[SS Use the Explore feature to 
estimate the starting and stopping 
times of the oscillator. 


Explore the behavior of x2(t) and x3(t) as governed by system (8). Start with 
c=1.1, ko =0.08, k3 =ka = 1, and x(0) = y(O) = 0. Then sweep c from 1.1 
down to 0.1 and describe what happens to orbits in the x2x3-plane. Find the 
range of values of c between 1.1 and 0.1 for which attracting limit cycles are 
visible. These are Hopf cycles. Fix c at a value that you think is interesting 
and sweep one of the parameters k2, k3, or k4. Describe what you observe. 
[Suggestion: Take a look at Figure 8.5, and use the Animate feature of ODE 
Architect to scroll through the sweep trajectories. Then use the Explore option 
to get a data table with information about any of the trajectories you have 
selected. ] 


Look at the autocatalator system (7) with x;(0) = 500, x2(0) = x3(0) = 
x4(0) = 0 and k; = 0.002, ky = 0.08, k3 = kg = 1. Graph x2(t) and x3(t) 
over various time ranges and estimate the times when sustained oscillations 
begin and when they finally stop. What are the time intervals between suc- 
cessive maxima of the oscillations in x2? Plot a 3D tx2x3-graph over various 
time intervals ranging from tf = 100 to t = 1000. Describe what you see. 
[Suggestion: Look at the chapter cover figure and Figure 8.4.] 

Now sweep the values of x; (0) downward from 500. What is the minimal 
value that generates sustained oscillations? Then fix x; (0) at 500 and try to 
turn the oscillations off by changing one or more of the rate constants k1, 
ky, k3, k4—this corresponds to heating or chilling the reactor. Describe your 
results. 


Overview 


Key words 


See also 


Population Models 
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Predator-prey cycles with a direction field. Markers are equally 
spaced in time. 


Population biology is the study of how communities of organisms change. The 
structure of a population can be quite intricate, such as species interactions in a 
tropical rain forest. Other communities may involve only a few species and are 
simpler to describe. There are many aspects of population biology, including ecol- 
ogy, demography, population genetics, and epidemiology. In each of these areas, 
mathematics plays an important role in modeling how populations change in time 
and how the interaction between the environment and the community affects that 
change. We’ll explore mathematical models in ecology and epidemiology. 


Logistic model; growth rate; carrying capacity; equilibrium; steady state; competi- 
tion; coexistence; exclusion; predator-prey; epidemiology; harvesting 


Chapter 1 for more on the logistic equation, Chapter 7 for predator-prey models, 
and Chapter 8 for chemical mass action, Library folder “Population Models.” 
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@ Modeling Population Growth 


The increasing awareness of environmental issues is an important develop- 
ment in modern society. This awareness ranges from concern about conserv- 
ing important natural resources to concern about habitat destruction and the 
endangerment of species. Human population pressures are ever-increasing, 
and this growth has led to intense exploitation of the environment. To reduce 
the negative effects of this exploitation, scientists are seeking to understand 
the ecology and biology of natural populations. This understanding can be 
used to design management strategies and environmental policies. 

The simplest ecological models describe the growth of a single species 
living in an environment or habitat. Characteristics of the habitat—moisture, 
temperature, availability of food—will affect how well the species survives 
and reproduces. Intrinsic biological characteristics of the species, such as 
the basic reproductive rate, also affect the growth of the species. However, a 
mathematical model that incorporates all possible effects on the growth of the 
population would be complicated and difficult to interpret. 


¥ “Check” your understanding by answering this question: What are some 
other characteristics of a species and its environment that can affect the pro- 
ductivity of the species? 


The most common procedure for modeling population growth is first to 
build elementary models with only a few biological or environmental features. 
Once the simple models are understood, more complicated models can be 
developed. In the next section we’ II start with the logistic model for the growth 
of a single species—a model that is both simple and fundamental. 


@ The Logistic Model 


The ecological situation that we want to model is that of a single species 
growing in an environment with limited resources. Examples of this situation 
abound in nature: the fish population of a mountain lake (the limited resource 
is food), a population of ferns on a forest floor (the limited resource is light), 
or the lichen population on a field of arctic rocks (the limited resource is 
space). We won’t attempt to describe the biology or ecology of our popula- 
tion in detail: we want to keep the mathematical model simple. Instead, we’ ll 
summarize a number of such effects using two parameters. The first parame- 
ter is called the intrinsic growth rate of the population. It is often symbolized 
using the letter r, and it represents the average number of offspring, per unit 
time, that each individual contributes to the growth of the population. The 
second parameter is called the carrying capacity of the environment. Symbol- 
ized by K, the carrying capacity is the largest number of individuals that the 
environment can support in a steady state. If there are more individuals in the 
population than the carrying capacity, the population declines because there 


The Logistic Model 
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are too few resources to support them. When there are fewer individuals than 
K, the environment has not been overexploited and the population grows. 
Our mathematical model must capture these essential characteristics of 
the population’s growth pattern. To begin, we define a variable that represents 
the size of the population as a function of time; call this size M(t) at time t. 
Next, we specify how the size N(t) changes in time. Creating a specific rule 
for the rate of change of population size is the first step in building a mathe- 
matical model. In general, a model for changing population size has the form 


dN 
Gp es N(O) = No 


for some function f and initial population No. Once the details of f are 
given, based on the biological and ecological assumptions, we have a concrete 
mathematical model for the growth of the population. 

To complete our description of the logistic model, we need to find a rea- 


sonable function f that captures the essential properties described above. We 
are looking for a simple function that gives rise to 


e population growth when the population is below the carrying capacity 
(that is, N’(t) > Oif N(t) < K); 
e population decline if the population exceeds the carrying capacity (that 
is, N’(t) < Oif N(t) > K). 
One such function is f(t, VN) =rN(1 — N/K). The logistic model is the IVP 
dN N 


where r, K and No are positive constants. Figure 9.1 shows some typical 
solution curves. 
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Figure 9.1: Some solution curves for the logistic equation. 
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Chapter 9 


Let’s observe a few important features of our model. First, the algebraic 
sign of N‘(t) follows the desired relationship to the population size N. Sec- 
ond, if either N = 0 or N = K, there is no change in the population size: 
N'(t) = 0. Thus, N = O and N = K are equilibria or steady states. The first 
steady state corresponds to the extinction of the species in its environment, 
and the second corresponds to a population in perfect balance, living at the 
carrying capacity of the habitat. 

Notice the effect of the parameters r and K. As the carrying capacity 
K increases, the environment supports more individuals at equilibrium. As 
the growth rate r increases, the population attains its steady state in a faster 
time. An important part of understanding a mathematical model is to discover 
how changing the parameters affects the behavior of the system that is being 
modeled. This knowledge can lead to predictions about the system, and to a 
much deeper understanding of population processes. In Exploration 9.1 you 
will study the logistic model and variations of it. See also Chapter 1. 


Y Do you think the intrinsic annual growth rate r of the earth’s human pop- 
ulation is closer to 0.01, 0.03, or 0.05? It’s anyone’s guess as to the carrying 
capacity. What is your estimate, given that the current population is about 
6 billion? 


@ Two-Species Population Models 


The logistic model applies to a single species. Most habitats support a vari- 
ety of species; interactions can be both intraspecific (between individuals of 
the same species) or interspecific (between individuals of different species). 
These interactions can take many forms. For example, competition between 
individuals of the same species for food resources, nesting sites, mates, and 
so on, are intraspecific interactions that lead to regulated population growth. 
Important interspecific interactions include predation, competition for food or 
other resources, and symbiotic relationships that are mutually beneficial. Such 
interactions can be very complex and can involve a large number of species. 
Again, the first step in modeling complicated ecologies is to build and ana- 
lyze simple models. We’ll present two such models here (involving only two 
species) and consider others in the explorations. 


Y Can you think of a mutually beneficial interaction between humans and 
another species? 


Predator and Prey 
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@ Predator and Prey 


[3 When two species interact 
at a rate proportional to the 
product of the two populations, 
it’s called population mass 
action. 


As we noted, an important interaction between species is that of predator and 
prey. Such interactions are very common: animals must eat to thrive, and 
for every eater there is the eaten! Spiders prey on flies, cows prey on grass, 
mosquitoes prey on humans, and humans prey on shiitake mushrooms, truf- 
fles, salmon, redwood trees, and just about everything else. We’ ll now build a 
simple model to describe such interactions. 

Consider two species, the prey species (H, because they’re “harvested” or 
“hunted’’) and the predator species (P), but for the moment, imagine that they 
don’t interact. In the absence of the predator, we assume that the prey grows 
according to the logistic law, with carrying capacity K and intrinsic growth 
rate a > 0. The model for the prey under these conditions is 


H' =aH(1—H/K) 


Now suppose that in the absence of its food source (the prey), the predator 
dies out; the model for the predator is 


P'’=—bP 


where b > 0. If this situation persists, the prey will grow to fill the habitat and 
the predator will become extinct. 

Now suppose that the predator does feed upon the prey, and that each 
predator consumes, on the average, a fraction c of the prey population, per unit 
time. The growth rate of the prey will then be decreased (since they’re being 
eaten) by the amount cH P. The predators benefit from having consumed the 
prey, so their growth rate will increase. But because a given predator may have 
to consume a lot of prey to survive, not all prey produce new predators in a 
one-for-one way. Therefore the increase in the growth rate of the predators in 
this case is dH P, where d is a constant which may be different than c. Putting 
this all together, we obtain our model for the predator-prey system: 


dH ( 7) 
— —aH\|1-—-—]-cHP 
K 


ue = —bP+dHP 

dt 
Analyzing this model gives insight into a number of important ecological is- 
sues, such as the nature of coexistence of predator and prey, and the under- 
standing of population cycles. Figure 9.2 on the next page shows a phase plot 
for the predator-prey system described by ODE (1). Exploration 9.3 examines 
this predator-prey model. 


() 


¥ What is the long-term future of the prey species in Figure 9.2? The preda- 
tor species? 
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Figure 9.2: An orbit of a predator-prey model with logistic prey growth. 


@ Species Competition 


ESS Could the competition be 
so fierce that both species 
become extinct? 


Another common interaction between species is competition. Species can 
compete for space, food, light, or for other resources. In the absence of its 
competitor, each species grows logistically to its carrying capacity. However, 
the presence of the competitor changes the situation, and the growth rate of 
each species is diminished by the presence of the other. Let N; and N> repre- 
sent the numbers of the two species. We model the competition between these 
species with the following equations: 


dN N. 
: = rN, (1 = ra - aN) 


dt 
dN2 - @) 
—— a P= 

dt rN, ( K cai) 


The parameter a. measures the effect of Species 2 on Species 1, and a, 
measures the effect of Species 1 on Species 2. If a1. > a1, then Species 2 
dominates Species 1, because Species 2 reduces the growth rate of Species 1 
more per capita than the reverse. The analysis of this model gives insight 
into how species maintain their diversity in the ecology (coexistence) or how 
such diversity might be lost (competitive exclusion). A phase plot for the 
competitive system is shown in Figure 9.3. Exploration 9.4 examines a related 
model for so-called mutualistic interactions. 


Y Does Figure 9.3 show coexistence or competitive exclusion? 
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Figure 9.3: Orbits for a model of two competing species. 


@ Mathematical Epidemiology: The SIR Model 


An important use of mathematical models is to describe how infectious dis- 
eases spread through populations. This field is called epidemiology. Quanti- 
tative models can predict the time course of a disease or the effectiveness of 
control strategies, such as immunization. Again, the development proceeds 
from the simplest model to more complex ones. 

The most elementary model for an epidemic is the so-called SIR model 
(presented in Module 9): Consider a population of individuals divided into 
three groups—those susceptible (S) to a certain disease, those infected (/) 
with the disease , and those who have recovered (R) and are immune to rein- 
fection, or who otherwise leave the population. The SIR model describes how 
the proportions of these groups change in time. 

The susceptible population changes size as individuals become infected. 
Let’s think of this process as “converting” susceptibles to infecteds. If we as- 
sume that each infected individual can infect a proportion a of the susceptible 
population per unit time, we obtain the rate equation 


E> Another instance of ds 
— =-—aSI 


population mass action. dt (3) 


The infected population is increased by conversion of susceptibles and is de- 
creased when infected individuals recover. If b represents the proportion of 
infecteds that recover per unit time, then the rate of change of the infected 
population satisfies 


dl 
< =aSI—bI 4 
rims - 
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Plot of S, |, R and N, vs. time 
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Figure 9.4: A plot of susceptibles (falling curve), infecteds (the “bump”), re- 
covereds (rising curve), and their sum (top line). 


Lastly, as infecteds recover they augment the recovered population, so that 
—=b)I (5) 


The ODEs (3)-(5) together with the initial values $(0), 7(0), and R(O) define 
the SIR model. A component plot of S, J, R, and N = S+J/-+ R appears in 
Figure 9.4. 


Y Can you explain why N(f) stays constant as time changes? 


We can learn many important things from this model about the spread 
of diseases. For example, analysis of the model can reveal how the rate of 
spread of the disease through the population is related to the infectiousness 
of the disease. Our common experience suggests that not all diseases become 
epidemic: sometimes a few people are afflicted and the disease dies out. Anal- 
ysis of the SIR model can also give insight into the conditions under which a 
disease will become epidemic. This is an important phenomenon! These and 
other matters will be examined in Exploration 9.5. 


Y¥ What factors can you think of that might influence the spread of a disease 
in a human population? 


Bailey, N.T.J., The Mathematical Theory of Infectious Diseases and its Appli- 
cations, 2nd ed., (1975: Hafner Press) 


Edelstein-Keshet, L., Mathematical Models in Biology, (1988: McGraw-Hill) 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 9.1. The Logistic Model 


iE Using the ODE 
Architect Library. 


1. 


In this exploration you will consider a population that grows according to the 
logistic law: N’ = rN(1— N/K), where r is the intrinsic growth rate and K is 
the carrying capacity of the environment. 


Open the ODE Architect Library. In the folder “Population Models,” open 
the file “Logistic Model of Population Growth.” The logistic equation will 
be automatically entered into the Architect. The graphs show several solu- 
tion curves. Set the initial condition for the population size to No = 25 and 
set K = 100. Plot eight solutions by sweeping the growth rate constant from 
r = —0.5 to r = 2; print your graph. Describe the effect of r on the solutions 
of the logistic equation. Your description should address the following ques- 
tions: How does the growth rate constant affect the long-term behavior of the 
population? How does the rate constant affect the dynamics of the system? 


Set the IC to Np = 25 and r = 1.2. Plot eight solution curves by sweeping 
the carrying capacity K from 70 to 150; print your graph. Describe the effect 
of the parameter K on the solutions of the logistic equation. Your description 
should address the following questions: How does the carrying capacity affect 
the long-term behavior of the population? How does the carrying capacity 
affect the dynamics of the system? 


164 


Exploration 9.1 


Study the graphs that you produced for Problems | and 2. Notice that some- 
times the rate of change of population size is increasing (i.e., N’(t) is increas- 
ing and the graph of N(t) is concave up) and sometimes it is decreasing (N’(t) 
is decreasing and the graph of N(t) is concave down). By analyzing your 
graphs, try to predict a relationship between r, K, and N that distinguishes 
between these two situations. Use ODE Architect to test your prediction by 
graphing more solution curves. Lastly, try to confirm your prediction by exact 
analysis of N” using the logistic ODE. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 9.2. Harvesting a Natural Resource 


Human societies use resources from their environments. We harvest animals 
and plants for food, construction, fuel, and many other uses. The harvesting 
of a biological resource must be done carefully, because overexploitation of 
the population can cause severe harm, or even extinction, to the resource. As 
a society we have become much more sensitive about the need to balance 
the benefits of resource consumption against the impact of that consumption 
on the exploited populations and their environment. 

Resource management is an important tool for minimizing the negative 
effects of harvesting. Mathematical models are tools for understanding the 
impact of harvesting on a population, so that we can then design manage- 
ment policies, such as quotas on the annual harvest. 

In this exploration, you will analyze a simple model for harvesting a sin- 
gle species. To be specific, suppose that the habitat is a forest and the re- 
source is a species of pine tree. The number of trees grows logistically with 
an intrinsic growth rate r, and the forest will support at most K trees (mea- 
sured in millions of board feet). You are a consulting ecologist, asked to 
model the effect of a lumber company’s harvesting strategy on the pine for- 
est. The company harvests the trees proportionally: in a unit of time (a year, 
for example), the company removes a fixed fraction h of the trees. Harvest- 
ing reduces the net rate of growth of the forest; this leads you to propose the 
following model for the effect of harvesting: 


N'=rN (1 a x) —hN, N(0)=No (6) 


The last term, —AN, is the harvesting term. Notice that when h =0 (i.e., no 
trees are harvested), the model reduces to the logistic equation. 


Open ODE Architect and enter the ODE for the harvesting model given by 
equation (6). Set the growth rate to r = 0.1 year™', the carrying capacity to 
K = 1000 million board feet, and the population size IC to No = 100 at t= 0. 
Describe the growth of the forest when there is no harvesting (h = 0). You’ ll 
have to choose a good time interval to best display your results. 
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Exploration 9.2 


Keep r and K fixed and plot solution curves for various (positive) values of 
the harvesting coefficient h. You can do this exploration most efficiently by 
sweeping the parameter h. After you have studied a variety of harvest rates, 
explain how harvesting affects the pine population. Your explanation should 
address the following questions: How does the growth of the pine population 
with harvesting compare to its growth without harvesting? What is the long- 
term effect of harvesting? How are the time dynamics of the forest growth 
affected by harvesting? 


The annual yield Y of the harvest is the amount of lumber removed per year. 
This is just Y = hN when there are N units of lumber in the forest. The yield 
will vary through time as the amount of lumber (trees) in the forest varies 
in time. If the harvest rate is too high, the long-term yield will tend to zero 
(Y — 0) and the forest will become overexploited. If the harvest rate is very 
low, the yield will also be very low. As the consultant to the company, you are 
asked: What should the harvest rate be to give the largest sustainable yield of 
lumber? That is to say, what optimal harvest rate will maximize lim;_,.. Y(t)? 
Attack the problem graphically using ODE Architect to plot graphs of the 
yield function for various values of i. Assume that r= 0.1, K = 1000, 
and No = 100. If you can, provide an analytic solution to the question, and 
check your results using the Architect. Suppose that the company follows 
your recommendation and harvests pine at the optimal rate. When the size 
of the forest reaches equilibrium, how much lumber (trees) will there be, and 
how does this amount compare to the size of the forest without harvesting? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 9.3. Predator and Prey 


Predator-prey interactions are very common in natural populations. These 
interactions can be modeled by a system of nonlinear equations: 


H = an(t - z) —cHP, P’=—bP+dHP 
where H and P are the prey and predator population sizes, respectively. 


Give a biological interpretation of the parameters a, b, c, d, K of the predator- 
prey model. 


Open ODE Architect and enter the modeling equations for the predator-prey 
system above. Assign the following values to the parameters: a = 1.0, 
b=0.25, c=1.0, d=0.15, K = 100. After you have entered the equa- 
tions and parameters, set the solve interval to 60, and the number of points 
plotted to 500. Solve the system forward in time using the initial conditions 
H(O)=1, P(O) =1. Plot graphs of the orbits in the H P-phase plane, and 
plot the individual component graphs for predator and prey. Experiment with 
other initial conditions. Describe the nature of the solutions and locate all 
equilibrium solutions. 
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3. Fixa=1.0, b=0.25, c= 1.0, and d = 0.15 as in Problem 2. Plot several 
solutions from the fixed initial conditions H(0) = 1, P(O) = 1, for varying 
values of K. For example, let K range over several values between 100 to 
10,000. How does changing the carrying capacity of the prey affect the be- 
havior of the system? Make a conjecture about the limiting behavior of the 
system as K > oo. 


4. Test the conjecture that you made in Problem 3 in two steps: 


(a) Take the limit as K — oo in the predator-prey equations and obtain a 
new system of equations that describes a predator-prey system where 
there is no resource limitation for the prey. 


(b) Explore this system using ODE Architect; this new system is often 
called the Lotka—Volterra model. Plot several orbits using markers that 
[SS Finally, you get a chance are equally spaced in time. Do the cycles have a common period? How 
to figure out what is going on in do the time markers help you answer that question? Compare your 
the chapter cover figure. : : 
graphs with the chapter cover figure. Also plot graphs of H against t 
and P against t for various values of H(0) and P(0). What do these 
graphs tell you about the periods? 


How does the behavior of the Lotka—Volterra model differ from the model 
you explored in Problems 1-3? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 9.4. Mutualism: Symbiotic Species Interactions 


TS You may want to use the 
Dual (Matrix) sweep feature here. 


For both predator-prey and species competition, the growth rate of at least 
one of the species is reduced by the interaction. Though eating the prey 
helps the predator, it certainly harms the prey; for competitors the reduc- 
tion in growth rate is reciprocal. Not all species interactions must be neg- 
ative: there are many examples where the species cooperate or otherwise 
mutually enhance their respective growth rates. A famous example is the 
yucca plant-yucca moth system: the yucca plant can be pollinated only by 
the yucca moth, and the yucca moth is adapted to eat nectar only from the 
yucca plant. Each species benefits the other, and their interaction is positive 
for both. Such interactions are called mutualistic or symbiotic by ecologists. 
In this exploration we will present and analyze a simple model for mutualism. 

Our model will be very similar to the competition model studied in Mod- 
ule 9. To obtain a model for mutualism, we just change the signs of the 
interaction terms so that they are always positive: each species enhances 
the growth rate of the other. We then obtain the following equations: 

dN, dN» 


“ap (7, —e€1N, +. 12N2), ap ee ee ea) (7) 


The parameters 7, 72, @12, aNd a; retain their meanings from ODE (2) in the 
competition model. However, the interaction terms a12N; Nz and a2;N;N2 have 
positive sign and thus enhance the respective growth rates. 

Notice that in the absence of interaction, the carrying capacities of the 
two species are K, = r,/e, and K; = r2/e, in this version of the model. 


Open the ODE Architect Library, go to the “Population Models” folder, and 
open the file “Mutualism: Symbiotic Interactions.” This file loads the equa- 
tions that model a mutualistic interaction. Fix r; = 1, r2 = 0.5, e; = 1, 
€2 = 0.75. Vary the values of each of the interaction coefficients from 0 to 
2. For each combination of values for a 12 and a, that you try, draw a phase 
portrait of the system (7) in the first quadrant. Describe every possible kind 
of behavior of the system; try enough combinations of the parameters to feel 
confident that you have covered all the possibilities. Answer the following 
questions: Is species coexistence possible? Can competitive exclusion occur? 
Will the populations of both species remain bounded as time increases? 
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2. Using pencil and paper, deduce the conditions under which a two-species 
equilibrium will be present. Check your conditions using the Architect to 
solve the model. When a two-species equilibrium is present, does it neces- 
sarily have to be stable? Compare two-species equilibria to single-species 
equilibria (the carrying capacities): does mutualism increase or decrease the 
abundance of the species at equilibrium? 


3. Do you think that a mutualistic interaction is always beneficial to an ecosys- 
tem? Under what conditions might it be deleterious? Compare the behavior 
of mutually interacting species to that of competing species. How are the two 
behaviors similar? How are they different? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 9.5. Analyzing the SIR model for an Epidemic 


We will now explore the SIR model for the spread of an epidemic. Recall the 
ODEs for this model: S’ = —aS/, I’ =aSI—bI, R’=bI. The parameter a > 0 is 
the infection rate constant and 5 > 0 is the removal (recovery) rate constant 
of infecteds. Notice that s’+ /’+ R’ =0, i.e., the total number of individuals 
N is constant and equals S(0) + /(0) + R(O). The ODE Architect Library has an 
equation file for the SIR model in the “Population Models” folder. In this file 
you will find values of a, b, and N that correspond to an actual epidemic. 


1. Set the IC to 7(0) = 20 and R(O) = O. Set the solve interval to 24 time 
units, and make ten plots by sweeping the initial number of susceptibles from 
S(O) = 100 to S(0) = 500. Now examine the graph panel for J vs. t. Which 
of the curves corresponds to $(0) = 100 and which to $(0) = 500? By def- 
inition, an epidemic occurs if /(t) increases from its initial value 7(0). For 
which of the curves that you plotted did an epidemic occur? 


2. The behavior that you studied in Problem 1 is called a threshold effect. If the 
initial number of susceptible individuals is below a threshold value, there will 
be no epidemic. If the number of susceptibles exceeds this value, there will 
be an epidemic. Use ODE Architect to empirically determine the threshold 
value for S(O); use the values of a and b in the Library file. Now analyze the 
equation for d//dt and determine a sufficient condition for /(t) to initially 
increase. Interpret your answer as a threshold effect. Use the values of the 
infection and removal rates that appear in the Library file to compare your 
analytic calculation of the threshold with that obtained from your empirical 
study. 
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Clear your previous results from the Architect but keep the same values for a 
and b. Set the initial conditions for 7, R, and S to 10, 0, and 200, respectively. 
Solve the equations for a time interval of 24 units. Notice from the plot of /(t) 
that the number of infecteds steadily diminishes from 10 to nearly zero. Also 
notice that over this same period of time, the number of susceptibles declines 
by almost 50, and the number of recovered individuals increases from zero to 
nearly 50. Explain this seemingly contradictory observation. 


A disease is said to be endemic in a population if at equilibrium the number 
of infecteds is positive. Is it possible in the SIR model for the disease to be 
endemic at equilibrium? In other words, can lim;... /(t) > 0? Explain your 
answer. 


Overview 


Key words 


See also 


The Pendulum and Its Friends 


10 15 20 25 30 35 40 
theta (radians) 


High-energy trajectories of a damped pendulum ODE swing over the 
top and then settle into decaying oscillations about rest points. 


The whole range of fixed-length pendulum models—linear, nonlinear, damped, 
and forced—are presented in this chapter, and their behaviors are compared us- 
ing insights provided by integrals. After discussing fixed-length pendulum ODEs, 
the effects of damping, and separatrices, we turn to a variable-length model. A 
child pumping a swing alters the length of its associated pendulum as the swing 
moves. We present a nontraditional autonomous model and show that phase- 
plane analysis leads to a successful description of the effects of the pumping 
action. Finding geodesics (the paths of minimum length between points) on a 
torus leads to an ODE with a resemblance to the pendulum ODE. 


Pendulum; damping; energy; equilibrium; separatrices; pumping (a swing); con- 
servation laws; integrals of motion; torus; geodesics; limit cycle; bifurcation 


Chapter 4 for a spring-mass system which has the same ODE as the linear pendu- 
lum; Chapter 11 for a study of damping effects in the Robot and Egg submodule, 
and a lengthening pendulum in Exploration 11.4; Chapters 6 and 7 for separatri- 
ces and integrals of motion; and Chapter 12 for elaboration on the forced, damped 
pendulum resulting in chaos (and control). 
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@ Modeling Pendulum Motion 


[SS The volumes by Halliday 
and Resnick (refs.) are good 
general references for physical 


models (including the pendulum). 


[35 Since the tensile force in 
the rod and the radial component 
of the gravitational force are 
equal and opposite, the radial 
acceleration is zero and the 
pendulum moves along a circular 
arc. 


[> The first two ODEs in this 
list have the form of the 
mass-spring ODEs of Chapter 4. 


Let’s find the ODE that models the motion of a pendulum. For a pendulum 
bob of mass m at the end of a rod of negligible weight and fixed length L at 
an angle 6 to the vertical, Newton’s second law gives 


mass - acceleration = sum of forces acting on the bob 


The bob moves along an arc of a circle of radius L. The tangential compo- 
nent of the bob’s velocity and acceleration at time t are given by L6'(t) and 
L@" (t), respectively. The tangential component, —mg sin 9, of the gravita- 
tional force acts to restore the pendulum to its downward equilibrium. The 
viscous damping force, —bL6’, is proportional to the velocity and acts in a di- 
rection tangential to the motion, but oppositely directed. Other forces such as 
repeated pushes on the bob may also have components F(t) in the tangential 
direction. 

Equating the product of the mass and the tangential acceleration to the 
sum of the tangential forces, we obtain the pendulum ODE 


mL” = —mgsin6 — bL6’ + F(t) (1) 
The equivalent pendulum system is 
g=y 
j g. b 1 (2) 
y= 7 ne ee pe 


The angle 6 is positive if measured counterclockwise from the downward ver- 
tical, and is negative otherwise; 0 is measured in radians (1 radian is 360/27 
or about 57°). We allow @ to increase or decrease without bound because we 
want to keep track of the number of times that the pendulum swings over the 
pivot, and in which direction. For example, if 9 = —5 radians then the pen- 
dulum has swung clockwise (the minus sign) once over the top from 6 = 0 
because the angle —5 is between —z (at the top clockwise from 0) and —3z 
(reaching the top a second time going clockwise). 

We will work with the undriven pendulum ODE (F = 0) in this chapter. 
Since sin 6 © 6 if || is small, we will on occasion replace sin 6 by 6 to obtain 
a linear ODE. We treat both undamped (b = 0) and damped (b > 0) pendulum 
ODEs: 


Ov + +9 =0 (undamped, linear) (3a) 
/1 b / & : 
O+—O+ rad =0 (damped, linear) (3b) 
m 
Ov + - sin? =0 (undamped, nonlinear) (3c) 
Ov + ey + = sin 9=0 (damped, nonlinear) (3d) 
m 
b 1 
oO" 4+ e+ re eee 2 (t) (damped, nonlinear, forced) (3e) 
m L mL 


Modeling Pendulum Motion 


E35 This is also what 
Problem | of Exploration 10.1 is 
about. 
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Figure 10.1: Solution curves of a damped pendulum system. What is the 
meaning of the horizontal solution curves? 


Although the two linear ODEs are only good models of actual pendulum 
motions when |6| is small, these ODEs have the advantages that their so- 
lutions have explicit formulas (see Chapter 4). The nonlinear ODEs model 
pendulum motions for all values of 6, but there are no explicit solution for- 
mulas. Figure 10.1 and the chapter cover figure, respectively, show some 
solution curves and trajectories of the damped, nonlinear pendulum ODE, 
6” + 6'+ 10sind = 0. 

Now fire up your computer, go to Screen 1.2 of Module 10, and visually 
explore the behavior of solution curves and trajectories of linear, nonlinear, 
damped, and undamped pendulum ODEs. Pay particular attention to the be- 
havior of the animated pendulum at the upper left, and relate its motions to the 
trajectories and to the solution curves, and to what you think a real pendulum 
would do. Explore all the options in order to understand the differences. 


¥Y “Check” your understanding by matching solution curves of Figure 10.1 
with the corresponding trajectories in the chapter cover figure. Describe the 
long-term behavior of the pendulum represented by each curve. 


Y Goto Screen 1.2 of Module 10 and explore what happens to solutions 
of the undamped, linearized ODE, 6” + 6 = 0, if 4 is 0 and 6% is large. The 
motion of the animated pendulum is crazy, even though it accurately portrays 
the behavior of the solutions 6(t) = 6)sint. Explain what is going on. Is 
the linearized ODE a good model here? Repeat with the undamped, nonlinear 
ODE, 6” + sin@ = 0, and the same initial data as above. Is this a better model? 
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There is another way to look at pendulum motion, an approach based 
on integrals of motion. This approach goes beyond pendulum motion and 
applies to any physical system which can be modeled by a second-order ODE 
of a particular type. 


@ Conservative Systems: Integrals of Motion 


E35 Vis often called a 
potential function. 


In this section we will study solutions of the differential equation 
q’ =-— (4) 


for a generic variable g where V (q) is a given function. 


Example 1: The undamped, nonlinear pendulum ODE is the special case 
where g = 0: 


ps —= sind, V(6) = —= cos 6 


Example 2: You will see later in this chapter that geodesics on a surface of 
revolution lead to the differential equation 


where the generic variable q is u in this case, M is a constant, and f is a 
function of u. 
ODE (4) is autonomous and equivalent to the system 


/ av (5) 


A solution to system (5) is a pair of functions, g = q(t), y = y(t). One 
way to analyze the behavior of these solutions is by a conservation law. A 
function K (gq, y) that remains constant on each solution [i.e., K (q(t), y(t)) 
is a constant for all t], but varies from one solution to another, is said to be 
a conserved quantity, or an integral of motion and the system is said to be 
conservative. For system (5) one conserved quantity is 

K 1 
Here’s how to prove that K (q(t), y(t)) stays constant on a solution—use the 
chain rule and system (5) to show that dK /dt is zero: 


dk _ dy _dVdq__ ( dV eee _¢ 
di dt dgdt ‘am 
Incidentally, if K is any conserved quantity, so also is aK + 6 where a and 6 
are constants and a # 0. 


y+V(q) (6) 


The Effect of Damping 


ES So we can draw 
trajectories of system (5) by 
drawing level sets of an integral. 
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Example 3: Here’s an example where we use aK + £, rather than K, as the 
integral to show how integrals sometimes correspond to physical quantities. 
Look back at the function V(0) = —(g/L)cos@ for the undamped, nonlinear 
pendulum of Example 1. Using formula (6), E(0, y) is an integral, where 


E(0, y) =mL’K (6, y) +mgL 
1 
= mL (59 — = cos 0) +mgL 


1 
= sm(Ly)y” +mgL(1 —cos 6) 
= kinetic energy + potential energy 


This integral is called the total mechanical energy of the pendulum. The con- 
stant mg L is inserted so that the potential energy is zero when the pendulum 
bob is at its lowest point. 


Y Find the conserved quantity E for the undamped, linear pendulum ODE 
6” +@=0. Draw level curves E(6, y) = Eo, where y = 6’, in the Oy-plane, 
and identify the curves (e.g., ellipses, parabolas, hyperbolas). 


Drawing the level curves of a conserved quantity K in the gy-plane for 
system (5) gives phase plane trajectories of the system and so serves to de- 
scribe the motions. This may be much easier than finding solution formulas, 
but even so, we can take some steps toward obtaining formulas. To see this, 
we have from equation (6) that if K has the value Ko on a trajectory of sys- 
tem (5), then 


1 : , 
5y +V(@) = Ko, ie, y=q =+/2Ky)—2V(q) 


This is a separable first-order differential equation (as discussed in Chapter 2) 
that can be solved by separating the variables and integrating: 


— V2 + C 

/ V Ko — V(q) 

It is hard to obtain explicit solution formulas because the integral cannot usu- 
ally be expressed in terms of elementary functions. 


@ The Effect of Damping 


Mechanical systems are usually damped by friction, and it is important to 
understand the effect of friction on the motions. Friction is not well described 
by the fundamental laws of physics, and any formula we write for it will 
be more or less ad-hoc. The system will now be modeled by a differential 
equation of the form 


" / dV 
q TING gb = 0 
q 
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or, rewritten as a system of first-order ODEs, 
/ 
q=y 
y =—f(q.y)—dV/dq 


where — f(g, y) represents the frictional force; the function f(g, y) always 
has the sign of y. 

At low velocities, f(qg, y) = by is a reasonably good approximation of 
the friction due to air, but higher powers of y are necessary at higher veloc- 
ities. This latter fact is why reducing the speed limit actually helps reduce 
gasoline usage—there is less drag at lower speeds. If friction were only a lin- 
ear function of velocity, the effects of a higher speed would be cancelled by 
the distance being covered in a shorter time, and the system would expend the 
same amount of energy in either case. But if friction depends on the cube of 
velocity, for instance, you gain a lot by going more slowly. We will examine 
more elaborate friction laws when we study the pumping of a swing, but for 
now we will use viscous damping with f = by. 


(7) 


Example 4: Let’s model the motion of a linearized pendulum with and with- 
out damping: 


g=y 


8 
y’ =—100— by 8) 


where b = 0 (no damping), or b = 1 (viscous damping). If there is no damp- 
ing, then one conserved quantity is 


K=>5y +50 (9) 


The left graph in Figure 10.2 displays the integral surface defined by for- 
mula (9). The surface is a bowl whose cross-sections K = Ko are ellipses. 
Projecting the ellipses downward onto the @y-plane gives the trajectories of 
system (8) with b = 0. 

Once damping is turned on, the function K in formula (9) no longer is 
constant on a trajectory of system (8). But the integral concept still gives a 
good geometric picture of the behavior of a system under damping, because 
the value of the function K in equation (6) decreases along trajectories. This 
fact follows from the following computation (using system (7)): 


d (y? _ dy _dVdq _ dV dV 
£(S+v@)=vG+th-y SID a eer 
= —yf(q,y) <0 


where the final inequality follows from the fact that f(g, y) has the sign of y. 
So if b > 0 in system (8) the value of K along a solution decreases, and will 
either tend to a finite limit, which can only happen if the solution tends to an 
equilibrium of the system, or the value of K will tend to —oo. If V is bounded 
from below (as in all our examples), the latter does not happen. 
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Figure 10.2: The left graph shows the integral surface K = y?/2 + 56” for the 


undamped, linearized system, 6’ = y, y’ = —100, and the projections of the 
level curves K = Ko. The right graph shows a trajectory of the damped, lin- 
earized system, 6’ = y, y’ = —100— y; as the trajectory cuts across the level 


curves of K, the value of K decreases. 


Example 5: Let’s turn on viscous damping (take b = 1 in system (8)) and see 
what happens. The right side of Figure 10.2 shows a trajectory of the damped, 
linear pendulum system as it cuts across the level curves of the integral func- 
tion K = y’/2+56°. K decreases as the trajectory approaches the spiral sink 
at@=0, y=0. [The level curves of K are drawn by ODE Architect as 
trajectories of the undamped system (8) with b = 0.] 


Now let’s turn to the more realistic nonlinear pendulum and see how 
damping affects its motions. 


Example 6: The nonlinear system is 


ee 
; (10) 
y =—10sin6é— by 
where b = 0 corresponds to no damping, and b = | gives viscous damping. 
In the no-damping case we can take the conserved quantity K to be 


1 
K = 5y" — 10(cos@ — 1) (11) 


The left side of Figure 10.3 shows part of the surface defined by equation (11). 


Example 7: With damping turned on (set b = 1 in system (10)) a trajectory 
with a high initial K-value may “swing over the pivot” several times before 
settling into a tightening spiral terminating at a sink, 0 = 2nz, y = 0, for 
some value of n. The right side of Figure 10.3 shows one of these trajectories 
as it swings over the pivot once, and then heads toward the point, 6 = 27, 
y = 0, where K = 0. 
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@ Separatrices 


ESS Use the Tool to find 
eigenvalues and eigenvectors of 
the Jacobian matrix of 

system (12) at 0= nz, y = 0 for 
n= 1,2, 3. 
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theta (radians) 


Figure 10.3: The left graph shows the surface K = y*/2 — 10(cos@— 1) with two 
of its bowl-like projections that touch the 6y-plane at equilibrium points of 
minimal K-value. The nonlinear pendulum system is 6’ = y, y’ =—10sin6— by 
with b =0. Turn on damping (b = 1) and watch a trajectory cut across the 
level sets K = Ko, with ever smaller values of Ko (right graph). 


¥ Would you increase or decrease b to cause the trajectory starting at 0 = 
—3, y= 12 to approachO=0, y= 0? How about 6 = 10z, y = 0? What 
would you need to do to get the trajectory to approach 6 = —2z7, y = 0, or is 
this even possible? 


A trajectory is a separatrix if the long-term behavior of trajectories on one side 
is quite different from the behavior on the other side. As we saw in Chapters 6 
and 7 each saddle comes equipped with four separatrices: two approach the 
saddle with increasing time (the stable separatrices for that saddle point) and 
two approach as time decreases (the unstable separatrices). These separatrices 
are of the utmost importance in understanding how solutions behave in the 
long term. 


Example 8: The undamped system 


of =7 
; (12) 
y =—10siné 
has equilibrium points at 6 = nz, y = 0. These points are (nonlinear) centers 
if n is even, and saddles if n is odd. Each separatrix at a saddle enters (or 
leaves) the saddle tangent to an eigenvector of the Jacobian matrix evaluated 
at the point. ODE Architect gives us these eigenvectors after it has located the 
saddle. 


Example 9: (Plotting a Separatrix:) To find a point approximately on a saddle 
separatrix, just take a point close to a saddle and on an eigenvector. Then solve 


Separatrices 


theta (radians) theta (radians) 


Figure 10.4: Saddle separatrices for Figure 10.5: Basins of attraction of 
the undamped, nonlinear pendulum — spiral sinks are bounded by stable 
system enclose centers. saddle separatrices. 


forward and backward to obtain a reasonable approximation to a separatrix. 
For example, at 0 = 2, y=0, ODE Architect tells us that (0.3015, 0.9535) 
is an eigenvector corresponding to the eigenvalue 3.162, and so the saddle 
separatrix is unstable. To graph the corresponding separatrix we choose as the 
initial point = z+ 0.003015, y = 0.009535 which is in the direction of 
the eigenvector and very close to the saddle point. Figure 10.4 shows several 
separatrices of system (12). The squares indicate saddle points, and the plus 
signs inside the regions bounded by separatrices indicate centers. 


Y Describe the motions that correspond to trajectories inside the regions 
bounded by separatrices. Repeat with the region above the separatrices. Can a 
separatrix be both stable and unstable when considered as an entire trajectory? 


Example 10: Add in viscous damping and the picture completely changes: 
Figure 10.5 shows the stable separatrices at the saddle points for the system 

Oi 

eee (13) 

y =—10sind— y 
The equilibrium points at 6 = 2nz, y = 0 are no longer centers, but attracting 
spiral points (the solid dots). The basin of attraction of each sink (i.e., the 
points on the trajectories attracted to the sink) is bounded by four stable saddle 
separatrices. 


Y With a fine-tipped pen, draw the unstable separatrices at each saddle in 
Figure 10.5. 


That’s all we have to say about the motions of a constant-length pendulum 
for now. More (much more) is discussed in Chapter 12, where we add a 
driving term F(t) to the pendulum equations. 
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@ Pumping a Swing 


0S if you use a different 
pumping strategy, make up a 
differential equation of your own! 


[kr Do you agree with this 
claim about the behavior of 
flexibly supported swings? 


Recall that in an autonomous differential equation, the time variable t does 
not appear explicitly. The central thing to realize is that the ODE that mod- 
els pumping a swing must be autonomous: a child pumping the swing does 
not consult a watch when deciding how to lean back or sit up; the move- 
ments depend only on the position of the swing and its velocity. The swinger 
may change pumping strategies, deciding to go higher or to slow down, but 
the modeling differential equation for any particular strategy should be au- 
tonomous, depending on various parameters which describe the pumping 
strategy. 

If you observe a child pumping a swing, or do it yourself, you will find 
that one strategy is to lean back on the first half of the forward swing and to 
sit up the rest of the time. If you stand on the seat, the strategy is the same: 
you crouch during the forward down-swing, and stand up straight the rest of 
the time. The work is done when you bring yourself back upright during the 
forward up-swing, either by pulling on the ropes (if sitting), or simply by 
standing. 

The pumping action effectively changes the length of the swing, which 
complicates the ODE considerably, for two reasons. Newton’s second law 
must be stated differently, as will be shown below, and we must find an ap- 
propriate equation to model the changing length. 

The question of friction is more subtle. Of course, the air creates a drag, 
but that is not the most important component of friction. We believe that 
things are quite different for a swing attached to the axle by something flexi- 
ble, than if it were attached by rigid rods. Circus acrobats often drive swings 
right over the top; they always have rigid swings. We believe that a swing 
attached flexibly to the axle cannot be pumped to go over the top. Suppose 
the swing were to go beyond the horizontal—then at the end of the forward 
motion, the swinger would go into free-fall instead of swinging back; the jolt 
(heard as “ka-chunk’’) when the rope becomes tight again will drastically slow 
down the motion. If you get on a swing, you will find that this effect is felt 
before the amplitude of the swing reaches 2/2; the ropes become loose near 
the top of the forward swing, and you slow down abruptly when they draw 
tight again. 

We will now turn this description into a differential equation. 


@ Whiting the Equations of Motion for Pumping a Swing 


Modeling the pendulum with changing length requires a more careful look at 
Newton’s second law of motion. The equation F = ma = mq" is not correct 
when the mass is changing (as when you use a leaky bucket as the bob of a 
pendulum), or when the distance variable is changing with respect to position 
and velocity (as for the child on the swing). In cases such as this, force is the 
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rate of change of the momentum mq’: 
Force = (mq’)’ (14) 


When the mass and pendulum length are constant, equation (14) indeed re- 
duces to the more familiar F = ma. 

The analog in rotational mechanics about a pivot, where g = LA, is that 
the torque equals the rate of change of angular momentum: 


Torque = (/0’)’ 


where J is the moment of inertia (the rotational analog of the mass). If a force 
F is applied at a point p, then the torque about the pivot is the vector product 
r x F, where r is the position vector from the pivot to p. For the undamped 
and nonlinear pendulum, the gravitational torque can be treated as the scalar 
—mgLsin@, and the moment of inertia is J = mL”. Then Newton’s second 
law becomes 


(mL76')' = —mgLsin6 (15) 


When L and m are constant, equation (15) is precisely the ODE of the un- 
damped, nonlinear pendulum. In the case of the child pumping a swing, the 
mass m remains constant (and can be divided out of the equation), but L is a 
function of 6 and 6’, so we must differentiate L70’ in equation (15) using the 
chain rule to get 


OL OL 
aL | = / Ql" / lL? a Lsi 
(Fo + 397 )e + L°é gLsin6é 


or, in system form 
= y 
,__ 2y?dL/00+ gsin@ (16) 
~  QyaL/dy +L 
The person pumping the swing is changing L as a function of 6 and y. 
For the reasons given in Screen 2.3 of Module 10 we will use the following 
formula for L: 
AL 
=) 
where Lo is the distance from the axle to the center of gravity of the swinger 


when upright, and AL is the amount by which leaning back (or crouching) 
increases this distance. Note that 


L=1Io+ (5 — arctan 100) (5 + arctan 10y) (17) 


1 
a (= — arctan 100) 
ma \2 


is a smoothed-out step function: roughly 1 when 6 < 0 and O when 6 > 0. 
The jump from one value to the other is fairly rapid because of the factor 
10; other values would be appropriate if you were to sit (or stand) up more 
or less suddenly. A similar analysis applies to the second arctan factor in 
formula (17). 
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As for friction with the swing, we will use 


0 6 
f(y) = ey+ (5) y 


The first term corresponds to some small viscous air resistance. Admit- 
tedly, the second term is quite ad-hoc, but it serves to describe some sort 
of insurmountable “brick wall,’ which somewhat suddenly takes effect when 
0 > 3/2 ~ 1/2. So it does seem to reflect our qualitative description. 

Writing the differential equation as an autonomous system is now 
routine—an unpleasant routine since we need to differentiate L, which leads 
to pretty horrific formulas. But with this summary, we have tried to make 
the structure clear. Now let’s get real and insert friction into modeling sys- 
tem (16): 


g=y 
,__ 2y°0L/00+ gsin 6 + friction term (18) 
a 2ydaL/dy+ L 
where L is given by formula (17) and 

aL 2 + arctan(10y) 
— = —-10AL2,.——__—— 
00 m*(1 + 10067) 
aL 2 — arctan(100) 
— = 10AL2.——___ 
dy m2(1 + 100y2) wm) 


hats ae 
friction term = ey + (5) y 
Example 11: Now set g = 32, Ip =4, AL =1, and e = 0 (no viscous 
damping), and use ODE Architect to solve system (18). Figure 10.6 shows 
that you can pump up a swing from rest at an initial angle of 0.25 radian (about 
14°) within a reasonable time, but not from the tiny angle of 0.01 radian. Do 
you see the approach to a stable, periodic, high-amplitude oscillation? This 
corresponds to an attracting limit cycle in the 0y-plane. 


What happens if we put viscous damping back in? See for yourself by 
going to Screen 2.4 of Module 10 and clicking on several initial points in the 
Oy-screen. You should see two limit cycles now: 


e a large attracting limit cycle representing an oscillation of amplitude 
close to 27/2, due to the “brick wall” friction term, and (for ¢ > 0) 


e asmall repelling limit cycle near the downward equilibrium, due to fric- 
tion and viscous air resistance. 


In order to get going, the child must move the swing outside the small 
limit cycle, either by cajoling someone into pushing her, or backing up with 
her feet on the ground. Once outside the small limit cycle, the pumping will 


Geodesics 


@ Geodesics 


ES Arc length is denoted by ¢, 
rather than s, in Submodule 10.3. 
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Figure 10.6: Successful pumping (left graph) starts at a moderately high an- 
gle (6) = 0.25 radian). If 4 is small (e.g., % = 0.01 rad), then pumping doesn’t 

help much (right graph). 


push the trajectory to the attracting limit cycle, where it will stay until the 
child decides to slow down. 

Please note that this structure of the phase plane, with two limit cycles, is 
necessary in order to account for the observed behavior: the origin must be a 
sink because of air resistance, and you cannot have an attracting limit cycle 
surrounding a sink without another limit cycle in between. 


Y Does the system without viscous damping have a small repelling limit 
cycle? 


Geodesics on a surface are curves that minimize length between sufficiently 
close points on the surface; they may, but need not, minimize length between 
distant points. 


Example 12: Straight lines are geodesics on planes, and they minimize the 
distance between arbitrary points. Great circles are geodesics on the unit 
sphere, but they only minimize length between pairs of points if you travel 
in the right direction. If you travel along a great circle your path will be short- 
est until you get half-way around the world; but further along, you would have 
done better to go the other way. 


To look for geodesics, we use the fact that parametrization of a curve y 
by its arc length s results in traversing a curve at constant speed 1, that is, 
|dy/ds| is always 1. 

On a surface in three-dimensional space, a geodesic y is a curve for which 
the vector d*y/ds is perpendicular to the surface at the point y(s). For now, 
let’s assume that all curves are parametrized by arc length, so y’ means dy/ds. 
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If any curve y (not necessarily a geodesic) on the surface is parametrized 
at constant speed, we are guaranteed that y” is perpendicular to y’, but not 
necessarily to the surface. To see this, observe that y’- y’ = 1, where y’ is 
the velocity vector for the curve y and the “dot” indicates the dot (or scalar) 
product of two vectors. Differentiating the dot product equation, we have 
y"-y +y'-y" =0, so y” is perpendicular to y’ (or else is the zero vector). 

The statement that y” is perpendicular to the surface says that y is going 
as “straight” as it can in the surface, and that the surface is exerting no force 
which would make the curve bend away from its path. Such a curve is a 
geodesic. See the book by Do Carmo for a full explanation of why geodesics 
defined as above minimize the distance between nearby points. 


Example 13: On a sphere, the parallels of latitude y(s) yield vectors y’(s) in 
the plane of the parallel and perpendicular to the parallel (but not in general 
perpendicular to the surface), whereas any great circle yields vectors y”(s) 
pointing toward the center of the sphere and hence perpendicular to both the 
great circle and to the surface. The great circles are geodesics, but the parallels 
(except for the equator) are not. 


@ Geodesics on a Surface of Revolution 


Suppose that 
x=f(u), z=g8u) 


is a parametrization by arc length u of a curve in the xz-plane. One conse- 
quence of this parametrization is that (f’(w))* + (g’(u))* = 1. Let’s rotate 
the curve by an angle @ around the z-axis, to find the surface parametrized by 


f(u)cosé 
P(u, 0) = | f(u)sind 
g(u) 


Let’s suppose that curves y on the surface are parametrized by arc length 
s and, hence, these curves have the parametric equation 


f(u(s)) cos 0(s) 
y(s) = | f(u(s)) sin@(s) 
g(u(s)) 


and we need to differentiate this twice to find 


f'(u(s))u'(s) cos 0(s) — f(u(s)) sin 6(s)6"(s) 
y'(s) = | f’(u(s))u'(s) sin O(s) + f(u(s)) cos 0(s)4'(s) 
g'(u(s))u'(s) 
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f'(u) cosé f" (u) cosé — f'(u) sind 
y'(s)=u" | f’(u)sind | + (wv)? | f’ (uw) siné | + 2u’6' | f'(u) cos 
g’(u) g"(u) 0 
f(u)cosé — f(u) sin@ 
—(6')* | f(u)sind | +6" | f(u)cosé (20) 
0 0 
This array is pretty terrifying, but the two equations 
oP oP 
Heda d Ue ge 21 
gp ee age ey 


which express the fact that y” is perpendicular to the surface, give 
u"—(0'Y fw fw) =0 and 2wu' flu) f we +e"(fw)) =0 (22) 


That y” is perpendicular to the surface if formulas (21) hold follows because 
the vectors 0P/du and 0P/06 span the tangent plane to the surface at the 
point (6,u). Formulas (22) follow from formulas (21), from the fact that 
(f’(u))? + (g/(u))* = 1, and from the formulas 


f'(u) cos — f (u) sin 
an f'(u)siné | , ue f(u)cos6 
ou ! a0 
g (u) 0 
The quantity 
M = (f(u)yo' (23) 


is conserved along a trajectory of system (22) since 
d / 7 / gl 
MF WYO’) = (F(w))°O" + 2u'6' ff =0 


The integral M behaves like angular momentum (see Exploration 10.5 for 
the central force context that first gave rise to this notion). 
Substituting 6’ = M/(f (u))? into the first ODE of equations (22) gives 


EF) _ 
(fy 


Using equations (23) and (24), we obtain a system of first-order ODEs for the 
geodesics on a surface of revolution: 


(24) 


M 


= ——.. 
(f(w))’ 

uo =w (25) 
,_ Mf) 


Y Fy 
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We recognize that ODE (24) is of the form of ODE (4), so 
, d M 


~ du2(f(u))? 


and we can analyze this ODE by the phase plane and conservation methods 
used earlier. Let us now specialize to the torus. 


@ Geodesics on a Torus 


Rotate a circle of radius r about a line lying in the plane of the circle to obtain 
a torus. If R is the distance from the line to the center of the circle, then in the 
equations on page 186 for a parameterized curve we can set 


x= fu) =R+rcosu 
Z=g(u) =rsinu 


If we set r = 1, then we have (f’)” + (g’)* = 1 as required in the derivation 
of the geodesic ODEs. The system of geodesic ODEs (25) becomes 


= ae 
~ (R+cosu)? 
ea) (26) 
; M? sinu 
w= ———————_- 
(R+ cosu)3 


where M is a constant. The variable u measures the angle up from the outer 
equator of the torus, and 6 measures the angle around the outer equator from 
some fixed point. Figure 10.7 shows seventeen geodesics through the point 


Figure 10.7: Seventeen geodesics through a point on the outer equator. 
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theta u 


Figure 10.8: The seventeen geodesics of Figure 10.7 drawn in the 6u-plane 
(left) and in the wu'-plane (right). 


69 =0, uo = 0 with wo sweeping from —§8 to 8. In Figure 10.7 and subsequent 
figures we take R = 3 and M = 16. Figure 10.8 shows the geodesic curves in 
the 6u-plane (left graph) and in the wu’-plane (right). Note the four outlying 
geodesics that coil around the torus, repeatedly cutting both the outer [u = 
2nmr] and the inner [u = (2n + 1)z] equators and periodically going through 
the hole of the donut. Twelve geodesics oscillate about the geodesic along the 
outer equator. 

Figure 10.9 shows the outer and inner equatorial geodesics (the horizontal 
lines) in the 6u-plane, as well as three curving geodesics starting at 0) = 0, 
ug = 0. One oscillates about the outer equator six times in one revolution 


0 3.142 6.284 
theta 


Figure 10.9: Equatorial geodesics (lines), a geodesic that rapidly oscillates 
around the outer equator, another that oscillates slowly around the outer 
equator, and a third that slowly coils around the torus. 
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is Try this and see how hard 
it is to stay on the inner equator. 
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Figure 10.10: The graphs of the toroidal geodesics in the wuw’-plane (left) look 
like the trajectories of an undamped, nonlinear pendulum (right). 


(i.e., aS @ increases from 0 to 27). The other two start with values of up 
that take them up over the torus and near the inner equator. One of these 
geodesics turns back and slowly oscillates about the outer equator. The other 
starts with a slightly larger value of up, cuts across the inner equator, and 
slowly coils around the torus. This suggests that the inner equator (u = 7) 
is a separatrix geodesic, dividing the geodesics into those that oscillate about 
the outer equator from those that coil around the torus. This separatrix is 
unstable in the sense that if you start a geodesic near the inner equator (say at 
0 = 3.14, ug = 0) and solve the system (26), then the geodesic moves away 
from the separatrix. 

Why do we call this geodesic model a “friend of the pendulum’? Take a 
look at the u’ and w’ ODEs in system (26). Note that if we delete the term 
“cos u’” from the denominator of the w’ equation, then we obtain the system 


uo=w 
M? (27) 


which is precisely the system for an undamped, nonlinear pendulum with 
g/L = M*/R?>. This fact suggests that geodesics of (26) plotted in the uw'- 
plane will look like trajectories of the pendulum system (27). Figure 10.10 
compares the two sets of trajectories and shows how much alike they are. This 
illustrates a general principle (which, like most principles, has its exceptions): 
If two systems of ODEs resemble one another, so will their trajectories. 


References Arnold, V.I., Ordinary Differential Equations (1973: M.LT.) 


Note: Arnold’s book is the classical text. Much of the considerable liter- 
ature on modeling swings has been influenced by his description, which 
uses a nonautonomous length function, L(t), instead of L(6, 6’). In Sec- 
tions 27.1 and 27.6, Arnold shows that if the child makes pumping mo- 
tions at the right frequency at the bottom position of the swing, the mo- 
tion eventually destabilizes, and the swing will start swinging without any 
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push. This is correct (we have seen it done, though it requires pumping 
at an uncomfortably high frequency), but appears to us to be completely 
unrelated to how swings are actually pumped. Since the usual swing- 
pumping is done without reference to a clock, a proper model must cer- 
tainly give an autonomous equation. 


Do Carmo, M.P., Differential Geometry of Curves and Surfaces (1976: 
Prentice-Hall) 

Halliday, D., Resnick, R., Physics, (v. I and II), 3rd ed. (1977-78: John Wiley 
& Sons, Inc.) 

Hubbard, J.H., and West, B.H., Differential Equations: A Dynamical Systems 
Approach, Part IT: Higher Dimensional Systems, (1995: Springer-Verlag) 
especially Ch. 6.5 and 8.1, which have more on conservation of energy. 

Pennington, R., “The Pendulum Revisited (with MAPLE)” in C ODE-E, 
Spring/Summer 1996, http://www.math.hmc.edu/codee. 

Stewart, I., Does God Play Dice? The Mathematics of Chaos (1989: Black- 
well Publishers). See Ch. 5, “The One Way Pendulum.” 

Werkes, S., Rand, R., Ruina, A., “Modeling the Pumping of a Swing” in 
C:ODE-E, Winter/Spring 1997, http://www.math.hmc.edu/codee. 
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Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 10.1. Explorations of Basic Pendulum Equation 


1. If the nonlinear pendulum ODE (3c) is approximated by the linear ODE (3a), 
how closely do the trajectories and the component curves of the two ODEs 
match up? Screen 1.2 in Module 10 will be a big help here. 


2. What would motions of the system, x’ = y, y’ = —V(x), look like under 
different potential functions, such as V(x) = x* — x2? What happens if a 
viscous damping term —y is added to the second ODE of the system? Use 
graphical images like those in Figures 10.2 and 10.3 to guide your analysis. 
Use ODE Architect to draw trajectories in the xy-plane for both the undamped 
and damped case. Identify the equilibrium points in each case as saddles, 
centers, sinks, or sources. Plot the stable and the unstable saddle separatrices 
(if there are any) and identify the basin of attraction of each sink. [Suggestion: 
Use the Equilibrium feature of ODE Architect to locate the equilibrium points, 
calculate Jacobian matrices, find eigenvalues and eigenvectors, and so help to 
determine the nature of those points. ] 
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Find all solutions of the undamped and linearized pendulum ODE, 
6” + (g/L)0=0 


Show that all solutions are periodic of period 277./L/g. Are all solutions of 
the corresponding nonlinear pendulum ODE, 6” + (g/L) sin@ = 0, periodic? 
If the latter ODE has periodic solutions, compare the periods with those of 
solutions of the linearized ODE that have the same initial conditions. 


Use the sweep and the animate features of ODE Architect to make “movies” 
of the solution curves and the trajectories of the nonlinear pendulum ODE, 
6” + b@ + sind = 0, where 69 = 0, 5 = 10, and b is a nonnegative parameter. 
Interpret what you see in terms of the motions of a pendulum. In this regard, 


you may want to use the model-based pendulum animation feature of ODE 
Architect. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. 


Course/Section 


Exploration 10.2. Physical Variations for Child on a Swing 


1. 


Module 10 and the text of this chapter describe a swing-pumping strategy 
where the swinger changes position only on the first half of the forward swing 
(i.e., where 6 is negative but 6’ is positive). Is this the strategy you would use 
to pump a swing? Try pumping a swing and then describe in words your most 
successful strategy. 
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Rebuild the model for the length function L(@, 6’) of the “swing pendulum” 
to model your own pumping scenario. [Suggestion: Change the arguments 
of the arctan function used in Module 10 and the text of this chapter.] Use 
the ODE Architect to solve your set of ODEs. From plots of t6-curves and 
of 66’-trajectories, what do you conclude about the success of your modeling 
and your pumping strategy? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 10.3. Bifurcations 


In these problems you will study the bifurcations in the swing-pumping 
model of Module 10 and this chapter as the viscous damping constant « or 
the incremental pendulum length AL is changed. 


There is a Hopf bifurcation for the small-amplitude repelling limit cycle at 
€ = 0 for the swing-pumping system (18) and (19). Plot lots of trajectories 
near the origin 6 = 0, y =O for values of ¢ above and below ¢ = 0 and 
describe what you see. What does the ODE Architect equilibrium feature tell 
you about the nature of the equilibrium point at the origin if ¢ < 0? If e = 0? 
If ¢ > 0? 
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Now sweep AL through a series of values and watch what happens to the 
large-amplitude attracting limit cycle. At a certain value of AL you will see 
a sudden change (called a homoclinic, saddle-connection bifurcation). What 
is this value of AL? Plot lots of trajectories for various values of AL and 
describe what you see. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 10.4. Geodesics on a Torus 


The basic initial value problem for a geodesic starting on the outer equator 
of a torus is 
M 
. (R+ cos u)? 
,_ ___ M’sinu (28) 


~ (R+cosu)3 
u(0)=0, uw(0)=a, 6(0)=0 


/ 


where M is a constant. 


Make up your own “pretty pictures” of geodesic sprays on the surface of the 
torus by varying u'(0). Explain what each geodesic is doing on the torus. If 
two geodesics through ug = 0, 6 = 0 intersect at another point, which pro- 
vides the shortest path between two points? Is every “meridian”, 6 = const., 
a geodesic? Is every “parallel”, u = const., a geodesic? 
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2. Repeat Problem | at other initial points on the torus, including a point on the 
inner equator. 


3. Explore different values for R (between 2 and 5) for the torus—what does it 
mean for the solutions of the ODEs for the geodesics? To what extent does 
the ugly denominator in the ODEs mess up the similarity to the nonlinear 
pendulum equation? 

Answer by discussing effects on 6u-phase portraits. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. 


Course/Section 


Exploration 10.5. The Central Force and Kepler's Laws 


2. 


ESS Another way to write the 
vector ris r =icos 6 +jsin 0, 
where i and j are unit vectors 
along the positive x- and y-axes, 
respectively. 


An object at position r(r) (relative to a fixed coordinate frame) is moving 
under a central force if the force points toward or away from the origin, with 
a magnitude which depends only on the distance r from the origin. This is 
modeled by the differential equation r” = f(r)r, where we will take r(z) to be 
a vector moving in a fixed plane. 

Example 14: (Newton's law of gravitation) This, as applied to a planet and 
the sun, is perhaps the most famous differential equation of all of science. 
Newton's law describes the position of the planet by the differential equation 


where r is the vector from the center of gravity of the two bodies (located, for 
all practical purposes, at the sun) to the planet, G is the universal gravitational 
constant, and A = M?/(m+ M)?, where m is the mass of the planet (so for all 
practical purposes, A is the mass of the sun). 


Newton’s law of gravitation is often called the “inverse square law,’ not the 
“inverse cube law.” Explain. 


The way to analyze a central force problem is to write it in polar coordinates, 
where 


r =r[cos@, sin 6] 
r’ =r [cos6, sin6] + r6’[— sin, cos 6] 


r’ = (r" —r(6')”)[cos9, sin 6] + (2r'6' + ré”)[— sin 9, cos 6] 


Show that the central force equation r” = f(r)r yields 
2r'’ +re” =0 (29) 
and 


r" —r (OY =rf(r) (30) 
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Show that the quantity M = r76’ is constant as a function of time during a 
motion in a central force system, using equation (29). 

The quantity M (now called the angular momentum of the motion) was 
singled out centuries ago as a quantity of interest precisely because of the 
derivation above. You should see that the constancy of M is equivalent to 
Kepler’s second law: the vector r sweeps out equal areas in equal times. 


Substitute 6’ = M/r? into equation (30) and show that, for each value of the 
particular central force f(r) and each angular momentum M, the resulting 
differential equation is of the expected form. 


Specialize to Newton’s inverse square law with k = AG and show that the 
resulting system becomes 


eee Sr 

TS ape 
or the system 

r=y 

j kM 

Oa 


Make a drawing of the phase plane for this system, and analyze this drawing 
using the conserved quantity K, where 

kM? 

7 oe 

K is evidently defined only for r > 0, and K has a unique minimum, so the 
level curves of K are simple closed curves for K < 0, corresponding to the 
elliptic orbits of Kepler’s first law, an unbounded level curve when K = 0, 
corresponding to a parabolic orbit, and other unbounded curves for K > 0 
which correspond to hyperbolic orbits. (For discussion of these three cases 


and their relation to conic sections, see Hubbard and West, Part II, Section 6.7 
pp. 43-47.) 


2 
y 
Kina >t 


Overview 


Key words 


See also 


Applications of 
Series Solutions 


0 200 400 600 800 


An aging spring stretches. 


Many phenomena, especially those explained by Newton's second law, can be 
modeled by second-order linear ODEs with variable coefficients, for example: 
1. Robot arms, which are modeled by a spring-mass equation with a time- 
varying damping coefficient; and 
2. Aging springs, which are modeled by a spring-mass equation with a time- 
varying spring constant. 
These two applications illustrate very different ways in which series solutions can 
be used to solve linear ODEs with nonconstant coefficients. 


Power series; series solutions; recurrence formula; ordinary point; singular point; 
regular singular point; Bessel’s equations; Bessel functions; aging spring; length- 
ening pendulum 


Chapter 4 for second-order linear ODEs with constant coefficients (i.e., without 
the time-dependence). 
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@ Infinite Series 


ES Look in your calculus 
book for Taylor series. The term 
“analytic” is frequently used for 
functions with convergent Taylor 
series. We assume that p(t) and 
q(t) are analytic on a common 
interval about . 


Chapter 11 


Certain second-order linear ODEs with nonconstant coefficients have been 
studied extensively, so their properties are well-known. We will look at some 
of these ODEs in the chapter. 


If the general linear homogeneous (undriven) second-order ODE 
x" + p(t)x' + q(t)x =0 () 


has coefficients p and q that are not both constants, the methods of Chapter 4 
don’t work. However, sometimes we can write a solution x(t) as a power 
series: 


(oe) 


x(t) = Yo ay(t— to)" (2) 


n=0 


where we use ODE (1) to determine the coefficients a,.. Much useful infor- 
mation can be deduced about an ODE when its solutions can be expressed as 
power series. 

If a function x(t) has a convergent Taylor series x(t) = }\an(t— fo)" in 
some interval about t = fo, then x(t) is said to be analytic at to. Since all 
derivatives of analytic functions exist, the derivatives x’ and x” of x can be 
obtained by differentiating that series term by term, producing series with the 
same radius of convergence as the series for x. If we substitute these series 
into ODE (1), we can determine the coefficients a,. To begin with, ap and a; 
are equal to the initial values x(to) and x’ (fo), respectively. 


¥ “Check” your understanding by evaluating the series (2) at t = fp to show 
that ap = x(to). Now differentiate series (2) term by term to obtain a series for 
x'(t); evaluate this series at fo to find that a; = x’ (to). Does az equal x” (to)? 


@ Recurrence Formulas 


A recurrence formula for the coefficients a, is a formula that defines each 
a, in terms of the coefficients ag, aj, ..., d,—1. To find such a formula, we 
have to express each of the terms in ODE (1) [i-e., x”, p(t)x’, and q(t)x] as 
power series about t = fo, which is the point at which the initial conditions are 
given. Then we combine these series to obtain a single power series which, 
according to ODE (1), must sum to zero for all ¢ near to. This implies that 
the coefficient of each power of t — to must be equal to zero, which yields an 
equation for each a,, in terms of the preceding coefficients ag, a1, ... , An—1. 


Recurrence Formulas 


[3 We chose a first-order 
ODE for simplicity. 


[8 Notice in the second 
summation that n starts at 2, 
rather than 0. Do you see why? 
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Example: Finding a recurrence formula 
Let’s solve the first-order IVP x +tx=0, x(0) = 1. First we write x(t) in 
the form 


[o.e) 


x(t) = YS at” 


n=0 


where we have chosen fo = 0. The derivative of x(t) is then 


CO 
x(t) = ~ na,t"! 
n=1 


Substituting this into the given ODE, we get 


CO CO 
x +tx= ying + ya =0 
n=1 n=0 


To make the power of ¢ the same in both sums, replace n by n — 2 in the 
second sum to obtain 


CO CO CO 
ona + Nae =a,+ YS [na, asl +=0 
n=1 n=2 n=2 


The last equality is true if and only if a; = 0 and, if for every n > 2, we have 
that na, + dy_2 = 0. Therefore, the desired recurrence formula is 


—an-2 


an = ——,  n=2,3,... (3) 
n 


Since a; = 0, formula (3) shows that the coefficients a3, ds, ... , Gok41, --- 
must all be zero; and az = —ao/2, a4 = —a2/4 = ao/(2-4), .... Witha 
little algebra you can show that the series for x(t) is 


a0 2 


ay ao 
x(t) = ag id ee 


IA FAG 


which can be simplified to 


PrP 1 (P\? 1 (P\? 
s=ao(1-F43.(5) -3(5) +) 


If the initial condition a9 = x(0) = 1 is used, this becomes the Taylor series 
for e~"/2 about to = 0. Although the series solution to the IVP, x’ +x =0, 
x(0) = 1, can be written in the form of a familiar function, for most IVPs that 
is rarely possible and usually the only form we can obtain is the series form 
of the solution. 


YY Check that x(t) = e~'/? is a solution of the IVP x’ + 1x = 0, x(0) = 1. 
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@ Ordinary Points 


ES Note that p(t) = Ct and 
q(t) = k are analytic for all t. 


ie Historically, new functions 
in engineering, science, and 
mathematics have often been 
introduced in the form of series 
solutions of ODEs. 


If p(t) and q(t) are both analytic at fo, then to is called an ordinary point 
for the differential equation x” (t) + p(t)x’(t) + q(t)x(t) = 0. At an ordinary 
point, the method illustrated in the preceding example always produces solu- 
tions written in series form. The following theorem states this more precisely. 


Ordinary Points Theorem. If f is an ordinary point of the second- 
order differential equation 


x" + p(t)x’+q(t)x=0 (4) 


that is, if p(t) and q(t) are both analytic at fo, then the general solution 
of ODE (4) is given by the series 


(oe) 


x(t) = DV an(t = 10)" = domi 1) + arx2(0) (5) 


n=0 
where do and aq, are arbitrary and, for each n > 2, a, can be written in 
terms of do and a;. When this is done, we get the right-hand term in 
formula (5), where x;(t) and x2(t) are linearly independent solutions 
of ODE (4) that are analytic at fo. Further, the radius of convergence 
for each of the series solutions x; (t) and x(t) is at least as large as the 
smaller of the two radii of convergence for the series for p(t) and q(t). 


One goal of Module 11 is to give you a feeling for the interplay between 
infinite series and the functions they represent. In the first submodule, the 
position x(t) of a robot arm is modeled by the second-order linear ODE 


x” 4+ Ctx’ +kx =0 (6) 


where C and k are positive constants. Using the methods of the earlier exam- 
ple, we can derive a series solution (with fo = 0) 
kt? k2QC+k)t k2C+k)(4C+k 19 
x(t) = b= _ 
2! 4! 6! 
that satisfies x(0) = 1, x’(0) = 0. We then have to to determine how quickly 
the arm can be driven from the position x = 1 to x = 0.005 without letting 
x go below zero. The value of k is fixed at 9, so that only C is free to vary. 
When C = &, it turns out that series (7) is the Taylor series for e*/2 about 
t = 0. It can then be demonstrated numerically, using ODE Architect, that 
C = 9 produces a solution that stays positive and is an optimal solution in the 
sense of requiring the least time for the value of x to drop from | to 0.005. 
In the majority of cases, however, it is not possible to recognize the series 
solution as one of the standard functions of calculus. Then the only way to 
approximate x(t) at a given value of t is by summing a large number of terms 


te (7) 
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Figure 11.1: Solutions of ODE (6) fork =9, x(0) = 1, x (0) =0, and C =0, 3, 6, 
9, 12, 15. Which is the C = 15 curve?. 


in the series, or by using a numerical solver to solve the corresponding IVP. 
ODE Architect was used to graph solutions of ODE (6) for several values of 
C (Figure 11.1). 

What if fo is not an ordinary point for the ODE, x” + p(t)x’ + q(t)x = 0, 
that is, what if p(t) or q(t) is not analytic at fo? For example, in the ODE 
x” +x/(t — 1) = 0, q(t) is not analytic at t9 = 1. Such a point is said to be 
a singular point of the ODE. Thus, fp = 1 is a singular point for the ODE 
x” +x/(t — 1) =0. Next we show how to deal with ODEs with certain kinds 
of singular points. 


Y  Ist=Oanordinary point or a singular point of x” + 17x = 0? What about 
x” + (sint)x = 0 and x” + x/t = 0? 


@ Regular Singular Points 


A singular point of the ODE x’(t) + p(t)x’(t) + q(Hx(t) = 0 is a regular 
singular point if both (t — to) p(t) and (t — to)7q(t) are analytic at fo. In this 
case we’ll have to modify the method to find a series solution to the ODE. 


Y Is t=0 a regular singular point of x” + x'/t-+x = 0? What about 
x" 4342/0 =Oandx"”4+x/+x/8 =0? 
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[3 Assume that the roots of 
the indicial equation are real 
numbers. 


E> The second summation is 
called the Frobenius series. 


E> Consult the references for 
detailed instructions on how to 
find the coefficients dy. 


Chapter 11 


Since (t — to) p(t) and (t — to)*q(t) are analytic at to, they have power 
series expansions centered at fo: 
(t — to) p(t) = Po+ Pi(t—to) + Pa(t—t)* ++ 
(t — 1)" q(t) = Qo + Qi(t — to) + Q(t 10)" +: 
As we shall soon see, the constant coefficients, Pp and Qo, in these two series 


are particularly important. The roots of the quadratic equation (called the 
indicial equation) 


rr—1)+ Por+ Q)=0 (8) 


are used in solution formula (9) below. 

A theorem due to Frobenius tells us how to modify our original method 
of constructing power series solutions so that we can obtain series solutions 
near regular singular points. 


Frobenius’ Theorem. If f is a regular singular point of the second- 
order differential equation x” (t) + p(t)x'(t) + q(t)x(t) = 0, then there 
is a series solution at fo of the form 


(oe) 


n= 0-1" Lat" = Latta 


n=0 n=0 


where r, is the larger of the two roots r; and r of the indicial equation. 


The coefficients a, can be determined in the same way as in the earlier 
example: differentiate twice, substitute the series for gx1, px}, and x/ into the 
given differential equation, and then find a recurrence formula. 

Here are a few things to keep in mind when finding a Frobenius series. 


1. The roots of the indicial equation may not be integers, in which case the 
series representation of the solution would not be a power series, but is 
still a valid series. 


2. If; — rz is not an integer, then the smaller root rz of the indicial equa- 
tion generates a second solution of the form 


x2(t) = (t— 1)" > Balt — to)" 


n=0 
which is linearly independent of the first solution x, (t). 
3. When r; — r2 is an integer, a second solution of the form 


X9(t) = Cxi(t)In(t = to) + D> y(t = o)"*” 
n=0 
exists, where the values of the coefficients b, are determined by finding 
a recurrence formula, and C is a constant. The solution x(t) is linearly 
independent of x, (t). 


Bessel Functions 
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@ Bessel Functions 


[TS if ris very large, Bessel’s 
equation looks like the harmonic 
oscillator equation, x” + x = 0. 


ESS The roots of the indicial 
equation are p and —p. 


E> Consult the references for 
the derivation of the formula for 


Jp(t). 


Is Actually y is an unending 
decimal and non-repeating (or so 
most mathematicians believe), 
and 0.5772 gives the first four 
digits. 


For any nonnegative constant p, the differential — 
Px) + tx!) + (F — px) = 


is known as Bessel’s equation of order p, and its solutions are the Bessel 
functions of order p. Yn normalized form, Bessel’s equation becomes 


ew) 
vorro+ (? = ) wy =0 


From this we can see that tp(t) = 1 and f?q(t) = t? — p*, so that tp(t) and 
(q(t) are analytic at fg = 0. Therefore zero is a regular singular point and, 
using equation (8), we find that the indicial equation (with Py = 1, Qo = — p’) 
is 

rr—1l)+r—p?=r—p*=0 
Application of Frobenius’ Theorem yields a solution J, given by the formula 


a ae 
J p(t) =) Dnlpe 1)(p+2)---(p+n) 


The function J,(t) is called the Bessel function of order p of the first kind. 
The series converges and is bounded for all ¢. If p is not an integer, it can 
be shown that a second solution of Bessel’s equation is J_,(t) and that the 
general solution of Bessel’s equation is a linear combination of J,(t) and 
J_p(t). 

For the special case p = 0, we get the function Jo(t) used in the aging 
spring model in the second submodule of Module 11: 


er ff 1° 


(— 2n 
w= oe oe FG tes 


Note that even though ¢ = 0 is a singular point of the Bessel equation of order 
zero, the value of Jo (0) is finite [Jo(0) = 1]. See Figure 11.2. 


Y Check that Jo(t) is a solution of Bessel’s equation of order 0. 


When p is an integer we have to work much harder to get a second solu- 
tion that is linearly independent of J,,(t). The result is a function Y,(t) called 
the Bessel function of order p of the second kind. The general formula for 
Y,(t) is extremely complicated. We show only the special case Yo(t), used in 
the aging spring model: 


Yo(t) = = (rms ) Jo(t) + 3 se or (5) ‘] 


where H, = 1+ (1/2)+ (1/3) +---+ C/n) and y is Euler’s constant: y = 
limp oo (Hy — Inn) © 0.5772. 
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Figure 11.2: The graph of Jo(t) [dark] looks like the graph of the decaying 
sinusoid ./2/ztcos(t — 2/4) [light]. 


The general solution of Bessel’s equation of integer order p is 
x(t) = c1J p(t) + c2¥p(t) (10) 


for arbitrary constants c, and c2. An important thing to note here is that the 
value of Y,(t) at t = 0 does reflect the singularity at t = 0; in fact, Y,(t) > 
—oo as t > 0*, so that a solution having the form given in equation (10) is 
bounded only if cz = 0. 

Bessel functions appear frequently in applications involving cylindrical 
geometry and have been extensively studied. In fact, except for the functions 
you studied in calculus, Bessel functions are the most widely used functions 
in science and engineering. 


@ Transforming Bessel’s Equation to the Aging Spring Equation 


[> See “Aging Springs” in 
Module 11. 


Bessel’s equation of order zero can be transformed into the aging spring equa- 
tion x” + e “x = 0. To do this, we take 


t = (2/a) In(2/as) (11) 


where the new independent variable s is assumed to be positive. Then we can 
use the chain rule to find the first two derivatives of the displacement x of the 
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[3 We use w in place of x in 
the aging spring section of 


Module 11. 


References 


aging spring with respect to s: 


dx dxdt =( =) 


ds dtds dt 
de: vd’ Pax 2 dx d 2 
2/4 (-=)+45(-=) 
d°x dt 2 dx 2 
-35(-2) dt as2 
x 2 2, dx 2 
~ ae (-2) (-=) Tapa 
Cx 4 dx 2 
dt? (as)? | dt as? 


Bessel’s equation of order p = 0 is given by: 


and when we substitute in the derivatives we just found, we obtain 


a(x 4 dx 2 _ dx 2 oe, 
* ae (as)? dt as? Saar? CS nie 


Using the fact that 


s = (2/a)e—"? (12) 


(found by solving equation (11) for s) in the last term, when we simplify this 
monster equation it collapses down to a nice simple one: 


a’x4 4 

wate 
Finally, if we divide through by 4/a”, we get the aging spring equation, 
x" +e" =0. 

The other way around works as well, that is, a change of variables will 
convert the aging spring equation to Bessel’s equation of order zero. That 
means that solutions of the aging spring equation can be expressed in terms of 
Bessel functions. This can be accomplished by using x = c;Jo(s) + c2Yo(s) 
as the general solution of Bessel’s equation of order zero, and then using 
formula (12) to replace s. Take another look at Experiments 3 and 4 on 
Screens 2.5 and 2.6 of Module 11. That will give you a graphical sense about 
the connection between aging springs and a Bessel’s equation. 


Borrelli, R. L., and Coleman, C. S., Differential Equations: A Modeling Per- 
spective, (1998: John Wiley & Sons, Inc.) 


Boyce, W. E., and DiPrima, R. C., Elementary Differential Equations and 
Boundary Value Problems, 6th ed., (1997: John Wiley & Sons, Inc.) 
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Figure 11.3: Here are some typical graphs for the solution of x” + Cyt?x’ + 


9x = 0 for various values of C;. The graphs and the data tables are useful in 
Problem 1 of Exploration 11.1. 
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Figure 11.4: Here is a phase-plane portrait for an aging spring ODE, x” +e"x= 
—9.8. See Problem 1 in Exploration 11.3. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 11.1. Damping a Robot Arm 


2. 


In each of the following problems it is assumed that the displacement x of a 
robot arm satisfies an IVP of the form 


x” + b(t)x’+9x=0, x(0)=1, x(0)=0 


An optimal damping function b(z) is one for which the solution x(t) reaches 
0.005 in minimal time ¢* without ever going below zero. 


Consider damping functions of the form b(t) = C,t*. For a positive integer 
k, let Cf be the value of C;, that gives the optimal solution, and denote the 
corresponding minimal time by #7. In Module 11, Screen 1.4 and TTA 3 on 


Screen 1.7 you found that the optimal solution for k = 1 is x(t) = oP /2, with 
Cy =9 and ¢7 © 1.0897. 


(a) Use ODE Architect to find an approximate optimal solution and values 
of Cé and t{ when k = 2. [Suggestion: Look at Figure 11.3.] 


(b) Repeat with k = 3. 


(c) Compare the optimal damping functions for k = 1, 2, 3, in the context 
of the given physical process. 


For quadratic damping, b(t) = Ct”, derive a power series solution x(t) = 
yo 9 ant". Show that the recurrence formula for the coefficients is 
—[9an + Cr(n _ 1)ay—1] 
———___————,, n=l 
(n+ 1I)(+2) 
and a, = —9ao/2. Recall that ag = x(0) and a; = x’(0). 


an42 = 
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3. Let Pe(t) be the Taylor polynomial aor a,t”, where the a, are given by the 
recurrence formula in Problem 2. 


(a) Write out P(t) with C2 as a parameter; briefly describe how the graph 
of Pe(t) changes as C> increases. 


E35 You will need results from (b) Graph the apparently optimal solution from Problem 1(a) over the in- 
Problem 1 (a) here. terval 0 < t < f5 and compare it to the graph of P¢(t) with C) = Cj. 


4. If the robot arm is totally undamped, its position at time f is x(t) = cos 3f; 
therefore the arm cannot reach x = 0 for all t, 0 < t < 2/6. In this situation 
the undamped arm can’t remain above x = 0. The optimal damping func- 
tions C7* found in Problem 1 look more like step functions as the degree k 
increases. Try to improve the time ¢* by using a step function for damping. 

Assume the robot arm is allowed to fall without damping until just before 
it reaches x = 0, at which time a constant damping force is applied. This 
situation can be modeled by defining 


Oo. forQiet a2 =e 


PG) = ie fokie Se 
for ¢ = 0.2, 0.1, and 0.05. Use ODE Architect to find values of B, that give 
an approximate optimal solution. Include a graph showing your best solution 
for each ¢ and give your best value of t* in each case. What happens to the 
“optimal” B, as ¢ > 0? 


5. Find a formula for the solution for the situation in Problem 4. The value of ¢ 
should be treated as a parameter. Assume that x(t) = cos 3t for t < (77/6) — €. 
Then the IVP to be solved is 

x" + Bex’ +9x =0 
x(1/6 — €) = cos[3(Z — €)] = sin3e 
x' (1/6 — &) = —3 sin[3(Z — €)] = —3 cos 3e 


The solution will be of the form x(t) = cye™ + c2e”", r, < rz <0, but the 
optimal solution requires that c) = 0. Why? For a fixed ¢, find the value of 
B, so that x(t) remains positive and reaches 0.005 in minimum time. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 11.2. Bessel Functions 


1. Bessel functions resemble decaying sinusoids. Let’s compare the graph of 
Jo(t) with that of one of these sinusoids. 


(a) On the same set of axes, graph the Bessel function Jo(t) and the function 


[2 cos (+3) 


over the interval 0 < t < 10. 

(b) Now graph these same two functions over the interval 0 < t < 50. 

(c) Describe what you see. 
[Suggestion: You can use ODE Architect to plot a good approximation of 
Jo(t) by solving an IVP involving Bessel’s equation in system form: 

w=y, yY=-x—y/t, xo) =1, x(t) =0 

with t9 = 0.0001. Actually, Jo(0) = 1 and Jj (0) = 0, but fo = 0 is a singular 
point of the system so we must move slightly away from zero. You can plot the 
decaying sinusoid on the same axes as Jo(t) by entering a = JZ cos(t — 7) 


in the same equation window as the IVP, selecting a custom 2D plot, and 
plotting both a and x vs. t.] 
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Repeat Problem | for the functions Yo(t) and V2 sin (t — z). To graph a 
good approximation of Yo(t), solve the system equivalent of Bessel’s equation 
of order zero (from Problem 1) with initial data fj) = 0.89357, x(to) = 0, 
x’ (to) = 0.87942. As in Problem 1, we have to avoid the singularity at to = 0, 
especially here because Yo(0) = —oo. The given initial data are taken from 


published values of Bessel functions and their derivatives. 


Answer questions in the space provided, or on Name/Date — 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 11.3. Aging Spring Models 


1. Check out the Library file “Modeling an Aging Spring” in the “Physical Mod- 
els” folder (see Figure 11.4). The ODE in the file models the motion of a 
vertically suspended damped and aging spring that is subject to gravity. Carry 
out the suggested explorations. 


2. Show that 


x(t) = fo sin (sas b) —<Jt+1cos (Pies b) 


3 


is an analytic solution of the initial value problem 


x(t) 
@+1y? 
Explain why this IVP provides another model for the motion of an aging 
spring that is sliding back and forth (without damping) on a support table. 
[Suggestion: lets =t+ 1, u(s) = x(t). Then u(s) satisifes the Euler equation 
s°u"(s) +. u(s) = 0. See the references on page 211 for solution formulas for 
Euler ODEs. ] 


x(t) ti 


0, x(@)=-1, x (0)=0 
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3. Graph the solution x(t) from Problem 2 over the interval 0 < t < 300 and 
compare the graph to the one for the ODE, x” +e~“x =0, x =0, x’(0) =0, 
a = 0.04 (see Screen 2.6 in Module 11). Repeat for other values of a. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 11.4. The Incredible Lengthening Pendulum 


Suppose that we have an undamped pendulum whose length L = a + bt in- 
creases linearly over time. Then the ODE that models the motion of this 
[> The ODE fora pendulum is 


pendulum of varying length P : 
is derived in Chapter 10 (see (a+ bt)O" (t) + 2b@'(t) + g(t) =0 (13) 


tion (15). ; : 
Sees where @ is small enough that sin@ ~ 6, the mass of the pendulum bob is 1, 


and the value of the acceleration due to gravity is g = 32.! 


1. With a = b =1 and initial conditions 6(0) = 1 and 6’(0) = 0, use ODE Ar- 
chitect to solve ODE (13) numerically. What happens to 0(f) as tf > +00? 


2. Under the same conditions, what happens to the oscillation time of the pen- 
dulum as t + +00? (The oscillation time is the time between successive 
maxima of 6(f).) 


'See the article “Poe’s Pendulum” by Borrelli, Coleman, and Hobson in Mathematics Magazine, 
Vol. 58 (1985) No. 2, pp. 78-83. See also “Child on a Swing” in Module 10. 
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Show that the change of variables 
s=(2/b)/(a+bt)g, x=OVa+bt 


transforms Bessel’s equation of order 1 


2 
PF tsS4 (s*—1)x =0 
into ODE (13) for the lengthening pendulum. [Suggestion: Take a look at the 
section “Transforming Bessel’s Equation to the Aging Spring Equation” in 
this chapter to help you get started. Use the change of variables given above 


to express the solution of the IVP in Problem 1 using Bessel functions. ] 
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Poincaré map of a forced damped pendulum superimposed on a tra- 
jectory. 


Inthis chapter we'll look at solutions of a forced damped pendulum ODE. In the lin- 
ear approximation of small oscillations, this ODE becomes the standard constant- 
coefficient ODE x” + cx’ + kx = F(t), which can be solved explicitly in all cases. 
Without the linear approximation, the pendulum ODE contains the term k sin x in- 
stead of kx. Now the study becomes much more complicated. We'll focus on the 
special case of the nonlinear pendulum ODE 


x" + ex'+sinx = Acost (1) 


but our results leave a world of further things to be discovered. We'll show that 
appropriate initial conditions will send the pendulum on any desired sequence of 
gyrations, and hint at how to control the chaos by finding such an initial condition. 


Forced damped pendulum; sensitivity to initial conditions; chaos; control; Poincaré 
sections; discrete dynamical systems; Lakes of Wada; control 


Chapter 10 for background on the pendulum. Chapter 13 for more on discrete dy- 
namical systems and other instances of chaos and sensitivity to initial conditions. 
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@ Introduction 


[SS See the glossary for one 
definition of chaos. 


Chapter 12 


How might chaos and control possibly be related? These concepts appear at 
first to be opposites, but in fact they are two faces of the same coin! 

A good way to start discussing this apparent paradox is to think about 
learning to ski. The beginning skier tries to be as stable as possible, with 
feet firmly planted far enough apart to give confidence that she or he will not 
topple over. If you try to ski in such a position, you cannot turn, and the only 
way to stop, short of running into a tree, is to fall down. Learning to ski is 
largely a matter of giving up on “stability,” bringing your feet together so as 
to acquire controllability! You need to allow chaos in order to gain control. 

Another example of the relation between chaos and control is the early 
aircraft available at the beginning of World War I, carefully designed for great- 
est stability. The result was that their course was highly predictable, an easy 
target for anti-aircraft fire. Very soon the airplane manufacturers started to 
build in enough instability to allow maneuverability! 


@ Solutions as Functions of Time 


The methods of analysis we will give can be used for many other differential 
equations, such as Duffing’s equation 


x" +cx' +x—x = Acosat, (2) 
or the differential equation 
x" +cx' +x—x? = Acosat, (3) 


which arises when studying the stability of ships. The explorations at the end 
of this chapter suggest some strategies for these problems. 
Let’s begin to study ODE (1) with c = 0.1: 


x” +0.1x + sinx = Acost (4) 


Let’s compute some solutions, starting at t = 0 with A = 1 and various values 
of x(0) and x’(0), and observe the motion out to t = 100, or perhaps longer 
(see Figure 12.1). We see that most solutions eventually settle down to an 
oscillation with period 27 (the same period as the driving force). This xt-plot 
actually shows oscillations about x-values which differ by multiples of 27. 

This settling down of behaviors at various levels is definitely a feature 
of the parameter values chosen: for the amplitude A = 2.5 in ODE (4), for 
instance, there appears to be no steady-state oscillation at all. 

Looking at such pictures is quite frustrating: it is very hard to see the 
pattern for which initial conditions settle down to which stable oscillations, 
and which will not settle down at all. 


Poincaré Sections 
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t-x 


25 


Figure 12.1: Solution curves of ODE (4) with x(0) =0, x’(0) =2, 2.1. 


@ Poincaré Sections 


E35 Note that the clock starts 
at f9 = 0 when generating 
Poincaré plots. 


[35 When the xx’-plane is 
used to chart the evolution of the 
points Pk(a,b), k= Lee aks it 
is called the Poincaré plane. 


Poincaré found a way to understand and visualize the behavior of our differ- 
ential equation: he sampled solutions of ODE (4) at multiples of the period 
27 of the driving function: 


0, 27, 47, ...,2k7,... 


This is much like taking pictures with a strobe light. 

An equivalent way of saying this is to say that we will iterate! the map- 
ping P : R° — R’ which takes a point (a, b) in R?, computes the solution 
x(t) with x(0) =a, x'(0) = 5, and sets 


P(a, b) = (x(2z), x’ (271)) (5) 


This mapping P is called a Poincaré mapping. If you apply the operator P to 
(a, b) k times in succession, the result is P«(a, b) and we see that 


P (a,b) = (x(2km), x! (2k2)) 


In a sense, the Poincaré section is simply a crutch: every statement about 
Poincaré sections corresponds to a statement about the original ODE, and vice 
versa. But this crutch is invaluable since the orbits of a nonautonomous ODE 
such as ODE (4) often intersect each other and themselves in a hopelessly 
tangled way. 


'Chapter 13 discusses iterating maps f : R > R; there you will find that the map f(x) = Ax(1 — x) 
is filled with surprises. Before trying to understand the iteration of P, which is quite complicated 
indeed, the reader should experiment with several easier examples, like linear maps of R > R?. 
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@ Periodic Points 


A good way to start investigating the Poincaré mapping P (or for that matter, 
the iteration of any map) is to ask: what periodic points does it have? Setting 
x’ = y, a periodic point is a point (x, y) in R? such that for some integer k we 
have P*(x, y) = (x, y). Fixed points are periodic points with k = 1, and are 
particularly important. 

Periodic points of period k for P are associated with periodic solutions of 
ODE (4) of period 2kz. In particular, if x(t) is a solution which is periodic of 
period 2zr, then 


(x(0), x"(0)) = (x27), x(277)) 


is a fixed point of P. If you observe this solution with a strobe which flashes 
every 27r, you will always see the solution in the same place. 


@ The Unforced Pendulum 


If there is no forcing term in ODE (4), then we have an autonomous ODE like 
those treated in Chapter 10. 


Example: The ODE 
x" +x’ +10sinx =0 


models a damped pendulum without forcing. A phase plane portrait is shown 
in Figure 12.2 (@ = x and y = x’ in the figure). Note that the equilibrium 
points (of the equivalent system) at x = 2nz, x’ = 0 are spiral sinks, but the 
equilibrium points at x = (2n+ 1)z, x’ = 0 are saddles. Note also that the 
phase plane is divided into slanting regions, each of which has the property 
that its points are attracted to the equilibrium point inside the region. These 
regions are called basins of attraction. If a forcing term is supplied, these 
basins become all tangled up (Figure 12.4 on page 227). 

There is a Poincaré mapping P for the unforced damped pendulum, which 
is fairly easy to understand, and which you should become familiar with be- 
fore tackling the forced pendulum. In this case, two solutions of ODE (4) 
with A = 0 stand out: the equilibria x(t) = 0 and x(t) = z for all t. Cer- 
tainly if the pendulum is at one of these equilibria and you illuminate it 
with a strobe which flashes every T seconds, where T is a positive num- 
ber, you will always see the pendulum in the same place. Thus these points 
are fixed points of the corresponding Poincaré mapping P. In the xx’-plane, 
the same thing happens at the other equilibrium points, that is, at the points 
..., (—27,, 0), (0, 0) (27, 0), ... for the “downward” stable equilibria, and at 
the points ..., (—37, 0), (—7, 0), (7, 0), ... for the unstable equilibria. 

The analysis in Module 10 using an integral of motion should convince 
you that for the unforced damped pendulum, these are the only periodic 
points: if the pendulum is not at an equilibrium, the value of the integral 
decreases with time, and the system cannot return to where it was. 


The Unforced Pendulum 
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theta (radians) 


Figure 12.2: Basins of attraction of the stable downward equilibrium posi- 
tions of the unforced damped pendulum are bounded by separatrices. 


If you start the pendulum with both x(0) and x’(0) small, the damping 
will simply kill off the motion, and the pendulum will be attracted to the 
downward equilibrium. The point (0, 0) in state space is called a sink. 

The behavior is more interesting near an unstable equilibrium. Imagine 
imparting an initial velocity to the bob by kicking it. For a small kick, it will 
swing back. Now kick it a little harder: it will rise higher, and still swing 
back. Kick it harder still, and it will make it over the top, and hit you in the 
back if you aren’t careful. Dividing the kicks which don’t make it over from 
those that do is a very special kick, where the pendulum rises forever, more 
and more slowly, tending to the unstable equilibrium. Thus there are initial 
conditions which generate solutions that tend to the unstable equilibrium; in 
the Poincaré plane these solutions form two curves which meet end to end 
at the fixed point corresponding to the unstable equilibrium. Together they 
form the stable separatrix of the fixed point. There are also curves of initial 
conditions which come from the unstable equilibrium; together they form the 
unstable separatrix of the equilibrium. See Figure 12.3 (where y = x’). 

As stated earlier, a good first thing to do when iterating a map is to search 
for the periodic points; a good second thing to do is to find the periodic points 
which correspond to unstable equilibria (saddles, in the case of the pendulum) 
and find their separatrices. 

For the unforced damped pendulum, the equilibria of the differential 
equation and the fixed points of any Poincaré map coincide; so, too, do the 
separatrices of the unstable equilibria (in the phase plane) and the separatri- 
ces of the corresponding saddle fixed points in the Poincaré plane. These 
separatrices separate the trajectories which approach a given sink from the 
trajectories that approach a different sink. 
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Figure 12.3: Stable and unstable separatrices at a saddle for an unforced 
damped pendulum. Which are the stable separatrices? 


Y “Check” your understanding by reproducing the plot in Figure 12.3. 


@ The Damped Forced Pendulum 


We described above the Poincaré plane for the unforced pendulum. The same 
description holds for the forced pendulum. A figure showing a Poincaré 
map for a forced pendulum appears as the chapter cover figure. Thus, in the 
Poincaré plane, we expect to see a collection of fixed points corresponding to 
the oscillations to which the pendulum “settles down’, and each has a basin: 
the set of initial conditions which will settle down to it. The basins appear to 
be extraordinarily tangled and complicated, and they are. The reader should 
put up the picture of the basins (Screen 2.6 in Module 12), and practice super- 
imposing iterations on the figure, checking that if you start in the blue basin, 
the entire orbit remains in the blue basin, perhaps taking a complicated path 
to get near the sink, but making it in the end. 


@ Tangled Basins, the Wada Property 


In the tangled basins Screen 3.3 of Module 12, each basin appears to be made 
of a central piece, and four canals which go off and meander around the plane. 
The meandering appears to be completely random and chaotic, and the only 
thing the authors really know about the shapes of the basins of our undamped 
pendulum is the following fact: The basins have the Wada property: every 
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Figure 12.4: Tangled basins for a forced damped pendulum. 


point of the boundary? of any basin is in the boundary of all the others. Thus 
if you start at a boundary point of any basin, and perturb the initial condition 
an arbitrarily small amount, you can land in any of the infinitely many basins. 

A careful look at Figure 12.4 should convince you that this stands a good 
chance of being true: Each region of a canal boundary point includes pieces 
on many curves. It isn’t clear, of course, that there are canals of all the basins 
between any two canals. 

It is one thing to think that the Wada property is likely true, and quite 
another to prove it. It isn’t clear how you would prove anything whatsoever 
about the basins: they do not appear to be amenable to precise study. 

To get a grip on these basins, the first step is to understand why they 
appear to be bounded by smooth curves, and to figure out what these smooth 
curves are. For each sink (solid white squares in Figure 12.4), there are in 
fact four periodic points, each of period two, which are saddles, such that for 
each saddle one of its two unstable separatrices is entirely contained in the 
corresponding basin. 


?The boundary dU of an open set U C R’ is a point x € R? which is not in U, but such that 
there exists a sequence of points x, € U which converges to x. Later we will encounter the notion 
of accessible boundary: the points x € dU such that there exists a parametrized curve y: (0, 1] > U 
such that lim,,9 y(t) = x. For simple open sets, the boundary and the accessible boundary coincide, 
but not for our basins. 
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The next step is to show that the accessible boundary of the basin is made 
up of the stable separatrices of these saddles. This uses the technique of basin 
cells, as pioneered by Kennedy, Nusse, and Yorke*. To see a fleshed-out 
sketch, see the C-ODE-E article referenced at the end of this chapter. 


@ Gaining Control 


The statement about the basins having the Wada property is, in some sense, a 
negative statement, saying that there is maximum possible disorder. Is there 
some positive statement one can make about the forced pendulum (for these 
parameter values)? It turns out that there is. The precise statement is as 
follows. 

During one period of the forcing term, say during 


t in the interval J, = [2kz, 2(k + 1)z] 
the pendulum will do one of the following four things: 


e It will cross the bottom position exactly once moving clockwise (count 
this possibility as —1); 

e It will cross the bottom position exactly once moving counterclockwise 
(count this possibility as +1); 

e It will not cross the bottom position at all (count this possibility as 0); 


e It will do something else (possibility NA). 


Note that most solutions appear to be attracted to sinks, and that the stable 
oscillation corresponding to a sink crosses the bottom position twice during 
each J;, and hence these oscillations (and most oscillations after they have 
settled down) belong to the NA category. 

The essential control statement we can make about the pendulum is the 
following: 


For any biinfinite sequence ..., €-1, €0, €1,... of symbols ¢; selected 
from the set {—1, 0, 1}, there exist values x(0), x’(0) such that the solu- 


tion with this initial condition will do ¢, during the time interval J;. 


The chaos game in Module 12 suggests why this might be true; the tech- 
niques involved in the proof were originally developed by Smale‘. 


3Judy Kennedy, Helena Nusse, and James Yorke are mathematicians at the Universities of 
Delaware, Utrecht, and Maryland, respectively. 


4Stephen Smale is a contemporary mathematician who was awarded a Fields medal (the mathe- 
matical equivalent of a Nobel prize) in the early 1960’s. See Devaney in the references at the end of 
this chapter. 
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Figure 12.5: Startin quadrilateral Qy and reach forward into Q, and backward 
into Q_). 


We start by drawing quadrilaterals Q;, around the kth saddle, long in the 
unstable direction and short in the stable direction, such that they cross a good 
part of the tangle. We can now translate our symbols ¢;, which refer to the 
differential equation, into the Poincaré mapping language. 

If at time ¢ = 2kz the pendulum is in Q; and at time 2(k + 1)z it is in 
Ox+e,, then during /, the pendulum does e,. So it is the same thing to require 
that a trajectory of the pendulum realize a particular symbol sequence, and 
to require that an orbit of the Poincaré map visit a particular sequence of 
quadrangles, just so long as successive quadrangles be neighbors or identical. 

Draw the forward image of that quadrilateral, and observe that it grows 
much longer in the unstable direction and shrinks in the stable direction; we 
will refer to P(Q,) as the kth snake, S;,. The entire proof comes down to 
understanding how S; intersects Q,_1, Qx, and Qx+1. 

The thing to be checked is that S,; intersects all three quadrilaterals in 
elongated regions going from top to bottom, and that the top and bottom of 
Q; map to parts of the boundary of S; which are outside Q,_; U Q, U Qx41. 
See Figure 12.5 for an example of a winning strategy for three adjacent quadri- 
laterals. 

Once you have convinced yourself that this is true, you will see that every 
symbolic sequence describing a history of the pendulum is realized by an 
intersection of thinner and thinner nested subquadrangles. 

A similar argument shows that a symbolic sequence describing a future 
of the pendulum corresponds to a sequence of thinner and thinner subquad- 
rangles going from left to right. The details are in the CCOODE-E paper by 


230 


References 


Chapter 12 


J.H. Hubbard in the references. 

We have shown how to gain control of the motions of the driven pendu- 
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Exploration 12.1. 


In each problem describe what you see and explain what the figures tell you 
about the behavior of the pendulum. 


1. Choose a value for c £ 0.1, take A = 1 in ODE (1), and produce graphs like 
those in the chapter cover figure and Figure 12.1. 


2. Choose a value for A ~ 1 and c = 0.1 in ODE (1) and produce graphs like 
those in the chapter cover figure and Figure 12.1. 


3. Choose a value for w # | in the ODE 
x" +0.1x' + sinx = cos at 


and produce graphs like those in the chapter cover figure and Figure 12.1. 
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4. Repeat Problems 1 and 2, but for the Duffing ODE, 


x" +cex'+x—x = Acost 


5. Repeat Problems 1| and 2, but for the ODE with a quadratic nonlinearity, 


x" +ex'+x—2x = Acost 


Overview 


Key words 


See also 


Discrete Dynamical Systems 


300 


200 


x(n+1) 


100 


0 100 200 300 400 
x(n) 


Supply and demand converge to a stable equilibrium. 


Processes such as population dynamics that evolve in discrete time steps are best 
modeled using discrete dynamical systems. These take the form x,.; = f(x,), 
where the variable x, is the state of the system at “time” n and x,., is the state of 
the system at time n + 1. Discrete dynamical systems are widely used in ecology, 
economics, physics and many other disciplines. In this section we present the 
basic techniques and phenomena associated with discrete dynamical systems. 


Iteration; fixed point; periodic point; cobweb and stairstep diagrams; stability; 
sinks; sources; bifurcation diagrams; logisitic maps; chaos; sensitive dependence 
on initial conditions; J ulia sets; Mandelbrot sets 


Chapter 6 for more on sinks and sources in differential equations, and Chapter 12 
for Poincaré sections and chaotic pendulum motion. 


234 


[> The function f(x) = Axis 
denoted Ly, and so Ly) (x) = Ax. 


[8 The function Ax(1 — x) is 
denoted by g, (x). 


[3S The superscript ° reminds 
us that this is just the 
composition of f with itself; f is 
not being raised to a power. 
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Discrete dynamical systems arise in a large variety of applications. For 
example, the population of a species that reproduces on an annual basis is 
best modeled using discrete systems. Discrete systems also play an impor- 
tant role in understanding many continuous dynamical systems. For example, 
points calculated by a numerical ODE solver form a discrete dynamical sys- 
tem that approximates the solution of an initial value problem for an ODE. 
The Poincaré section described in Chapter 12 is another example of a discrete 
dynamical system that gives information about a system of ODEs. 

A discrete dynamical system is defined by the iteration of a function f, 
and takes the form 


Xnt1 = f(%n), n=O, Xo given (1) 


Here are two examples. In population dynamics, some populations are mod- 
eled using a proportional growth model 


Xnt1 = Lj, (%n) =AX,, n=O, xo given (2) 


where x, is the population density at generation n and A is a positive num- 
ber that measures population growth from generation to generation. Another 
common model is the logistic growth model: 


Xn+1 = Br(Xn) =AXn(L — Xn), n=O, Xo given 


Let’s return to the general discrete system (1). Starting with an initial 
condition x9, we can generate a sequence using this rule for iteration: Given 
Xo, we get x; = f (xo) by evaluating the function f at x9. We then compute 
Xo = f(x1), x3 = f(x2), and so on, generating a sequence of points {x,}. 
Each x,, is the n-fold composition of f at xp since 


x2 = f(f(%0)) = fo? (x0) 
x3 = f(f(f(x0))) = £2 (0) 


Xn = f°" (x0) 


(Some authors omit the superscript °.) 

The infinite sequence of iterates O(x9) = {x,}7°q is called the orbit of xo 
under f, and the function f is often referred to as a map. For example, if 
we take A = 1/2 and the initial condition x9 = 1 in the proportional growth 
model (2), we get the orbit for the map L: 


Xo=1, x, =1/2, x. =1/4,... 


Refer to Screen 1.2 of Module 13 for four representations of the orbit 
of an iteration: as a sequence {xy, x; = f (xo), X2 = f(%1),...}; a numerical 
list whose columns are labeled n, xy, f(x,); a time series where x, is plotted 
against “time” n; and a stairstep/cobweb diagram for graphical analysis. 

The chapter cover figure shows a stairstep diagram for the model x,41 = 
0.7x, + 100. Figures 13.1 and 13.2 show cobweb diagrams for the logistic 
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model x41 = Axn(1 — Xn), with 24 = 3.51 and 3.9, respectively. In all of 
these figures, the diagonal line x,4; = x, is also plotted. The stairstep and 
cobweb diagrams are constructed by selecting a value for xo on the horizontal 
axis, moving up to the graph of the iterated function to obtain x;, horizontally 
over to the diagonal then up (or down) to the graph of the function to obtain 
X2, and so on. These diagrams are used to guide the eye in moving from x, to 


Xn+1- 


@ Equilibrium States 


TS A fixed point of a discrete 
dynamical system is the analogue 
of an equilibrium point for a 
system of ODEs. 


[SS This use of the words 
“stable” and “unstable” for points 
and orbits of a discrete system 
differs from the way the words 
are used for equilibrium points of 
an ODE. For example, a saddle 
point of an ODE is unstable, but a 
saddle point of a discrete system 
is neither stable nor unstable. 


As with autonomous ODEs, it is useful to determine the equilibrium states for 
a discrete dynamical system. First we need some definitions: 


e A point x* is a fixed point of f if f(x*) = x*. A fixed point is easy to 
spot in a stairstep or cobweb diagram even before the steps and webs 
are plotted: the fixed points of f are where the graph of f intersects the 
diagonal. 

e A point x* is a periodic point of period n of f if f°"(x*) = x* and 
fk (x*) & x* for k <n. A fixed point is a periodic point of period 1. 


Both the proportional and logistic growth models have the fixed point x = 0. 
For certain values of A the logistic model has periodic points; Figure 13.1 
suggests that the model has a period-4 orbit if A = 3.51. 


Y “Check” your understanding by showing that the logistic model has a 
second fixed point x* = (A — 1)/A. Does the proportional growth model for 
A > 0 have any periodic points that are not fixed? 


A fixed point x* of f is said to be stable (or a sink, or an attractor) if every 
point p in some neighborhood of x* approaches x* under iteration by f, that 
is, if f°”(p) > x* as n — +00. The set of all points such that f°"(p) > x* 
as n —> +00 is the basin of attraction of p. A fixed point x* is unstable (or 
a source or repeller) if every point in some neighborhood of x* moves out of 
the neighborhood under iteration by f. If x* is a period-n point of f, then 
the orbit of x* is said to be stable if x* is stable as a fixed point of the map 
f°". The orbit is unstable if x* is unstable as a fixed point of f°”. Stability is 
determined by the derivative of the map /f, as the following tests show: 


e A fixed point x* is stable if | f’(x*)| < 1, and unstable if | f’(x*)| > 1. 


e A period-n point x* (and its orbit) is stable if |(f°")/(x*)| < 1, and 
unstable if |(f°")/(x*)| > 1. 


Stable periodic orbits are attracting because nearby orbits approach them, 
while unstable periodic orbits are repelling because nearby orbits move away 
from them. 
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Figure 13.1: The cobweb diagram for the logistic map, x4; = 3.51x%,(1 — x), 
suggests that iterates of x) = 0.72 approach a stable orbit of period 4. 


Y Is the fixed point in the chapter cover figure stable? Is the period-4 orbit 
in Figure 13.1 stable? How about the two fixed points in that figure? [Sugges- 
tion: Use the Discrete Tool as an aid in answering these questions. ] 


@ Linear versus Nonlinear Dynamics 


[> Refer to the first 
submodule of Module 13 for 
examples. 


The solutions of linear and of nonlinear ODEs are compared and contrasted 
in Chapter/Modules 6 and 7. Now we will do the same comparison for linear 
and nonlinear maps of the real line into itself. 

Let’s look at the iteration of linear functions such as the proportional 
growth model (2), %n41 = La (%n), which has a fixed point at x* = 0. This 
fixed point is stable if |A| < 1, so the orbit of every initial population tends to 
Oasn— oo. If A = 1, then x,41 = Xn, and hence every point is a fixed point. 
The fixed point at x* = 0 is unstable if |A| > 1, and all initial populations tend 
to co as n > oo. If ) = —1 then x* = 0 is the only fixed point and every other 
point is of period 2 since X,42 = —Xn41 = —(—Xn) = Xp. 

The iteration of any linear function f(x) = ax + b (with slope a # 1) 
behaves much like the proportional growth model. Fixed points are found by 
solving ax* + b = x*, and their stability is governed by the magnitude of a. 

The iteration of nonlinear functions can be much more complex than that 
of linear functions. In particular, nonlinear functions can exhibit chaotic be- 
havior, as well as periodic behavior. To illustrate the types of behavior typical 
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nea) 


Figure 13.2: The cobweb diagram of the logistic map x,4; = 3.9x,(1 — x,) SUg- 
gests that iterates of x) = 0.8361 either approach an attracting periodic orbit 


of very high period, or else wander chaotically. 


to nonlinear functions we consider, in the second submodule of Module 13, 
the one-parameter family of logistic functions 


8(X) = Ax — x) 


Figure 13.2 shows how complex an orbit of a logistic map may be for certain 


values of i. 


@ Stability of a Discrete Dynamical System 


ES Recall that 
82(x) = 2x(1 — x). 


Now we turn our attention to the stability of an entire dynamical system rather 
than just that of a fixed point. One of the most important ideas of dynamical 
systems (discrete or continuous) is that of hyperbolicity. Hyperbolic points 
are stable to small changes in the parameters of a dynamical system. This 
does not mean that a perturbation (a small change) of the function leaves a 
fixed or periodic point unchanged. It simply means that the perturbed function 
will also have a fixed point or periodic point “nearby,” and that this point has 
the stability properties of the corresponding point of the unperturbed function. 
For example, at 1 = 2 the function g2(x) has an attracting fixed point x* = 0.5. 
For values of 4 near 2, the function g, (x) also has an attracting fixed point 
x* = (A —1)/d. For example, if 4 = 2.1 then the attracting fixed point is 
x* = 0.524. Even though the fixed point moved a little as 4 increased, the 
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@ Bifurcations 


[SS See Chapter 7 for 
bifurcations of systems of ODEs. 
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fixed point still exists and it is still attracting. The following theorem provides 
a way of determining whether fixed points and periodic orbits are hyperbolic. 


THEOREM 13.1 Given a discrete dynamical system x,4; = fi,(Xn), 
a fixed point x* of f(x) is hyperbolic if | fi (x*)| A 1. Similarly, a peri- 
odic point x* of period n (and its orbit) is hyperbolic if |(f2")'(x*)| € 1. 


Because the number and type of periodic points do not change at pa- 
rameter values where f, (x) has hyperbolic points, we say that the qualitative 
structure of the dynamical system remains unchanged. On the other hand, 
this theorem also implies that changes in the qualitative structure of a family 
of discrete dynamical systems can occur only when a fixed or periodic point 
is not hyperbolic. We see this in the proportional growth model x,4; = Ax, 
when A = 1 and A = —1. ForA = 1 — ¢ [andhence L'_,(1) =A = 1-—«] the 
fixed point x = 0 is attracting. But for A = 1+ « the fixed point is repelling. 
Thus, as 4 passes through the value 1, the stability of the fixed point changes 
from attracting to repelling and the qualitative structure of the dynamical sys- 
tem changes. 


A change in the qualitative structure of a discrete dynamical system, such as 
a change in the stability of a fixed point, is known as a bifurcation. If fy, 
is nonlinear, several types of bifurcations can occur; here are two common 
types. 

The first, known as a saddle-node bifurcation, occurs when x* is a peri- 
odic point of period n and (f,")’(x*) = 1. In a saddle-node bifurcation, the 
periodic point x* splits into a pair of periodic points, both of period n, one of 
which is attracting and the other repelling. A saddle-node bifurcation occurs 
in the logistic growth family g,(x) when A = 1. At this value the fixed point 
x* = 0 (which is attracting for A < 1) splits into a pair of fixed points, x* = 0 
(repelling for X > 1), and x* = (A — 1)/A (attracting for A > 1). This type of 
bifurcation is sometimes called an exchange of stability bifurcation. 

The second important type of bifurcation is called period-doubling and 
occurs when x* is a periodic point of period-n and (f,")’(x*) = —1. In this 
bifurcation the attracting period-n point becomes repelling and an attracting 
period-2n orbit is spawned. (Note that the stability can be reversed.) This 
occurs in the logistic family g(x) when A = 3. At this parameter value, the 
attracting fixed point x* = (A — 1)/A becomes repelling and a stable period-2 
orbit emerges with one point on each side of x* = (A — 1)/X. Since the logistic 
equations model population growth, this says that the population converges to 
an equilibrium for growth rate constants 4 less than 3. However, for values of 
A greater than 3, the population oscillates through a sequence of values. 

The bifurcations that occur in a one-parameter family of discrete dynam- 
ical systems can be summarized in a bifurcation diagram. For each value of 
the parameter (on the horizontal axis) the diagram shows the long-term be- 
havior under iteration of a “typical” initial point. For example, if you see 
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Figure 13.3: Part of the bifurcation diagram for the logistic map. 


a single point in the diagram above a particular parameter value, that point 
corresponds to an attracting fixed point. The spot in the diagram where you 
see an arc of attracting fixed points split into two arcs corresponds to a bi- 
furcation from an attracting fixed point to an attracting orbit of period 2 (.e., 
period doubling). If the diagram shows a multitude of points above a given 
parameter value, then either you are seeing an attracting periodic orbit of a 
very high period, or else you are seeing chaotic wandering. It should be noted 
that when constructing the bifurcation diagram for each parameter value and 
initial point, the first 50 or so iterates are omitted so that only the long-term 
behavior is visible in the diagram. See Figure 13.3 and Screen 2.4 in Mod- 
ule 13 for the bifurcation diagram of the logistic map. 


The stable arcs in these diagrams are usually straightforward to generate 
numerically. We constructed a bifurcation diagram on an interval [A min, Amax] 
for the logistic population model x,4; = g,(x,) using the following proce- 
dure. 


1. Fix Amin» Amax> Aine» min» “max. Here Ainc is the step size between suc- 
cessive values of X while Amin and Nmax are bounds on the number of 
iterates used to construct the diagram; they control the accuracy of the 
diagram. Typical values are Amin = 50 and Mmax = 150. 


2. Let A = Amin- 


3. Taking xo = 0.5 for example, compute the first min iterates of g, with- 
out plotting anything. This eliminates transient behavior. 
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4. As n increases from nmin tO Mmax, plot the points (A, g3"(0.5)). If the 
orbit of 0.5 converges to a periodic orbit, only points near this orbit are 
plotted. If the orbit of 0.5 isn’t periodic, then the points above 1 seem 
to be almost randomly distributed. 


5. Let A =A + Aine. 
6. If A < Amax, go back to Step 3 and repeat the process. 


Y Go to the One-dimensional tab of the Discrete Tool. Use the default 
values, but set the value of c at 1 (c in the tool plays the role of 4 in Chap- 
ter/Module 13). Turn on the bifurcation diagram. Keep your finger on the 
up-arrow for c and describe what is happening. Any attracting periodic or- 
bits? For what values of c do these orbits occur? What are the periods? 


@ Periodic and Chaotic Dynamics 


One of the most celebrated theorems of discrete dynamical systems is often 
paraphrased “Period 3 Implies Chaos.” This theorem, originally proven by 
Sarkovskii and independently discovered by Li and Yorke!, is a remarkable 
result in that it requires little information about the dynamical system and yet 
it returns a treasure trove of information. 


THEOREM 13.2 If f is a continuous function on the real line and if 
there exists a point of period 3, then there exist points of every period. 


For the logistic population model there exists an attracting period-3 orbit 
at A = /8 + 1 © 3.83, and most initial conditions in the unit interval con- 
verge to this orbit (see Figure 13.4). In terms of our model, most populations 
tend to oscillate between the three different values of the period-3 orbit. The- 
orem 13.2 states that even more is going on at A = /8 + 1 than meets the 
eye. If we pick any positive integer n, there exists a point p such that n is 
the smallest positive integer allowing g}"(p) = p. Thus, for example, there 
exists a point that returns to itself in 963 iterates. The reason we don’t “see” 
this periodic orbit (or, indeed, any periodic orbit, except that of period 3) is 
that it is unstable, so no iterate can approach it. But orbits of every period are 
indeed present if A = /8 + 1. 


‘James Yorke and T.Y. Li are contemporary mathematicians who published their result in 1975 (see 
References). They were the first to apply the word “chaos” to the strange behavior of the iterates of 
functions such as g,. A.N. Sarkovskii published a stronger result in 1964, in Russian, in the Ukrainian 
Mathematical Journal, but it remained unknown in the West until after the paper by Yorke and Li had 
appeared. 
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Figure 13.4: Ata = /8+ 1 ~ 3.83 the logistic map g, = Ax(1 — x) has an attract- 
ing orbit of period 3; the points xo, x1, ..., x49 have been suppressed in this 


graph. 


@ What is Chaos? 


[SS A set U of real numbers is 
open if every point p of U has 
the property that all points in 
some interval (p — a, p+a) are 
also in U. 


So, you’re probably asking, what is chaos? The definition of chaos is a bit 
slippery. In fact, mathematicians are still arguing about a proper definition. 
But to get the idea across we’ll use one due to Devaney. 

Let S be a set such that if x lies in S, then f°"(x) belongs to S for all 
positive integers n. The set S is called invariant. If you start in an invariant 
set, you can’t get out! Now let’s define what we mean by chaos in an invariant 


set S. 


A map f : S— Sis chaotic if: 


1. periodic points are dense in S; 
2. f displays sensitive dependence on initial conditions in S$; and 


3. f is topologically transitive in S. 


The first condition of this definition is explained like this: A set A is dense 
in another set B if for every point x in B and every open set U containing x 
there exists points of A that are also in U. Therefore, condition 1 says that 
periodic points are almost everywhere in S. This means that S contains many 
periodic points; Theorem 13.2 gives a condition guaranteeing infinitely many 


of these points. 
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[35> Module 13 has examples. 


Chapter 13 


In the second condition, sensitive dependence on initial conditions means 
that points that are initially close to one another eventually get moved far apart 
under iteration by f. 

Finally, f is topologically transitive (or mixing) if given any pair of open 
sets U and V in S, some iterate of f takes one or more points of U into V. 
This means that points of open sets get spread throughout the set S. 

The most significant item on this list for applied problems is sensitive 
dependence on initial conditions. Let’s consider the logistic growth model 
at a parameter value where the dynamics are chaotic. Sensitive dependence 
implies that no matter how close two populations may be today, there will be a 
time in the future when the populations differ significantly. So environmental 
disturbances that cause small population changes will eventually lead to large 
changes, if chaotic dynamics exist. 

Chaotic dynamics occur in a wide range of models. Although the defini- 
tions above are given in terms of a single scalar dynamical system, everything 
extends to higher dimensions, and many of the applications are two- or three- 
dimensional. In addition to models of population dynamics, chaos has been 
observed in models of the weather, electrical circuits, fluid dynamics, plane- 
tary motion, and many other phenomena. The relatively recent understanding 
of chaos has shed new light on the complexity and beauty of the world we 
inhabit. 


@ Complex Numbers and Functions 


Imaginary axis . 
ginary gard 


= re” 


Real axis * 


E> Euler’s formula is also 
used in Chapter 4. 


Probably the most popular type of discrete dynamical system is a complex 
dynamical system where the variables are complex numbers instead of real 
numbers. The intricate fractal structures common to images generated using 
complex dynamics have appeared everywhere from calendars to art shows and 
have inspired both artists and scientists alike. Many of the fundamental ideas 
of complex dynamics are identical to those of real dynamics and have been 
discussed in previous sections. In what follows, we will highlight both the 
similarities and differences between real and complex dynamics. 

Recall that complex numbers arise when factoring quadratic polynomials 
with negative discriminant. Because the discriminant is negative we must 
take the square root of a negative real number, which we do by defining i to 
be /—I. We then write the complex number as z = x + iy. We say that x is 
the real part of z and y is the imaginary part of z. The complex number z is 
represented graphically on the complex plane by the point having coordinates 
(x, y). It is often useful to represent complex numbers in polar coordinates by 
letting x = rcos@ and y = rsin@ so that 

z=r(cos@+isin6) = re” 
The remarkable relationship cos 6 + isin@ = e’® between polar coordinates 
and exponential functions is known as Euler’s formula. The number r = 
/x? + y? is the distance from the origin to the point z in the complex plane 


Iterating a Complex Function 
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and is sometimes called the modulus of z, and it is denoted by r = |z|. The 
angle 6 is called the argument of z. Note that the usual properties of exponen- 
tial functions hold in the complex plane. Thus, given two complex numbers 
z=re' and w = se’®, their product is 


zw = rse'Or9) 


A complex function f(z) takes a complex number z as its argument and 
returns a complex number w = f(z). Differentiation proceeds as in the real 
case; for example, (z3)' = 3z?. Unlike functions of one real variable, we 
cannot graph a complex function since both the domain and range are two- 
dimensional. 


@ iterating a Complex Function 


IE Any period-n point is also 
a periodic point of all periods 
which are positive integer 
multiples of n. 


Iteration of a complex function is identical to the iteration of a real function. 
Given an initial z-value zo, iteration generates a sequence of complex numbers 
z1 = f (Zo), Z2 = f(z), etc. Fixed and periodic points are defined in the same 
way as for real functions, as are stability and instability. Here are the previous 
criteria for stability, but now applied to complex functions. 


e A fixed point z* is stable if | f’(z*)| < 1, and unstable if | f’(z*)| > 1. 


on 


e A period-n point z* (and its orbit) is stable if |(f°")/(z*)| < 1, and un- 


stable if |(f°")’(z*)| > 1. 


Let’s consider a simple example to illustrate these ideas. Let f(z) = z’. 
Then z* = 0 is an attracting fixed point since f(0) = 0 and | f’(0)| = 0. If z 
is any point such that |z| < 1, then the sequence { f°”(z)}°° , converges to 0 as 
n— oo. On the other hand, if |z| > 1, then the sequence { f°"(z)}°° 9 goes to 
infinity as n — ov. To see what happens to values of z having modulus equal 
to 1, let’s write z= e””. Then f(z) = e”’°, which also has modulus 1. Thus all 
iterates of points on the unit circle |z| = 1 stay on the unit circle. The point 
z* = 1 is arepelling fixed point since f(1) = 1 and | f’(1)| = 2. The period-2 
points are found by solving f(f(z)) = z+ = z. We can rewrite this equation 
as 


z(—1)=0 


One solution to this equation is z* = 0, corresponding to the attracting fixed 
point, and another solution is z* = 1, corresponding to the repelling fixed 
point. Notice that the fixed points of f(z) remain fixed points of f(f(z)), or 
equivalently, are also period-2 points of f(z). To find the other two solutions, 
we write z = e’? in the equation z* = | to get the equation 
3! — | 

which we need to solve for 9. Since we are working in polar coordinates, we 
note that 1 = e*"" where n is an integer. This implies that 36 = 2nz and from 


this we find a second pair of period-2 points at z = e?”'/3 and z = e4”'/?, Both 
of these are repelling. 
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Figure 13.5: The filled J ulia set for f(z) = 2 +c, where c = 0.4012 — 0.3245i 


Y Show that e?”'/> and e*”/? are repelling period-2 points of f = z?. Show 
that f°" (z) > O0as n > o0 if |z| < 1, and that | f°" (z)| > co if |z| > 1. What 
is the “basin of attraction” of the fixed point z = 0? 


@ J ulia Sets, the Mandelbrot Set, and Cantor Dust 


ESS The closure of a set A 
consists of the points of A 
together with all points that are 
limits of sequences of points of 
A. 


The set of repelling periodic points of the function f = z* is dense on the unit 
circle, although we don’t show that here. This leads us to the definition of the 
Julia set. 


DEFINITION The filled Julia set K of a complex-valued function f is 
the set of all points whose iterates remain bounded. The Julia set J of 
f is the closure of the set of repelling periodic points. 


For f = 2”, the filled Julia set K of f is the set of all complex numbers z 
with |z| < 1, while the Julia set J of f is the unit circle |z| = 1. This is a very 
simple example of a Julia set. In general, Julia sets are highly complicated 
objects having a very intricate fractal structure. For example, see Figure 13.5 
and Screens 3.3 and 3.4 of Module 13. 

In the above example, the Julia set J divides those points that iterate to 
infinity (points outside the unit circle) and those that converge to the attracting 
fixed point (points inside the unit circle). This division of the domain by 
the Julia set is often the case in complex dynamics and provides a way of 
numerically computing the filled Julia set of a given function f. Assign a 
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[35° In the Discrete Tool of 
ODE Architect, the coloring is 
reversed. Points in the filled Julia 
set are colored black and points 
whose orbits diverge past the 
predetermined bound are colored 
with various colors according to 
their divergence rates (e.g., red is 


the fastest, dark blue the slowest). 


[Is A complex function f is 
analytic if its derivatives of every 
order exist. A point Z is a critical 
point of f if f’(Z) =0. 


[> The colors of the 
Mandelbrot set example in the 
Discrete Tool are different. 


complex number to each screen pixel. Then use each pixel (i.e., complex 
number) as an initial condition and iterate to determine whether the orbit of 
that point exceeds some predetermined bound (for example |z| = 50). If it 
does, we say the orbit diverges and we color the point black. If not, we color 
the point red to indicate it is in the filled Julia set. 

Earlier in this chapter we saw the importance of attracting periodic orbits 
in building a bifurcation diagram for a real map f. Although we didn’t men- 
tion it then, we can home in on an attracting periodic orbit of f (if there is one) 
by starting at x9 = xif f’(x) is zero at x and nowhere else. Complex functions 
f (z) for which f’(Z) = 0 at exactly one point Z have the same property, as the 
following theorem shows. 


THEOREM 13.3 Let f be an analytic complex-valued function with 
a unique critical point z. If f has an attracting periodic orbit, then the 
forward orbit of Z converges to this orbit. 


Let’s look at some of the implications of this theorem with the family of func- 
tions f(z) = 2? +c where c = a + ib is a complex parameter. For each value 
of c the only critical point is z = 0. To find an attracting periodic orbit for a 
given value of c we need to compute the orbit 


{O;¢,07 fos} 


and see if the orbit converges or not. If it does, we find the attracting periodic 
orbit; if not, there doesn’t exist one. Let’s see what happens when we set 
c = | to give the function f,(z) = 2? + 1. The orbit of the critical point is 
{0, 1, 2,5, 26, ...}, which goes to infinity. Thus, f; has no attracting periodic 
orbit and the Julia set does not divide points that converge to a periodic orbit 
from points that iterate to infinity. In fact, it can be shown that this Julia set is 
totally disconnected; it is sometimes referred to as Cantor dust. Click on out- 
lying points on the edge of the Mandelbrot set (defined below) in Screen 3.5 
of Module 13 and you will generate Cantor dust in the upper graphics screen. 

This leads to another question. If some functions in the family f, have 
connected Julia sets (such as fy = z”) and other functions in the family have 
totally disconnected Julia sets (such as f|), what set of points in the c plane 
separates these distinctive features? This set is the boundary of the Mandel- 
brot set. The Mandelbrot set M of the function f(z) = z* +c is defined as the 
set of all complex numbers c such that the orbit { f°” (0)°° ,} remains bounded, 
that is, | f°"(0)| < K for some positive number K and all integers n > 0. 

This definition leads us to an algorithm for computing the Mandelbrot set 
M. Assign to each pixel a complex number c. Choose a maximum number 
of iterations N and determine whether | f°"(0)| < 2 for all n < N (it can be 
proven that if | f°"(0)| > 2 for some n, then the orbit goes to infinity). If so, 
then color this point green to indicate that it is (probably) in the Mandelbrot 
set. Otherwise, color this point black. It is this computation that gives the 
wonderfully intricate Mandelbrot set; see Figure 13.6 and Screens 3.4 and 3.5 
of Module 13. 
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Figure 13.6: The Mandelbrot set; the cross-hairs are set on the point c = 
0.4012 — 0.32457, which gives the J ulia set shown in Figure 13.5. 


The Mandelbrot set actually contains much more information than is de- 
scribed here. It is, in fact, the bifurcation diagram for the family of functions 
f(z) =2 +c. Each “blob” of the set corresponds to an attracting periodic or- 
bit of a particular period. Values of c in the big cardioid shown on Screen 3.4 
of Module 13 give attracting period-1 orbits for f,. Values of c in the circle 
immediately to the left of this cardioid give attracting period-2 orbits for f,. 
Other “blobs” give other attracting periodic behaviors. 

Although we have only defined the Mandelbrot set for the specific family 
fe =2 +c, it can be defined in an analogous way for other families of com- 
plex functions (see the Discrete Tool). One final note on Julia sets and the 
Mandelbrot set. You’ve probably seen intricately colored versions of these 
objects on posters or elsewhere. The coloring is usually determined by how 
“fast” orbits tend to infinity. The color scheme is, of course, up to the pro- 
grammer. 

Module 13 introduces and lets you play with three important discrete dy- 
namical systems—linear, logistic, and a third that uses complex numbers. Ex- 
plorations 13.1—13.4 extend these ideas and introduce other maps with curious 
behavior under iteration. 


References Alligood, K.T., Sauer, T.D., and Yorke, J.A., Chaos: An Introduction To Dy- 
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Peak, D. and Frame, M., Chaos under Control, (1994: W.H. Freeman) 
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Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 13.1. One-Dimensional Maps and the Discrete Tool 


Go to the Discrete Tool and enter the proportional growth model x41) = cx, 
where c is the parameter. For the range 0 < n < 30 and the initial condition 
xo = 0.5, explore and describe what happens to the iteration map, time series, 
and bifurcation diagram as the parameter is increased from —2 to 2. For 
what values of c is there a sudden change in the behavior of the iterates (the 
bifurcation values of c)? For what values of c are there 1, 2, or infinitely many 
fixed or periodic points? Which of these points are attractors? Repellers? 


Go to the Discrete Tool and explore and describe what happens to the iteration 
map, the time series, and the bifurcation diagram as the parameter c for the 
logistic map g-(x) = cx(1 — x) is incremented from 1 to 4. Use the range 
50 <n < 150 to avoid any initial wandering, and the initial condition x9 = 0.5. 
Describe what all three graphs on the tool screen look like at values of c where 
there is a periodic orbit. What is the period? Go as far forward as you can 
with the period-doubling sequence of values of c: 3, 3.434, .... What are 
the corresponding periods? [Suggestion: Zoom on the bifurcation diagram. ] 
Repeat with the sequence 3.83, 3.842, .... 
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In the Discrete Tool enter the tent map 7, on the interval 0 < x < 1: 
2cx, 0<x<05 
2c(1l—x), O05<x<1 


T(x) = c(1 — 2abs(x — 0.5)) = 


where the parameter c is allowed to range from 0 to 1. Describe and explain 
what you see as c is incremented from 0 to 1. [Suggestion: use the Edit option 
in the Menu box for the bifurcation diagram and set 200 < n < 300 in order 
to suppress the initial transients.] Any orbits of period 2? Period 3? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 


notepad report using the Architect is OK, too. Course/Section 


Exploration 13.2. Circle Maps 


Another common type of discrete dynamical system is a circle map, which 
maps the perimeter of the unit circle onto itself. These functions arise when 
modeling coupled oscillators, such as pendulums or neurons. The simplest 
types of circle maps are rotations that take the form 


R,(0) = (8+ @) mod 27 
where 0 < 6 < 27 and w is a constant. 


1. Show that if w = (p/q)z with p and gq positive integers and p/q in lowest 
terms, then every point has period gq. 


2. Show that if @ = az with a an irrational number, then no point on the circle 
is periodic. 
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3. What is the long-term behavior of the orbit of a point on the circle if @ = az, 
where a is an irrational number? 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 13.3. Two-Dimensional Maps and the Discrete Tool 


A two-dimensional discrete dynamical system looks like this: 


Xn = Sn, Yns c) 


(3) 
Yntt = &(Xn Yar ©) 


where f and g are given functions and c is a “place holder” for parameters. 
For given values of c, xy, and yo, system (3) defines an orbit of points 


(Xo, Yo), (1, y1), (%2, Y2),--- 
in the xy-plane. The two-dimensional tab in the Discrete Tool allows you to 
explore discrete systems of the form of system (3). 
Open the Discrete Tool and explore the default system (a version of what is 


known as the Hénon Map): 


2 
Xn41 = 1+ Yn — ax, 


(4) 


Yntl = bx 


where a and b are parameters. For fixed values of the parameters a and b 
find the fixed points. Are they sinks, sources, or neither? How sensitive is the 
long-term behavior of an orbit to small changes in the initial point (x0, yo)? 
What happens if you increment a through a range of values? If you increment 
b? Any period-doubling sequences? In your judgment, is there any long-term 
chaotic wandering? [Suggestion: Keep the values of a and b within small 
ranges of their default values to avoid instabilities. ] 
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2. Repeat Problem 1 with the following version of the Hénon map: 
Xnt1 =a—x2+byn 
Ynt1 =%Xn 


Start with a = 1.28, b= —0.3, x9 =0, yo = 0. 


Answer questions in the space provided, or on Name/Date 
attached sheets with carefully labeled graphs. A 
notepad report using the Architect is OK, too. Course/Section 


Exploration 13.4. J ulia and Mandelbrot Sets and the Discrete Tool 


Note that the color schemes for the J ulia and Mandelbrot sets in Module 13 
differ from those in the discrete tool. 


1. Use the Discrete Tool to explore the Mandelbrot set and Julia sets for the 
complex family f. = z? +c. What happens to the filled Julia sets as you 
move c from inside the Mandelbrot set up toward the boundary, then across 
the boundary and out beyond the Mandelbrot set? Describe how the Julia sets 
change as you “walk” along the edge of the Mandelbrot set. 
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2. Repeat Problem 1 for the complex family g. = csinz. 


3. Repeat Problem 1 for the family h, = ce*. 


GLOSSARY 


Acceleration The acceleration of a moving body whose po- 
sition at time tis u(t) is given by 


eu 
dt? 


Air resistance A body moving through air (or some other 
medium) is slowed down by a resistive force (also 
called a drag or damping force) that acts opposite to 
the body’s velocity. See also “Viscous damping” and 
“Newtonian damping.” 


Amplitude The amplitude of a periodic oscillating function 
u(t) is half the difference between its maximum and 
minimum values. 


Angular momentum The angular momentum vector of a 
body rotating about an axis is its moment of inertia 
about the axis times its angular velocity vector. 


This is the analog in rotational mechanics of momen- 
tum (mass times velocity) in linear mechanics. 


Angular velocity An angular velocity vector, w(t), is the 
key to the relation between rotating body axes and a 
fixed coordinate system of the observer. The compo- 
nent w; of the vector w(t) along the jth body axis de- 
scribes the spin rate of the body about that axis. 


Autocatalator This is a chemical reaction of several steps, 
at least one of which is autocatalytic. 


Autocatalytic reaction In an autocatalytic reaction, a 
chemical species stimulates more of its own produc- 
tion than is destroyed in the process. 


Autonomous ODE An autonomous ODE has no explicit 
mention of the independent variable (usually 7) in the 
rate equations. For example, x’ = x* is autonomous, 
but x’ = x? + ris not. 


Balance law The balance law states that the net rate of 
change of the amount of a substance in a compartment 
equals the net rate of flow in minus the net rate of flow 
out. 


Beats When two sinusoids of nearly equal frequencies are 
added the result appears to be a high frequency si- 
nusoid modulated by a low frequency sinusoid called 
a beat. A simple example is given by the function 


(sint)(sin10t), where the first sine produces an “am- 
plitude modulation” of the second. 


Bessel functions of the 1st kind The Bessel function of the 
first kind of order zero, 
2n 


1, ae) 
Jy(s) = Le spb T) hy 
is a solution of Bessel’s equation of order zero, and is 
bounded and convergent for all s. 


Bessel functions of the 2nd kind The Bessel function of 
the second kind of order zero, Y(s), is another so- 
lution of Bessel’s equation of order zero. It is much 
more complicated than Jo(s), and 


Yo(s) > -—co as s>O+ 


See Chapter 11 for a complete formula for \(s) that 
involves a logarithmic term, Jo(s), and a complicated 
(but convergent) infinite series. 


Bessel’s equation Bessel’s equation of order p > 0 is 
sw" (s) + sw'(s) + (s? — p?)w =0 


where p is a nonnegative constant. Module 11 consid- 
ers only p = 0. See Chapter 11 for p > 0. 


Bessel’s equation, general solution of Bessel’s equation 
of order zero is second-order and linear. The general 
solution is the set of all linear combinations of J(s) 
and Yo(s). 


Bifurcation diagram A bifurcation diagram describes how 
the behavior of a dynamical system changes as a pa- 
rameter varies. It can appear in studies of iteration or 
of differential equations. 


In the case of a single real parameter, a bifurcation di- 
agram plots a parameter versus something indicative 
of the behavior, such as the variable being iterated (as 
in Module 13, Nonlinear Behavior) or a single variable 
marking location and stability of equilibrium points for 
a differential equation. 


In iteration of a function of a complex variable, two 
dimensions are needed just to show the parameter, but 
different colors can be used to show different behav- 
iors (as in Module 13, Complex Dynamics). 
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Cantor set, Cantor dust A Cantor set was first detailed by 
Henry Smith in 1875, but was named in honor of 
Georg Cantor, the founder of set theory, after he used 
this bizarre construction in 1883. Now Cantor sets are 
found in many guises in discrete dynamical systems. 


A Cantor set is a closed, bounded, and totally discon- 
nected set, with uncountably many points. A typical 
construction is to delete a band across the middle of 
a set, then to delete the middle of both pieces that are 
left, and then to repeat this process indefinitely. 


Julia sets (see glossary) for parameter values outside 
the Mandelbrot set (see glossary) are Cantor dusts, 
constructed by a similar algorithm. See Chapter 13 
for References. 


Carrying capacity The carrying capacity K of an environ- 
ment is the maximum number of individuals that the 
environment can support at steady state. If there are 
fewer individuals than the carrying capacity in the en- 
vironment, the population will grow; if there are more 
individuals, the population will decline. 


A widely used model for population dynamics involv- 
ing a carrying capacity is the logisitc ODE 
dN 
dt 


where r is the intrinsic growth rate constant. 


=rN(1— N/K) 


Cascade A cascade is a compartment model where the 
“flow” through the compartments is all one direction. 


Center A center is an equilibrium point of an autonomous 
planar linear system for which the eigenvalues are con- 
jugate imaginaries +18, 6 4 0. All nonconstant orbits 
of an autonomous planar linear system with a center 
are simple closed curves enclosing the equilibrium. 


Centering an equilibrium If p* is an equilibrium point of 
the system x’ = f(x) (so f(p*) = 0), then the change 
of coordinates x = y + p* moves p* to the origin in 
the y-coordinate system. 


Chain rule The chain rule for differentiating a function 
L(O(t), y(t)) with respect to f is 


dL aLd@ , aLdy 
dt 00 dt dy dt 
= L,6' + Lyy' 


Chaos Mathematical chaos is a technical term that describes 
certain nonperiodic behavior of a discrete dynamical 
system (Module 13) or solutions to a differential equa- 
tion (Module 12). A discrete system is said to be 
chaotic on an interval if all of the following are true. 
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e It exhibits sensitive dependence on initial condi- 
tions. 

e Periodic unstable orbits occur almost every- 
where. 


e Iterates of intervals get “mixed up.” 


Chaotic behavior never repeats, revisits every neigh- 
borhood infinitely often, but is not random. Each step 
is completely determined by the previous step. 
An equivalent list of requirements appears in Mod- 
ule 12, Screen 1.4. Further discussion appears in 
Chapter 13. 

Characteristic equation The characteristic equation of a 
square matrix A is det(AJ — A) = |AI — A| = 0. For 
a2 x 2 matrix, this reduces to A? — trAA + det A = 0 
whose solutions, called eigenvalues of A, are 


= trA+ Vtr? A—4detA 
i 2 


ny 


Chemical law of mass action The rate of a reaction step is 
proportional to the product of the concentrations of the 
reactants. 

Example: If one unit of species X produces one unit of 
product Y in a reaction step, the rate of the step is kx, 
where k is a positive constant. Thus, we have 


y =kx 


Example (Autocatalysis): If one unit of species X re- 
acts with two units of Y and produces three units of Y 
in an autocatalytic step, the reaction rate is 


axyy = axy” 


where a is a positive constant. Thus, we have 


/ 


x’ =—axy’, y' =3axy’ — 2axy’ = axy” 


because one unit of X is destroyed, while three units 
of Y are created, and two are consumed. 


Combustion model The changing concentration y(t) of a 


reactant in a combustion process is modeled by the 
IVP 


y(0) =a, 


where a is a small positive number that represents 
a disturbance from the pre-ignition state y = 0. 
R. E. O’Malley studied the problem in his book, Sin- 
gular Perturbation Methods for Ordinary Differential 
Equations, (1991: Springer). 


y=y(1-y), O<1t<2/a 


Compartment model A compartment model is a set of 
boxes (the compartments) and arrows that show the 
flow of a substance into and out of the different boxes. 


Glossary 


Component graphs A component graph of a solution of a 


differential system is a graph of one of the dependent 
variables as a function of f. 


Example: For the ODE system 
x = F(x, y) 
y = G(, y) 


the component graphs are the plots of a solution x = 
x(t) and y = y(f) in the respective tx- and ty-planes. 


Concentration The concentration of a substance is the 


amount of the substance dissolved per unit volume of 
solution. 


Connected set A connected set is a set with no islands. In 


the early 1980’s Adrien Douady (Université Paris XI, 
Orsay and Ecole Normale Supérieure) and John Hub- 
bard (Cornell University) proved that the Mandelbrot 
set was connected. They did this by showing that its 
exterior could be put in a one-to-one correspondence 
with the exterior of a disk. They found in the pro- 
cess that all the angles one might note while walking 
around the boundary of the disk have special analogs 
on the Mandelbrot set. Halfway around the disk from 
the rightmost point corresponds to being at the tip of 
the Mandelbrot set, while one third or two thirds the 
way around the disk corresponds to the “neck” where 
the biggest ball attaches to the cardioid. 


Conserved quantity A function E(q, y) is conserved along 


a trajectory g = q(t), y = y(t), of a system qd = 
fq. ¥), ¥ = 8(q, y), if dE(q(t), y(t))/dt = 0. 

As time changes, the value of E stays constant on each 
trajectory, although the value will vary from one trajec- 
tory to another. The graph of each trajectory in the qy- 
phase plane lies on one of the level sets E = constant. 


This idea of a conserved quantity can be extended to 
any autonomous system of ODEs. An autonomous 
system is conservative if there is a function E that stays 
constant along each trajectory, but is nonconstant on 
every region (i.e., varies from trajectory to trajectory). 


Cycle In a discrete dynamical system, including a Poincaré 


section, a cycle is a sequence of iterates that repeats. 
The number of iterates in a cycle is its period. 

For an autonomous differential system, a cycle is a 
nonconstant solution x(t) such that x(t+ T) = x(t), 
for all t, where T is a positive constant. The smallest 
value of T for a cycle is its period. 


For a cycle in a system of 2 ODEs, see Limit cycle. 


Damped pendulum A real pendulum of length L is af- 


fected by friction or air resistance that is a function 
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of L, 6, and 6’, and acts opposite to the direction of 
motion. 

Throughout the Linear and Nonlinear Pendulums sub- 
module of Module 10, we assume that, if there is any 
damping, it is viscous; i.e., the damping force is given 
by —bLO’. The minus sign tells us that damping acts 
opposite to the velocity. 

Module 4 makes a more detailed study of the effects of 
damping on a linear oscillator, as does Module 11 for 
the spring in the Robot and Egg. 


Damping Damping can arise from several sources, includ- 
ing air resistance and friction. The most common 
model of damping is viscous damping—the damping 
force is assumed to be proportional to the velocity and 
acts opposite to the direction of motion. See also New- 
tonian damping. 

Dense orbit An orbit x(t) of a system of ODEs x = f(t, x) 
is dense in aregion R of x-space if the orbit gets arbi- 
trarily close to every point of R as time goes on. 

That is, if x; is any point in R,, and ¢ is any positive 
number, then, at some time ¢,, the distance between 
x(t,) and x, is less than e. 


Determinant The determinant of the 2 x 2 matrix 


a b 
a=[o 
is det A = ad — be. 


Deterministic A system of ODEs is said to be deterministic 
if the state of the system at time ¢ is uniquely deter- 
mined by the state of the system at the initial time. 
For example, the single first-order ODE x = f(t, x) is 
deterministic if for each set of initial data (7, xo) there 
is exactly one solution x(t). 

Thus, if you were to choose the same initial data a sec- 
ond time and watch the solution curve trace out in time 
again, you would see exactly the same curve. 


Dimensionless variables Suppose that a variable x is 
measured in units of kilograms and that x varies 
from 10 to 500 kilograms. If we set y = 
(x kilograms)/(100 kilograms), y is dimensionless, 
and 0.1 < y <5. The smaller range of values is useful 
for computing. The fact that y has no units is useful 
because it no longer matters if the units are kilograms, 
grams, or some other units. 

When variables are scaled to dimensionless quantities, 
they are typically divided by a constant somewhere 
around the middle of the expected range of values. 
For example, by dividing a chemical concentration by 
a “typical” concentration, we obtain a dimensionless 
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concentration variable. Similarly, dimensionless time 
is obtained by dividing ordinary time by a “standard” 
time. 


Direction field A direction field is a collection of line seg- 
ments in the xy-plane which shows the slope of the 
trajectories for an autonomous ODE system 


dx 


ay = F(x, y) 
dy 
im G(x, y) 


at a representative grid of points. An arrowhead on a 
segment shows the direction of motion. 


Disconnected Julia set A disconnected Julia set is actually 
a Cantor dust. It is composed entirely of totally dis- 
connected points, which means that it is almost never 
possible to land on a point in the Julia set by clicking 
on a pixel. You will probably find that every click you 
can make starts an iteration that goes to infinity, only 
because you cannot actually land on an exact enough 
value to show a stable iteration. 


Discrete dynamical system A discrete dynamical system 
takes the form u,+; = f(Un), where the variable u, 
gives the state of the system at “time” n, and u41 is 
the state of the system at time n + 1. See Module 13. 


Eigenvalues The eigenvalues of a matrix A are the numbers 
4 for which 


Av= nv 


for some nonzero vector v (the vector v is called an 
eigenvector). The eigenvalues 4 of a 2 x 2 matrix A 
are the solutions to the characteristic equation of A: 


7 —trAaA+detA =0 


a At VAY —4eet A 
ee 


where tr A is the trace of A, and det A is the determi- 
nant of A. If a linear or linearized system of ODEs is 
z’ = A(z— p*), and if the real parts of the eigenvalues 
of A are positive, then trajectories flow away from the 
equilibrium point, p*. If the real parts are negative, 
then trajectories flow toward p*. 


Eigenvector An eigenvector of a matrix A is a nonzero vec- 
tor, v, that satisfies Av = Av for some eigenvalue i. 
The ODE Architect Tool calculates eigenvalues and 
eigenvectors of Jacobian matrices at any equilibrium 
point of an autonomous system (linear or nonlinear). 
Eigenvectors play a strong role in the local geometry 
of phase portraits at an equilibrium point. 


Glossary 


Energy In physics and engineering, energy is defined by 
E = kinetic energy + potential energy 


where kinetic energy is interpreted to be the energy of 
motion, and the potential energy is the energy due to 
some external force, such as gravity, or (in electric- 
ity) a battery, or a magnet. If energy is conserved, i.e., 
stays at a constant level, then the system is said to be 
conservative. 


If we are dealing with the autonomous differential sys- 
tem 


y ! 


v=y, y =—v(x) (5) 


we can define an “energy function” by 
1 
E= 5) + V(x) 


where dV/dx = v(x). Note that E is constant 
along each trajectory, because dE/dt = ydy/dt+ 
(dV /dx)(dx/dt) = y(—v(x)) + v(x)(y) = 0, where 
the ODEs in system (5) have been used. The term 
(1/2)y? is the “kinetic energy”. V(x) is the “poten- 
tial energy” in this context. See Chapter 10 for more 
on these ideas. 


Epidemic An epidemic occurs in an epidemiological model 
if the number of infectives, /(t), increases above its 
initial value, J). Thus, an epidemic occurs if /'(0) > 0. 


Equilibrium point An equilibrium point p* in phase (or 
state) space of an autonomous ODE is a point at which 
all derivatives of the state variables are zero; also 
known as a stationary point or a steady-state value of 
the state variables. For example, for the autonomous 
system, 


x’ = F(x, y), y = G(x, y) 


if F(x*, y*) =0, G(x*, y*) = 0, then p* = (x*, y*) is 
an equilibrium point, and x = x*, y = y* (forall f) is 
a constant solution. 

For a discrete dynamical system, an equilibrium point 
p* is one for which f(p*) = p*, so that p>, = pj, for 
all n; p* is also called a fixed point of the system. 


Estimated error For the solution u(t) of the IVP y = 
f(t, y), y(to) = yo, the local error at the nth step of 
the Euler approximation is given by 


€, = Taylor series of u(t) — Euler approximation 


1 
= SHU (tn) + Pu (ty) + 


Glossary 


If the true solution, u(t), is not known, we can approx- 
imate e, for small h by 


1 
eé, © Taylor approx. — Euler approx. ~ sium) 
Euler’s method Look at the IVP y' = f(t, y), y(to) = yo. 


Euler’s method approximates the solution y(f) at dis- 
crete t values. For step size h , put t,4; = t, +h for 


n=0,1,2,.... Euler’s method approximates 
y(t), y(t), --. 
by the values 
Vis Y2.--- 
where 


Yn+1 = yn, thf (th, Yn), forn=0,1,2,... 


Existence and uniqueness A basic uniqueness and exis- 
tence theorem says that, for the IVP, 


x = F(x, y,t) 


X(to) = Xo, 


y’ = G(x, y, t) 
y(to) = yo 


a unique solution x(t), y(t) exists if F, G, 0F/ox, 
dF /dy, AG/dx, and dG/dy are all continuous in some 
region containing (x, yo). 


Fixed point A fixed point, p*, of a discrete dynamical sys- 
tem is a point for which x,,; = f(x,) = x,. That is, 
iteration of such a point simply gives the same point. 
A fixed point can also be called an equilibrium or a 
steady state. A fixed point may be a sink, a source, or a 
saddle, depending on the character of the eigenvalues 
of the associated linearization matrix of the iterating 
function. 


Forced damped pendulum A forced, viscously damped 
pendulum has the modeling equation 


mx" + bx’ + ksinx = F(t) 


The beginning of Module 10 explains the terms and 
parameters of this equation using 6 instead of x. Mod- 
ule 12 examines a case where chaos can result, with 
b=0.1, m=1, k=1, and F(t) =cost. All three sub- 
modules of Module 12 are involved in explaining the 
behaviors, and the introduction to the Tangled Basins 
submodule shows a movie of what happens when b is 
varied from 0 to 0.5. 


Forced pendulum Some of the most complex and curious 
behavior occurs when the pendulum is driven by an 
external force. In Module 10, The Pendulum and Its 
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Friends, you can experiment with three kinds of forces 
in the Linear and Nonlinear Pendulums submodule, 
and an internal pumping force in the Child on a Swing 
submodule. But, for truly strange behavior, take a look 
at Module 12, Chaos and Control. 


Fractal dimension Benoit Mandelbrot in the early 1980’s 
coined the word “fractal” to apply to objects with di- 
mensions between integers. The boundary of the Man- 
delbrot set (see glossary) is so complicated that its 
dimension is surely greater than one (the dimension 
of any “ordinary” curve). Just how much greater re- 
mained an open question until 1992 when the Japanese 
mathematician Mitsuhiro Shishikura proved it is actu- 
ally dimension two! 


Frequency The frequency of a function of period T is 1/T. 
Another widely used term is “circular frequency”, 
which is defined to be 27/T. For example, the peri- 
odic function sin(3t) has period T = 27/3, frequency 
3/(2z), and circular frequency 3. 


General solution Consider the linear system x = Ax+u 
[where x has 2 components, A is a 2 x 2 matrix of 
constants, and wu is a constant vector or a function only 
of t]. Let A have distinct eigenvalues 4,, 4. with cor- 
responding eigenvectors v,, v2. All solutions of the 
system are given by the so-called general solution: 


x(t) = Cye*v, + Coe*"vy +X 


where x is any one particular solution of the system 
and C; and C) are arbitrary constants.. If u is a con- 
stant vector, then x = p*, the equilibrium of the sys- 
tem. If x has more than two dimensions, terms of the 
same form are added until all dimensions are covered. 
Note that, if wu =0, p* = 0 is an equilibrium. 


Geodesic Any smooth curve can be reparametrized to a unit 
speed curve x(t), where |x’ (t)| = 1. Unit-speed curves 
x(t) on a surface are geodesics if the acceleration vec- 
tor x(t) is perpendicular to the surface at each point 
x(t). 
It can be shown that a geodesic is locally length- 
minimizing, so, between any two points sufficiently 
close, the geodesic curve is the shortest path. 


GI tract The gastro-intestinal (GI) tract consists of the 
stomach and the intestines. 


Gravitational force The gravitational force is the force on 
a body due to gravity. If the body is near the earth’s 
surface, the force has magnitude mg, where m is the 
body’s mass, and the force acts downward. The value 
of acceleration due to gravity, g, is 32 ft/sec’ (English 
units), 9.8 meters/sec” (metric units). 
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Great circle A great circle on a sphere is an example of 
a geodesic. You can test this with a ball and string. 
Hold one end of the string fixed on a ball. Choose an- 
other point some distance away, and find the geodesic 
or shortest path by pulling the string tight between the 
two points. You will find that it always is along a circle 
centered at the center of the ball, which is the defini- 
tion of a great circle. 


Hooke’s law Robert Hooke, an English physicist in the sev- 
enteenth century, stated the law that a spring exerts a 
force, on an attached mass, which is proportional to 
the displacement of the mass from the equilibrium po- 
sition and points back toward that position. 


Initial condition An initial condition specifies the value of 
a state variable at some particular time, usually at 
t=0. 


Initial value problem An initial value problem (IVP) con- 
sists of a differential equation or a system of ODEs 
and an initial condition specifying the value of the state 
variables at some particular time, usually at t = 0. 


Integral surfaces The surface S defined by F(x, y, z)=C, 
where C is a constant, is an integral surface of the au- 
tonomous system 


xX =f(x,y,2), yY=exy,z), ¢ =h(x,y,2) 
if 
d Fd Fd oF d 
Se yO ee oF dy INES 
dt ox dt ody dt oz dt 
oF oF oF 


= —h=0 
ax a ay et 0z 


for all x, y, z. We get a family of integral surfaces by 
varying the constant C. An orbit of the system that 
touches an integral surface stays on it. The function F’ 
is called an integral of the system. 


For example, the family of spheres 
F=x+y'+2 =constant 


is a family of integral surfaces for the system 


! 


x =y, y =Z-x, g=-y 


because 
2xx + 2yy’ +227’ = 2xy + 2y(z— x) +2z(—y) =0 


Each orbit lies on a sphere, and each sphere is covered 
with orbits. 
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Intermediate An intermediate is a chemical produced in the 
course of a reaction which then disappears as the reac- 
tion comes to an end. 


Intrinsic growth rate At low population sizes, the net rate 
of growth is essentially proportional to population size, 
so that WN’ = rN. The constant r is called the intrinsic 
growth rate constant. It gives information about how 
fast the population is changing before resources be- 
come limited and reduce the growth rate. 


Iteration Iteration generates a sequence of numbers by us- 


ing a given number x and the rule x4; = f(%) . 
where f(x) is a given function. Sometimes, x, is writ- 
ten as x(n). 


IVP See initial value problem. 


Jacobian matrix The system x = F(x, y), y’ = G(x, y), 
has the Jacobian matrix 


The eigenvalues and eigenvectors of this matrix at an 
equilibrium point p* help determine the local geome- 
try of the phase portrait. 


Jacobian matrices J can be defined for autonomous 
systems of ODEs with any number of state variables. 


The ODE Architect Tool will find eigenvalues and 
eigenvectors of J at any equilibrium point. 


Julia Set In complex dynamics, a Julia set for a given func- 
tion f(z) separates those points that iterate to infin- 
ity from those that do not. See the third submodule 
of Module 13, Dynamical Systems. Julia sets were 
discovered about 1910 by two French mathematicians, 
Pierre Fatou and Gaston Julia. But, without computer 
graphics, they were unable to see the details of ragged 
structure that today display Cantor sets, self-similarity 
and fractal properties. 


Kinetic energy of rotation The kinetic energy of rotation 
of a gyrating body is 


1 
E= 5 (he + hos + bo) 


where J; and @; are, respectively, the moment of iner- 
tia and the angular velocity about the body axis, j, for 
j= 1,2, 3. 


Lift The lift force on a body moving through air is a force 
that acts in a direction orthogonal to the motion. Its 
magnitude may be modeled by a term which is pro- 
portional to the speed or to the square of the speed. 
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Limit cycle A cycle is a closed curve orbit of the system 


x’ = F(x, y) 
y =GQ, y) 
A cycle is the orbit of a periodic solution. 


An attracting limit cycle is a cycle that attracts all 
nearby orbits as time increases; a repelling limit cycle 
repels all nearby orbits as time increases. 


Linearization For a nonlinear ODE, a linearization (or lin- 


ear approximation) can be made about an equilibrium, 
p* = (x*, y*), as follows: 


For x’ = F(x, y), y’ = G(x, y), the linearized system 
is z’ = J(z— p*), where J is the Jacobian matrix eval- 
uated at p*, ie., 


e=f[-[E 8) fcrJeren 
y oe oe wey 


The eigenvalues and eigenvectors of the Jacobian ma- 
trix, J, at an equilibrium point, p*, determine the ge- 
ometry of the phase portrait close to the equilibrium 
point p*. These ideas can be extended to any au- 
tonomous system of ODEs. A parallel definition ap- 
plies to a discrete dynamical system. 


Linear pendulum Pendulum motion can be modeled by 


a nonlinear ODE, but there is an approximating lin- 
ear ODE that works well for small angles 6, where 
sind ~ @. In that case, the mathematics is the same 
as that discussed for the mass on a spring in Module 4. 


Linear system A linear system of first-order ODEs has 


only terms that are linear in the state variables. The 
coefficients can be constants or functions (even non- 
linear) of ft. 


Example: Here is a linear system with state variables 
x and y, and constant coefficients a, b,..., h: 


x’ =ax+byt+c 
y= fxtgyth 


This can be written in matrix/vector form as: 


Z=Aztk 


+E 


The example can be extended to n state variables and 
ann x n matrix A. If z= p* is an equilibrium point 
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of a linear system, then k = — Ap* and the system may 
be written as 


z= A(z— p*) 


Linear algebra can be applied to find the general solu- 
tion. 


Lissajous figures Jules Antoine Lissajous was a 19th- 


century French physicist who devised ingenious ways 
to visualize wave motion that involves more than one 
frequency. For example, try plotting the parametric 
curve x; = sin2t, x2 = sin3¢ in the x;x2-plane with 
0 <t< 320. 

The graph of a solution x, = x; (t), x2 = x2(t) of 


| =B a , for Ba2 x 2 constant matrix 
2 


in the x,x-plane is a Lissajous figure if the vector 
(x1 (0), x2(0)) is not an eigenvector of B. 
See also “Normal modes and frequencies.” 


Local IVP One-step methods for approximating solutions 


to the IVP 


y=f@y), y(to) = Yo 


generate the (n+ 1)st approximation, y,+1, from the 
nth, y,, by solving the local IVP 


u' = f(t,u), 


This is exactly the same ODE, but the initial condition 
is different at each step. 


U(tn) =n 


Logistic model The logistic equation is the fundamental 


model for population growth in an environment with 
limited resources. Many advanced models in ecology 
are based on the logistic equation. 

For continuous models, the logistic ODE is 


dP P 
— =rP(1—— 
a ( 4) 


where r is the intrinsic growth rate constant, and K is 
the carrying capacity. 
For discrete models, the logistic map is 


fio = ax (1 = =) 


where 4 is the intrinsic growth rate constant, and K is 
again the carrying capacity (see Module 13). 


Mandelbrot Set In complex dynamics, for f.(z) = 27 + ¢, 


the Mandelbrot set is a bifurcation diagram in the com- 
plex c-plane, computed by coloring all c-values for 
which zo (usualy z = 0) does not iterate to infinity. 
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It acts as a catalog of all the Julia sets for individual 
values of c. 

The boundary of the Mandelbrot set is even more com- 
plicated than the boundary of a given Julia set. More 
detail appears at every level of zoom, but no two re- 
gions are exactly self-similar. 

Two mathematicians at UCLA, R. Brooks and 
J. P. Matelsky, published the first picture in 1978. It 
is now called the Mandelbrot set, because Benoit Man- 
delbrot of the Thomas J. Watson IBM Research Center 
made it famous in the early 1980’s. 

You can experiment with the Mandelbrot set in Mod- 
ule 13 and the Discrete Tool. 


Matrix Ann x n square matrix A of constants, where n is 


a positive integer, is an array of numbers arranged into 
n rows and n columns. The entry where the ith row 
meets the jth column is denoted by aj. 

In ODEs we most often see matrices A as the array of 
coefficients of a linear system. For example, here is a 
planar linear system with a 2 x 2 coefficient matrix A: 


x’ =2x-—3y ; ul 
y =7x+4y ~|7 4 


Mixing A function f: R > R is “mixing” if given any two 


intervals / and J there exists an n > 0 such that the nth 
iterate of J intersects J. 


Modeling A mathematical model is a collection of variables 


and equations representing some aspect of a physi- 

cal system. In our case, the equations are differential 

equations. Steps involved in the modeling process are: 
1. State the problem. 


2. Identify the quantities to which variables are to 
be assigned; choose units. 


3. State laws which govern the relationships and be- 
haviors of the variables. 


4. Translate the laws and other data into mathemat- 
ical notation. 


5. Solve the resulting equations. 


6. Apply the mathematical solution to the physical 
system. 


7. Test to see whether the solution is reasonable. 


8. Revise the model and/or restate the problem, if 
necessary. 


Moment of inertia The moment of inertia, J, of a body B 


about an axis is given by 


r= f [ Pow. y, z)dV(x, y, 2) 
B 


Glossary 


where r is the distance from a general point in the body 
to the axis and p is the density function for B. Each 
moment of inertia plays the same role as mass does in 
nonrotational motion, but, now, the shape of the body 
and the position of the axis play a role. 


Newtonian damping A body moving through air (or some 


other medium) is slowed down by a resistive force that 
acts opposite to the body’s velocity, v. In Newtonian 
damping (or Newtonian drag), the magnitude of the 
force is proportional to the square of the magnitude of 
the velocity, i.e., to the square of the speed: 


force = —k|v|v for some positive constant k 


Newton’s law of cooling The temperature, T , of a warm 


body immersed in a cooler outside medium of temper- 
ature T,,,, changes at a rate proportional to the temper- 
ature difference, 

ae K(T. T) 

dt = out 
where T,,,, is assumed to be unaffected by T (unless 
stated otherwise). The same ODE works if J},; is 
larger than T (Newton’s law of warming). 


Newton’s second law Newton’s second law states that, for 


a body of constant mass, 


mass - acceleration = sum of forces acting on body 


This is a differential equation, because acceleration is 
the rate of change of velocity, and velocity is the rate 
of change of position. 


Nodal equilibrium The behavior of the trajectories of an 


autonomous system of ODEs is nodal at an equilib- 
rium point if all nearby trajectories approach the equi- 
librium point with definite tangents as t ~ ++00 (nodal 
sink), or as t — —oo (nodal source). 


If the system is linear with the matrix of coefficients A, 
then the equilibrium is a nodal sink if all eigenvalues 
of A are negative, and a nodal source if all eigenvalues 
are positive. This also holds at an equilibrium point 
of any nonlinear autonomous system, where A is the 
Jacobian matrix at the equilibrium point. 


Nonautonomous ODE A system of ODEs with ¢ occurring 


explicitly in the expressions for the rates is nonau- 
tonomous; e.g., x’ = fx is nonautonomous. 


Nonlinear center point An equilibrium point of a nonlin- 


ear system, x’ = F(x, y), y’ = G(x, y), is a center if 
all nearby orbits are simple closed curves enclosing the 
equilibrium point. 
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Nonlinear ODE A nonlinear ODE or system has at least 
some dependent variables appearing in nonlinear terms 
(e.g., xy, sinx, ./x). Thus, linear algebra cannot be 
applied to the system overall. But, near an equilibrium 
(of which there are usually more than one for a non- 
linear system of ODEs), a linearization is (usually) a 
good approximation, and allows analysis with the im- 
portant roles of the eigenvalues and eigenvectors. 


Nonlinear pendulum Newton’s laws of motion give us 
force = mass x acceleration 


In the circular motion of a pendulum of fixed length, 
L, at angle 6, acceleration is given by L@". The only 
forces acting on the undamped pendulum are those due 
to tension in the rod and gravity. The component of 
force in the direction of the pendulum bob’s motion is: 


F=mLé" = —mgsin0 


where m is the mass of the pendulum bob, and g is 
the acceleration due to gravity. The mass of the rigid 
support rod is assumed to be negligible. 


Normal modes and frequencies The normal modes of a 
second-order system z’ = Bz (where B is a2 x 2 ma- 
trix with negative eigenvalues j1), (42) are eigenvectors 
V1, V2 of B. The general solution is all linear combina- 
tions of the periodic oscillations z,, Z2, 73, Z4 along the 
normal modes: 


Zy =v COSa@ ft, Z =v, SinNay;f, 


23 = Ur,COSM@t, 7Z4 = V2 SINa»t 


where w, = ./—/[11, @2 = ./—[42 are the normal fre- 
quencies. 


See also “Second-order systems.” 


Normalized ODE In a normalized differential equation, the 
the highest-order derivative appears alone in a separate 
term and has a coefficient equal to one. 


ODE See “Ordinary differential equation.” 
On-off function See “Square wave.” 
Orbit See “Trajectory.” 


Order of the method A method of numerical approxima- 
tion to a solution of an IVP is order p, if there exists a 
constant C such that 


max(|global error|) < Ch? 


ash — 0. 


Ordinary differential equation An ordinary differential 
equation (ODE) is an equation involving an unknown 
function and one or more of its derivatives. The order 
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of the ODE is the order of the highest derivative in the 
ODE. Examples: 


d 
= 2t, (first-order, unknown y(t)) 
2dy 
y ae =2y+t, (first-order, unknown y(t)) 


x” —4x'4+ 7x =4sin2t, 


Oscillation times Oscillation times of a solution curve x(t) 
of an ODE that oscillates around x = 0 are the times 
between successive crossings of x = 0 in the same di- 
rection. If the solution is periodic, the oscillation times 
all equal the period. 


Oscillations A scalar function x(t) oscillates if x(t) alter- 
nately increases and decreases as time increases. The 
oscillation is periodic of period T if x(t+ T) = x(t) 
for all t and if T is the smallest positive number for 
which this is true. 


Parametrization Each coordinate of a point in space may 
sometimes be given in terms of other variable(s) or pa- 
rameter(s). A single parameter suffices to describe a 
curve in space. Two parameters are required to de- 
scribe a two-dimensional surface. 


Period The period of a periodic function u(t) is the small- 
est time interval after which the graph of u versus ft 
repeats itself. It can be found by estimating the time 
interval between any two corresponding points, e.g., 
successive absolute maxima. 


The period of a cycle in a discrete dynamical system is 
the minimal number of iterations after which the entire 
cycle repeats. 


Periodic phase plane The periodic xx’-phase plane for the 
pendulum ODE x” + 0.1x’ + sin x = cos ris plotted pe- 
riodically in x. An orbit leaving the screen on the right 
comes back on the left. In other words, the horizon- 
tal axis represents x mod 27. This view ignores how 
many times the pendulum bob has gone over the top. 
See Module 12, Screen 1.4. 


Phase angle The phase angle, 4, of the oscillatory function 
u(t) = Acos(wpt + 4) shifts the the graph of u(t) from 
the position of a standard cosine graph u = cos apt by 
the amount 6/@p . The phase angle may have either 
sign and must lie in the interval —7/ay < 5 < 1/a@. 


Phase plane The phase plane, or state plane, is the xy-plane 
for the dependent variables x and y of the system 


x’ = F(x, y) 
y = G(x, y) 


(second-order, unknown x(t)) 
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The trajectory, or orbit, of a solution 


x= x(t), y= yt) 


of the system is drawn in this plane with t as a param- 
eter. A graph of trajectories is called a phase portrait 
for the system. 
The higher-dimensional analog is called phase space, 
or state space. 


Pitch The pitch (frequency) of an oscillating function u(t) 
is the number of oscillations per unit of time ft. 


Poincaré Henri Poincaré (1854-1912) was one of the 
last mathematicians to have a universal grasp of all 
branches of the subject. He was also a great popular 
writer on mathematics. Poincaré’s books sold over a 
million copies. 


Poincaré section A Poincaré section of a second-order 
ODE x” = f(x, x’, t), where f has period T in t, is 
a strobe picture of the xx’-phase plane that plots only 
the points of an orbit that occur at intervals separated 
by a period of T time units, i.e., the sequence of points 


Py = (x(0), x'(0)) 
Pi = (x(T), x'(T)) 


P, = (x(nT), x'(nT)) 


For further detail, see the second submodule of Mod- 
ule 12, Chaos and Control. 

A Poincaré section is a two-dimensional discrete dy- 
namical system. Another example of such a system 
is discussed in some detail in the third submodule of 
Module 13. These ideas can be extended to any sys- 
tem of ODEs and T can be any positive number. 


Population quadrant In a two-species population model, 
the population quadrant of the phase plane is the one 
where both dependent variables are non-negative. 


Post-image In a discrete dynamical system, a post-image of 
a set So is the set of points, S; , where the iterates of 
So land in one step. 
For a Poincaré section of an ODE, S$, would be the set 
of points arriving at S$; when the ODE is solved from 
So over one time period of the Poincaré section. See 
submodule 3 of Module 12. 


Pre-image Ina discrete dynamical system, a pre-image of a 
set So is the set of points, S_,, that iterate to So in one 
step. 
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For a Poincaré section of an ODE, S_; would be the 
set of points arriving at Sy when the ODE is solved 
from S_, over one time period of the Poincaré section. 
See submodule 3 of Module 12. 


Products The products of a chemical reaction are the 
species produced by a reaction step. The end prod- 
ucts are the species that remain after all of the reaction 
steps have ended. 


Proportional Two quantities are proportional if their ratio 
is constant. Thus, the circumference, c, of a circle is 
proportional to the diameter, because c/d = 7. 


The basic linear differential equation 
dy 


— =ky, 
dt y 


represents a quantity y whose derivative is propor- 
tional to its value. 


k a constant 


Random Random motion is the opposite of deterministic 
motion. In random motion, there is no way to predict 
the future state of a system from knowledge of the ini- 
tial state. For example, if you get heads on the first toss 
of a coin, you cannot predict the outcome of the fifth 
toss. 


Rate constant Example: The constant coefficients a, b, and 
c in the rate equation 


x'(t) = ax(t) — by(t) — cx" (t) 
are often called rate constants. 


Rates of chemical reactions The rate of a reaction step is 
the speed at which a product species is created or 
(equivalently) at which a reactant species is destroyed 
in the step. 


Reactant A chemical reactant produces other chemicals in 
a reaction. 


Resonance This phenomenon occurs when the amplitude of 
a solution of a forced second-order ODE becomes ei- 
ther unbounded (in an undamped ODE) or relatively 
large (in a damped ODE) after long enough times. 


Rotation system As Lagrange discovered in the 18th cen- 
tury, the equations of motion governing a gyrating 


body are 

/ (h — )@r3 
a, = 

I 
ce C3 — Taio; 
2 = aa ae 
, — hjoiar 
a, = —————— 

I 
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where J; is the principal moment of inertia, and «; is 
the component of angular velocity about the jth body 
axis. 


Saddle An equilibrium point of a planar autonomous ODE, 
or a fixed point of a discrete two-dimensional dynami- 
cal system, with the property that, in one direction (the 
unstable one), trajectories move away from it, while, 
in another direction (the stable one), trajectories move 
toward it. 


At a saddle of an ODE, one eigenvalue of the associ- 


ated linearization matrix must be real and positive, and 
at least one eigenvalue must be real and negative. 


Scaling Before computing or plotting, variables are often 
scaled for convenience. 


See also “Dimensionless variables.” 


Second-order systems Second-order systems of the form 
z” = Bz often arise in modeling mechanical structures 
with no damping, (and hence, no loss of energy). Here, 
zis an n-vector state variable, z’ denotes d?z/dt’, and 
Bis ann x n matrix of real constants. 


Although numerical solvers usually require that we in- 
troduce v = z’ and enter the system of 2n first-order 
ODEs, z’ = v, v’ = Bz, we can learn a lot about solu- 
tions directly from the eigenvalues and eigenvectors of 
the matrix B. 


See also “Normal modes and frequencies” and 
Screen 3.4 in Module 6. 


Sensitivity An ODE model contains elements, such as ini- 
tial data, environmental parameters, and functions, 
whose exact values are experimentally determined. 
The effect on the solution of the model ODEs when 
these factors are changed is called sensitivity. 


Sensitivity to initial conditions A dynamical system has 
sensitive dependence on initial conditions if every pair 
of nearby points eventually gets mapped to points far 
apart. 


Separatrix Separatrices are trajectories of a planar au- 
tonomous system that enter or leave an equilibrium 
point p with definite tangents as t > -too, and divide 
a neighborhood of p into distinct regions of quite dif- 
ferent long-term trajectory behavior as tf increases or 
decreases. 

For more on separatrices see “Separatrices and Saddle 
Points” in Chapter 7. 

Sink A sink is an equilibrium point of a system of ODEs, or 

a fixed point of a discrete dynamical system, with the 

property that all trajectories move toward the equilib- 

rium. 
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If all eigenvalues of the associated linearization matrix 
at an equilibrium of a system of ODEs have negative 
real parts, then the equilibrium is a sink. 


Slope The slope of a line segment in the xy-plane is given 
by the formula 
__ change in y 


change in x 


The slope of a function y = f(x) at a point is the value 
of the derivative of the function at that point. 


Slope field A slope field for the first-order ODE y' = f(t, y) 
is a collection of line segments whose slopes are deter- 
mined by the value of f(t, y) on a grid of points in the 
ty-plane. 


Solution A solution to a differential equation is any func- 
tion which gives a true statement when plugged into 
the equation. Such a function is called a particular so- 
lution. Thus, 


y=P-2 
is a particular solution to the equation 


dy _ 

dt 
The set of all possible solutions to a differential equa- 
tion is called the general solution. Thus, 


2t 


y= rP+C 
is the general solution to the equation 
d 
oY = 24 
dt 
Source A source is an equilibrium of a system of ODEs, 
or a fixed point of a discrete dynamical system, with 
the property that all trajectories move away from the 
equilibrium. 
If all eigenvalues of the associated linearization matrix 
at an equilibrium of a system of ODEs have positive 
real parts, then the equilibrium is a source. 


Spiral equilibrium An equilibrium point of a planar au- 
tonomous system of ODEs is a spiral point if all nearby 
orbits spiral toward it (or away from it) as time in- 
creases. 


If the system is linear with the matrix of coefficients A, 
then the equilibrium is a spiral sink if the eigenvalues 
of A are complex conjugates with negative real part, 
a spiral source if the real part is positive. This also 
holds at an equilibrium point of any nonlinear planar 
autonomous system, where A is the Jacobian matrix at 
the equilibrium. 
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Spring A Hooke’s law restoring force (proportional to dis- 
placement, x, from equilibrium) and a viscous damp- 
ing force (proportional to velocity, but oppositely di- 
rected) act on a body of mass m at the end of spring. 
By Newton’s second law, 


mx" = —kx — bx’ 
where k and b are the constants of proportionality. 


Spring force The spring force is often assumed to obey 
Hooke’s law—the magnitude of the force in the spring 
is proportional to the magnitude of its displacement 
from equilibrium, and the force acts in the direction 
opposite to the displacement. 


The proportionality constant, k, is called the spring 
constant. A large value of k corresponds to a stiff 
spring. 


Square wave An on-off function (also called a square 
wave) is a periodic function which has a constant 
nonzero value for a fraction of each period; otherwise, 
it has a value of 0. For example, y = ASqWave(t, 6, 2) 
is a square wave of amplitude A and period 6, which 
is “on” for the first 2 units of its period of 6 units, then 
is off the next 4 time units. 


Stable An equilibrium point p* of an autonomous system 
of ODEs is stable if trajectories that start near p* stay 
near p*, as time advances. The equilibrium point 
p* =0 of the linear system z’ = Az, where A is a ma- 
trix of real constants, is stable if all eigenvalues of A 
are negative or have negative real parts. 


State space The phase plane, or state plane, is the xy-plane 
for the dependent variables x and y of the system 


x’ = F(x, y) 
y' =GQ, y) 
The trajectory, or orbit, of a solution 


x= x(t), y= yt) 


of the system is drawn in this plane with t as a param- 
eter. A graph of trajectories is called a phase portrait 
for the system. 


The higher dimensional analog is called phase space, 
or state space. 


State variables These are dependent variables whose val- 
ues at a given time can be used with the modeling 
ODEs to determine the state of the system at any other 
time. 


Steady state A steady state of a system of ODEs is an equi- 
librium position where no state variable changes with 
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time. Sometimes only an attracting equilibrium point 
(or periodic solution) is called a steady state. 


Surface A surface of a three-dimensional object is just 
its two-dimensional “skin,” and does not include the 
space or volume enclosed by the surface. 


Taylor remainder For an (n+ 1)-times differentiable func- 
tion u(t), the difference (or Taylor remainder) 


u(t) — [u(to) + hu’ (to) +-++ + = itu (to)] 


n! 
can be written as 


1 


(n+l), (n+l) 7, 
(n+)! BNE) 


for some c in the interval [f, fo +h], a fact which gives 
useful estimates. 


Taylor series expansion For an infinitely differentiable 
function u(t), the Taylor series expansion at 4 for 
u(to +h) is 


1 1 
u(t) + hu' (to) + siPul (to) Si Shu (to) fee 


Taylor series method Look at the IVP y = f(t, y), 
y(to) = yo. For a step size h, the three-term Tay- 
lor series method approximates the solution y(t) at 
tho. =t, +h, forn = 0, 1,2, ..., using the algorithm 


1 
Yn+1 = Yn + hf (th, Yn) + 5 filtn, Yn) 


Trace The trace of a square matrix is the sum of its diagonal 
entries. So 


a b 
uf! ifaard 


Trace-determinant parabola The eigenvalues 1), A2 of a 
2 x 2 matrix A are given by 


trA+tvtr? A—4detA 


At, AQ= ) 


The trace-determinant parabola, 4det A = tr A, di- 
vides the trA — detA plane into the upper region 
where A’s eigenvalues are complex conjugates and the 
lower region where they are real. The two eigenvalues 
are real and equal on the parabola. 


Trajectory A trajectory (or orbit, or path) is the paramet- 
ric curve drawn in the xy-plane, called the phase plane 
or state plane, by x = x(t) and y = y(f) as ¢ changes, 
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where x(t), y(f) is a solution of 
x’ = F(x, y,t) 
y =G(, y,1) 
The trajectory shows how x(t) and y(t) play off 
against each other as time changes. 
For a higher-dimensional system, the definition ex- 


tends to parametric curves in higher-dimensional 
phase space or state space. 


Unstable An equilibrium point p* of an autonomous system 


of ODEs is unstable if it is not stable. That means there 
is aneighborhood WN of p* with the property that, start- 
ing inside each neighborhood M of p*, there is at least 
one trajectory that goes outside N as time advances. 


Vector A vector is a directed quantity with length. In two 


dimensions, a vector can be written in terms of unit 
vectors i and j, directed along the positive x- and y- 
axes. 


Viscous damping A body moving through air (or some 


other medium) is slowed down by a resistive force 
that acts opposite to the body’s velocity, v. In viscous 
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damping (or viscous drag), the force is proportional to 
the velocity: 


force = —kv 


for some positive constant k. 


Wada property The Wada property, as described and illus- 


trated on Screen 3.2 of Module 12 is the fact that: 


Any point on the boundary of any one of the 
areas described on Screen 3.2 is also on the 
boundary of all the others. 


The geometry/topology example constructed by Wada 
was the first to have this property; we can now show 
that the basins of attraction for our forced, damped 
pendulum ODE have the same property. See Mod- 
ule 12 and Chapter 12. 


All we know about Wada is that a Japanese manuscript 
asserts that someone by that name is responsible for 
constructing this example, showing that for three ar- 
eas in a plane, they can become so utterly tangled that 
every boundary point touches all three areas! 


